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On Generalized Fuzzy Bitopological Spaces*

Venkattappan Chandiranf, Perumal Ashokkumar and Ganesan Thangaraj

ABSTRACT: This paper is devoted to introduce the new classes namely generalized fuzzy bitopological
spaces and defined various types of generalized pairwise fuzzy sets in the generalized fuzzy bitopological
spaces. Several examples are given to investigate the generalized pairwise fuzzy sets and characterizations
of generalized pairwise fuzzy sets are studied in this paper. Especially the intersection (or union) of two
generalized pairwise fuzzy closed sets is also a generalized pairwise fuzzy closed set. The intersection of two
generalized pairwise fuzzy nowhere dense sets is also a generalized pairwise fuzzy nowhere dense set and a
generalized pairwise fuzzy nowhere dense set is a generalized pairwise fuzzy semi-closed set are established.
Additionally, a generalized pairwise fuzzy nowhere dense and generalized pairwise fuzzy F,-set is a generalized
pairwise fuzzy o-nowhere dense set is investigated in this paper. Furthermore generalized pairwise fuzzy first
category spaces, generalized pairwise fuzzy second category spaces and generalized pairwise fuzzy submaximal
spaces are defined and some of whose properties are also studied in this paper.
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1. Introduction

The notion of fuzzy topological spaces was defined by C.L.Chang [4] in 1968 followed by L.A.Zadeh [10]
who first initiated the idea of fuzzy sets in 1965. The concept of generalized closed sets as a generalization
of closed sets in topological spaces was first initiated by N.Levine [8]. In 1997, G.Balasubramanian and
P.Sundaram [2] have shown that concept of fuzzy generalized closed set in fuzzy setting. The idea of
generalized topology was initiated by A.Csészar [5] in 2002. It was J.Chakraborty et al. [3] introduced
the idea of generalized fuzzy dense and generalized fuzzy nowhere dense sets in 2016. The meaning
of bitopological spaces was first advanced by J.C.Kelly [7] in 1963. The notion of fuzzy bitopological
spaces was introduced by A.Kandil [6] in 1989. The purpose of this paper is to generalize the notion
of bitopological spaces in fuzzy setting and to study various types of generalized pairwise fuzzy sets and
their properties.

2. Preliminaries

In this section, the basic concepts and results such as fuzzy set operations are given.

Definition 2.1 [/] Let X and u be fuzzy sets in X. Then for all x € X,
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2. A< pe Ax) < pla),

3. =AVp e ¢(z) =max{A(z), p(z)},
4. 0=ANAp e d(z) =min{\(z), u(z)},
5. =X <) =1-A().

For a family {\; | i € I} of fuzzy sets in X, the union 1 = V;\; and intersection 6 = A\;\; are defined
by Y(x) = sup;{\i(z) | € X} and 6(z) = inf,{\i(zx) |z € X}.

The fuzzy set Ox is defined as Ox(x) = 0, for all x € X and the fuzzy set 1x defined as 1x(x) =1,
for all x € X.

Lemma 2.1 [I] For a fuzzy set A of a fuzzy space X,
(a) 1 —cl(X) =int(1 — \) and
(b) 1—int(\) =cl(1—N).

Lemma 2.2 [I] For a family A = {\,} of fuzzy sets of a fuzzy space X. Then, V cl(Ay) < (V). In
case A is a finite set, V cl(Aq) = cl(VAg). Also V int (Ay) < int(VAq).

Definition 2.2 [5] Let X be a non-empty set and gx be a collection of fuzzy subsets of X. Then gx is

called a generalized fuzzy topology on X iff Ox € gx and G; € gx fori € I # () implies G = 4\/1Gi €gx-
1€

The pair (X, gx) is called a generalized fuzzy topological space. The elements of gx are called the fuzzy

gx -open sets and the complements are called the fuzzy gx-closed sets.

Definition 2.3 [5] The gx-closure of a fuzzy subset X\ of X is denoted by cy, (N\), defined to be the
intersection of all the fuzzy gx-closed sets including A and the gx-interior of X, denoted by iy, (N),
defined as the union of all the fuzzy gx-open sets contained in .

Definition 2.4 [9] A fuzzy set A in a gfbt space
(9pfGs-set, for short) if X = A32 (Ax), where (A

Definition 2.5 [9] A fuzzy set A in a gfbt space
(9pfF5-set, for short) if A = V2 (A;), where (A

X, Tgl, ng) 1s called a generalized pairwise fuzzy Gs-set
’s are gpfo sets in (X, T;,Tj).

X, Tgl, ng) is called a generalized pairwise fuzzy F,-set
’s are gpfe sets in (X, Tg17T92),

~— ~—

Theorem 2.1 [9] A fuzzy set X is a gpfGs-set in a gfbt space (X, Tgl, ng) if and only if 1—\ is a gpfF,-set
in (X,T;,TQQ).
3. Generalized Fuzzy Bitopological Spaces

Definition 3.1 Let X be a non-empty set and T;, (i=1,2) be a collection of fuzzy subsets of X. Then
Tg is called a generalized fuzzy topology on X if

i. 0 € Tgi and
it. G € T; for k € I implies G = V Gy, € T;.
kel

The ordered triple (X, Tgl,Tg2) is called a generalized fuzzy bitopological space (henceforth abbreviated as

gfbt space), where Tg1 and Tg2 are generalized fuzzy topologies on X. The elements of Tg are called the

uzzy Ti-open sets. The complements of the fuzzy Ti-open sets are called the fuzzy Ti-closed sets in
g g g

(X, T, T?).

Y7979

Definition 3.2 [9] A fuzzy set X\ in a gfbt space (X, Tgl,TgQ) is called a generalized pairwise fuzzy closed

set (gpfc set, for short) if clricly (N <, (i#jand i,5 = 1,2) whenever A < u and p is a generalized
pairwise fuzzy open set (gpfo set, for short) in (X, T;,TgQ).

The complement of gpfc set in (X, T,,T7) is a gpfo set in (X, Ty, T7).
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Definition 3.3 Let (X, Tgl,TgQ) be a generalized fuzzy bitopological space and X be any fuzzy set. The

generalized closure and generalized interior of a fuzzy set A in (X, Tgl,ng) are respectively denoted as
cly(X) and inty(N) are defined as

(1) cgN) =~ {p| A <p, pisa gpfcset} and
(2) intg(A) = V{u| p <X, pisa gpfo set}.
4. Characterizations of Generalized Fuzzy Bitopological Spaces

Definition 4.1 A fuzzy set X in a gfbt space (X, Tgl, T;) is called a generalized pairwise fuzzy semi-closed
set (gpfs-c set, for short) intTglcsz (A < X and intngclTl()\) < Xin (X, qu,TqQ) The complement of a
gpfs-c set is a generalized pairwise fuzzy semi-open set (gpfs-o set, for short).

Proposition 4.1 If X and p are gpfec sets in a gfbt space (X, Tgl, Tg), then AV is a gpfe set in (X, Tgl, TQQ).
Proof: Let A\ be gpfc set such that clTécng (AN) <#, (1 £jand i,j = 1,2) whenever A < v and v is a
gpfo set in (X, qu,TqQ) Also, let u be a gpfc set such that clT;cng (1) < v whenever p < 7. Suppose
AV p <~. Now, CZT;‘, clpi(AV p) = cngl clpi(A) Vv cng clpi(p) < vVy =+ and hence AV p is a gpfc set in
(X,T},T7). O

Proposition 4.2 If the fuzzy sets A and p are gpfe sets in a gfbt space (X, Tgl,Tg2), then the fuzzy set
AApis a gpfe set in (X, Ty, T2).

