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Spectral analysis of the quantum Cesàro operator over the sequence space ℓp (1 < p < ∞)

Nabadeep Kalita∗ and Amar Jyoti Dutta

abstract: In this article, we study the spectrum, fine spectrum and boundedness property of q−Cesàro
Matrices C1(q), which is a lower triangular matrix with 0 < q < 1, over the class ℓp (1 < p < ∞), the
pth summable sequence space. We determine the approximate point spectrum, defect spectrum, compression
spectrum and Goldberg classification of the operator on the class of sequence. We construct the infinite system
of linear equations of the given matrix operator to derive the results. Appropriate examples are provided along
with graphical representations to support our study.
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1. Introduction

The theory of the spectrum of bounded linear operators on Banach and Hilbert spaces plays a sig-
nificant role in various branches of mathematics due to its numerous applications. The fundamental
principle of the modern spectral theorem is that, certain linear operators on infinite dimensional space
can be represented as a infinite diagonal matrix form, from which we can determine the different spectrum
of that matrix. The Spectrum of an operator can be classified as point spectrum, continuous spectrum
and residual spectrum. These three disjoint parts together are known as the “fine spectrum”.

In 1965, Brown et al. [14] published a paper in which they considered an operator which converts

a sequence (xn)n≥1 into its sequence of averages

(
x1 + x2 + . . .+ xn

n

)
n≥1

. This operator is called as

Cesàro operator and it is denoted by C1 which matrix representation is

C1 =


1 0 0 . . .
1/2 1/2 0 . . .
1/3 1/3 0 . . .
...

...
...

. . .

 .

In their paper, they proved that C1 is a bounded operator on ℓ2 space and also determined its spectrum.
Several researchers have analyzed the spectrum and fine spectrum of this Cesàro matrix and its generalized
form on different sequence spaces. In 1985, Reade [31] and Gonzalez [22] found out the spectrum of Cesàro
matrix on the spaces c0 and ℓp (1 < p < ∞) respectively. Further, Okutoyi [26,27]; Basar and Akhmedov
[2] and Tripathy and Saikia [37] studied the spectrum and fine spectrum of the Cesàro matrix C1 over the
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sequence spaces bv0, bv; c; bvp (1 ≤ p < ∞) and bv0∩ℓ∞. The spectrum of the discrete generalized Cesàro
operator was calculated by Rhaly [32], Durna and Yildirim [43] over the spaces ℓ2 and ℓp (1 < p < ∞)
respectively. In recent studies, a number of research articles have been found related to q−analogs of
some known linear operators. Properties of some q−Hausdorff matrices were studied by Rhoades and
Akgun [1]. Bekar [11] in his thesis discussed about the summability methods of the q−analogs of Cesàro,
Holder, Euler and the Hausdorff operator. Spectral study and boundness of q−Cesàro matrices with
0 < q < 1 were done by Yildirim [42], Durna and Yildirim [38] and for their studies, they considered the
sequence spaces c0 and c respectively. The q−form of the Cesàro matrix C1(q), for 0 < q < 1 is defined
by

Cnk(q) =


qn−k

1 + q + . . .+ qn
, 0 < k ≤ n

0, n < k.

Here if we take limit q −→ 1−, then we get the ordinary Cesàro operator C1.
q−Analog: A q-analog of a number, a theorem , an identity or expression is a generalization that

involves a new parameter q and reduces to the original number, theorem, identity, or expression in
the limit as q −→ 1−. In the 19th century, the basic hypergeometric series became the first q−analog
to be extensively studied. In recent research in many areas of Mathematics, such as combinatorics,
approximation theory, and difference and integral equations, q−calculus have been used extensively.

The q−analog [m]q of m for q ∈ (0, 1) can be defined by

[m]q =

{∑m−1
k=0 qk, m = 1, 2, 3, . . .

0, m = 0.

One might observe that [m]q = m whenever q −→ 1−. The q−analog
(
m
k

)
q
of binomial coefficient

(
m
k

)
can be defined by

(
m

q

)
q

=


[m]q!

[m− k]q![k]q!
, m ≥ k

0, k > m.

Where, the q−analog of the factorial, i.e., q−factorial, is defined by

[m]q! =

{∏m
k=1[k]q, m = 1, 2, 3, . . .

1, m = 0.

The q−analog of some specific binomials such as

(
0

0

)
=

(
m

0

)
=

(
m

m

)
= 1, also

(
m

m− k

)
q

=

(
m

k

)
q

.

