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Disjoint Codiskcyclic Operators
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ABSTRACT: This article introduces and examines the concept of disjoint codiskcyclicity for a finite number
of operators acting on an infinite-dimensional separable Banach space, providing a corresponding criterion.
Furthermore, it characterizes the disjoint codiskcyclicity of finitely many distinct powers of weighted shifts in
both unilateral and bilateral cases on a sequence space.
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1. Introduction and preliminaries

Consider X as a separable, complex Banach space with infinite dimension. The set of all operators,
i.e., linear and continuous maps acting on X, is represented by B(X).

An element T of B(X) is referred to as a hypercyclic (respectively, a supercyclic) operator if we can
find an element x of X such that its orbit under T, i.e., Orb(T,xz) = {T"x : n € N} (respectively, its
projective orbit under T, i.e., COrb(T,z) = {\T"™z : n € N,\ € C}) is dense in X. The element x is then
referred to as a hypercyclic vector (respectively, a supercyclic vector) for T.

The appearance of the first example in the theory of hypercyclicity in 1969 by Rolewicz [20] was as
follows: if B is the unweighted backward shift on ¢?(N), then the scaled operator AB is hypercyclic if and
only if |A] > 1. In a pivotal paper, Salas [23] provided a comprehensive description of the hypercyclicity
of the weighted backward shifts acting on #(N) and ¢7(Z), where 1 < p < oo, based on the corresponding
weight sequences. From what is presented by Salas, Leén-Saavedra, and Montes-Rodriguez [15, p. 544],
the weighted backward shifts acting on the above spaces are hypercyclic if and only if they satisfy the
hypercyclicity criterion, where the latter plays a crucial role in the theory of hypercyclicity.

It was established in 1974 by Hilden and Wallen [11] that every unilateral weighted backward shift
is supercyclic. After that, Salas [24] presented a study of the supercyclicity of the backward weighted
shifts on ¢7(Z), where 1 < p < oo, based on their weight sequences, and he discovers the supercyclicity
criterion in another article and then proves that bilateral backward weighted shifts are supercyclic if
and only if they meet this criterion. For further details on hypercyclicity and supercyclicity, refer to
[4,10,11,15,20,23,24].

According to Rolewicz’s example above, for every |A\| < 1, AB does not possess the hypercyclic
property. This observation led to studying the notions of disk orbit and codisk orbit. Zeana introduced
and examined the notions of diskcyclic and codiskecyclic operators in her doctoral thesis [12]. They are
defined as follows: An element T of B(X) is referred to as a diskcyclic(respectively, codiskeyclic) operator
if we can find an element z of X for which the set

DOry(T,z) = {aT"z : a € C,0 < || < 1,n € N}
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(respectively,

{pT"x: B e C,|8| >1,neN})

is dense in X, the element x is then referred to as a diskcyclic vector (respectively, codiskcyclic vector)
for T

For a general overview of diskcyclicity and codiskcyclicity, refer to [3,2,12,15,26].

In the following, by the elements Ty, T5, ..., Ty, we refer to a collection of N elements in B(X), where
N > 2.

In 2007, Bernal [8], along with Bés and Peris [9], independently studied the characteristics of the
following orbit:

{(z,2,...,2),(T12,Taz, ..., Tnz2),(T{z, T3z, ..., Taz),... }(z € X).

They focused on the case where one of these orbits is dense in XV, where X is endowed with the product
topology. If we can find an element z of X satisfying the above condition, the elements 11,75, ..., Ty are
termed disjoint hypercyclic. Numerous studies have investigated the disjoint hypercyclicity of a finite
number of shift operators; see [9,8,18].

Definition 1.1 (/9, Definition 2.1]) The sequences (T1)32y,...,(In;)521 of N elements of B(X),
where N > 2, are disjoint topologically transitive if, for every collection of open, mon-empty sets
Vo, Vi,..., VN in X, there exists m € N such that

Von Ty, (Vi) N NTy) (Viv) # 0.

