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A New Approach of Essential Pseudo Spectrum in Banach Space and Application to
Transport Equation
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abstract: In the present paper we introduce and study the essential pseudo spectrum of bounded linear
operator on Banach space. Beside that, we discuss some results of stability under Riesz operator and some
properties of these pseudo spectrum. This paper also deals with the relationship between the essential pseudo
spectrum and the pseudo Browder essential spectrum of bounded linear operator in Banach space. Finally, as
an application, we apply these results to a transport equation.
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1. Introduction

In order to deal with the issue of lack of information on the spectral analysis in several problems in
science and engineering that involve non self adjoint operators, researchers have introduced the concept
of pseudo spectrum. Indeed, the pseudo spectrum consists in determining and localizing the spectrum
(eigenvalues) of an operator. Many works have been conducted employing the pseudo spectrum concept
[3,4,5,7,8,12,17,18]. Especially in [17], L. N. Trefethen developed this concept for matrices and operators
and used it to study interesting problems in mathematical physics. The concept of pseudo spectrum
has been harnessed in several applications. As an example but not limited to, the pseudo spectrum
(eigenvalues) is used to determine wether the flow over a wing is laminar or turbulent (aeronautics). In
addition, eigenvalues can be used to determine the frequency response of an amplifier and the accuracy of
national power system (in electrical engineering). Throughout this paper, X denotes a Banach space and
we denote by L(X) the set of all bounded linear operators from X into X and we denote by K(X) the
subspace of compact operators from X into X. For A ∈ L(X), let N(A) ⊂ X and R(A) ⊂ X represents
respectively the null space and the range of A. The nullity, α(A), of A is defined as the dimension of
N(A) and the deficiency, β(A), of A is defined as the codimension of R(A) in X.

An operator A ∈ L(X) is a Fredholm operator if R(A) is closed and both α(A) , β(A) are finite and
we denote by Φ(X) the set of Fredholm operators. A complex number λ ∈ ΦA(X) if λ−A ∈ Φ(X). For
A ∈ Φ(X), the number i(A) = α(A) − β(A) is called the index of A. It is clear that if A ∈ Φ(X) then
i(A) < ∞. Let R ∈ L(X), R is said to be a Riesz operator if ΦR(X) = C\{0}. We denote by R(X) the
set of Riesz operators and σd(A) the discrete spectrum of A. Recall that for A ∈ L(X), the ascent, a(A),
and the descent, d(A), are defined by

a(A) = inf
{
n ≥ 0 : N (An) = N

(
An+1

)}
, d(A) = inf

{
n ≥ 0 : R (An) = R

(
An+1

)}
.
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If no such n exists, then a(A) = ∞ (resp. d(A) = ∞ ). An operator A is called Browder if satisfied
A ∈ Φ(X), i(A) = 0, a(A) <∞ and d(A) <∞, and we denote by B(X) the set of Browder operator. For
further information on the family of Fredholm operator, Fredholm perturbation, and Riesz operators we
refer the reader to [10,11,15,16,9]. The Browder essential spectrum (resp. resolvent) of bounded linear
operator A denoted by σB(A) = σ(A)\σd(A) = {λ ∈ C, A− λ /∈ B(X)} (resp. ρB(A) = C\σB(A)) .

Rakoc̆ević in [14] characterized the Browder essential spectrum for A ∈ L(X) by the following equality:

σB(A) =
⋂

K∈K(X),AK=KA

σ(A+K). (1.1)

The definition of pseudo spectrum of A ∈ L(X) for every ε > 0 is given by:

σε(A) := σ(A) ∪
{
λ ∈ C :

∥∥(λ−A)−1
∥∥ > 1

ε

}
. (1.2)

By convention, we write
∥∥(λ−A)−1

∥∥ = ∞ if (λ − A)−1 is unbounded or nonexistent, i.e., if λ is in the
spectrum σ(A). In [5], Davies defined another equivalent of pseudo spectrum, one that is in terms of
perturbations of the spectrum. In fact for A ∈ L(X), we have

σε(A) :=
⋃

∥D∥<ε

σ(A+D). (1.3)

Inspired by the notion of pseudospectra F. Abdmouleh et al. defined in [2] the notion of pseudo Browder
essential spectrum for bounded linear operators in the Banach space as follows:

σB,ε(A) = σB(A) ∪
{
λ ∈ C : ∥RB(λ,A)∥ >

1

ε

}
,

where RB(λ,A) =
(
(λ−A)|Kλ

)−1
(I − Pλ) + Pλ, being Pλ the Riesz projection, Kλ a kernel of Pλ and

Rλ a range of Pλ. By convention, we write ∥RB(λ,A)∥ = ∞ if RB(λ, T ) is unbounded or nonexistent,
i.e., if λ is in the spectrum σB(A). The authors characterized the pseudo Browder essential spectrum for
bounded linear operator in Banach space by

σB,ε(A) =
⋃

∥D∥<ε,AD=DA

σB(A+D). (1.4)

In this paper, and motivated by the notion of the the Browder essential spectrum, we introduce and
study the notion of the essential pseudo spectrum of bounded linear operators A in the Banach space X
which is denoted by σε,e(A), and given by

σε,e(A) =
⋂

K∈K(X),AK=KA

σε(A+K).

