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Additivity of local function and dynamical system

Sk. Selim, Chhapikul Miah, Monoj Kumar Das and Shyamapada Modak *

ABSTRACT: The study of local function in topological spaces is remarkable. Various branches have been
developed through this study. In this paper, we further consider the local function and exploring the various
properties of the same by considering some generalized open sets. In this situation some of the properties of
local function fails to hold due to the finite intersection property of the topology. Due to this outcome, we are
investigating the situation at dynamical system and topological transitivity.
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1. Introduction

In the field of pure and applied mathematics as well as in physics and chemistry, the study of limit
points is a crucial part. In the study of mathematics this has been redefined through the authors
Jankovic and Hamlett’s [6] modern notation, by the name of local function. It is a part of an ideal
on the topological spaces and the ideal was introduced by Kuratowski [14] and Vaidyanathswamy [29].
Ideal is a mathematical structure of subsets of a given set and satisfying the hereditary and the finite
additive properties. Many mathematicians [1,9,11,20,22,26] have given their reflection in the field of local
function.

In this research article we are exploring the coincidence of local function and the limit point of a set.
To do this, we will establish the relation between various local functions of literature with the limit points
and to give counter examples. The remarkable discussion of this paper is, how one can goes to limit point
of a set via local function. That is numerically, we will approximating the limit points of a set through
one by one local function.

2. Preliminaries

A subset A of a topological space T (where T is a nonempty set and 7r is a topology on T') is said to
semi-open [15] (resp. preopen [16], b-open [4], S-open [8] (or semi preopen [3]) if A C Cl(Int(A)) (resp.
A C Int(Cl(A)), A C Int(CI(A)UCI(Int(A)), A C Cl(Int(Ci(A)))), where ‘Int’ and ‘Cl’ stand for the
‘Interior’ and ‘Closure’ operators respectively. O(t) is the collection of all open sets containing ¢ where
as O%(t) stands for the collection of all semi-open sets containing ¢. Again, OP(t) (resp. O°(t), OP(t))
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denotes for the collection of all preopen (resp. b-open, 8-open) sets containing ¢. The ‘semi-closure’, ‘pre-
closure’, ‘b-closure’ and ‘S-closure’ operators will be denoted as ‘sCl’, ‘pClU ‘bC1’ and ‘SC1’ respectively.
They are defined similar fashion with closure operator in the topological space.

We have already mentioned the idea of an ideal. Now, the local function of a set A in an ideal I
related topological space [6] (T, 7r) ( or simply called Iy ideal on a topological space T) is, A* = {t €
TIUNA¢Ir, Ue O(t)}. This local function induces a finer topology on T and its closure operator is
defined as, C1*(A) = AU A*. A subset A of a topological space T with an ideal I7 is called I-dense if
and only if A* =T [7]. Equivalently A is Ip-dense in T if and only if for every nonempty open subset
O of T, AN O ¢ Iy. Every Ip-dense subset of a topological space is a dense set [29].

Before consideration the other local functions and its related consequences, we are trying to recognising
the local function in new format.

Example 2.1 Let T = R, set of reals, 77 = {&,R,Q}, Ir = p(Q), where Q and p(Q) denote the set
of rationals and the set of all subsets of Q respectively. Then, one of a basis of the x topology (or 77
topology) is, B(I,7r) = {R} Up(Q)U{(R\Q)UA| A € p(Q)}. Then, 1 € Q'(7r), derived set w.r.to Tr
topology but 1 ¢ Q'(7}), derived set w.r.to 77 topology. Whereas Q* = &. Furthermore, for i € R\ Q,

{i})* =R\ Q. But, ({i})'(rr) = R\ Q) \ {i} = ({1})'(77)-

Example 2.2 Let T = (11,2, 8}, 77 = {2, T, {1'}, {2} {t', 21}, Ir = {2, {11}, (£}, {1, £} 74(D) =
{2, T, {t'}, {2}, {t', 2}, {t3,3}}. Let A= {t2, 13}, then A* = {t>,#3}, A'(rr) = {£3} and A'(1}) = {t3}.
Again, let B = {t',t3}, then B* = @; B'(tr) = {t3} and B'(7}) = 2.