Additionally, the elements T1,T3,..., Ty are disjoint topologically transitive if the sequences of iterates

(le)‘;il, . ()52, are disjoint topologically transitive.

The following criterion, due to Beés and Peris [9)].

Definition 1.2 The sequences (1T1,;)724,--.,(Tn ;)52 of N elements of B(X), where N > 2, satisfy

the Disjoint Universality Criterion if there exists a sequence (ng)ren C N which satisfies ny, hoge 0,
dense sets Xo,X1,...,Xn in X, and sequences of mappings (Syx)ken, where Siy : X; — X for all
1 <1< N and all k € N such that for all x € Xy, y; € X; (where 1 < j < N), and for all1 <t < N,
the following conditions are fulfilled:

(i) Ty =30,

k—oo

(ZZ) Schyj — 0,

k—oo

(i4) (Tjny St — 6t,1dx;)y; — 0.

Additionally, the elements T1,Ts, . .., T satisfy the Disjoint Hypercyclicity Criterion if their respective
sequences of iterates (T7)52y, ..., (TX )32, satisfy the Disjoint Universality Criterion.

The Disjoint Universality Criterion offers enough requirements for establishing disjoint topological tran-
sitivity.

Theorem 1.1 ([9, Theorem 2.7])Let (T1;)52 1, ..., (Tn,;)72, be N sequences of elements of B(X), where
N >2. Then, (Th;)5%4,- .., (Tn,;)j21 satisfy the Disjoint Universality Criterion if and only if, for every
positive integer v, the sequences (®j_;T1 )51, .., (®i_1TN ;)32 are disjoint topologically transitive on

Dzt X

The elements 11,75, ..., Ty are disjoint supercyclic (respectively, disjoint diskcyclic) if there is an
element z of X for which (z,z,...,z) € X¥ is a supercyclic (respectively, diskcyclic) vector for @Y T;
(see [16,17,18,19,25]).

By combining the results mentioned above, we arrive at the following implications:
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Disjoint hypercyclicity = disjoint diskcyclicity = disjoint supercyclicity.
Furthermore, the inverse implications do not hold in general (see [25]).

Definition 1.3 ([17, Definition 1.2]) The elements T1,Ts, ..., Tn are disjoint topologically transitive for
supercyclicity if, for every collection of open, non-empty sets Vo, Vi, ...,V in X, there exists n € N and
A € C such that

Vo n (AT ™)(Vi) N--- 0 (ATR™) (Vi) # 0.

When the constant A in Definition 1.3 satisfies the condition |A| > 1, in addition to the other conditions
of this definition, we say that T1,T3,...,Tx are disjoint disk-topologically transitive (see [25]).
The following criterion is due to O. Martin and R. Sanders [19].

Definition 1.4 The elements 11,15, ..., TN satisfy the Disjoint Supercyclicity Criterion if there exists a

sequence (ng)ren C N which satisfies ny koo oo, dense sets X, X1,...,Xn in X, a sequence (Ag)gen C
C, and sequences of mappings (Si.i)ken, where Sy X; — X for all1 <1 < N and all k € N, such that
forallx € X, y; € X; (where 1 < j < N), and for all 1 <t < N, the following conditions are fulfilled:

k—oo

(Z) (TjnkSLk —(Stﬂ‘ldxj)yj — 0,

(i1) limy o0 || 77" ] HZL %383 H -

By associating disjoint topological transitivity with codiskcyclicity, we introduce a new notion in
linear dynamical systems called disjoint codiskcyclicity, which is related to both disjoint topological
transitivity and codiskcyclicity.

The article is framed as follows:

Section 2 presents the fundamental definitions of disjoint codiskcyclicity and introduces the disjoint
codiskcyclicity criterion. It also derives the relevant properties central to the disjoint codiskcyclicity
theory.

Section 3 characterizes the disjoint codiskcyclicity for various powers of weighted bilateral and uni-
lateral shifts.