Proof: Let the fuzzy set A be a gpfc set such that cly;cly (N) <7, (i #jand i,j7 = 1,2) whenever
A < v and the fuzzy set v is a gpfo set in (X, qu,TqQ) Also, let the fuzzy set p be a gpfc set such that
clyicly (1) <~ whenever p < . Suppose A A p < . Now, clyiclyg (AN p) < clr clyg (A) Aclr clry () <

v Ay =~ and hence the fuzzy set A\ A is a gpfe set in (X, T,,T7). O

Definition 4.2 The fuzzy set X in a gfbt space (X, Tgl,TgZ) is called a generalized pairwise fuzzy dense
set (gpfd set, for short) if clriclyz(N) = 1 = clrzclri(N), in (X, T,,T7).

Proposition 4.3 For the fuzzy set X in a gfbt space (X, T;,T;),

(i). if clr N=1= Cqu2<)\) in (X, Tgl,TQQ), then clraclr: N=1= clrzcly (N), in (X, Tgl,T;).

(it). if intr1(A) = 0 = intr2(A) in (X T, T?), then intryintrz(A) = 0 = intrzintri(A) in (X T T?).

7979 7979

Proof: Let the fuzzy set \ in (X, T}, T2).

7979

i). Let clpi(A) = 1 = clp2(A) in (X, T, T?). Now clpiclp2(N) = clpi (1) = 1. Similarly, clpzclp (A) =
g g g g g g g g g

1. This implies that clriclr2(A) =1 = clrzclyi(}), in (X, T,,T2).
(ii). Let intr1(A) = 0 = intr2(}) in (X, T,,T;). Now intryinttz(A) = intr1(0) = 0. Similarly,

intrzinty1(A) = 0. This implies that intriintrz(A) = 0 = intrzintr (A), in (X, Ty, T72).

Remark 4.1 For the fuzzy set X in a gfbt space (X, Tgl, Tg2),

(i) if clrpclrz(A) = 1 = clrzclri(A) in (X, T,,T7), then it does not imply that cri(A) =1 =clr2(})
in (X,Ty,T72).

) g’
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(i). if intryintr2(A) = 0 = intrzintry(A) in (X, T,,T72), then it does not imply that intri(A) =0 =
intrz2(A) in (X T T?).

7979

Proposition 4.4 If the fuzzy set Ay, is a fuzzy T, (i = 1,2)-dense set in a gfbt space (X,T,,T7), then

1igotyg
the fuzzy set A\ is a gpfd set in (X, Tgl,TgQ)

Proof: Let the fuzzy set Ay be a fuzzy T, (i = 1,2)-dense set in (X,T,,T;). Then cdri(A) =1 =

v hgoty
clr2 (M), in (X, Ty, T2). Then by the Proposition 4.3 (i), clr, cly,(\x) = 1 = clp,clp, (M), in (X, T}, T7).
Hence the fuzzy set Ay is a gpfd set in (X,T,,Ty). ]

Definition 4.3 The fuzzy set A in a gfbt space (X, T1 T2) 18 called a generalized pairwise fuzzy nowhere

dense set (gpfnd set, for short) if intriclrz(A) =0 = mthzcqul (A), in (X, T,,T7).

Example 4.1 Let X = {a,b,c}. The fuzzy sets o, 8 and v are defined on X as follows:

a: X —[0,1] is defined as a(a) = 0.5; «(b) =0.4; afc)=0.6,

B:X —[0,1] is defined as B(a) =0.6; B(b) =0.2; S(c) =0.8,

~v: X —[0,1] is defined as v(a) = 0.4; ~(b) =0.6; ~(c)=0.2.

Then T, = {0,a,1} and T2 = {0, 3,1} are generalized fuzzy topologies on X . By computations, one
can see that clrz(y) =1-8; ClTl( )=1=a;intr1(1 =) =0;intr2(1 —a) =0, in (X,T,,T7). Then,
intriclrz (v) = Z?’LtTgcngl( v) =0, in (X,T,,T7) and hence the fuzzy set y is a gpfnd set in (X, T}, T7).
Remark 4.2 The complement of a gpfnd set in a gfbt space need not be a gpfnd set. For, consider the
example J.1. By computations, intT;cngz(l —7v)=1%#0 and intTgcngl(l —v)=1#0, in (X, Tgl,ng)
Hence the fuzzy set 1—7y is not a gpfnd set in (X, Tgl, Tg2) whereas the fuzzy v is a gpfnd set in (X, Tgl, Tg2)

Proposition 4.5 If the fuzzy set u is a gpfnd set in a gfbt space (X, Tgl,ng) and if X < p, for the fuzzy

set X in (X, T}, T?), then the fuzzy set X is a gpfnd set in (X, T}, T?).

7979 ’TgTg

Proof: Let the fuzzy set pu be a gpfnd set in (X, T}, 72). Then intryclrz(p) = 0 = intriclrz(p), in

1igrtg
(X,T},T?). Since X < p, intryclrz(A) < intpiclrz(p) and intrzclrs (A) < intrzclrs (p), in (X, Tgl,T;)
This implies that intriclr2(A) < 0 and intgzclyi(A) < 0. Then intriclrz(A) = 0 = intrzclri (), in
(X, Tgl7 ng) Thus, the fuzzy set A is a gpfnd set in (X, Tgl, T;) O
Remark 4.3 If the fuzzy sets X and p are gpfnd sets in a gfbt space (X, Tgl, Tg2) then the fuzzy set AV p
need not be a gpfnd set in (X, Tgl7Tg2) For, consider the following example:

Example 4.2 Let X = {a,b,c}. The fuzzy sets A\, u, v, o, 8 and v are defined as follows:

A: X —[0,1] is defined as A(a) =0.5;  A(b) =0.7;  A(c) = 0.6,
X —[0,1] is defined as p(a) = 0 4 w(b) =0.6; pu(c) =0.5,
~v: X —[0,1] is defined as y(a) = ~v(b) =0.5; ~(c) =0.4,
a: X — [0,1] is defined as a(a) = O 8 ab) =0.5; ac) =0.7,
B :X —[0,1] is defined as f(a) =0.6; [(b) =0.9; B(c) =04,
v:X —[0,1] is defined as v(a) = 0.4; v(b) =0.7; v(c)=0.8.

ThenT1 = {0, A\, 1, VAV A VY AANY, Ay, NV (AAY), AV pVy, 1} andT2 {0,a, B, v,V B,V
v,BVr, oz/\ﬁ,a/\u BAv,aV (BAV),aN(BVY), BV (aAv),BA(aVY), V\/(Oz/\ﬁ) vA(aVp),aV BV, 1}
are generalized fuzzy topologies on X.

Now consider the following fuzzy sets:

a:X —[0,1] and B : X — [0,1] defined on X.

n: X —[0,1] is defined as n(a) = 0.6; n(b) =0.3; n(c) =04,
¢: X —[0,1] is defined as ((a) =0.4; ¢(b) =0.3; ((c) =0.6.
By computations, one can see that intr: csz( )= intr: [1-— v

(BAV)] =0 and intrzclri(n) = intrz(1—
v)

w)=0in (X, T} T?). Also, intryclrz(¢) = mtT1[17(6/\(0¢ )] = 0 and intrzclr: (C) = intr2(1—v) =

7979
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0, in (X, Tgl,ng). Hence the fuzzy sets 1 and ¢ are gpfnd sets in (X, Tgl,ng), But intTgcngl (nv¢) =

intrz [1—(uAv)]=aAnB#0 while intry cngz (nV ) =0, implies that the fuzzy set nV ¢ is not a gpfnd
set in (X, T),T7).
Proposition 4.6 If the fuzzy sets A\ and p are gpfnd sets in a gfbt space (X, TL, T?), then the fuzzy set

. . b g7 g
AA pis a gpfnd set in (X, T,,Ty).