For an in-depth study of quantum calculus, we refer to the book [23].
The spectrum of various difference operators and their q−analogs on various sequence spaces has been

researched immensely. The initial study of the spectrum of the difference operator ∆, (∆yk = yk −yk−1)
was done by Altay and Basar [8], Kayaduman and Furkan [24], and Akhmedov and Basar [3,4] over the
sequence spaces co, c, ; ℓ1, bv and ℓp, bvp respectively. After this, the operator ∆ was generalized to
B(r, s), B(r, s)(yk) = (ryk + syk−1). The spectrum of this operator was studied by Altay and Basar [9],
Kayaduman et al. [18], Bilgic and Furkan [12], and Dutta and Tripathy [16] over the sequence spaces c0, c;
ℓ1, bv; ℓp, bvp (1 ≤ p < ∞) and cs respectively. Yaying et al. [41,7] studied the spectrum of second order
q−difference operator over the sequence space c0, ℓ1 respectively. Spectrum of weighted q−difference
operator was studied by Yaying et al. [40] over the sequence space c0. B(r, s) was further generalized to
B(r, s, t), B(r, s, t)(yk) = (ryk + syk−1+ tyk−2). The spectrum of this operator was studied by Bilgic and
Furkan [13]; Furkan et al. [19,20] over the sequence spaces ℓ1, bv; c0, c and ℓp, bvp respectively. Srivastava
and Kumar [33,34]; Akhmedov and El-Shabrawy [5] studied the spectrum of the generalized difference
operator ∆v, where ∆v(yk) = (vkyk − vk−1yk−1) over the sequence spaces c0, ℓ1 and c, ℓp respectively.
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Akhmedov and El-Shabrawy[17,6]; Dutta and Baliarsingh[15] obtained the spectrum of the operator ∆ab,
where ∆ab(yk) = (akyk+bk−1yk−1) over the sequence spaces c0, c and ℓp, bvp respectively. Panigrahi and
Srivastava [28,29] also found out the spectrum of ∆2

uv, where ∆2
uv(yk) = (ukyk − vk−1yk−1 + uk−2yk−2)

and ∆2
uvw, where ∆2

uvw(yk) = (ukyk + vk−1yk−1 + wk−2yk−2) over the spaces c0 and ℓ1 respectively.
Tripathy and Paul [36,30] studied on the spectrum of the operator D(r, 0, 0, s) over the sequence spaces
c0, c and ℓp, bvp respectively.

In this study, our aim is to discuss the spectrum of the quantum analog of the Cesàro matrix and
its boundedness on the sequence space ℓp. Using Goldberg’s classification of spectrum of an operator,
we determine various spectral subdivisions of this operator and provide some examples with graphical
representations.

2. Some Definitions and Preliminaries

Consider M : U −→ V be a bounded linear operator, in which U and V are Banach spaces, the
following collections

R(M) = {v ∈ V : v = Mu, u ∈ U}
and B(U, V ) = {M : U −→ V : M is continuous and linear}

are termed as the range of the operator M and the set of all bounded linear operators from U to V
respectively. The adjoint operator M∗ of M is defined from V ∗ to U∗, where V ∗ and U∗ represent the
dual space of V and U respectively. Again, it is defined as (M∗f)(u) = f(Mu), for all f ∈ V ∗ and u ∈ U .

Let M : D(M) −→ U , where D(M) denotes the domain of M . From M we can get an operator,

Mµ = M − µI,

where µ ∈ C and I is the identity operator. A regular value µ ∈ C of M is such that Mµ is invertible,
and its inverse (M−1

µ ) is bounded and defined on a set A and call it the resolvent operator of M , where
A is dense in U . The collections of such µ is called the resolvent set and is denoted by ρ(M,U). In the
complex plane C, the compliment of ρ(M,U) is denoted by σ(M,U), and is called the spectrum of M .

Further, σ(M,U) is classified into three disjoint subsets, namely, the point spectrum σp(M,U), the
continuous spectrum σc(M,U), and the residual spectrum σr(M,U). In point spectrum, M−1

µ does
not exist for any µ ∈ σp(M,U), while in continuous spectrum, M−1

µ exist but unbounded for every
µ ∈ σc(M,U), and also defined on a set that is dense in U . On the other hand, in residual spectrum,
M−1

µ exist but may or may not be bounded for µ ∈ σr(M,U) and is not dense in U .
There are more subdivisions of the spectrum of a bounded operator such as approximate point spec-

trum σap(M,U), defect spectrum σδ(M,U) and compression spectrum σco(M,U), which are defined as
follows:

• σap(M,U) = {µ ∈ C : (M − µI) is not bounded below}.