The first goal of this paper is to prove some properties of the essential pseudo spectrum for bounded
operator in Banach space. One of the main problems, consists in characterizing the relation between
the essential pseudo spectrum σε,e(A) and the pseudo Browder essential spectrum σB,ε(A) for bounded
linear operator A in the Banach space X. The second aim of this work, is to investigate the stability
of the essential pseudo spectrum under Riesz operator perturbations satisfying some additional extra
conditions. Moreover we characterize the relation between the pseudo Browder essential spectrum of the
sum of two bounded linear operator and the pseudo Browder spectrum of each of these operator. Finally,
we will apply the results described above to investigate the essential pseudo spectrum of the following
integro-differential operator:

A0ψ(x, ξ) = −ξ ∂ψ
∂x

(x, ξ)− σ(ξ)ψ(x, ξ) +

∫ 1

−1

κ (x, ξ, ξ′)ψ (x, ξ′) dξ′ = T0ψ +Kψ,
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with vacuum boundary conditions, where x ∈ [−a, a], a > 0, and ξ ∈ [−1, 1]. These operators describe
the transport of particles (neutrons, photons, molecules of gas, etc. in a plane parallel domain with a
width of 2a mean free paths. The function ψ(x, ξ) represents the number (or probability) density of gas
particles having the position x and the direction cosine of propagation ξ.(The variable ξ may be thought
of as the cosine of the angle between the velocity of particles and the x -direction). The functions σ(.)
and κ(., ., .) are called, respectively, the collision frequency and the scattering kernel.
We organize our paper in the following way: Section 2 contains the definition and the properties of the
essential pseudo spectrum. One of the central questions consists in characterizing the relation between the
essential pseudo spectrum and the pseudo Browder essential spectrum. Section 3 aims at characterizing
as well as establishing the stability of the essential pseudo spectrum under Riesz operators, in addition we
characterized the pseudo Browder essential spectrum of the sum of two bounded linear operator. Finally,
Section 4 is devoted to an application that consists in applying the results obtained in Sections 2 and 3
to investigate the essential pseudo spectrum of a one-dimensional transport operator.

2. On Pseudo Essential Spectrum

Definition 2.1 Let A ∈ L(X) and ε > 0. We define the essential pseudo spectrum of the operator A
denoted by σε,e(A) as follows,

σε,e(A) =
⋂

K∈K(X),AK=KA

σε(A+K).

Proposition 2.1 Let A ∈ L(X) and ε > 0, then the following hold:

(i) σε,e(A) ⊂ σε(A).

(ii)
⋂

ε>0 σε,e(A) = σB(A).

(iii) If ε1 < ε2 then σB(A) ⊂ σε1,e(A) ⊂ σε2,e(A).

(iv) σε,e(A+K) = σε,e(A) for all K ∈ K(X) and AK = KA.

Proof:

(i) Let λ ∈ σε,e(A) then by Definition 2.1 λ ∈ σε(A+K) for all K ∈ K(X) and AK = KA.
By choosing K = 0, one obtains λ ∈ σε(A).

(ii) Indeed one has: ⋂
ε>0

σε,e(A) =
⋂

K∈K(X),AK=KA

σ(A+K) = σB(A).

(iii) Let λ ∈ σB(A), then by Eq. (1.1), we obtain λ ∈ σ(A+K) for all K ∈ K(X) and AK = KA.
Since σ(A+K) ⊂ σε(A+K), then λ ∈ σε(A+K) for all K ∈ K(X) and KA = AK. Hence we get

λ ∈
⋂

K∈K(X),AK=KA

σε(A+K) = σε,e(A).

If ε1 < ε2 then σε1(A+K) ⊂ σε2(A+K) for all K ∈ K(X) and KA = AK.
Therefore, ⋂

K∈K(X),AK=KA

σε1(A+K) ⊂
⋂

K∈K(X),AK=KA

σε2(A+K).

(iv)

σε,e(A+K) =
⋂

K′∈K(X),(A+K)K′=K′(A+K)

σε(A+K +K ′).

Let us choose K1 = K + K ′, we have K1 ∈ K(X) and AK1 = A(K + K ′) = AK + AK ′ =
KA+K ′A = (K +K ′)A = K1A. We infer that

σε,e(A+K) =
⋂

K1∈K(X),AK1=K1A

σε(A+K1) = σε,e(A).
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2

In the following theorem we present the relation between the essential pseudo spectrum and the pseudo
essential Browder spectra for bounded linear operator A in the Banach space X.

Theorem 2.1 Let A ∈ L(X) and ε > 0. Then

(1) σε,e(A) ⊂ σB,ε(A).

(2) For all K ∈ K(X), if ∥K∥ < ε, then σB,ε(A) ⊂ σε,e(A).

Proof:

1. Let λ ∈ σε,e(A), then by Definition 2.1 we obtain

λ ∈ σε(A+K) ∀K ∈ K(X), AK = KA.

By Eq. (1.2), we have λ ∈ σ(A+K) ∪
{
λ ∈ C such that

∥∥∥(A+K − λI)
−1

∥∥∥ > 1
ε

}
.

So there are two possible cases:

• Case 1: If λ ∈ σ(A+K) for all K ∈ K(X) and AK = KA. Then

λ ∈
⋂

K∈K(X),AK=KA

σ(A+K) = σB(A) ⊂ σB,ε(A).