2. Disjoint codiskcyclicity
Definition 2.1 The elements T1,Ts, ..., TN are disjoint codiskcyclic if
{a(T{"2, T3z, ..., T'z);m € Nya € C, |a|> 1}

is dense in X for some element x of X, which is then referred to as a disjoint codiskcyclic vector for
Ty, To,...,TnN.

In the same way, the following relationships hold:
Disjoint hypercyclicity = disjoint codiskcyclicity = disjoint supercyclicity.
Furthermore, the inverse implications do not generally hold (see Section 3).

Definition 2.2 The elements Ty, Ts, ..., Ty are disjoint codisk-topologically transitive if, for all collec-
tions of open, non-empty sets Vo, Vi,...,Vn in X, there are m € N and o € C which fulfill |a] > 1 such
that

VonT{" (aVi)n---NTR (aVn) # 0.

Equivalently, there are n € N and 8 € C which fulfill 0 < |5| <1 such that:
VonTy ™ (BVi) N---NTR™ (BVa) # 0.

In the following result, we explain the relationship between the set of disjoint codiskcyclic vectors and
disjoint codisk-topological transitivity for N elements 17,75, ..., Ty of B(X), where N > 2.
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Theorem 2.1 IfT1,Ts,..., Ty are N elements of B(X), where N > 2. Then, the following conditions
are equivalent:

(i) Ty, Ty, ..., Tn are disjoint codisk-topologically transitive operators.

(ii) The elements T1,Ts,...,Tn admit a dense G5 set of disjoint codiskcyclic vectors.

Proof: (ii) = (i). Suppose that Ty, Ty, ..., T admit a dense G5 set of disjoint codiskcyclic vectors. Let
Vo, ..., VN be a collection of open, nonempty sets in X. Then, we can find an element z of V{) for which
the set

{a(T{"z,Toz,..., T z);m € Nya € C, |a|> 1}

is dense in X . Thus,
Vi@ V) N{a(T2,Toz, ..., THz);m € N,a € C,|a|> 1} # 0.

Then, we can find m € N and a € C which fulfill |o|> 1 such that for all 1 <i < N, we have oT/"z € V.
Since z € Vj, we have

Vo NIy (8V) N -+~ NTR™ (BVi) # 0,

where 8 = i
(i) = (i1). We suppose that {4, : j € N} forms a basis for the topology of X. By hypothesis, for any
J=(j1,...,78) € NV the set

U U @™ (@ndn) 0 nTR™ (amAjy))

m>k amecala'mlgl

is simultaneously a dense and open subset of X, because X is a Baire space. Then, the set of disjoint
codiskcyclic vectors for T4, 75, ..., Tx is given by

NNU U @ ewd)n 0Ty (amd;,)).

JENN keENm>k ayy, €C, o | <1

It follows that the operators 17,75, ..., Ty admit a dense Gy set of disjoint codiskcyclic vectors. O

Remark 2.1 Suppose that Ty, Ts,...,Tx are N elements of B(X), where N > 2, then:

(i) If T4, T, ..., Tn are disjoint codisk-topologically transitive, then (T;)i<;<n are codiskeyclic
operators, and every disjoint codiskcyclic vector for 17,75, ..., Ty is a codiskcyclic vector for
any operator T; such that 1 <47 < N.

(ii) If 71,75, ..., Ty are invertible, then T3, Ty, ..., T are disjoint codisk-topologically transitive
if and only if T} v T, Lo ,T]§1 are disjoint disk-topologically transitive.