• σδ(M,U) = {µ ∈ C : (M − µI) is not surjective}.

• σco(M,U) = {µ ∈ C : R(M − µI) ̸= U}.

3. Goldberg’s Classification of Spectrum

A detailed classification of the spectrum of an operator was given by Goldberg [21]. This classification
is based on the nature of the set R(Mµ) and the operator M−1

µ .
If M ∈ B(U,U), then there are three possibilities for R(Mµ):

(P) R(Mµ) = U, (Q) R(Mµ) = U, but R(Mµ) ̸= U, and (R) R(Mµ) ̸= U

and three possibilities for M−1
µ :

(1) Exist and continuous, (2) Exist but discontinuous, and (3) Does not exist.
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Combination of the possibilities P, Q, R and 1, 2, 3 lead to nine different states. They are identified as
P1, P2, P3, Q1, Q2, Q3, R1, R2, and R3.

If Mµ ∈ P1 or Mµ ∈ Q1 then µ ∈ ρ(M,X). If Mµ ∈ R2 then M−1
µ exist and unbounded and

R(Mµ) ̸= X and we can write µ ∈ R2σ(M,X). We can summarize this classification in the following
Table-[1].

1 2 3

M−1
µ M−1

µ M−1
µ

exist and bounded exist and unbounded does not exist

P R(Mµ) = U µ ∈ ρ(M,U) - µ ∈ σp(M,U)

µ ∈ σap(M,U)

Q R(Mµ) = U µ ∈ ρ(M,U) µ ∈ σc(M,U) µ ∈ σp(M,U)

µ ∈ σδ(M,U) µ ∈ σδ(M,U)

µ ∈ σap(M,U) µ ∈ σap(M,U)

R R(Mµ) ̸= U µ ∈ σr(M,U) µ ∈ σr(M,U) µ ∈ σp(M,U)

µ ∈ σδ(M,U) µ ∈ σδ(M,U) µ ∈ σδ(M,U)

µ ∈ σco(M,U) µ ∈ σco(M,U) µ ∈ σco(M,U)

µ ∈ σap(M,U) µ ∈ σap(M,U)

Table 1: Goldberg’s classification of spectrum of linear operator

Proposition 3.1 ( [10], p.28) Spectral and sub-spectral relationships of an operator M and its adjoint
operator M∗ are provided below.

(a) σ(M∗, U∗) = σ(M,U),

(b) σap(M
∗, U∗) = σδ(M,U),

(c) σδ(M
∗, U∗) = σap(M,U),

(d) σp(M
∗, U∗) = σco(M,U),

(e) σ(M,U) = σap(M,U)
⋃

σp(M
∗, U∗) = σp(M,U)

⋃
σap(M

∗, U∗).

Lemma 3.1 ( [21], p.60) The adjoint operator M∗ of M is onto if and only if M has a bounded inverse.

Lemma 3.2 ( [21], p. 59) The bounded linear operator M : U −→ U has dense range if and only if M∗

is one to one.

Throughout this work, the aforementioned spaces c0, c, ℓ1, ℓp, bv, bvp, cs, and ℓ∞ represent the class
of all null, convergent, absolutely summable, p−absolutely summable, bounded variation, p−bounded
variation, convergent series, and bounded sequences respectively.

4. Spectrum of C1(q) on ℓp (1 < p < ∞)

Theorem 4.1 C1(q) ∈ B(ℓp) with ||C1(q)||B(ℓp) ≤
1

1− q
, for 0 < q < 1, where 1 < p < ∞.
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Proof: To prove this, we first show that C1(q) ∈ B(ℓ1). Now,

||C1(q)||ℓ1 = sup
k

∞∑
n=k

∣∣∣∣ qn−k

1 + q + . . .+ qn

∣∣∣∣
= sup

k

1

qk

∞∑
n=k

∣∣∣∣ qn

1 + q + . . .+ qn

∣∣∣∣
= sup

k

1

qk

∞∑
n=k

∣∣∣∣qn(1− q)

1− qn+1

∣∣∣∣
= sup

k

(1− q)

qk

∞∑
n=k

qn
(

1

1− qn+1

)
.