Proof: Let the fuzzy sets A and p be gpfnd sets in (X, T;,T;). Then, intr;clr: AN =0= intracly (A)

and intriclrz(p) = 0 = intrzclr (p) in (X,T;,T7). Now, A\Ap < Xand AAp < p, in (X,T,,T7).
Then intryclpz(A A p) < intpiclrz(A) and intrzcly (A A p) < intrzclrs (p), in (X, Ty, T2). This implies
that intriclrz (A A p) < 0 and intpzelpr (A A p) < 0, in (X, Ty, T;). That is, intriclyz (A A p) = 0 and
intrzclry(A A p) = 0, in (X, Ty, T7). Hence intriclyz(A A p) = 0 = intpzclr (A A p), in (X, T, T7).
Thus, the fuzzy set A A p is a gpfnd set in (X, Tgl, Tg2). O

Proposition 4.7 If the fuzzy set A is a gpfnd set in a gfbt space (X, Tgl,ng), then the fuzzy set 1 — X is
a gpfd set in (X, T}, T?).

7979

Proof: Let the fuzzy set A be a gpfnd set in (X, Tgl,ng). Then mtTglcquz()\) =0= intTgcngl (N,
in (X,T),77). Now 1 — intriclr2(A) = 1 -0 = 1 and hence clriintrz(1 — A) = 1, in (X,T,,T7).

But clraintr2(1 — A) < clriclr2(1 = A), in (X T}, T?). This implies that 1 < clrrclr2(1 — A). Then

gty
CqulCquZ(]. —A) =1,in (X, T;,T;). Similarly, cngclTé(l —A) =1,in (X, Tgl,Tg2). Thus, the fuzzy set
1 — Xis a gpfd set in (X,T,,T7). |
Remark 4.4 If the fuzzy set X is a gpfd set in a gfbt space (X, Tgl,TgQ), then the fuzzy set 1 — \ need
not be a gpfnd set in (X, Tgl,TgQ). For, consider the following example:

Example 4.3 Let X = {a,b,c}. The fuzzy sets a, B, v and X\, u, v are defined as follows:

a: X —[0,1] is defined as a(a) =0.2; «a(b) =0.3; ac) =04,
B :X —[0,1] is defined as f(a) =0.5; [(b) =04; B(c)=0.7,
v: X —[0,1] is defined as v(a) = 0.4; ~(b) =0.5; ~(c) =0.6,
A: X —[0,1] is defined as A(a) =0.4; A(b) =0; A(c) =0,
X —[0,1] is defined as p(a) =0.7;  p(d) =0.2; p(c) =0,
v:X —[0,1] is defined as v(a) =0.5; v(b) =0; v(c)=0.3.

Then Tg1 ={0,a, 3,1} and T; = {0, p1, po, 1} are generalized fuzzy topologies on X. By computations,
one can see that cnglcngz(l —a) = cngl(l) =1, in (X, qu,TqZ) Similarly, cngzclT;(l —a) =1, in
(X, Tgl,TQQ). Hence clT;clTQQ(lfoz) =1= cngzclT;(l—a), in (X, T;,Tj). Thus, the fuzzy set 1—a is a gpfd
set in (X, T,,T7). Also, intryclpz (o) = int1 (1 —p) = a # 0 and intrzclry (o) = intr2(1 — o) = p #0,
in (X, qu,qu) Thus, the fuzzy set « is not a gpfnd set in (X, T;,Tg)

Proposition 4.8 If the fuzzy set A is a gpfnd set in a gfbt space (X, qu,ng), then the fuzzy set X\ is a
gpfsc set in (X, TL, T?).

Y797 g

Proof: Let the fuzzy set A be a gpfnd set in (X, T}, T2). Then intrrclr2(A) = 0 = intrzclri(A), in

Y7979

(X,T},T?). This implies that intryclr2(A) < A and intrzclr(A) < Ain (X, Ty, T?). Hence the fuzzy
set A is a gpfsc set in (X, T917Tg2). O

Proposition 4.9 If the fuzzy set X is a gpfo and fuzzy T, (i = 1,2)-dense set in a gfbt space (X,T,, Ty ),

3 g ) g
then the fuzzy set 1 — X is a gpfnd set in (X, T;,ng).
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Proof: Let the fuzzy set A be a gpfo and fuzzy T}, (i = 1,2)-dense set in (X, T}, T7). Then intry(A) = A

and intrz(A) = A with clri(A) = 1 and clr2(A) = 1, in (X, T, T72). Now? iniqucquz(l -2 =1-
cnglintT;z(/\) =1- cngl(/\) =1-1=0,in (X,7,,77). Similarly, intTgcngl(l - ) =0,in (X,T,,T7).
Thus, intriclrz(1 — A) = 0 = intgzclra (1 = A), in (X, T,,T2). This implies that the fuzzy set 1 — X is a
gpfnd set in (X, T, T7). 0

Proposition 4.10 If the fuzzy set X is a gpfo and fuzzy T}, (i = 1,2)-dense set in a gfvt space (X, T,,T),
then the fuzzy set 1 — X is a gpfsc set in (X, Tgl,TgQ).

Proof: Let the fuzzy set A\ be a gpfo and fuzzy Tg, (i = 1,2)-dense set in (X, Tgl,ng). Then by the
Proposition 4.9, the fuzzy set 1 — )\ is a gpfnd set in (X, T}, T?). Therefore, by the Proposition 4.8, the

7979

fuzzy set 1 — X is a gpfsc set in (X, T,,Ty). ]

Proposition 4.11 If the fuzzy set X is a gpfo and fuzzy T,, (i = 1,2)-dense set in a gfvt space (X,T,,Ty),
then the fuzzy set X is a gpfso set in (X, Tgl,ng).

Proof: Let the fuzzy set A\ be a gpfo and fuzzy Tg, (i = 1,2)-dense set in (X, Tgl,TgQ). Then by the
Proposition 4.10, the fuzzy set 1 — X is a gpfsc set in (X, T}, T?). Therefore, the fuzzy set \ is a gpfso

1tgrty
ot 1 2
set in (X, T, T7). O

Proposition 4.12 If the fuzzy set p is a gpfnd set in a gfbt space (X, Tgl,T;) and if X\ < w, for the fuzzy

set X in (X, Tgl,TQQ), then the fuzzy set X is a gpfsc set in (X, T;,T;).

Proof: Let the fuzzy set u be a gpfnd set in (X, Tgl,TgZ). Then, intr:clys (u) =0= intrzcly (1), in
(X,T,;,T;). Since A < p, intriclr2(N) < intpyclp2(p), in (X, Ty, T,;). This implies that intriclr2(A) <0,
in (X, T}, T?). Then intryclr2(A) =0, in (X, T,,T7?). Similarly, intraclyi(A) =0, in (X, T,,T?). Hence

lgrtg
intricly2(A) = 0 = intrzclri (M), in (X, T,,T7). Thus, the fuzzy set A is a gpfnd set in (X,T,,T7).
Then by the Proposition 4.8, the fuzzy set X is a gpfsc set in (X, T,,T7). O

Proposition 4.13 If the fuzzy set X is a gpfo and fuzzy Tg, (i = 1,2)-dense set in a gfbt space (X, Tgl, Tg2)
with p <1 — X, then the fuzzy set i is a gpfnd set in (X, T;,TQQ).