Due to these examples, we can conclude that the reverse inclusion of A’(7}) C A'(7r) is not true and
A*, Al(rr), A'(73) are not equal . But interestingly the operator C1* : p(T') — ©(T') (defined above)
induces a topology on T.

Local function related to generalized open sets are:

A*s [12,18] (resp. A*P [17,1], A*® [28], AP [23,28]) = {t € T| UN A ¢ Iy}, where U € O%(t) (resp.
UecOr(t),UcObt), UcOt)).

Closure operator related local function is, I'(A) [2,13] (resp. v(A) [10], &(A) [31], &,(4), &(A),
&(A) [5]) ={zeT| CUU°)NA¢Ip} (resp. {z € T|; sCUU°)NA¢&Ir}, {zeT; sClU*)NA¢EIr},
{2 €T; pCUUP)NA ¢ 17}, {2z € T; bCLUYNA & I7}, {z € T|; BCUUP)NA ¢ Ir}), where U° € O(2),
Us € O%(2), UP € OP(2), U’ € O%(2), UP € 0F(2)).

The associated set-valued set function[13,19] of the above operators are as follows: ¢ (A) [24,32]=
T\ET\A) 4, (4) = T\GT\ D V() = TG\ v OB T\ T\ ) () = T\ 1)

3. Coincident of local functions

In this section, we shall try to give more answers to Yalaz and Kaymaker’s [30] question: “Question
1: For a subset M in any I-space, are local function and &fi-local function always comparable with respect
to the subset relation? So is it always either M* C &(M) or &(M) C M*?”

For a subset A of an ideal topological space (T, 77,Ir), £* local function [30] is defined as, £*(A) =
{teT| O*NA¢Ilr}, where O € O(t). Its associated set-valued set function is e« (A) =T\ (T \ A)
[30].

In Theorem 3.5 of [30], the authors have discussed equality of three local functions. But for the
equality of these, they have used the condition Ir N7r = {@}. Because for I,,4,, I, does not contain any
nonempty open set (where I,,,, denotes the collection of all nowhere dense sets in the topological space
T). If & # O € Iy, then Int(Cl(O)) = @, which is a contradiction. Followings are the more general
answer of the above question.

Lemma 3.1 [21] Let I be an ideal on a topological space T. Then, Ir N7r = {&} if and only if, for
any nonempty open set O, O* = Cl(O).

Theorem 3.1 Let I be an ideal on a topological space T such that Ip N1p = {@}. Then £*(A) =T(A)
for all A € o(T).
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Conversely, we can get the following,

Corollary 3.1 Let It be an ideal on a topological space T. If &*(A) = T'(A) for all A € p(T), then
IrNrp = {@}

Proof: Suppose O be a nonempty open set in T. Given that £*(O) = I'(O). Thus O* N O ¢ Ir as well
as Cl(O)N O ¢ Ip. Therefore O ¢ Ip. As O is arbitrary, then Iy N7p = {@}. O

In these respect the Theorem 3.6 of [30] become,

Theorem 3.2 Let Iy be an ideal on a topological space T. Then for any A € p(T), A* = £*(A) =T(4)
if and only if Ir N = {@}.

As a consequence of the above results of this section we get,

Lemma 3.2 Let Iy be an ideal on a topological space T'. Then for any A € p(T'), Yex (A) = Yr(A4), if
and only if Ir N mp = {@}.

Due to this lemma we get the following coincident results:
For an ideal I on a topological space T with I N7 = {@} we have;

Theorem 3.3 1. The topology {M C T| M C e+ (M)} [30] on T and the topology {M C T| M C
Yr(M)} [2] on T are equal.

2. The topology {M C T| M C Int(Cl(ve-(M)))} [30] on T and the topology {M C T| M
Int(Cl(yor (M)} [2] on T are equal.

N

4. Local function apart from coincident

In this section, we consider new type of local functions using O € OF(t) sets where and k €

{87 b, b7 ﬁ}

Now, we consider an example in support of “Iz N 77 = {@}” does not mean that A** = CI*(A).