Here, the sequence
1

1− qn+1
is a decreasing and convergent sequence. So, we can write

||C1(q)||ℓ1 ≤ sup
k

(1− q)

qk
1

(1− q)

∞∑
n=k

qn

= sup
k

1

qk

∞∑
n=k

qn

= sup
k

∞∑
j=0

qj

=
1

1− q
.

This implies C1(q) ∈ B(ℓ1). Again since each entry of C1(q) is positive and each of the row sum is 1
therefore, ||C1(q)||ℓ∞ = 1 and C1(q) ∈ B(ℓ∞). As a result, we get C1(q) ∈ B(ℓp) with the norm less than

or equal to
1

1− q
(see lemma-[4.4]). 2

Theorem 4.2 The point spectrum σp(C1(q), ℓp) = ϕ, the empty set.

Proof: We prove this theorem by the method of contradiction. Consider, σp(C1(q), ℓp) ̸= ϕ.
Then for any 0 ̸= u ∈ ℓp with C1(q)u = λu, we get the following equalities;

u0 = µu0

1

1 + q
(qu0 + u1) = µu1

1

1 + q + q2
(q2u0 + qu1 + u2) = µu2

...

1

1 + q + q2 + . . .+ qn
(qnu0 + qn−1u1 + . . .+ qun−1 + un) = µun

...

Considering um to be the first non zero element of u = (um), m ≥ 1, from the above equations we get

µ =
1

1 + q + q2 + . . .+ qm
.
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Furthermore,
1

1 + q + q2 + . . .+ qm + qm+1
(qum + um+1) = µum+1 (4.1)

Putting the values of µ in equation(4.1) we get,

um+1 =
1 + q + q2 + . . .+ qm

qm
um.

Again
1

1 + q + q2 + . . .+ qm+1 + qm+2
(q2um + qum+1+um+2

) = µum+2. (4.2)

Putting the values of um+1 and µ in equation (4.2) we get,

um+2 =
(1 + q + . . .+ qm)(1 + q + . . .+ qm+1)

q2m(1 + q)
um.

By the same process we get,

um+3 =
(1 + q + . . .+ qm)(1 + q + . . .+ qm+1)(1 + q + . . .+ qm+2)

q3m(1 + q)(1 + q + q2)
um,

um+4 =
(1 + q + . . .+ qm)(1 + q + . . .+ qm+1)(1 + q + . . .+ qm+2)(1 + q + . . .+ qm+3)

q4m(1 + q)(1 + q + q2)(1 + q + q2 + q3)
um,

...

un =
(1 + q + . . .+ qm)(1 + q + . . .+ qm+1) . . . (1 + q + . . .+ qn−1)

q(n−m)m(1 + q)(1 + q + q2) . . . (1 + q + . . .+ qn−m−1)
, and so on.

Rewriting un we get,

un =

1− qm+1

1− q

1− qm+2

1− q
. . .

1− qn

1− q

q(n−m)m
1− q2

1− q

1− q3

1− q
. . .

1− qn−m

1− q

=
1− qm+1

1− q

1− qm+2

1− q2
. . .

1− qn

1− q(n−m)

1

q(n−m)m
. (4.3)

We have 0 < q < 1, for n > m we get, qm > qn =⇒ 1 − qm < 1 − qn =⇒ 1− qn

1− qm
> 1. Applying this

condition in equation (4.3), we get, un ≥ 1

q(n−m)m

=⇒
∑

|un| ≥
∑

| 1

q(n−m)m
|

=⇒
∑

|un|p ≥
∑

| 1

q(n−m)m
|p.

Now,
1

q(n−m)mp
−→ ∞, as n −→ ∞ =⇒

∑∣∣∣∣ 1

q(n−m)m

∣∣∣∣p
is divergent. So,

∑
|un|p is divergent. From this, we conclude that (un) /∈ ℓp, which is a contradiction

and we get the required result. 2

Lemma 4.1 [ [35], p.215] For any A ∈ B(ℓp) (1 < p < ∞), the adjoint operator A∗ ∈ B(ℓq) , where
1
p + 1

q = 1 and can be represented by the transpose of A matrix.
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Theorem 4.3 σp(C
∗
1 (q), ℓ

∗
p
∼= ℓq) =

{
µ ∈ C :

∣∣∣µ− 1
1+q

∣∣∣ < q
1+q

}
∪ {1}, for 0 < q < 1.