• Case 2: If λ ∈ σε,e(A) and λ /∈ σ(A+K). Then we have

∥(A+K − λI)−1∥ > 1

ε
, ∀K ∈ K(X), AK = KA. (2.1)

We infer there exist a nonzero vector f ∈ X such that ∥(A +K − λI)∥ ≤ ε∥f∥. Let ψ ∈ X∗

such that ∥ψ∥ = 1 and ψ(f) = 1. Let us define the rank one operator D : X −→ X by
Dg = −ψ(g) (A+K − λ) f. We see immediately that ∥D∥ < ε and AD = DA. Furthermore
(A+D +K − λ)f = 0, then (A+D +K − λ) is not invertible. Therefore

λ ∈
⋃

∥D∥<ε,AD=DA

σB(A+D) = σB,ε(A).

2. Let λ ∈ σB,ε(A), then by Eq. (1.4) there are two cases:

• Case 1: Let λ ∈ σB,ε(A) and λ ∈ σB(A) we have

λ ∈ σB(A) =
⋂

K∈K(X),AK=KA

σ(A+K) ⊂
⋂

K∈K(X),AK=KA

σε(A+K).

In this case we obtain
σB,ε(A) ⊂ σε,e(A).

• Case 2: Let λ ∈ σB,ε(A) and λ /∈ σB(A) then we have λ ∈
{
λ ∈ C, ∥RB(A, λ)∥ > 1

ε

}
. Suppose

that λ /∈
{
λ ∈ C, ∥(A+K − λI)−1∥ > 1

ε

}
, then we obtain ∥(A+K−λI)−1∥ ≤ 1

ε . The operator
A− λ can read as follows:

A− λ = (A+K − λ)
(
I − (A+K − λ)−1K

)
.

The fact that,
∥∥(A+K − λ)−1K

∥∥ ≤ ∥(A+K−λ)−1∥∥K∥ < 1 implies that I−(A+K−λ)−1K
is an invertible operator and

(A− λ)−1 =
(
I − (A+K − λ)−1K

)−1
(A+K − λ)−1.
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However, KA = AK, then

(I − (A+K − λ)
−1
K)−1 =

+∞∑
n=0

(
(−1)(A+K − λ)−1

)n
Kn.

Then
∥∥∥(I + (A+K − λ)−1K

)−1
∥∥∥ < ε

ε+∥K∥ . Consequently

∥∥(A− λ)−1
∥∥ ≤ ε∥(A+K − λ)−1∥

ε+ ∥K∥
≤ 1

ε
.

Finally, we obtain that

λ /∈
{
λ ∈ C such that ∥RB(A, λ)∥ >

1

ε

}
. (2.2)

Since λ /∈ σB(A) then by Eq. (2.2) we deduce that λ /∈ σB,ε(A).

2

3. Stability of the Pseudo Essential Spectrum

In the following theorem we examine the stability of the essential pseudo spectrum under Riesz
operator perturbations.

Theorem 3.1 Let ε > 0, A ∈ L(X) and R ∈ R(X) such that R(A+K) = (A+K)R for all K ∈ K(X).
If ∥R∥ < ε then there exist ε0, ε1 such that 0 < ε0 < ε < ε1 satisfying

σε0,e(A+R) ⊂ σε,e(A) ⊂ σε1,e(A+R).

Proof: Let λ ∈ σε,e(A) =
⋂

K∈K(X),AK=KA σε(A+K). If λ ∈ σ(A+K) for allK ∈ K(X) and AK = KA,
then

λ ∈
⋂

K∈K(X),AK=KA

σ(A+K) = σB(A).

First we prove that there exists ε0 such that 0 < ε0 < ε and σε0,e(A+R) ⊂ σε,e(A).
For that let λ /∈

{
λ ∈ C, such that ∥(A+K − λI)−1∥ > 1

ε ∀K ∈ K(X)
}
, so ∥(A+K − λI)−1∥ ≤ 1

ε .
By writing A+K + λ in the form

A+K +R− λ = (A+K − λ)
(
I + (A+K − λ)−1R

)
,

and due to the fact that ∥(A + K − λI)−1R∥ ≤ ∥(A + K − λI)−1∥∥R∥ < 1, one gets that(
I + (A+K − λ)−1R

)
is an invertible operator and its inverse is written as follows:

(A+K +R− λ)−1 =
(
I + (A+K − λ)−1R

)−1
(A+K − λ)−1.

Using the fact that R(A+K) = (A+K)R, we have

(
I + (A+K − λ)−1R

)−1
=

+∞∑
n=0

(
(−1)(A+K − λ)−1

)n
.

Which implies that

(A+K +R− λ)−1 =

+∞∑
n=0

(
(−1)(A+K − λ)−1

)n
Rn.

Since ∥∥∥(I + (A+K − λ)−1R
)−1

∥∥∥ ≤ ε

ε− ∥R∥
,
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this shows that
∥∥(A+K +R− λ)−1

∥∥ ≤ ∥(A+K−λ)−1∥ε
ε−∥R∥ . Consequently, we infer that

∥∥(A+K +R− λ)−1
∥∥ ≤ 1

ε− ∥R∥
.

By taking ε0 = ε − ∥R∥ then 0 < ε0 < ε and λ /∈ σε0,e(A + R), we conclude that, there exists ε0 such
that 0 < ε0 < ε and

σε0,e(A+R) ⊆ σε,e(A).