Proposition 2.1 (Comparison principle)Assumg that X an~d)z' are two separable complex Banach spaces.
Let Ty, Ty, ..., T be N elements of B(X), and T1,Ty,...,Tn be N elements of B(X), where N > 2. If
there exists p : X — X, which is a continuous map with dense range such that

poTy=Tiop for i=12..., N,
and if x is a disjoint codiskcyclic vector for T1, Ty, ..., TN, then p(x) is a disjoint codiskcyclic vector for

T, Ty, ..., Tn. Similarly, if T1,Ts, ..., TN are disjoint codisk-topologically transitive, then T1,Ts, ..., Tn
are disjoint codisk-topologically transitive.
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Proof: Let z € X be a disjoint codiskcyclic vector for 11,75, ..., Tx. Then we have

{a(Tr(p(2)), ..., TR (p(x);n € Nya € C,|la|> 1} ={a(po TP (z),...,po Th(x));n € Nya € C,|a|> 1}

N
={a@P ey o - TH)(x,...,x)in € N,a € C,|al> 1}
1=1

N
=Pefa(Tp @ - T (z,...,2)in €N, a € C,|a|> 1}
i=1

N
D@Lp{a(Tf‘ @ @dTR)(z,...,2);n €N, a € C,|aj> 1}
=1
N N
=D DX
=1 i=1
Then, ¢(x) is a disjoint codiskecyclic vector for Tl, Tg, . 7TN, because ¢ has a dense range. Finally,
it suffices to apply Theorem 2.1 to finish this proof. O

Definition 2.3 The elements T1,T5, ..., Tn satisfy the disjoint codiskcyclicity criterion if there exists a

sequence (ng)ren C N which satisfies ny g oo, dense sets Xg, X1,...,Xn in X, a sequence (Ag)gen C
C which satisfies |\i| > 1 for all k € N, and sequences of mappings (S x)ken, where Sy : X; — X for
alll <1< N and all k € N, such that for all x € Xy, y; € X; (where1 < j < N), and for all1 <t < N,
the following conditions are fulfilled:

(i) NIz 2300,
.. k—oo
(i) lesjvkyj =20,
(iii) (T Sek — 8ej1dx,)y; =3 0.

In what follows, we will see that the disjoint codiskcyclicity criterion is enough to establish disjoint
codisk-topological transitivity.

Proposition 2.2 Let T1,Ts,..., Ty be N > 2 elements of B(X). Then, the following conditions are
equivalent:

(1) T1,Ts, ..., TN satisfy the disjoint codiskcyclicity criterion.

(2) There exists a sequence (n)ren C N that satisfies ny hogo oo, dense sets Xo,X1,..., XN in X,
and sequences of mappings (Si.i)ken, where Spp : X; — X for all1 <1 < N and all k € N, such
that for all x € Xo, y € X; (where 1 < j < N), and for all 1 <t < N, the following conditions are
fulfilled:

(a) T{*x g o) ,
(b) (T7* Sy — 0 1dx,)y; =30,
() timsoe |72 ]| 20 S| = 0.

(8) For each r € N, the elements ®I_T1,...,®_Tn are disjoint codisk-topologically transitive on

Dim X

Proof: (1) = (2) Let x € Xy and y; € X, where 1 < j < N, and let 1 <¢ < N. Since |A\gz| > 1 for all
k € N, and by hypothesis (i) of Definition 2.3, we have

mn 1 s k—
1T 2| = == Ml IT 2] =3 0.
| Akl
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According to hypothesis (i7) in Definition 2.3, we also have

N N
n n 1 k
77152 Sy | < PelITE2 (X i ISoaesl) = 0.
i=1 i=1
Thus, we obtain (a) and (c), while (b) follows similarly from hypothesis (¢i) in Definition 2.3.

(2) = (3) Let ¢ > 0. Consider the vectors e = (e1,...,er),f1 = (fi1,--s 1)y
In = (fnas--s fue) in @) X. We select z; € Xo and y;; € X; such that [le; — 2| < § and
| fii — vijll < £ for all integers 1 < i < N and 1 < j < r. Through (i), (ii), and (iii), we can choose
k € N such that, for all 1 < < N and 1 < j,m < r, we have

n €
117 5] < 5, (2.1)
2
Y €
I frg =Y T Siki sl < 3 (2.2)
i=1
and
N 22
1T 2510 ) Sinyimll < —- (2.3)
4
i=1

If max{||T"*z;|: 1 <t < N,1 <i<r}#0, put 8= 2max{||T/"az;[l: 1 <t < N,1 <i<r}. Thus,