Example 4.1 (i) Let T = {t', 2, ¢3,t*}, 70 = {@, T, {3, 1}, {2, 3, ¢4}, {t1, 3, ¢*}}, Ir = {2, {t'}}.
Let A = {t', 13}, then A*? = {t3}. But CIP(A) = {t?,t*}. Further, A*® = {t3}, but CI1°(A) = {t?,t*},
whereas Tr NIy = {@}.

(ii) Let T = {t1,#2,t3,t*}, 70 = {@, T, {t'}, {t?}, {t}, t2}}, Ir = {2, {t3}}. Then, for A = {t', 3},
A* = {t3}. But CI*(A) = {t2,t*}, whereas 70 NI = {@}.

Following local functions are the new types of local function:

Definition 4.1 Let I be an ideal on a topological space T and A C T. Then, k type local function is
defined as, A°* = {t € T| O** N A ¢ 1}, where O € OF(t) and k € {s, p, b, B}.

Theorem 4.1 Let Iy and Jr be two ideals on a topological space T and A,B C T. Then, for k €
{s. p, b, B},

1. A% C Bok, when A C B.

2. A°%(Jp) C A°%(I7), when Iy C Jr.
3. A%k C ClI*(A).

4. I°* = @&, when I € Ip.

5 % =g.

Interrelations between various local functions are follows after the following examples:
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Example 4.2 1. Let T = {t1,t2,t3}, 70 = {&, T, {t1}}, Ir = {&,{ts}}. Then, PO(T) (collection of
all preopen sets)= {2, T,{t1}, {t1,t3},{t1,t2}}, &P =2, T*? =T, ({t1,t3})*? =T = ({t1,t2})*P
and ({tz,tg})*p = {tg}, ({tg,tg,})(}p =1T.

2. LetT = {tl,tg,tg,t4}, T = {@,T, {t3,t4}, {t27t37t4}, {tl,tg,t4}}, ]IT = {@, {tl}} Then, PO(T) =
{a, T, {ts}, {ta}, {ts,ta}, {t1,t3}, {ta,t3}, {t1,ta}, {t2,ta}, {t1,t2,t3}, {t1,t2,t4}, {to,t3,t4},
{ti,ts,ta}}, @7 = @, TP =T = ({t3,ta})? = ({t2,t3,84})" = ({t1,83,24})?, ({t3})? =
{ta}, ({ta})™? = {ta}, ({t1,8331)"F = {ts}, ({t2,t3})7 = {t2, 3}, ({t1,ta})? = {ta}, ({t2,ta})™? =
{t2, ta}, ({t1, t2, t31)™F = {t2, t3}, ({t1,t2,ta})*? = {t2,ta}.

(1)) ({t1,t31)°P = {ts}, ({t1,ta})°? = {ta}, ({t1,t5,ta})? =T.
(ZZ) pCl({tl,tg,t3}) = {tl,tg,tg,} whereas ({tl,tg,tg})*p = {t2,t3}.

3. Let T = {t1,ta,ts}, 70 = {@, T, {t1,ts}}, Ip = {@, {t1}, {ts}, {t1,t3}}. Then,
SO(T)(collection of all semi-open sets) = {2, T,{t1,t3}}, @*° =@, T* =T = ({t1,t3})**,
(1)) = {02}, ({t2,13)) = T-

4. LetT = {tl,tz,t37t4}, T = {@,T, {tl}, {tg}, {tl,tg}}, ]IT = {,@, {td}} Then, SO(T) = {@,T, {tl},
{tz}, {tl, tg}, {tl, t3}, {th t4}, {tg, tg}, {tg, t4}7 {tl, tz, tg}, {t1, tg, t4}, {tg, t3, t4}7 {th tg, t4}}. Then,
({t1})* = {ta}, ({tn,02})™ = T = ({ta.t2,ts)* = ({ta,t2,ta})* = T = ({t1,2})*",
({t1,t3})™ = {1}, ({tr,ta})* = {ta,ta}, ({t2)* = {to}, ({t2,ts})*" = {t2}, ({t2,ta})™ =
{t27t4} = ({t27t3’t4})*sv ({t17t37t4})*s = {tlat‘l}'

(i) ({t1,t3})°° = {ta}, ({t2,83})°" = {ta}, ({t1,02,83})" =T
(ZZ) SCZ({tQ,tg}) = {t27t3} whereas ({tg,tg})*s = {tg}

For a topological space T', 70 C SO(T)(resp. PO(T)) € BO(T)(collection of all b-open sets) C
BO(T)(collection of all S-open sets) holds. This relation establish the following theorem.