Hence we prove that there exists ε1 such that 0 < ε < ε1 and σε,e(A) ⊂ σε1,e(A+R). Let ε1 = ε+ ∥R∥,
then for λ /∈

{
λ ∈ C,

∥∥(A+K +R)−1
∥∥ > 1

ε1

}
implies

∥∥(A+K +R)−1
∥∥ ≤ ε−1

1 . By writing A +K − λ

in the following form

A+K − λ = (A+K +R− λ)
(
I − (A+K +R− λ)−1R

)
, (3.1)

and by the fact that,
∥∥(A+K +R− λ)−1R

∥∥ < 1 one gets that I − (A+K +R− λ)−1R is an invertible
operator and using Eq.(4.1) we obtain,

(A+K − λ)−1 =
(
I − (A+K +R− λ)−1R

)−1
(A+K +R− λ)−1.

However, (R+K)A = A(R+K), then
∥∥∥(I + (A+K +R− λ)−1R

)−1
∥∥∥ < ε1

ε1−∥R∥ . Consequently∥∥(A+K − λ)−1
∥∥ ≤ 1

ε
.

Then one can conclude that, there exists ε1 such that 0 < ε < ε1 satisfying

σε,e(A+R) ⊆ σε1,e(A).

2

Inspired by the paper of F. Abdmouleh et al [1], the ensuing theorem devoted to the study of the
pseudo Browder essential spectrum of the sum of two bounded linear operators by exhibiting its relation
with the pseudo Browder spectrum of each of these operator.

Theorem 3.2 Let A,B ∈ L(X) such that AB = BA and ε > 0. If for all D ∈ L(X) with ∥D∥ < ε we
have AD = DA and A(B +D) ∈ R(X), Then

σB,ε(A+B)\{0} = [σB(A) ∪ σB,ε(B)] \{0}.

Proof: For λ ∈ C, we can write

(λ−A)(λ−B −D) = A(B +D) + λ(λ−A−B −D), (3.2)

and
(λ−B −D)(λ−A) = (B +D)A+ λ(λ−A−B −D). (3.3)

Suppose that λ ̸= 0 such that λ /∈ σB(A) ∪ σB,ε(B). Then by Eq. (1.4),we obtain (λ − A) ∈ B(X) and
(λ−B −D) ∈ B(X), for all ∥D∥ < ε and BD = DB. As a consequence of [9, Theorem 7.9.2, page 276],
we get

(λ−A)(λ−B −D) ∈ B(X).

Using Eq. (4.2) we obtain A(B + D) + λ(λ − A − B − D) ∈ B(X). Since A(B + D) ∈ R(X) and
(B + D)A(λ − A − B − D) = (λ − A − B − D)(B + D)A, then, by Equation (4.2) and Rakoc̆ević [14]
we obtain λ− A−B −D ∈ B(X) ∀D ∈ L(X) with ∥D∥ < ε and (A+B)D = D(A+B). Applying Eq.
(1.4), we get λ /∈ σB,ε(A+B)\{0}. Therefore

σB,ε(A+B)\{0} ⊂ [σB(A) ∪ σB,ε(B)] \{0}.
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To prove the inverse, let λ /∈ σB,ε(A+B)\{0}, then from Eq. (1.4), we get

(λ−A−B −D) ∈ B(X) ∀D ∈ L(X) with ∥D∥ < ε and (A+B)D = D(A+B).

Since A(B+D) ∈ R(X) and (B+D)A ∈ R(X), it follows from Rakoc̆ević [14] and Eqs. (4.2), (4.3) that
A(B +D) + λ(λ−A−B −D) ∈ B(X) and (B +D)A+ λ(λ−A−B −D) ∈ B(X). We apply Equations
(4.2) and (4.3) we infer that

(λ−A)(λ−B −D) ∈ B(X) and (λ−B −D)(λ−A) ∈ B(X).

Due to Equation (4.2) and [9, Theorem 7.9.2, page 276], we obtain

λ−A ∈ B(X) and (λ−B −D) ∈ B(X) ∀D ∈ L(X) with ∥D∥ < ε and BD = DB.

Then we have λ /∈ [σB(A) ∪ σB,ε(B)] \{0}. Therefore

σB,ε(A+B)\{0} = [σB(A) ∪ σB,ε(B)] \{0}.

2

Corollary 3.1 Under the assumptions of Theorem 2.1 and Theorem 4.2 we have,

σe,ε(A+B)\{0} = [σB(A) ∪ σe,ε(B)] \{0}.

4. Stability of the Pseudo Essential Spectrum

In the following theorem we examine the stability of the essential pseudo spectrum under Riesz
operator perturbations.

Theorem 4.1 Let ε > 0, A ∈ L(X) and R ∈ R(X) such that R(A+K) = (A+K)R for all K ∈ K(X).
If ∥R∥ < ε then there exist ε0, ε1 such that 0 < ε0 < ε < ε1 satisfying

σε0,e(A+R) ⊂ σε,e(A) ⊂ σε1,e(A+R).

Proof: Let λ ∈ σε,e(A) =
⋂

K∈K(X),AK=KA σε(A+K). If λ ∈ σ(A+K) for allK ∈ K(X) and AK = KA,
then

λ ∈
⋂

K∈K(X),AK=KA

σ(A+K) = σB(A).