Proof: Let, u ̸= 0 and C∗
1 (q)u = µu. From this the following equalities are obtained;

u0 +
q

1 + q
u1 +

q2

1 + q + q2
u2 +

q3

1 + q + q2 + q3
u3 + . . . = µu0

1

1 + q
u1 +

q

1 + q + q2
u2 +

q2

1 + q + q2 + q3
u3 + . . . = µu1

1

1 + q + q2
u2 +

q

1 + q + q2 + q3
u3 + . . . = µu2

1

1 + q + q2 + q3
u3 + . . . = µu3

...

Solving the above equations we get,

un =
1

qn

(
1− 1

µ

)(
1− 1

(1 + q)µ

)(
1− 1

(1 + q + q2)µ

)
. . .

(
1− 1

(1 + q2 + . . .+ qn−1)µ

)
u0

=
1

qn

(
1− 1

µ

)(
1− (1− q)

(1− q2)µ

)(
1− (1− q)

(1− q3)µ

)
. . .

(
1− (1− q)

(1− qn)µ

)
u0.

The above expression can also be written as

un =
u0

qn

n∏
k=1

(
1− 1− q

1− qk
1

µ

)
.

Here u0 can not be zero otherwise all terms will become zero.

Now, let us consider Z to be set

{
1,

1

1 + q
,

1

1 + q + q2
, . . .

}
and assume that µ ∈ Z.

If µ = 1, then C∗
1 (q)u = u, for u = (u0, 0, 0, ...) ̸= θ. This implies that 1 ∈ σp(C

∗
1 (q), ℓq).

If µ =
1

1 + q
, then C∗

1 (q)u =
1

1 + q
u, for u = (u0,−u0, 0, 0, ...) ̸= θ. This implies that

1

1 + q
∈

σp(C
∗
1 (q), ℓq).

Again, if µ =
1

1 + q + q2
, then C∗

1 (q)u =
1

1 + q + q2
u, for u = (u0,−(1 + q)u0, qu0, 0, 0, ....) ̸= θ, this

implies that
1

1 + q + q2
∈ σp(C

∗
1 (q), ℓq). Proceeding in a similar way it is seen that Z ⊂ σp(C

∗
1 (q), ℓq).

Now, we have to check whether there any values of µ exist other than µ ∈ Z.

Consider, µ /∈ Z. For this case we apply the ratio test for the sequence (un).

lim
n→∞

∣∣∣∣un+1

un

∣∣∣∣ = lim
n→∞

1

q

∣∣∣∣1− 1− q

1− qn+1

1

µ

∣∣∣∣ = 1

q

∣∣∣∣1− 1− q

µ

∣∣∣∣ .
Therefore, (un) ∈ ℓ∗p

∼= ℓq if and only if
1

q

∣∣∣∣1− 1− q

µ

∣∣∣∣ < 1, and by taking, µ = a + ib in the inequality
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yields,

1

q

∣∣∣∣1− 1− q

a+ ib

∣∣∣∣ < 1 ⇐⇒
∣∣∣∣1− 1− q

a+ ib

∣∣∣∣ < q

⇐⇒
∣∣∣∣1− (a− ib)(1− q)

a2 + b2

∣∣∣∣ < q

⇐⇒
∣∣∣∣1− 1− q

a2 + b2
a+

1− q

a2 + b2
bi

∣∣∣∣ < q

⇐⇒ 1− 2
1− q

a2 + b2
a+

(1− q)2

a2 + b2
< q2

⇐⇒ 1− q2 < 2
(1− q)

a2 + b2
a− (1− q)2

a2 + b2

⇐⇒ (1 + q) <
2a

a2 + b2
− 1− q

a2 + b2

⇐⇒ a2 + b2 <
2a

1 + q
− 1− q

1 + q

⇐⇒
(
a− 1

1 + q

)2

+ b2 <
1

(1 + q)2
− 1− q

1 + q
=

q2

(1 + q)2

⇐⇒
∣∣∣∣µ− 1

1 + q

∣∣∣∣ < q

1 + q

So, finally we get (un) ∈ ℓq iff

∣∣∣∣µ− 1

1 + q

∣∣∣∣ < q

1 + q
, then

σp(C
∗
1 (q), lq) =

{
µ ∈ C :

∣∣∣∣µ− 1

1 + q

∣∣∣∣ < q

1 + q

}
∪ {1}.