Theorem 4.2 Let I be an ideal on a topological space T. Then for A C T,
1. A*P C A% C A% C A%,
2. AP C A* C AP C A%
3. A°P C A% C A% C A°.
4. A%B C A°P C A°P C A°.

For proof of this theorem the reader may take the help of [27].

Example 4.2(1,3) shows that ok local function and xk local function are independent to each other
in respect of set inclusion relation. The Example 4.2(2,4) also mentioned that ¢k local function is not
additive.

Theorem 4.3 Let Iy be an ideal on a topological space T. Then for A C T, (i) A°* ¢ kCI(A); (i)
AR C € (A), where k € {s, p, b, B}.

(i) follows from Example 4.2 (1) and (%) is obvious fact.
Equality of A°* with kCI(A) does not hold even if Iz N 77 = {@} = Ir N KO(T), where K = S, P, B
and . These have been followed by the Example 4.2 (2,4). However following hold:

Corollary 4.1 Let I1 be an ideal on a topological space T. Then, for O € OF, O** = kCI(O) implies
I N OF = {@}, where k € {s, p, b, B}.

Thus the ¢ local functions (()°*) do not coincides with the following local functions:

E(A)={teT|O0*NA¢Ilr}, where O € OF(t) and k € {s, p, b, B}.

However &* local function and T local function are coincide each other when It N 7 = {@} (see
Section 3).

Semi-local function and pre local function are independent to each other with respect to the set
inclusion relation. This has been followed by the following example:
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Example 4.3 (i) Let T = {t1,tz2,t3}, 7 = {2, T,{t1,t2}}, Ir = {o,{t:i}}. Then
SO(T) = {@,T, {t17t2}},PO(T) = {@,T, {tl,t2}7{t1},{tQ},{thtg},{tQ,tg}}. COTLSid(?’/‘ A = {tg,tg},
then A*P = {tg,t3} and A** =T.

(ZZ) LetT = {tl,tg,tg,tz;}, T = {@,T, {tl}, {tg}, {tl,tg}, {tl,tg,t4}}, Ir = {@, {tz}}. Then SO(T) =
{9, T, {t1}, {ta}, {t1, ta}, {t1, ta}, {t1, ta}, {ta, ta}, {ts, ta}, {1, ta 3}, {t1. to, ta}, {t1, t3, ta}, {t2, t3, ta}},
PO(T) ={a,T,{t1},{ts}, {t1, t3}, {t1. t3, ta}, {t1, t2, t3}}. Suppose B = {la, 3,14}, then B*® = {t3,14},
B = {t23t33t4}'

For the decomposition of local function, we consider « set. In a topological space T', a subset A of
T is mentioned as a « set [25] if it is semi-open as well as preopen set. That is =% (collection of all «
sets)= SO(T) N PO(T). Remarkable fact that =& form a topology and the topology is finer than the
original topology whereas SO(T') and PO(T) do not form a topology in general.

Theorem 4.4 Let I be an ideal on a topological space T. Then for A C T, (i) A*# C A*® C A*P (resp.
A*S) C A*™ C A*; (i) A®P C AP C A®P (resp. A®®) C A°™ C A°.

Following example shows that the reverse inclusion of A*P (resp. A*®) C A** and A°P (resp. A°%)
C A°* do not hold:

Example 4.4 (a) Recall the Ezample 2.1. Then, O% = {@}U{AD Q| ACR}, O?P = {RU{ACR|A¢
R\ Q} and ¢ = OP N O*. Suppose i € R\ Q. Then ({i})** = {i} and ({i})** =R\ Q.

(b) If we replace the ideal It = p(Q) with Ir = {@,{i}} (where i is mentioned above) in the above
example. Then for p € Q, ({i,p})** =R and ({i,p})*? =R\ Q.

5. Set with respect to xsp notation and transitivity

At first we shall investigate the answer of the question, Is A** N A*P always nonempty?