First we prove that there exists ε0 such that 0 < ε0 < ε and σε0,e(A+R) ⊂ σε,e(A).
For that let λ /∈

{
λ ∈ C, such that ∥(A+K − λI)−1∥ > 1

ε ∀K ∈ K(X)
}
, so ∥(A+K − λI)−1∥ ≤ 1

ε .
By writing A+K + λ in the form

A+K +R− λ = (A+K − λ)
(
I + (A+K − λ)−1R

)
,

and due to the fact that ∥(A + K − λI)−1R∥ ≤ ∥(A + K − λI)−1∥∥R∥ < 1, one gets that(
I + (A+K − λ)−1R

)
is an invertible operator and its inverse is written as follows:

(A+K +R− λ)−1 =
(
I + (A+K − λ)−1R

)−1
(A+K − λ)−1.

Using the fact that R(A+K) = (A+K)R, we have

(
I + (A+K − λ)−1R

)−1
=

+∞∑
n=0

(
(−1)(A+K − λ)−1

)n
.

Which implies that

(A+K +R− λ)−1 =

+∞∑
n=0

(
(−1)(A+K − λ)−1

)n
Rn.
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Since ∥∥∥(I + (A+K − λ)−1R
)−1

∥∥∥ ≤ ε

ε− ∥R∥
,

this shows that
∥∥(A+K +R− λ)−1

∥∥ ≤ ∥(A+K−λ)−1∥ε
ε−∥R∥ . Consequently, we infer that

∥∥(A+K +R− λ)−1
∥∥ ≤ 1

ε− ∥R∥
.

By taking ε0 = ε − ∥R∥ then 0 < ε0 < ε and λ /∈ σε0,e(A + R), we conclude that, there exists ε0 such
that 0 < ε0 < ε and

σε0,e(A+R) ⊆ σε,e(A).

Hence we prove that there exists ε1 such that 0 < ε < ε1 and σε,e(A) ⊂ σε1,e(A+R). Let ε1 = ε+ ∥R∥,
then for λ /∈

{
λ ∈ C,

∥∥(A+K +R)−1
∥∥ > 1

ε1

}
implies

∥∥(A+K +R)−1
∥∥ ≤ ε−1

1 . By writing A +K − λ

in the following form

A+K − λ = (A+K +R− λ)
(
I − (A+K +R− λ)−1R

)
, (4.1)

and by the fact that,
∥∥(A+K +R− λ)−1R

∥∥ < 1 one gets that I − (A+K +R− λ)−1R is an invertible
operator and using Eq.(4.1) we obtain,

(A+K − λ)−1 =
(
I − (A+K +R− λ)−1R

)−1
(A+K +R− λ)−1.

However, (R+K)A = A(R+K), then
∥∥∥(I + (A+K +R− λ)−1R

)−1
∥∥∥ < ε1

ε1−∥R∥ . Consequently∥∥(A+K − λ)−1
∥∥ ≤ 1

ε
.

Then one can conclude that, there exists ε1 such that 0 < ε < ε1 satisfying

σε,e(A+R) ⊆ σε1,e(A).

2

The ensuing theorem devoted to the study of the pseudo Browder essential spectrum of the sum of
two bounded linear operators by exhibiting its relation with the pseudo Browder spectrum of each of
these operator.

Theorem 4.2 Let A,B ∈ L(X) such that AB = BA and ε > 0. If for all D ∈ L(X) with ∥D∥ < ε we
have AD = DA and A(B +D) ∈ R(X), Then

σB,ε(A+B)\{0} = [σB(A) ∪ σB,ε(B)] \{0}.

Proof: For λ ∈ C, we can write

(λ−A)(λ−B −D) = A(B +D) + λ(λ−A−B −D), (4.2)

and
(λ−B −D)(λ−A) = (B +D)A+ λ(λ−A−B −D). (4.3)

Suppose that λ ̸= 0 such that λ /∈ σB(A) ∪ σB,ε(B). Then by Eq. (1.4),we obtain (λ − A) ∈ B(X) and
(λ−B −D) ∈ B(X), for all ∥D∥ < ε and BD = DB. As a consequence of [9, Theorem 7.9.2, page 276],
we get

(λ−A)(λ−B −D) ∈ B(X).

Using Eq. (4.2) we obtain A(B + D) + λ(λ − A − B − D) ∈ B(X). Since A(B + D) ∈ R(X) and
(B + D)A(λ − A − B − D) = (λ − A − B − D)(B + D)A, then, by Equation (4.2) and Rakoc̆ević [14]
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we obtain λ− A−B −D ∈ B(X) ∀D ∈ L(X) with ∥D∥ < ε and (A+B)D = D(A+B). Applying Eq.
(1.4), we get λ /∈ σB,ε(A+B)\{0}. Therefore

σB,ε(A+B)\{0} ⊂ [σB(A) ∪ σB,ε(B)] \{0}.

To prove the inverse, let λ /∈ σB,ε(A+B)\{0}, then from Eq. (1.4), we get

(λ−A−B −D) ∈ B(X) ∀D ∈ L(X) with ∥D∥ < ε and (A+B)D = D(A+B).

Since A(B+D) ∈ R(X) and (B+D)A ∈ R(X), it follows from Rakoc̆ević [14] and Eqs. (4.2), (4.3) that
A(B +D) + λ(λ−A−B −D) ∈ B(X) and (B +D)A+ λ(λ−A−B −D) ∈ B(X). We apply Equations
(4.2) and (4.3) we infer that

(λ−A)(λ−B −D) ∈ B(X) and (λ−B −D)(λ−A) ∈ B(X).