0 < 8 < 1. Define &; = z; +5Zi:1 i kY and o = % Using (2.3), we have

N
lleg — 511 < lle; — 21l + BID Sinvig
i=1
Now, since T} &; = T x; + By j, we get
N
i = T a5 = Nfrg = DT Sipyiy — aT ™|
1=1
N
< g = DTSkl + el Ty
=1
N 3
< TS
< M= 2} Skl g T m i<t < Ni<i< i ol
< = =+ Z= €
2 2

Therefore,
-, ol T 1 T —n T 1 T —n s
(#1,...,%,) € @ile(eha)ma(@ilel) k(@ile(fl,ivg))m"'ma(@ileN) @iz B(fNis€))-

This proves (3).
(2) = (3) Assume that for all positive integers r, the elements ®7_,T1,...,®!_;Tn are disjoint
codisk-topologically transitive on 69;:1 X. Then, there exists a sequence (ng)ren C N that satisfies

ny hose 00, and a sequence (A;)reny C C that satisfies [Ag| > 1 for all k& € N, such that the sequences
(B NI ) sy (BT M TN* )2, are disjoint topologically transitive on @)_; X. According to The-
orem 1.1, this means that the sequences (AxT7"%)32,, ..., (A\eTy")5, satisfy the Disjoint Universality
Crlterlon Since |Ag| > 1 for all k € N, we deduce that Tl,TQ, ..., Ty satisfy the disjoint codiskcyclicity
criterion. O

Remark 2.2 Disjoint codisk-topological transitivity implies disjoint topological transitivity for super-
cyclicity. However, the converse is not generally true, as seen in the next section.
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3. Powers of disjoint codiskcyclic weighted shifts

We begin here by defining the spaces I2(N, w), I?(Z,w), co(N,w), and co(Z, w), such that the sequence
w = (w;);er C R, satisfying w; > 1 for all ¢ € I, where I =Z or N.
The space [?(I,w), defined over the index set I, where I = N or Z, is characterized as follows:

P(ILw) = {z = (zn)n € C': Y wl|z,|* < oo}, (3.1)
nel
As a result, the space [?(I,w), where I = N or Z, is a separable Banach space when provided with the

norm
| = O whlwal*)?.
nel

The space ¢o(N, w), defined over the index set N, is characterized as follows:
co(N,w) :={x = (z,), € CV: lim w,|z,| = 0}. (3.2)
n—oo
Similarly, the space ¢o(Z, w), defined over the index set Z, is described by

co(Z,w) := {x = (x;); € CL: lim w;|z;| = 0}. (3.3)
—00

l4]

As a result, the space c¢o(I,w), where I = N or Z, is a separable Banach space when provided with the
sup-norm

2] = sup wp| x|,
nel
see [16].
3.1. Bilateral shifts

In the following, let X be either co(Z,w) or I?(Z,w). Then, if (e;)rez is the canonical basis of X and
if a = (ag)rez C C is a sequence of nonzero scalars that is bounded, the bilateral backward weighted
shift B, : X — X is the bounded operator defined by

B.en = anen—1 (n € 7).

Theorem 3.1 Let B,,, Bq,,...,Bay be N bilateral backward weighted shifts acting on X, where N > 2.

Then, if r1,72,...,7Nn are integers such that 1 < r1 < ro < --- < ry, the following assertions are
equivalent:
a) Byt B2, ..., ByN are disjoint codisk-topologically transitive.
b) Given any € > 0 and ¢ € N, one can find an m € N with m > 2q, such that for |j],|k| < q, we
obtain:
If1<Il,s<N,
J
Wi—rym H ap; < g, (34)
i=j—rym-+1
and

Wj—rym ‘Hg:lj_rlm+1 Qg |wk+'r's m

k+rs
‘Hz‘zkr-;-ql as,il

If1<s<I<N,
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Hj-H“Lm G s
i=j+(r;—rs)m+1 S0

Wit (ry—rs)m

Jjt+rim
]._[ i=j+1 Al

J+rsm
i=j+(rs—r;)m+1 Al

and
IT;
Wi (rs—r)m
c) By, B2, ..., BN satisfy the disjoint codiskc

Proof: a) =

|z — Z ejll <6 and |aBpmr —

l71<q
Therefore,
|$j — 1|’LUj < 6,
and
|z w; <9,
And therefore,
I+rim
5 J l
1-— < |
’Ll)j L
1=7+1
and
j+rim
a H Ali | Lj+rm
i=j+1

H]+7‘sm .
i=j+1 As,i

yclicity criterion.