Theorem 5.1 Let Iy be an ideal on a topological space T and A CT. Then
1. for O° C OP and A*® # & # AP, A N AP £ @.
2. for OP C O° and A*® #+ & # AP, A N AP #£ 2.
Proof: 1. Let t € A*. Then for all U € OP(t), UN A ¢ Ip. Since O° C OP, then for all V € O%(¢),

V N A ¢ 1. Hence the result.
2. Similar with 1. O

This theorem gives a sufficient condition to hold A** N A*P # @&. But converse part of this theorem is
an open question.

Definition 5.1 Let Iy be an ideal on a topological space T and A CT. A pointt € T is called xsp-derived
point of A if t € A** N A*P.
Collection of all xsp-derived points of A is denoted as A**P(Ir) (or simply A*P).

For the existence of xsp-derived point, we consider the following example:

Example 5.1 Suppose T = {t1,ta,t3} is a set endowed with the topology Tr = {@, T, {t1}, {t=}, {t1,t2}}
and Iy = {@,{ts}}. Now PO(T) = {@,T,{t1}, {t=}, {t1,t2}} and SO(T) = {@,T,{t1}, {t=},{t1,t2},
{t1,ts} {ta, ta}}. Now, {t1}*° ={t:}, {tr, 2} =T, {to, 83} = {t2}, {t1, 83} = {ts1}, {t2}* = {t2},
{tg}*s =, {@}*S = {@}, {T}*S =T and {tl}*p = {tl,tg,}, {tz}*p = {Ifg,tg}, {t3}*p =d, {tl,tg}*p =T,
{tg,tg,}*p = {tz,tg}, {t3,t1}*p = {t3,t1}, {@}*p = {@}, {T}*p =T. Take, A= {t17t2}, then A*SP =T.

Theorem 5.2 Let I be an ideal on a topological space T and A, B € o(T). Then,
1. A*P C B*P if AC B.
2. for an ideal Jr on T with Jp C Ip, A*P(Iyp) C A*P(Jr).
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. A*P C pCI(A), A*P C sCI(A).

. (A*sp)*sp - A*SP .

| A*sp g A*p g A*Oc g A*’

3
4
5. A*P C A% C A% C A*.
6

Cfor L€ Ty, (A\I)*P = (AUL)*P = A*P.
8

. A*P U B*P C (AU B)*P.
Following example shows that A*? U B*P #£ (AU B)**P.

Example 5.2 Consider A = {t1,t4} in the Example 4.3(ii). Then A*® = {t1,t4}, AP = {t1,t2,t4} and
hence A*P = {t1,t4}. Again, B**P = {t3,t4} and hence A*P U B*P = {tq,t3,t4}. Thus, (AU B)**P =
{t1,ta, 5,84} # A*P U B*P,

Due to this example, we conclude that CI**P : p(T) — (T') defined by CI**P(A) = AU A**P is not
a closure operator and hence not induces a topology on T

Lemma 5.1 Let Iy be an ideal on a topological space T. Then, Iy N O° = {@} and Iy N OP = {&} if
for any nonempty set A, A**P is nonempty.

Proof: Let @ # U € O° and @ # V € OP. Since, U**? and V**P are nonempty, then U = U NT ¢ Ip
and V=V NT ¢ Ip. Since, U € O° and V € OP are arbitrary, then I N O° = {@} and Iy N O? = {o}.
O

The converse part may not be true. For this, we consider the following example:

Example 5.3 In Ezample 5.1, Ir N O = {@} and I N OP = {@&}. If we consider A = {t3}, then
AP =g,

Proposition 5.1 Let Iy be an ideal on a topological space T. If Ip N O° = {@&} and Ir N OP = {2},
then O**? = sC1(O) NpCl(O) for all O € O° N OP.

Proof: Let t € O*P. Then, t € O*® and ¢ € O*P. This implies, ONU ¢ Iy and O NV ¢ I for all
UeO(t)and V € OP(t). Thus, ONU # @ and ONV # & for all U € O%(t) and V € OP(t) and hence
t € sCl(O) and t € pCl(O). Thus, t € sCI(O) NpCl(O) and Consequently O**P C sCIl(O) N pCl(O).