Due to Equation (4.2) and [9, Theorem 7.9.2, page 276], we obtain that

λ−A ∈ B(X) and (λ−B −D) ∈ B(X) ∀D ∈ L(X) with ∥D∥ < ε and BD = DB.

Then we have λ /∈ [σB(A) ∪ σB,ε(B)] \{0}. Therefore

σB,ε(A+B)\{0} = [σB(A) ∪ σB,ε(B)] \{0}.

2

Corollary 4.1 Under the assumptions of Theorem 2.1 and Theorem 4.2 we have,

σe,ε(A+B)\{0} = [σB(A) ∪ σe,ε(B)] \{0}.

5. Application to a Transport Operator

In this section we show the applicability of our sections’ 2 and 3 results in order to study the essential
the essential pseudo spectrum of the transport operator equation (1.1). To that end, we give some basic
notations and definitions that are crucial to our work in this section. Let

Xp = Lp([−a, a]× [−1, 1],dxdξ), a > 0 and p ∈ [1,∞).

We also consider the boundary spaces:

Xo
p := Lp({−a} × [−1, 0], |ξ|dξ)× Lp({a} × [0, 1], |ξ|dξ)
:= Xo

1,p ×Xo
2,p

and
Xi

p := Lp({−a} × [0, 1], |ξ|dξ)× Lp({a} × [−1, 0], |ξ|dξ)
:= Xi

1,p ×Xi
2,p,

respectively equipped with the norms

∥ψo∥Xo
p
=

(
∥ψo

1∥
p
Xo

1,p
+ ∥ψo

2∥
p
Xo

2,p

) 1
p

=

[∫ 0

−1

|ψ(−a, ξ)|p|ξ|dξ +
∫ 1

0

|ψ(a, ξ)|p|ξ|dξ
] 1

p

,

and ∥∥ψi
∥∥
Xi

p
=

(∥∥ψi
1

∥∥p
Xi,p

+
∥∥ψi

2

∥∥p
Xi,p

) 1
p

=

[∫ 1

0

|ψ(−a, ξ)|p|ξ|dξ +
∫ 0

−1

|ψ(a, ξ)|p|ξ|dξ
] 1

p

.
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Let Wp the space defined by:

Wp =

{
ψ ∈ Xp : ξ

∂ψ

∂x
∈ Xp

}
.

It is well-known that any function ψ in Wp possesses traces on the spatial boundary {−a} × (−1, 0) and
{a} × (0, 1) which respectively belong to the space X0

p and Xi
p (see [6]). They are denoted, respectively,

by ψ0 and ψi.
Let H be the boundary operator

H : Xo
p −→ Xi

p

H

(
u1
u2

)
=

(
H11 H12

H12 H22

)(
u1
u2

)
,

where for all H11 ∈ L
(
Xo

1,p, X
i
1,p

)
, H12 ∈ L

(
Xo

2,p, X
i
1,p

)
, H21 ∈ L

(
Xo

1,p, X
i
2,p

)
and H22 ∈ L

(
Xo

2,p, X
i
2,p

)
.

Now, we define the streaming operator TH by
TH : D (TH) ⊆ Xp −→ Xp

ψ 7−→ THψ(x, ξ) = −ξ ∂ψ
∂x

(x, ξ)− σ(ξ)ψ(x, ξ),

D (TH) = {ψ ∈ Wp : ψo = Hψi
}
,

where σ(.) ∈ L∞(−1, 1), ψo = (ψo
1, ψ

o
2)

⊥
and ψi =

(
ψi
1, ψ

i
2

)⊥
with ψo

1, ψ
o
2, ψ

i
1 and ψi

2 given by

ψi
1 : ξ ∈ (0, 1) 7−→ ψ(−a, ξ),

ψi
2 : ξ ∈ (−1, 0) 7−→ ψ(a, ξ),

ψ0
1 : ξ ∈ (−1, 0) 7−→ ψ(−a, ξ),

ψ0
2 : ξ ∈ (0, 1) 7−→ ψ(a, ξ).

Finally, K will denotes the following partially integral operator on Xp
K : Xp −→ Xp

ψ 7−→
∫ 1

−1

κ (x, ξ, ξ′)ψ (x, ξ′) dξ′,

where the scattering kernel κ(., ., .) is a measurable function from [−a, a]× [−1, 1]× [−1, 1] to R. We can
see that the operator K acts only on the variable ξ so x can be a parameter in [−a, a]. Hence we may
consider K is a function K : x ∈ [−a, a] 7−→ K(x) ∈ Z where Z := L (Lp([−1, 1], dξ)) .
Let us now consider the resolvent equation for TH is given by:

(λ− TH)ψ = φ,

being φ an element of Xp and the unknown ψ must be sought in D (TH). Let λ∗ be the real defined by

λ∗ := lim inf
|ξ|−→0

σ(ξ).

For Reλ+ λ∗ > 0, the solution formally given by:

ψ(x, ξ) =ψ(−a, ξ)e−
(λ+σ(ξ))|a+x|

|ξ|

+
1

|ξ|

∫ x

−a

e
−(λ+σ(ξ))|x−x̄|

|ξ| ψ (x, ξ′) dx′, 0 < ξ < 1,

ψ(x, ξ) =ψ(a, ξ)e−
(λ+σ(ξ))|a−x|

|ξ|

+
1

|ξ|

∫ a

x

e
−(λ+σ(ξ))|x−x̄|

|ξ| ψ (x′, ξ) dx′, −1 < ξ < 0.