> el <s,

l71<q

where 7] < gq,
where |j] > q.
J

w; <6, where

where

<e,

1) .
H ari | Tj4+rim <1+ Ea where |.]| < q,

l7l > q.

1<I<N.

¢). Given € > 0 and ¢ € N, select § which satisfies 0 < § < 1/2 and ﬁ < €. Suppose
that =3, ., zrer € X and a € C satisfies |a|> 1, and let m € N with m > 2¢ such that

(3.11)

Now suppose that 1 <[ < N and |j| < ¢ are fixed. Since j — rym < —q and since w; > 1 (j € Z),

combining (3.8) and (3.11) we obtain

Wj—rym H Qg

i=j—rym-+1

Thus, we get (3.4).

Finally, since the properties (3.8), (3.9), (3.10), and (3.11) are satisfied, we can use the proof (a) = (b)

of [16, Theorem 4.1] to see that

wjfnm|HJ_] rim41 A |wk+’r’sm

k+
T2k assil

and that:

HJ+TLm a
i=j+(ri—rs)m+1 980

Wit (ry—rs)m

j+rsm

Jj+rim
Hz =7+1 ati

i=j+(rs—r)m+1 Wi

Wi (rs—r)m

j+rsm
[[550 s

<e, where

<e, where 1<1[;s<N,

<e,

1<s<I<N.
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Thus, we get (3.5), (3.6) and (3.7).

b) = ¢). From b), we can construct integers 1 < ny < ng < ... so that for each ¢ € N, we have
! 1
Wj—rin, [T @i < - a<i<n, (3.12)
i=j—ring+1 q

w] ”'lnq|Hz =j— T,nq+1 a’ll|wk+’ran 1

<2 (1<l,s<N) (3.13)
ket =52 =40
|H1, }:+T{q 57i| q
and for 1 <s <[ <N,
A asi| 1
J+(ri—rs)ng+1 7S

T,U‘Jr —rg < - (314)
JH(ri—rs)ng Hz+jrjr”1qa q
HJ-Han 1

_]+(Ts_rl)nq+1

Wit (. — < - (3.15)

e T |

Let X; = span{e; : j € Z} for all 1 <[ < N. Then, X1, Xs,..., Xy are dense sets in X. By (3.12),

Bol"x K230 for all € Xo.

Now, let the maps S; : X; — X, where 1 <[ < N, be defined as

Sie; = 2t (j e 7).
arj+1

Based on these properties, we can use the proof (b) = (¢) of [16, Theorem 4.1] to see that
(Bpims ST — 5, T, )z =5 0 for all @y € X; (1 <i4,1 < N),
and
limy o0 ||B””ka . HZjvzl S;jnkxj“ =0 for any € X and any z; € X; where 1 < j, [ < N.

Therefore, B!, B2

ay) Pagr

By~ satisfy the disjoint codiskcyclicity criterion. O
If the backward weighted shifts in Theorem 3.1 are invertible, it follows that

Corollary 3.1 Let B,,, Ba,,...,Bay be N invertible bilateral backward weighted shifts acting on X,
where N > 2. Then, if ri,ro,...,rn are integers such that 1 < ry < ro < --- < 1y, the following
assertions are equivalent:

a) By',B2,..., BN are disjoint codisk-topologically transitive.
b) There are integers mi,n2,n3,... satisfying 1 < ny < ng < ..., such that for each j € N, the

following is true:
If1<s<I<N,

HJ+"'lnq Qe ;

li =j+(ri—rs)ng+1 75" 0
m w =

400 IT(MITTeINg HJ-&-rznq ’

i=j7+1 a

and
‘HJ+7’an
=j+(re—ri)ng +1@
lim Wit (rs—ri)ng =

q—o0 HJ+T’ nq )
1=j+1 As,i
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If1<s,1<N,
1

lm w_yp, H a;| =0,
q—)OO

i=—TiNg

and

1
lim max { W—ring |Hi_—7“znq al1i|wran } —0.