Conversely, let ¢ € sC1(O) NpCl(O). Then, ¢ € sCI(O) and g € pCl(O) and hence ONU # & and
ONV £gforall U € O%(q) and V € OP(q). Thus, ONU ¢ Iy and ONV ¢ Ir for all U € O%(q) and
Ve OP(q) asIrNO° = {@} and Iy NOP = {&}. This implies, ¢ € O** and ¢ € O*? and hence ¢ € O**P.
Thus, sCl(O) N pCl(O) C O**P.

This completes the proof. O

Proposition 5.2 Let Iy be an ideal on a topological space T. Then, Ir N O = {&} and Ir N OP = {&}
if and only if T = T*°P.

Proof: Let T =T*P and @ # U € O° and @ #V € OP. Then, U =UNT ¢lpand V=V NT ¢ Ip.
Since, U € O® and V € OF are arbitrary, then Iy N O® = {@} and Iy N O? = {@}.

Conversely, assume that Ir N O = {g} and Ir N OP = {@} hold. We have to show that T \ T*F
must be empty. If not, assume there exists ¢ € T such that ¢ ¢ T*P. This implies, there exists either
G A£U € O%(t) or g £V € OP(t) such that either U =UNT € Iy or V=V NT € I which contradicts
our given condition.

This completes the proof. O
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Definition 5.2 Let Iy be an ideal on a topological space T and S C T. Then, S is called xsp-dense in
T if S**P =T.
Equivalently, S is xsp-dense in T iff SNU ¢ Iy and SNV ¢ 1y for all @ #U € O° and & #V € OP.

For the existence of xsp-dense set, we consider the following example:

Example 5.4 In Ezample 5.1, if we consider S = {t1,t2}, then S*P = T. Hence, S is a *sp-dense
subset of T.

Proposition 5.3 Let 11 be an ideal on a topological space T. Then, every xsp-dense subset of T is
Ir-dense subset in T'.

Proof: Let S be a xsp-dense subset of T. Then, for any t € T, SNU ¢ Iy and SNV ¢ I for all
U e O(t) and V € OP(t). Since, O C 0% and O C OP, then SN O ¢ I holds for any O € O(t). Hence,
t € S*. Since t is an arbitrary, 7' C S*. This completes the proof. O

The reverse inclusion may not be true. For this, we consider the following example:

Example 5.5 Consider an ideal topological space (T, 7r,Ir) where T = {t1,t2,t3}, 70 = {2, T, {t1,t2}},

Ir = {@, {tl}, {tg}, {tl,tg}}. Then SO(T) = {@,T, {tl,tz}}, PO(T) = {@, T, {tl,tg}, {tl}, {tg}, {t17t3},
{ta2,t3}}. Take A = {t1,t2}, then A* =T, AP = {t3} and A** = T. So, A*P = {t2}. Hence, A is
Ir-dense subset in T but not xsp-dense.

Clearly if I N O® # {@} and Ir N OP # {@}, then no subset of T' is xsp-dense not even T itself.

Definition 5.3 An ideal topological space (T,7r,Ir) is called *sp-resolvable if and only if T has two
disjoint *sp-dense subsets.

Proposition 5.4 If an ideal topological space (T, 7r,Ir) is *xsp-resolvable, then Ip N O° = {&} and
IrNnOP = {@}

Proof: Let A be subset (T, 7r,Ir) such that A forms xsp-resolution with its complement. It follows
that T is xsp-dense. Then, by Result 5.2, Iy N O = {@} and Ir N OP = {@} hold. O

Definition 5.4 Let Iy be an ideal on a topological space T and ( : T — T be a mapping. Then the
dynamical system (T,() is called *sp transitive if for each pair of nonempty open sets U,V , there exists
n € N such that ("(U))**P NV*P £ .