(5.1)
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Similarly, ψ(a, ξ) and ψ(−a, ξ) are given by

ψ(a, ξ) =ψ(−a, ξ)e
−2a(λ+σ(ξ))

|ξ|

+
1

|ξ|

∫ a

−a

e2a
−(λ+σ(ξ))|a+x|

|ξ| ψ(x, ξ)dx′, 0 < ξ < 1,

ψ(−a, ξ) =ψ(a, ξ)e−
2a(λ+σ(ξ))

|ξ|

+
1

|ξ|

∫ a

−a

e
−(λ+σ(ξ))|a−x|

|ξ| ψ(x, ξ)dx, −1 < ξ < 0.

(5.2)

The following operators will be needed in the sequel
Mλ : Xi

p −→ Xo
p , Mλu :=

(
M+

λ u,M
−
λ u

)
with(

M+
λ u

)
(−a, ξ) := u(−a, ξ)e

−2a
|ξ| (λ+σ(ξ)), − 1 < ξ < 0,(

M−
λ u

)
(a, ξ) := u(a, ξ)e

−2a
|ξ| (λ+σ(ξ)), 0 < ξ < 1.

Bλ : Xi
p −→ Xp, Bλ = χ(−1,0)(ξ)B

+
λ u+ χ(0,1)(ξ)B

−
λ u with(

B−
λ u

)
(x, ξ) := u(−a, ξ)e

(λ+σ(ξ))
|ξ| |a−x|, 0 < ξ < 1,(

B+
λ u

)
(x, ξ) := u(−a, ξ)e

(λ+σ(ξ))
|ξ| |a−x|, 1 < ξ < 0.

Gλ : Xp −→ X0
p , Gλu :=

(
G+

λφ,G
−
λ φ

)
with

G+
λφ :=

1

|ξ|

∫ a

−a

e
−(λ+σ(ξ))

|ξ| |a−x|φ(x, ξ)dx; 0 < ξ < 1,

G−
λ φ :=

1

|ξ|

∫ a

−a

e
−(λ+σ(ξ))

|ξ| |a+x|φ(x, ξ)dx; −1 < ξ < 0,

and 
Cλ : Xp −→ Xp, Cλφ = χ(−1,0)(ξ)C

+
λ φ+ χ(0,1)(ξ)C

−
λ φ with

C−
λ φ := 1

|ξ|
∫ x

−a
e

−(λ+σ(ξ))
|ξ| |x′−x|φ (x′, ξ) dx′, 0 < ξ < 1,

C+
λ φ := 1

|ξ|
∫ a

x
e

−(λ+σ(ξ))
|ξ| |x′−x|φ (x′, ξ) dx′, −1 < ξ < 0,

where χ(−1,0)(.) and χ(0,1)(.) denote, respectively the characteristic functions of the intervals (-1,0) and
(0,1) . The operatorsMλ, Bλ, Gλ and Cλ are bounded on their respective spaces. In fact, their norms are

bounded above, respectively, by e−2a(Reλ+λ∗), [p (Reλ+ λ∗)]
−1
p , [p (Reλ+ λ∗)]

−1
q and [p(Reλ+ λ∗)]

−1

where q denotes the conjugate of p.
Now, Eq.(5.2) can read as follows in the space X0

p :

ψo =MλHψ
o +Gλφ.

Let λ0 be the real defined by {
−λ∗, if ∥H∥ ≤ 1,
−λ∗ + 1

2a log(∥H∥), if ∥H∥ > 1.

It follows from the estimate of Mλ that, for Reλ > λ0, ∥MλH∥ < 1 and consequently

ψo =
∑
n>0

(MλH)
n
Gλφ. (5.3)

On the other hand, Eq.(5.1) can be rewritten in the form

ψ = BλHψ
o + Cλφ.
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Replacing Eq. (5.3) into the last equation we get

ψ =
∑
n≥0

BλH (MλH)
n
Gλφ+ Cλφ.

Finally, the resolvent set of the operator TH contains {λ ∈ C : Reλ > λ0} and for Reλ > λ0 we have

(λ− TH)
−1

=
∑
n≥0

BλH (MλH)
n
Gλ + Cλ.

Theorem 5.1 Let ε > 0 and H be a bounded boundary operator. Then there exists C > 0 such that

σε,e(TH) ⊂
{
λ ∈ C : Reλ < −λ∗ + ε(1 + ε(1 + C∥H∥(p)

−1
p )

}
.

Proof: For Reλ > λ0, the operator (λ− TH)−1 exists and is given by:

(λ− TH)−1 =
∑
n≤0

BλH(MλH)nGλ + Cλ,

so
(λ− TH)−1 = BλH(I −MλH)−1Gλ + Cλ.

Moreover, we have:
∥(λ− TH)−1∥ ≤ ∥Bλ∥∥H∥∥(I −MλH)−1∥∥Gλ∥+ ∥Cλ∥,

and since the operator (I −MλH)−1 is uniformly bounded on the half plane {λ ∈ C, Reλ > λ0} . then
for Reλ > λ0 there exists C > 0 such that ∥(I −MλH)−1∥ < C.
Furthermore we have:

∥(λ− TH)−1∥ ≤

(
1 + C∥H∥(p)

−1
p

)
Reλ+ λ∗

. (5.4)

Let λ ∈ σε,B(TH), it follows from Theorem 1.1 (i)

∥(λ− TH)−1∥ > 1

ε
.