400 T2 as.il
c) By, B2, ..., BiN satisfy the disjoint codiskcyclicity criterion.
Next, we investigate two specific cases of Theorem 3.1.

Corollary 3.2 Let B, be a bilateral backward weighted shifts acting on X. Then, for all integers 1 <
ry <rg <---<ry, where N > 2, the following conditions are equivalent:

a) Bir, Bl ... BIN are disjoint codisk-topologically transitive.

b) Given any € > 0 and ¢ € N, one can find an m € N with m > 2q, such that for |j],|k| < q, we

obtain:
If1<l,s <N,
J
Wj—rym H a;| <eg,
i=j—rym+1
and

wjﬂ“lmu_lj_] rim+1 ;[ Whrm

R
IT=xs e

I[f1<s<I<N,

m—é)::l <e and Wjt(ro—r)m ﬁ a;| < e.
T2 =j+1 @i i=j+(rs—r)m+1
c) BI*,Br2 ... BI'N satisfy the disjoint codiskcyclicity criterion.
Corollary 3.3 Let B be the unweighted backward shift defined on X as follows:
Beyp =ep_1 for allk € Z.

Then, if r1,72,...,rn are N integers such that 1 < ry <719 < .-+ < rn, and if Ay, Ao, ..., Ay are N
complex numbers, where N > 2, the following conditions are equivalent:

a) MiB™  AaB™ ... ANB™ are disjoint codisk-topologically transitive.

b) Given any e > 0 and ¢ € N, one can find an m € N with m > 2q, such that for |j|,|k| < ¢, we
obtain:

If1<Il,s <N,
Wj—rym ‘)\l|m < g,
and

ﬁm
As

Wi —rymWk+r,m ‘
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I[f1<s<I<N,

m m

A
As

S

U)'+ —rs -— < €.
J+(r T)m‘)\l

¢) MB"™ XoB"™ ... ANB"N satisfy the disjoint codiskcyclicity criterion.

Example 3.1 Let wy = (1);ez represent a positive constant sequence, and let a = (ax)rez C C be a
sequence defined by:

%, ifke{-2"+1,...,—-2"+n} for some odd né€N
ar =12, ifke{-2"—-n+1,...,-2"} or k=2" for some odd né€N
1, otherwise.

Therefore:

1
713172757[1]7132717'“)7

[N

1 111 11
a:(...,1,2,2,2,272757*,5,5,571,...71,2,2,2,5757

where [.] represent the 0" column of (ax)kez.-
If B, is the bilateral weighted backward shift associated with the sequence (ay)rez, then the operators
Ba, B2 are disjoint topologically transitive for supercyclicity (see [16]). By Corollary 5.2 and since

I I

i=1—-m 1=1-2m

<1 when =1 for all meN,

it follows that By, B2 are not disjoint codisk-topologically transitive.

3.2. Unilateral shifts

In this subsection, we will demonstrate that disjoint topologically codisk-transitive can coincide with
disjoint topologically transitive for supercyclicity in certain cases.

In the following, let X be either co(N,w) or I?(N,w). Then, if a = (ay)zeny C C is a sequence of
nonzero scalars that is bounded, the unilateral backward weighted shift 7, : X — X is the bounded
operator defined by

To(zo,21,...) = (a121,a222,...), where (zg,21,...) € X.

Theorem 3.2 Let Ty, ,T,,,- .., Tay be N unilateral backward weighted shifts acting on X, where N > 2.