We are now considering the following example for the existence of Definition 5.4:

Example 5.6 Suppose T = {t1,ta,t3} is a set endowed with the topology 77 = {@, T, {t1},{t2}, {t1,t2}}
and I = {@, {tg}}. Now PO(T) = {@,T, {tl}, {tg}, {tl,tg}} and SO(T) = {@,T, {tl}, {tg}, {tl,tg},
{t1,ta}, {ta, t3}}. Now, {t1}"* = {ts}, {ta,t2}" =T, {ta, 13} = {t2}, {t1, 13} = {t1}, {t2}"* = {t2},
{ta} =, {a} ={a}, {T}* =T and {t1}'" = {t1, ts}, {t2}"" = {t2, ts}, {ts}"7 = &, {t1, 02} =T,
{ta, 13} = {ta, 13}, {ts,02}"7 = {ts, 81}, {@}? = {@}, {T}*? =T. Let us define a mapping ¢ : T — T
by ((t1) = ta, ((t2) = t1 and ((t3) = ts. Then, (("(U))**P N V*P £ &, for each pair of nonempty open
sets U,V for all odd positive integers n. Thus, the dynamical system (T, () is xsp transitive.

Note 1 Let I be an ideal on a topological space T and ¢ : T —— T be a mapping. If the dynamical
(o)
system (T, () is *sp transitive, then for each nonempty open set U in T, |J f™(U) may not be xsp-dense
0
mT.

n=

We are now giving an example in support of the Note 1:
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Example 5.7 Consider an ideal topological space (T, 7p,Ir) where T = {t1,ta,t3}, 70 = {&, T, {t1,12}},
Ir ={@,{t:},{ts}, {t1,t3}}. Then SO(T) ={2,T,{t1,t2}}, PO(T) = {2, T, {t1,t2}, {t:}, {t2}, {t1, 5},
{ta2,t3}}. Take U = {t1,ta}, then U*P = {t2} and U** =T. So, U*P = {t3}. Let us define a mapping
C:T = T by ((t1) = ta, C(ta) = t1 and ((t3) = t3. Then, (("(U))*P NV*P £ & for each pair of
nonempty open sets U,V for all positive integers n. Thus, the dynamical system (T, () is *sp transitive.

Now, (|J f™(U))**P = {t2} and hence |J f™(U) is not xsp-dense in T
n=0 n=0

Definition 5.5 Let I be an ideal on a topological space T and { : T — T be a mapping. A pointt € T
is called *sp non-wandering point if for each nonempty open set U containing t, there exists n € N such
that (C"(U))*P NU*P £ &.

Example 5.8 Suppose T = {t1,ta,t3} is a set endowed with the topology 70 = {@, T, {t1}, {t2}, {t1,t2}}
and I = {@,{t3}}. Now PO(T) = {@,T, {t1}7{t2}, {tl,tg}} and SO(T) = {@,T, {tl},{tg},{tl,tg},
{t1,ts}, {t2, ta}}. Now, {t1}** = {t1}, {t1,02}™ =T, {t2, 83} = {to}, {t1,t3}"" = {t:}, {t2}™ = {t2},
{13} = 2, {2} = {2}, {T}* =T and {67 = {i1,ta), {2} = {tmrts}, {157 = &, {10, 12} = T,
{ta,t3}*P = {ta,t3}, {ts,t1}*? = {ts5,t1}, {@}*? = {2}, {T}*? =T. Let us define a mapping ¢ : T — T
by C(t1) = ta, ((t2) = t1 and ((t3) = t3. Take, t1 € T. The open sets containing t1 are T, {t1}, {t1,t2}.
Then, ((™(U))**P NU*P +£ &, for each nonempty open set U containing t1 when n = 2. Thus, t1 is *sp
non-wandering point of T.

Theorem 5.3 Let I be an ideal on a topological space T and (T,¢) is a dynamical system. If (T, () is
xsp transitive then for all (& #£)0 € O, O ¢ Iy as well as ("(0O) ¢ Iy for some positive integer n.

Proof: The proof is obvious and hence omitted. o

Theorem 5.4 Let Iy be an ideal on a topological space T. Suppose O(# @) € O, U(# @) € OF, V(#
@) € OP. Then for anyt € O, U or V, t & (("(W))*P for every W € O.

6. Conclusion

Local functions in a topological space have been extended to form generalized local functions through
this article. As a result of this research, multiple branches have emerged. In this work, we use generalized
open sets, such as semi-open sets, preopen sets, b-open sets, and -open sets, to study the local function
in greater detail and analyse its various facets. In this article, a new kind of dense set in topological
spaces has been developed, and its relationship with generalized open sets has been discussed. For the
apllication of the xsp local function, we have also investigated the dynamical system and topologically
transitive scenario.
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