Using Eq.(5.4) we obtain Reλ ≤ −λ∗ + ε
(
1 + C∥H∥(p)−

1
p

)
. 2

Theorem 5.2 Let ε > and λ ∈ C such that Reλ + λ∗ > 0. Then there exists ε0 satisfying 0 < ε0 < ε
such that:

{λ ∈ C, Reλ ≤ ε0 − λ∗} ⊂ σε,e(TH) ⊂ {λ ∈ C, Reλ ≤ ε− λ∗} .

Proof: For Reλ > λ0, the operator (λ− T0)
−1 exists and (λ− T0)

−1 = Cλ. In addition one has

∥(λ− T0)
−1∥ ≤ 1

Reλ+ λ∗
. (5.5)

Let λ ∈ σε(T0) then ∥(λ− T0)
−1∥ > 1

ε . Using, Eq.(5.5) we infer that

1

Reλ+ λ∗
>

1

ε
and we have Reλ ≤ ε− λ∗.

It is follows from Theorem 1.1(i)

σε,e(TH) ⊂ {λ ∈ C, Reλ ≤ ε− λ∗} .

Finally, one has
{λ ∈ C, Reλ ≤ ε0 − λ∗} ⊂ σe,ε(TH) ⊂ σε,e(TH).

2

In the following definition we give conditions on which the operator K is regular.
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Definition 5.1 A collision operator K is said to be regular if it satisfies the following conditions:

(H) :

 K is a measurable, i.e., {x ∈ [−a, a] : K(x) ∈ O} is measurable if O ⊂ Z is open,
there exists a compact subset T ⊂ Z : K(x) ∈ T a.e.
and finally K(x) ∈ K (Lp([−1, 1],dξ)) a.e.

where K (Lp([−1, 1],dξ)) denotes the set of all compact operators on Lp([−1, 1],dξ).

Proposition 5.1 [13, Lemma, 2.1] If the collision operator K is regular, then, for all λ ∈ C such that

Reλ > −λ∗, the operator (λ− TH)
−1
K is compact on Xp(1 < p <∞) and weakly compact on X1.

Now we are in position to state the main results of this section. Indeed:

Theorem 5.3 Let ε > 0, we assume that the operator K is regular on Xp. Then if ∥K∥ < λ∗ and
THK = KTH one has

σε,e
(
A−1

H

)
= σε,e

(
T−1
H

)
.

Proof: Let λ̄ be the leading eigenvalue of AH . In [19], the strip −λ∗ < λ̄ ≤ −λ∗+ ∥K∥ contains at most
isolated points of σ (AH) . Now, using the fact that

σ (TH) = σC (TH) = {λ ∈ C : Reλ ≤ −λ∗} ,

if ∥K∥ < λ∗, then 0 ∈ ρ (TH) ∩ ρ (AH) . Since, λ∗ > ∥K∥ we have,
∥∥T−1

H K
∥∥ ≤ ∥K∥

λ∗ , hence
∥∥T−1

H K
∥∥ < 1.

Therefore, one has

A−1
H = T−1

H +
∑
n≥1

[
(TH)

−1
K
]n
T−1
H .

Let KT =
∑

n≥1

[
(TH)

−1
K
]n
T−1
H then,

σε,e
(
A−1

H

)
= σε,e

(
T−1
H +KT

)
.

Under the condition of Definition 5.1, we infer that KT is compact on Xp(1 < p < ∞) and weakly
compact on X1. Moreover, we have :

T−1
H KT = T−1

H

∑
n≥1

[
(TH)

−1
K
]n
T−1
H

= T−1
H

(
I − (TH)

−1
K)

)−1

T−1
H

=
(
(I − (TH)

−1
K)TH

)−1

T−1
H

=
(
(TH − (TH)

−1
KTH)

)−1

T−1
H .

Since KTH = THK then,
T−1
H KT = (TH −K)

−1
T−1
H .

On the other hand we have

KT T
−1
H =

(
I − ((TH)

−1
K)

)−1

T−1
H T−1

H

=
(
TH(I − (TH)

−1
K)

)−1

T−1
H

= (TH −K)
−1
T−1
H .

Which gives us KT T
−1
H = T−1

H KT . Finally using Proposition 2.1(iv), we obtain

σε,e
(
A−1

H

)
= σε,e

(
T−1
H +KT

)
= σε,e

(
T−1
H

)
.

2

As a consequence to the previous result we deduce the following one.
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Corollary 5.1 Assume that the hypotheses of Theorem 3.1 are satisfied. Then, there exist ε′ > 0 such
that

σε,e(A
−1
H ) ⊂

{
λ ∈ C, Re

1

λ
≤ ε′ − λ∗

}
.

Theorem 5.4 Assume that the hypotheses of Theorem 3.1 are satisfied. Then, there exist ε1 > 0 such
that

σε,e(AH) ⊂ {λ ∈ C, Reλ ≤ ε1 − λ∗} .

Proof: Let λ ∈ σε,e(AH), then there exist ε1 > 0 such that 1
λ ∈ σε1,e(A

−1
H ), and by applying Theorem

3.1 the proof is completed. 2
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