Proof: Let the fuzzy set A be a gpfo and fuzzy T_;, (i = 1,2)-dense set in (X, qu,qu) Then by the
Proposition 4.9, the fuzzy set 1 — X is a gpfnd set in (X, T}, T;). This implies that intriclr2(1—A) =
0 = intrzclri (1 = A), in (X, T T?). Since p <1 -\, intryclpz (p) < intriclr2(1—A), in (X T T?).

R rtgotyg
Then intriclr: (1) <0, in (X, Tgl,TQQ). This implies that intr:clye (u) =0, in (X, Tgl7T92). Similarly,
intrzclry(p) = 0, in (X, Ty, T7). Thus, intricly=(p) = 0 = intrzclr (p), in (X, Ty, T7) implies that the
fuzzy set p is a gpfnd set in (X, Tgl, Tg2). O

Proposition 4.14 If the fuzzy set X is a gpfo and fuzzy T;, (i = 1,2)-dense set in a gfbt space (X, Tgl7 ng)
with 1 < 1 — X, then the fuzzy set p is a gpfsc set in (X,T,),T7).

Proof: Let the fuzzy set A be a gpfo and fuzzy T, (i = 1,2)-dense set in (X,T,,T7). Then by the
Proposition 4.13, the fuzzy set A is a gpfnd set in (X, Tg17Tg2). Therefore, by the Proposition 4.8, the
fuzzy set p is a gpfsc set in (X, Tgl, T;). O

Proposition 4.15 If the fuzzy set X is a gpfo set in a gfbt space (X, Tgl, Tg2) such that CZT;‘, N=1, (i=
1,2), then the fuzzy set 1 — X is a gpfnd set in (X, Tgl,ng).
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Proof: Let the fuzzy set A be a gpfo set in (X, T}, T7) such that cri(A) =1, (i =1,2). Then intr:(A) =
A and intr2(A) = A such that clra(A) = 1 and clpz(\) = 1, in (X, Ty, T;). Now intriclrz(1 — A)
1-— cngn'ntng N=1- cng1 (A) =1—1=0. Similarly, intngclT;(l —A) = 0. Hence intTglcngz(l —A) =
0= intngclT;(l —A), in (X, Tgl, Tg2). Thus, the fuzzy set 1 — A is a gpfnd set in (X, Tgl,TQQ).

O

Proposition 4.16 If the fuzzy set X is a fuzzy T-closed set with intr (AN) =0, (i=1,2) in a gfbt space
(X, Tgl,ng), then the fuzzy set \ is a gpfnd set in (X, Tgl,ng).

Proof: Let the fuzzy set X be a fuzzy Tj-closed set with intr: (A) =0, (i =1,2). Then clry N =X
and clrz(A) = A with intr (A) = 0 and intr2(A) = 0, in (X, T,,T;). Now intr,cly,(X) = intr, (A) =0
in (X,T,),T7). Similarly, intp,cly, (A) = 0, in (X, Ty, T7). Hence intriclr2(A) = 0 = intrzclri(A), in
(X,T},T?). Thus, the fuzzy set X is a gpfnd set in (X, T,,Ty). O

Proposition 4.17 If the fuzzy set X is a gpfnd set in a gfbt space (X, Tgl,ng), then intry N =0=
intrz(N), in (X, Ty, Ty).

Proof: Let the fuzzy set A be a gpfnd set in (X, Tgl,T;). Then intryclrs N =0= intngcngl (M), in
(X,T,;,T;). Now X < clr2(A), in (X T,,T;). Then intry(A) < intriclr2(A), in (X T,,T;). This

y g 190
implies that intr(A) < 0. That is, intr1(A) =0, in (X, Ty, T?). Similarly, intr1(A) =0, in (X, Ty, T?).
Thus, intr:(A) = 0 = intrz(N), in (X, T,,T7). ]

Proposition 4.18 If the fuzzy set \ is a fuzzy T;—open and fuzzy Tg, (i, = 1,2 and i # j)-dense set in
a gfbt space (X, Tgl,ng), then the fuzzy set 1 — X is a gpfnd set in (X, Tgl,TgQ),

Proof: Let the fuzzy set A\ be a fuzzy Tgi—open and fuzzy ng, (i,7 = 1,2 and ¢ # j)-dense set in
(X, Tgl,TQQ). Then the fizzy set 1 — X is a fuzzy Tg—closed and clp;(A) = 1, in (X, Tgl,TQQ). This implies
that clri (1-A) = 1—-Aand 1—clp,; (A) =0, in (X, T,,T?). Hence cri(1=A) = 1=Xand intp; (1-A) =0,

in (X,T,,T7). Now, intTgcqu@'(l —A) = intrg(l —A) =0, (4, = 1,2 and ¢ # j) in‘(X,Tgl,TgQ).

That is, intTgcng(l - A) =0(,j=12and i # j) in (X,T,,T7). Hence intriclr2(1 — A) = 0 and
intrzcly (1-=X)=0,in (X, Tgl, ng)_ Thus, the fuzzy set 1 — X is a gpfnd set in (X, T, T7). O

Proposition 4.19 If the fuzzy set X is a fuzzy T;—open and fuzzy Tg, (i,j = 1,2 and i # j)-dense set in

a gfbt space (X, Tgl,ng) and if p < 1— A\, then the fuzzy set p is a gpfnd set in (X, T;,Tj),

Proof: Since the fuzzy set A be a fuzzy Tgi—open and fuzzy ng, (i, = 1,2 and @ # j)-dense set in a
gfbt space (X,T,,T;) and by the Proposition 4.18, the fuzzy set 1 — X is a gpfnd set in (X,T,,T7).
Then, intTgcng(l —A) =0, in (X,Tgl,TgQ). Since p < 1 — A intTgcng(u) < intrgclrg(l —A) in
(X,T},T?). Then intpselyi(p) < 0 in (X, T}, T2). This implies that mtTgczT;- (n) =0, in (X, T2, T2).
Hence intriclys (1) = 0= ihtng clra(p), in (X, T,,T7). Thus, the fuzzy set 11 is a gpfnd set in (X, T,,T7).

O

Definition 4.4 A fuzzy set A in a gfbt space (X, Tgl7 ng) 1s called a generalized pairwise fuzzy first category
set (gpffc set, for short) if X = Vi (\x), where the fuzzy sets (\x)’s are gpfnd sets in (X,T,),T7). Any
other fuzzy set in (X, Tgl,TQQ) is said to be a generalized pairwise fuzzy second category set (gpfsc set, for
short) in (X, T,,T2).
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Example 4.4 Let X = {a,b,c}. The fuzzy sets o, 8 and v are defined on X as follows:

a: X —[0,1] is defined as a(a) = 0.5; «a(b) =0.7; a(c)=0.6,

B : X —[0,1] is defined as f(a) = 0.4; [(b) =0.6; B(c)=0.5,

~v: X —[0,1] is defined as y(a) = 0.6; ~(b) =0.5; ~(c) =0.4.

Then Tg1 ={0,q, 8,7, aVy, BVy, aAvy, BAY, aAN(BVY),aV VY, 1} and ng ={0,q, 5,1} are generalized
fuzzy topologies on X. By computations, one can see that CZng(l —a)=1-aq, Cng2(1 -B)=1-2,
gl — (@ V)] = 1— a, clys[l — (V)] = 1= B, elya[l — (@ A (BV )] = 1 -, intgs(1 - a) =0,
intr2(1—B) =0, intr2[1—(aVy)] =0, intr2[1 = (BVy)] =0, intr2[1 = (yA(BV7))] = 0 in (X, Ty, T7).