Then, if r1,72,...,7Nn are integers such that 1 < r1 < rg < --- < ry, the following assertions are
equivalent:

a) Tyr, T2, ..., Ty~ are disjoint codisk-topologically transitive.

b) T{,T52,..., TN are disjoint topologically transitive for supercyclicity.

¢) Given anye > 0 and q € N, one can find an m € N with m > q, such that for 0 < j < q, we obtain:
If1<s<I<N,

[ s

i=j+(r;—rs)m+1 S0

Wit (ry—rs)m Hj"l"”lm ' E.
i=j+1 Msi

d) Tpr,Tp2,...,TyN satisfy the disjoint codiskeyclicity criterion.

aiprragr
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Proof: First, we prove that ¢) implies d). Conditions b) and ¢) are known to be equivalent from [16, The-
orem 3.2]. Finally, the implications d) = a) and a) = b) hold trivially, which concludes the demonstration
of the equivalence of conditions a) — d) of the theorem.

¢)=d): From¢), if 0 < j<gand 1 <s << N, one can find integers 1 < nj; < ny < ... such that

[Tyt G 1

D rengt] < - (3.16)
Hz j+1qa’ q
Let X; = span{e; : j € N} for all 1 < 1 < N. Then, X;,Xs,...,Xn are dense sets in X, and
T,;’nqx kl> 0 for all z € Xy. Define the maps S; : X; — X (1 <1 < N) as follows:

Wit (ri—rs)ng

1 .
Siej = ——ejr1 (j €N).
ar,j+1

Based on these properties, we can use the proof (b) = (¢) of [16, Theorem 3.2] to see that

(Trms ST — 6,1 1dx, )y =3 0 for all y; € X;, where 1 <i,1 < N,
and
limp oo HT;;WQ:H ) HZ;V:1 S;““a:jH =0 for any = € Xy and any z; € X; where 1 < j,l < N.
Therefore, T;1,T,2,..., T, N satisfy the disjoint codiskcyclicity criterion. O

Below, we derive two particular cases of Theorem 3.1.

Corollary 3.4 Let T, be a unilateral backward weighted shift acting on X. Then, if ri,79,...,TN are
integers such that 1 <rqy <19 < --- <71y, where N > 2, the following assertions are equivalent:

a) T/, Trz ... TPN are disjoint codisk-topologically transitive.
b) T Tr2 ..., TIN are disjoint topologically transitive for supercyclicity.
¢) Given anye > 0 and g € N, one can find an m € N with m > ¢, such that for 0 < j < g, we obtain:

If1<s<I<N,

_ Wit(r=rgm

J+ TI— re)m i
IT; i=j+1 @i

<eE.

d) T/, Trz ... TrN satisfy the disjoint codiskcyclicity criterion.
Corollary 3.5 Let T be the unweighted backward shift defined on X as follows:
T(xo,21,...) = (x1,22,...), where (xg,z1,...) € X.

Then, if r1,7a9,...,7N are N integers such that 1 < ry <19 < --» < ry, and if Ay, Aa,..., AN are N
complex numbers, where N > 2, the following conditions are equivalent:

a) MT™, T2, .. ANT™ are disjoint codisk-topologically transitive.
b) MT"™ X172, ... ) ANT™ are disjoint topologically transitive for supercyclicity.

¢) Given anye > 0 and q € N, one can find an m € N with m > q, such that for 0 < j < q, we obtain:
If1<li<s<N,

A m
2lo<e.

w; — -
JH(ri—rs)m
(l ) ‘)\l
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d) MT™ T2 ANT™ satisfy the disjoint codiskcyclicity criterion.

Remark 3.1 We can use [19, Proposition 3.2] to show that there exist two unilateral weighted backward
shifts Ty, Ty on €2(N,w) that are disjoint topologically transitive for supercyclicity. Therefore, by Theorem
3.1, Ty, T are disjoint codisk-topologically transitive, but the shifts Ty, Ty fail to be disjoint hypercyclic.
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