Also, intry(1=7) =0, int1(1-5) = 0, intr1[1—(aVy)] = 0, intri [1-(BVY)] = 0, intra[1—(aA(BV
7)) =0 and clry(v) = 1=(BAY), clra (BAy) = 1=, clra(aAy) = 1—(aAy), dri[1-(aVy)] = 1-(aVy),
dryll = (BV )] = 1= (BV ), dpy(1—a) = 1—a, dpy(1 - B) = 1— 5, dpy(1—7) = 17,
gl = (@A (BVA)] = 1= (@A (BV 7)) in (X, T1,T2).

Now the fuzzy sets 1 —a, 1 — 8, 1 = (aV~y), 1 =(BV~7y) and 1 — [a A (B V ¥)] are gpfnd sets in
(X,T2,T2). Therefore, 6 = {(1—a)v (1= B)V [1- (V] V [1— (BV )]V [1 - (@A (BV)]} is a goffe
set in (X, T,,T;).

Proposition 4.20 If the fuzzy set p is a gpffc set in a gfbt space (X, qu,TqQ) and if X < u, for a fuzzy

; 1 2 ; - )
set X in (X, T, ,Ty), then the fuzzy set X is a gpffc set in (X, T,,T7).

Proof: Let the fuzzy set u be a gpffc set in (X, Tgl, ng). Then p = V§2 (i), where the fuzzy sets (ux)’s
are gpfnd sets in (X, T, T7). Now AA p = AN (VR2y (k) = ViZy (AA pg). Since X < p, AA = X in

(X,T,,T7). Therefore, X = V2, (A A puy.). Since (AA px) < px and the fuzzy sets (uz)’s are gpfnd sets

in (X, Tgl,ng) and by the Proposition 4.5, the fuzzy sets (A A ux)’s are gpfnd sets in (X, Tgl,ng). Hence
A=V, (AA pg), where the fuzzy sets (A A pz)’s are gpfnd sets in (X, T, T7) implies that the fuzzy set
A is a gpffc set in (X, T,,T7). ]
Proposition 4.21 If the gpfGs-set X in a gfbt space (X, Tgl,TgQ) such that cqui N =1, (i=1,2), then
the fuzzy set 1 — X is a gpffc set in (X,T,,T7).

Proof: Let the fuzzy set A be a gpfGs-set such that clrs(A) = 1, (i = 1,2), in (X, T,;,T2). Then
A = A7 (Ax), where the fuzzy sets (A)’s are gpfo sets in (X,T,,T7). Now clri () = clri (A2 (k) <
Ay (etrg (W) 1< AR el (). That is, A2 el (Ae) = 1. This implies that elz; () = 1 (i = 1,2),

in (X, T} T?). Also, 1 —A=1-A%,(A\p) =V, (1= A;) — (A). Since the fuzzy sets (\g)’s are gpfo

v hgityg
sets, (1—Ag)’s are gpfc sets in (X, T, T7). This implies that clys(1=Ag) = 1=X, (i =1,2),in (X, Ty, T?).
Since clT; Me)=1,1- cngi (Ax) = 0. Then intTgi(l —Xx) =0, in (X, Tgl,TQQ). Now inthzclT;(l —A\k) =

intr2(1 — M) = 0 and intriclr2(1 — A) = intri(1 — Ax) = 0. Hence intpaclyy (1 — Ay) = 0 and
intriclr2 (1 — Ax) = 0, in (X, T,,T2). This implies that the fuzzy sets (1 — Ag)’s are gpfnd sets in
(X,T,,T}). Therefore, from (A), the fuzzy set 1 — X is a gpffc set in (X, T,,T7). O

Proposition 4.22 If the gpfnd set \ in a gfbt space (X, T}, T?) is a gpfF,-set, then the fuzzy set X is a

) g7 g
: 1 2
gpifc set in (X, T,,T7).

Proof: Let the fuzzy set A be a gpfnd set in (X, T}, T ) such that A = V32, (Ax), where the fuzzy sets
(Ar)’s are gpfc sets in (X, Ty, T7). Then cri(A) = cri (ViZ, (M) = ViZiclri(Ae), (i = 1,2), by the

Lemma 2.2. Since the fuzzy sets (A)’s are gpfc sets in (X, T, T,), clri(Ax) = Ap. Hence V§Z,(Ax) <

clri(A). That is, ViZ,(Ax) < clr2(A) and ViZ,(Ae) < clrz(A). Then intTg(\/Zil()\k)) < intrzclri(A)

and intr1 (ViZ,(Ar)) < intriclrz(A), in (X, T,,T?). Since the fuzzy set X is a gpfnd set, intryclrz(A) =

intrzclri(A) = 0, in (X, T,,T7). This implies that intrr (ViZy(Ak)) = 0 and intr2(ViZ, (X)) = 0, in
(X,T,,T7).
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Vi (intrz(Ag)) = 0 and Vi, (intr1(Ax)) = 0, in (X, Ty, TZ). This implies that intrz(Ar) = 0 and
intrr(Ar) =0, in (X, T,,T7). Hence intryclrz(Ar) = intri(Ae) = 0 and intrzclrs (Ax) = intr2 (Ax) =0,
in (X,T},T;) and hence the fuzzy sets (Ax)’s are gpfnd sets in (X, T, T7). Therefore A = Vi (Ax),

where the fuzzy sets (Ag)’s are gpfnd sets in (X, Tgl,ng) implies that the fuzzy set A is a gpffc set in

(X, T}, T2). O

Since VL, (intr2(A)) < intrz2(ViZ(Ak)) and  VPL (intri(Ak)) < intrr (ViZ,(Ak)),

Proposition 4.23 If the fuzzy set X is a gpffc set in a gfbt space (X, T} ng), then 1 — X = A2, (1),

k) g )
where the fuzzy sets (pr)’s are gpfd sets in (X, T;,Tj).

Proof: Let the fuzzy set A be a gpffc set in (X, T4,T>). Then A = V2, (Ax), where the fuzzy sets (Ax)’s

are gpfnd sets in (X, Ty, T7). Now 1 — A =1—VZ, (A) = AgZ; (1 — Ag). Since the fuzzy sets (A\x)’s are

gpfnd sets in (X, Tgl, T;) and by the Proposition 4.7, the fuzzy sets (1 —Ax)’s are gpfd sets in (X, Tgl7 Tg2).
Put piy =1 — Mg 1 — A= AR2, (k) the fuzzy sets (pr)’s are gpfd sets in (X, T,,T7). O

Proposition 4.24 If the fuzzy set X is a gpffc set in a gfbt space (X, Tgl,ng), then A = V2, (A\x), where
the fuzzy sets (Ai,)’s are gpfsc sets in (X, T,,T7).

Proof: Let the fuzzy set A be a gpffc set in (X, T,,T;). Then A = V32, (Ak), where the fuzzy sets (Ax)’s

are gpind sets in (X, Tgl7 ng). Since the fuzzy sets (\g)’s are gpfnd sets and by the Proposition 4.8, the
fuzzy sets (\x)’s are gpfsc sets in (X, T}, T7). This implies that A = V32, (Ax), where the fuzzy sets (Ax)’s
are gpfsc sets in (X, T,,T7). O

Proposition 4.25 If the fuzzy set p is a gpffc set in a gfbt space (X, Tgl,ng) and if A < p for a fuzzy

set X in (X, Tgl,TgQ), then A = V32, (v), where the fuzzy sets (vi)’s are gpfsc sets in (X, Tgl,TgQ).

Proof: Let the fuzzy set p be a gpffc set in (X, T, T7). Then p = V2, (i), where the fuzzy sets (1;)’s
are gpfnd sets in (X,T,,T7). Now AA = AN (VRZy(pr)) = Vi (A A pg). Since A < p, AA p= X in
(X,Tgl,ng). Therefore A = V2 | (A A pg). Let XA pp = vy Also, since A A pp = v < pg and (pg)’s
are gpfnd sets in (X, T;,TQQ) and by the Proposition 4.12, (v4)’s are gpfsc sets in (X, Tgl,ng). Hence

A = V2, (vr), where the fuzzy sets (14)’s are gpfsc sets in (X, T, Ty). O

Definition 4.5 If the fuzzy set X is a gpffc set in a gfbt space (X, Tgl,ng), then the fuzzy 1 — X is called

a generalized pairwise fuzzy residual set (gpfr set, for short) in (X, Tgl,Tg2).

Example 4.5 From the above example /.4, the fuzzy set 1 —0=1—-[{(1—-a)V(1=B)V[1—-(aV~y)]V
1= (BVIVIL=(aABV) = (@) AB)AaVN)ABYY)AaA(BVY)] is a gpfr set in (X, Ty, T7).

Proposition 4.26 If the fuzzy set A is a gpfr set in a gfbt space (X, qu,qu) and if A < p for a fuzzy set

poin (X,T,,T7), then the fuzzy set p is a gpfr set in (X, T,,T7).

Proof: Let the fuzzy set A\ be a gpfr set in (X, T}, T?). Then the fuzzy set 1 — X is a gpffc set in
(X,T,,T7). Since A < p for a fuzzy set p in (X,T,,T;), 1 =X >1—pin (X,T,,T7). Also, since the

Y797 g 779079

fuzzy set 1 — X is a gpffc set in (X,T,,T;) and by the Proposition 4.20, the fuzzy set 1 — p is a gpffc set
in (X, Tgl, TgQ). This implies that the fuzzy set p is a gpfr set in (X, Tgl, ng). O

Proposition 4.27 If the fuzzy set X is a gpfr set in a gfbt space (X, T;,Tg), then the fuzzy set X =
A2 (pr), where (ui)’s are gpfso sets in (X, T;,ng).
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Proof: Let the fuzzy set A be a gpfr set in (X, T}, T?). Then the fuzzy set 1 — X is a gpffc set in

) g’ g
(X,T},T?) and 1 — X = V32, (M), where the fuzzy sets (A)’s are gpfnd sets in (X,T,},T7). Then the
fuzzy set A =1 =V, (M) = A2 (1= M), in (X, T, T7). Since the fuzzy sets (A)’s are the gpfnd sets

and by the Proposition 4.8, (A\x)’s are gpfsc sets in (X, qu,qu) This implies that (1 — Ax)’s are gpfso
sets in (X,Zl;gl,Tj). Let 1 — A\, = py. Therefore, the fuzzy set A = A2 (i), where (uy)’s are gpfso sets
in (X, T8, T2). 0

Y7909

Proposition 4.28 If the fuzzy set A is a gpfr set in a gfbt space (X, Tgl, Tg2) and if X < p for a fuzzy set p

in (X, Tgl,Tg2), then the fuzzy set p = A2 (ur), where the fuzzy sets (px)’s are gpfso sets in (X, Tgl,ng).

Proof: Let the fuzzy set A be a gpfr set in (X, T}, T2). Then, the fuzzy set 1 — \ is a gpffc set in
(X,Tgl,ng). Since A < p for a fuzzy set p in (X,7,,7;7), 1 =A>1—p, in (X,Tgl,Tg2). Also, since the

fuzzy set 1 — A is a gpffc set and 1 — A > 1 — p in (X, Tgl7 Tg2) and by the Proposition 4.20, the fuzzy set

1 —p is a gpffc set in (X, Tgl,TQQ). Then, by the Proposition 4.25, 1 — u = V{2, (), where the fuzzy

sets (vg)’s are gpfsc sets in (X, Tgl,T;). Now pp=1—-V2 (vk) = A2, (1 —vg). Let 1 — vy = py. Since

v)’s are gpfsc sets, the fuzzy sets (1 — v)’s are gpfso sets in (X, T}, T?). This implies that the fuzzy
g g 979
set = A2 (px), where the fuzzy sets (u)’s are gpfso sets in (X, T,,Ty). O

Definition 4.6 A fuzzy set A in a gfbt space (X,Tgl,T;) is called a generalized pairwise fuzzy
o-nowhere dense set (gpfo-nd set, for short) if X\ is a gpfF,-set in (X,T},T?) such that

779079
intTgl intng ()\) = intngintT; ()\) =0.

Example 4.6 Let X = {a,b,c}. The fuzzy sets A, u, § and n are defined on X as follows:

A: X —[0,1] is defined as A(a) =0.2; A(b) =0.7; A(c) =0.5,
X —[0,1] is defined as p(a) = 0.7;  u(d) =0.5; p(c) =0.3,
0:X —1[0,1] is defined as §(a) = 0.5; 5(b) =0.7; d(c) = 0.5,

n:X —[0,1] is defined as n(a) = 0.5; nb) =0.2; n(c)=0.8.

Then Tg1 = {0, 0,0, u VO, uNVERNV LA ASY ALY A,V [wAS,dA[uVn,unV
nVao,1} and T; = {0, ANV AV NV AN AN L ARAY [ AR,V XA,V IAA
ELAAN NV, AAV L, n AV pl,u ViV o,1} are generalized fuzzy topologies on X. The fuzzy sets
1,1, 0, AN 0w N, N 8 e Ay NS NS, NV [ ALV INA p], vV Vo, 1 are gpfo sets in (X, T, ,Ty).
The fuzzy sets 1 —[uAn = Q- VA - VA -[uA) VA=AV L—-[uV @A) and
SA(pvn)=0=80VvVA=AVa)V(L=[pvy)V(L=[pvi)VvA—[vVAAW])VA-[uVnVi]) are
gpfFs-sets in (X, Ty, T7). Also intryintz(1—[uAn]) = 6 # 0 and intrzintry (1—[uAn]) = 6V [uAn] # 0
and intryintr2 (S A[pVn]) = pAéd #0 and intrzintry (OA [V n]) = pAAVY] #0. Hence 1 —[uAn] and

SN [uVn) are not gpfo-nd sets in (X, T,,T7). Now1—(nV[AAu]) = (1=[AVy)V(1=[uVvn)V(1-[uVnVé])

is a gpfFy-set in (X, T, ,T2) such that intryintrz (1= (nV[AAL])) = 0 and intrzintr (1—(nV[AAL])) =0
and hence 1 — (nV [NA p)) is a gpfo-nd set in (X,T,,Ty).

Proposition 4.29 In a gfvt space (X, T}, T?), X is a gpfo-nd set in (X, T}, T?) if and only if 1 — X is a

1tgrtg 1tgrtg
gpfd and gpfGs-set in (X, Tgl,ng).

Proof: Let A be a gpfo-nd set in (X,T),77). Then X is a gpfF,-set such that intryintrz(A) = 0

and intrzintri(A) = 0, in (X, T,,T2). This implies that 1 — X is a gpfGs-set in (X, T,,T;) and 1 —

intryintrs (A)=1and also 1 — intrz2intr: (M) = 1. That is, 1 — X is a gpfGs-set and clr Cqu2(1 - =1

and also clrzclri (1 — A) = 1. Hence 1 — A is a gpfd and gpfGs-set in (X, T,,T7).

Conversely, let A be a gpfd and gpfGs-set in (X, Tgl,TQQ). Then Cngl cngz()\) =1 and cngclT; N =1
and also 1—\ is a gpfFy-set in (X, Tgl, T;). Now intriintr: (I-x) =1 —clT; cngz (A) =1—1=0. and also

intrz2intr: (1-)) =1 —cngz cngl (A\) =1—1=0. Hence 1—\is a gpfF,-set such that intryintrs (1-))=0

and intrzintr: (1 — A) = 0. Therefore 1 — X is a gpfo-nd set in (X, Ty, T;). O
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Proposition 4.30 If a gpfnd set A is a gpfFy-set in a gfbt space in (X, Tgl,Tg2), then X\ is a gpfo-nd set
in (X,T;,Tg).

Proof: Let the gpfnd set A be a gpfF,-set in (X, Tgl,ng). Then A = V2 ,(A;), where the fuzzy sets
(Ak)’s are gpfc sets in (X, T, T7). Since A is a gpfnd set, intriclrz(N) = 0 = intrzclr: (M) in (X, T,,T7).
Now intr1(A) < intriclyz(A), implies that intri(A) < 0. That is, intri(A) = 0 in (X, T,,T2) and
hence intrzintri(A) = intr2(0) = 0 and also intryintr2(A) = 0. Since A is a gpfF,-set such that
intryintr: N=0= intrzintr: (A), A is a gpfo-nd set in (X, Tgl, TgQ). O
Proposition 4.31 If A is a gpfd set in a gfbt space (X, Tgl,Tg2) such that p < 1 — X\, where p is a
gpfF,-set, then u is a gpfo-nd set in (X, Tgl,Tg2).

Proof: Let A be a gpfd set in (X, T,},T7) such that < 1—X. Then clriclrz(A) = 1 and clrzclri(A) = 1,
in (X, T, T72) such that intryintrz(p) < intryintr2(1 —A) =1 = clriclr2(A) =1 —1 = 0. This implies
that intpiintrz(p) < 0 and hence intryintrz (1) = 0. Similarly, intrzintr: (1) = 0. Since p is a gpfF,-set
in (X, Tg17T5) such that intriintrs (1) =0 and intrzinty: (1) =0, p is a gpfo-nd set in (X, Tgl7T92). O
Proposition 4.32 If A is a gpfnd and gpfF,-set in a gfbt space (X, T;,T;), then \ is a gpfo-nd set in
(X,T),T7).

Proof: Let A be a gpfnd set in (X,7,),T7). Then intrrclrz(A) = 0 and intrzclri(A) = 0. Now A <

clry (A) implies that intr2(A) < intrzclry(A) = 0. It follows that intryintrz(A) < intr:(0) = 0. That is,

intryintrs (A) = 0. Similarly, intrz2intr: (A) = 0. Since X is a gpfF,-set such that intryintrs (A) =0 and
(

intr2intr: (M) =0, \is a gpfo-nd set in (X, Tgl,TgQ). O
Proposition 4.33 If )\ is a gpfo-nd set in a gfbt space (X, Tgl,TQQ), then A\ = V2,(\g), where
intryintrz(Ae) = 0 = intrzintri (M) and clriclrz (Ar) = Ax = clr2clry(Ar), in (X, T,,T7).

Proof: Let A be a gpfo-nd set in (X,T,,77). Then X is a gpfF,-set in (X,T,,T7) such that
intryintre N = intngintTgl()\) = 0. Since A is a gpfF,-set in (X, T;,TQQ), A =V, (Ag), where (Ag)’s

are gpfc sets in (X, T, T7). That is, A = Vg2, (\g), where clri (M) = A, and clpz (M) = Ay implies that

CqulCquZ()\k) = clT;()\k) = )\, and cngcng(Ak) = cng()\k) = M\, In (X7Tg1,T92). Also, since
intryintrz(\) =0, intpintr2(Vie, (W) = 0, in (X, TLT2). Now
Vi lintryintrs (A)] < intr {Vi, [intz2 (A)]} < intryintr2(VRZ,(Ag))  implies  that

Vit lintryintr2 (Ak)] < intraintrz (Vi (Ax)) and intriintr2 (ViZ,(Ax)) = 0, in (X,T},T7). Then
Vi lintryintrz ()] < 0. That is, VP2, [intrrintrz(Ar)] = 0 and intrrintrz(Ax) = 0, in (X, Ty, T?).
Similarly, intTgintTgl(/\k) = 0, in (X,T),T7). Therefore A = V2,(\g), where

intryintr: (A\g) = 0 = intrzintra () and clpiclre () = M = clpzelrr (A, in (X, Ty, T,). )

Q

Proposition 4.34 If X is a gpfo-nd set in a gfvt space (X,T,),T7), then 1 — X = A2, (ur), where
intryintrz (pk) = pe = intrzintr: (pe) and clrrclrz (pe) =1 = clrzelrs (pe), in (X, T,,T7).

Proof: Let A be a gpfo-nd set in (X, Tgl,TQQ). Then by the Proposition 4.33, A = V¢, (\g), where
intryintrz (Ar) = 0 = intrzintr: () and clriclrz (Ar) = A\, = clrzclr (M), in (X, T,,T7). This implies
that 1 — A =1— V2, (\), where 1 — intryintrs M)=1=1- intr2intT: (Ax) and 1 — cngl cngz A\k) =
1= X =1—=clrzelrs(Ag). Then 1 — X = A2, (1 — Ay), where clraclrz(1— Ay) =1 = clpzcla(1 — Ag)
and intryintz2(1 — Ay) = 1 = A = intrzint7i (1 — A), in (X, Ty, T2). Let 1 — A\x = py. Therefore,
1—X= A2, (&), where cngl Cngz (ue)=1= cngwngl () and intTglintng (k) = px = intngintT; (1k), in
(X, T}, T2). o
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Proposition 4.35 If \ is a gpfnd set in a gfbt space (X, Tgl,TgQ) such that p < A, where p is a gpfF,-set
in (X, Tgl,Tg2), then u is a gpfo-nd set in (X, Tgl,T;).

Proof: Let X be a gpfnd set such that p < A\, where p is a gpfF,-set in (X, Tgl, Tg2). Since A is a gpfnd
set in (X, Ty, Ty) and by the Proposition 4.7, 1 — X is a gpfd set in (X, T, T7). Now p < A, in (X, T,,T7).

g
Then pp <1—(1—A), in (X,T,,T7). Also, since u is a gpfF,-set and 1 — X is a gpfd set in (X, Tgl,T?).
By the Proposition 4.31, p is a gpfo-nd set in (X, T,,Ty). O

Definition 4.7 A non-zero fuzzy set A in a gfbt space (X, Tgl, ng) is called a generalized pairwise fuzzy
somewhere dense set (gpfsd set, for short) if intriclrs (A) #0 and intrzclr: #0.

Proposition 4.36 If \ is a gpfo-nd set in a gfbt space (X,Tgl,ng), then A\ = V2 ,(Ax), where

intry (intrzclry (M) = 0 = intry (intrzclry (M) and (Ay)’s are gpfnd sets or gpfsd sets in (X, Ty, T72).

Proof: Let A be a gpfo-nd set in (X,T,,T7). Then by the Proposition 4.33, A = V32, (A), where
intT;intng(/\k) =0 = intrzintr: (Ax) and cngcng()\k) =M\ = clTQQCZTgl()\k), in (X, Tgl,TgZ). Since

intTgl intng (Ak) = 0, intTgl intTg (cngl clT(? (M) = 0, in (X, Tgl, ng). Now

intTgl (intT; CZT; M) < intTgl ’intTy2 (Cngl Cngz (Ax)) “and intT; intng (Cngl Cngz (Ak)) = 0, in (X, Tgl7 Tq2)

Then intrs(intrzclry (M) < 0, in (X,T;,T7). This implies that intr:(intrzclri (M) = 0, in

(X,T},T7). Similarly, intrz (intryclrz(Ar)) = 0, in (X T!,T?). Therefore, A\ = V7 ,(\;), where

1igrtg
intr (intTgcngl (M) =0= intr (intng\cngl (Ag)), in (X, Tgl, T;). Now the following two cases arises:
Case (i): Suppose that intngclT;(/\k) =0 = intTgfzclT; (Ar) implies that (Ax)’s are gpfnd sets in
(X,TL,T2).
Case (ii): Suppose that puy, # 0. Then intrzclri (M) # 0 # intrz2clri (Ax), implies that (Ax)’s are gpfsd

. 1 2
sets in (X, T, Ty).

Hence A = V2, (Ay), where intr:(intr2clrr(Ar)) = 0 = intqy (intrzclr: (M) and (Ag)’s are gpfnd
sets or gpfsd sets in (X, T}, T7). O

Definition 4.8 A gfbt space (X, T;,T;) is called a generalized pairwise fuzzy first category space (gpffc

space, for short) if the fuzzy set 1x is a gpffc set in (X, Tgl,ng). That is, 1x = V{2 (Ak), where (Ag)’s
are gpfnd sets in (X, T;,T;). Otherwise (X, Tgl,TgQ) will be called a generalized pairwise fuzzy second

category space (gpfsc space, for short).

Proposition 4.37 If A2, (Ax) # 0, for gpfd sets (Ax)’s in a gfbt space (X, Tgl,TQQ), then the gfbt space
(X,T,,T;) is a gpfsc space.

Proof: Let the fuzzy sets (Ax)’s (k = 1 to co) be the gpfd sets in (X,T,,T7) such that A2, (Ax) # 0.
It has to be proved that (X, Tgl,ng) is a gpfsc space. Assume the contrary. Suppose that (X Tgl,T gz)
is a gpffc space. Then, V{2, (ux) = 1x, where the fuzzy sets (u)’s are gpfnd sets in (X, Tgl,ng). This
implies that 1 — Vg2, (ux) = 0, in (X, Tgl,T;). Then A2, (1 — pg) =0, in (X, Tgl,TQQ). Since the fuzzy
sets (ug)’s are gpfnd sets in (X, Tgl,TQQ) and by the Proposition 4.7, the fuzzy sets (1 — ug)’s are gpfd
sets in (X,T,,7T7). Let 1 — pp = Xg. Thus, A2, (Ax) = 0, where the fuzzy sets (A\x)’s are gpfd sets
in (X, Tgl,Tg) which is a contradiction to the hypothesis that A2 (Ag) # 0, for gpfd sets (Ax)’s in

(X, Tgl, TQQ). Therefore, our assumption is wrong. Thus, the gfbt space (X, Tgl, ng) is a gpfsc space. O

Proposition 4.38 If the gfbt space (X, Tgl,TQQ) is a gpffc space, then V{2, (Ax) = 1, where the fuzzy set
(Ak)’s are gpfsc sets in (X, T,,T7).

Proof: Let the gfbt space (X,T,,T7) be a gpffc space. Then V32, (Ax) = 1, where the fuzzy sets (\x)’s
are gpfnd sets in (X, Tgl, ng). Since the fuzzy sets (\g)’s are the gpfnd sets and by the Proposition 4.8,
the fuzzy sets (A)’s are gpfsc sets in (X, T}, T7). Therefore V32, (\;) = 1, where the fuzzy set (A;)’s are
gpfsc sets in (X, T, T7). O
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Definition 4.9 A gfbt space (X, Tgl,TgQ) is called a generalized pairwise fuzzy submaximal space (gpfs

space, for short) if each gpfd set in (X, Tgl,ng) is a gpfo set in (X, Tgl,ng), That is, if for a fuzzy set A
in (X, Ty, T2) such that cri(A) =1, (i =1,2), then X is a gpfo set in (X, Ty, T2).

Example 4.7 Let X = {a,b,c}. The fuzzy sets «, 5 and vy are defined on X as follows:

a: X —[0,1] is defined as a(a) =0.2; «(b) =0.3; ac) =04,

B: X —[0,1] is defined as f(a) =0.8; [(b) =0.7; B(c) = 0.6,

v:X —[0,1] is defined as v(a) = 04; ~(b) =0; ~(c)=0.

Then Tg1 ={0,q, 5,1} and ng ={0,08,v,1} are generalized fuzzy topologies on X. By computations,
one can see that clyiclrz(8) = clra(1) =1 and clyzclri (8) = clrz(1 — a) = 1, in (X, T, T?) and thus B

: ; 3T . gty
is a gpfd set in (X, Tgl,TgQ). Clearly, B is a gpfo set in (X, T;, ng) and hence (X, Tgl,ng) is a gpfs space.

Example 4.8 Let X = {a,b,c}. The fuzzy sets A1, Ao and A3 are defined on X as follows:

A1 X = [0,1] is defined as A\ (a) =0.25; A (b) =0; Ai(c) =0,

A2 1 X —[0,1] is defined as A\a(a) =0.75;  A2(b) =0.5;  Aa(c) =0,

Az 1 X —[0,1] is defined as A\s(a) =0.8; A3(b) =0; Asz(c)=1.

Then Tg1 = {0,A1,A2,1} and Tg2 = {0,A1,A3,1} are generalized fuzzy topologies on X. By
computations, one can see that the only gpfd set in (X, T917T92) is A3. But A3 is not a gpfo set in
(X,T},T?). Therefore, (X,T,,T2) is not a gpfs space.

Proposition 4.39 If a gfbt space (X, Tgl7 ng) s a gpfs space and X is a gpffc set, then 1— X is a gpfGs-set
in (X,T;,Tg).

Proof: Let A be a gpffc set in (X, T, T7). Then A = V2, (\x), where (A¢)’s are gpfnd sets in (X, T, T7).

Since (Ax)’s are gpfnd sets in (X, T}, T7) and by the Proposition 4.7, (1—\)’s are gpfd sets in (X, T, T7).

Since (X, T,,Ty) is a gpfs space, (1 — A)’s are gpfo sets in (X,T,,T7). Now 1 — X =1—VZ, (M) =
ARZ (1= Xg). Thus, 1 — X = A2, (1 — Ag), where (1 — \)’s are gpfo sets in (X, T,,T7), implies that

1— X is a gpfGs-set in (X, qu,TgQ) -

Proposition 4.40 If a gfbt space (X, Tg17Tg2) is a gpfs space, then every gpffc set is a gpfF,-set in
(X, T,,T,).

Proof: Let A be a gpffc set in (X, T, 7). Since (X, T}, T7) is a gpfs space and by the Proposition 4.39,

1 — X is a gpfGs-set in (X, Tgl,ng) and hence A is a gpfF,-set in (X, Tgl,TQQ). O
Proposition 4.41 If a gfbt space (X, Tgl,ng) is a gpfs space, then every gpfr set is a gpfGs-set in
(X, T,.T,).

Proof: Let A be a gpfr set in (X, Tg17T92). Then 1 — A is a gpffc set (X, Tgl7T92). Since (X, Tgl,T;) is a
gpfs space and by the Proposition 4.40, 1 — X is a gpfF,-set in (X, qu, qu) Therefore X is a gpfGs-set in

(X, T}, T2). O

5. Conclusions

The new classes namely the generalized fuzzy bitopological spaces have been introduced and defined
various types of generalized pairwise fuzzy sets in the generalized fuzzy bitopological spaces in this
paper. Several examples given to investigate the generalized pairwise fuzzy sets and characterizations
of generalized pairwise fuzzy sets have studied in this paper. Additionally generalized pairwise fuzzy
first category spaces, generalized pairwise fuzzy second category spaces and generalized pairwise fuzzy
submaximal spaces were defined and some of whose properties were also studied in this paper.
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