2

Lemma 4.2 [ [39], p.126]: A matrix A = (ank) gives rise to a bounded linear operator T ∈ B(ℓ1) from
ℓ1 to itself if and only if the supremum of ℓ1 norms of the columns of A is bounded.

Lemma 4.3 [ [39], p.126]: A matrix A = (ank) gives rise to a bounded linear operator T ∈ B(ℓ∞) from
ℓ∞ to itself if and only if the supremum of ℓ1 norms of the rows of A is bounded.

Lemma 4.4 [ [25], p.174, Theorem 9]: Let 1 < p < ∞ and suppose A ∈ (ℓ1, ℓ1) ∩ (ℓ∞, l∞). Then
A ∈ (ℓp, ℓp).

Theorem 4.4 σ(C1(q), ℓp) =

{
µ ∈ C :

∣∣∣∣µ− 1

1 + q

∣∣∣∣ ≤ q

1 + q

}
.

Proof: Consider S be the set

{
µ ∈ C :

∣∣∣∣µ− 1

1 + q

∣∣∣∣ ≤ q

1 + q

}
. Here we will show that the compliment

of the set S will represent the resolvent set, i.e. ρ(C1(q), ℓp) =

{
µ ∈ C :

∣∣∣∣µ− 1

1 + q

∣∣∣∣ > q

1 + q

}
.

In Theorem 4.2, we have proved that σp(C1(q), ℓp) = ϕ. It directly implies that µI −C1(q) is one-to-

one. Now our next step will be to show that (µI −C1(q))
−1 ∈ B(ℓp), for µ ∈ C, for

∣∣∣∣µ− q

1 + q

∣∣∣∣ > q

1 + q
.
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Solving the system of equation (µI − C1(q))u = v, we get

u0 =
1

µ− 1
v0

u1 =
1

µ− 1

1

µ− 1
1+q

q

1 + q
v0 +

1

µ− 1
1+q

v1

u2 =
1

µ− 1

1

µ− 1
1+q

1

µ− 1
1+q+q2

µq2

1 + q + q2
v0 +

1

µ− 1
1+q

1

µ− 1
1+q+q2

q

1 + q + q2
v1 +

1

µ− 1
1+q+q2

v2

...

un =
1

1 + q + . . .+ qn

k=n−1∑
k=0

vk
q

1

µ2

n∏
i=k

µq

µ− 1
1+q+...+qi

+
1

µ− 1
1+q+...+qn

vn

Therefore, we have (µI − C1(q))
−1 = (ank) defined by

ank =



1

1 + q + . . .+ qn
1

q

(∏n
i=k

q

µ− 1
1+q+...+qi

)
µn−k−1 , 0 ≤ k ≤ n− 1

1

µ− 1
1+q+...+qn

, k = n

0 , k > n.

Now we analyze the matrix (ank). Taking k fixed we consider,

an =
1

1 + q + . . .+ qn
1

q

(
n∏

i=k

q

µ− 1
1+q+...+qi

)
µn−k−1.

Here, we apply the ratio test to check whether the sequence (an) ∈ ℓ1 or not.

an+1

an
=

1 + q + . . .+ qn

1 + q + . . .+ qn+1

(∏n+1
i=k

q
µ− 1

1+q+...+qi

)
µn−k(∏n

i=k
q

µ− 1

1+q+...+qi

)
µn−k−1

=
1− qn+1

1− qn+2

q

µ− 1−q
1−qn+2

µ

=⇒ lim
n−→∞

an+1

an
= lim

n−→∞

(
1− qn+1

1− qn+2

q

µ− 1−q
1−qn+2

µ

)
=

q

µ− (1− q)
µ.

From here, we can say that (an) ∈ ℓ1 if
∣∣∣ q
µ−(1−q)µ

∣∣∣ < 1. This implies (µI − C1(q))
−1 ∈ (ℓ1, ℓ1) if∣∣∣ q

µ−(1−q)µ
∣∣∣ < 1. Simplifying this inequality, we get

∣∣∣1− 1−q
µ

∣∣∣ > q. From the previous theorem it can be

verified that this inequality satisfies the condition
∣∣∣µ− 1

1+q

∣∣∣ > q
1+q . Also, since (an) ∈ ℓ1, the supremum

of the ℓ1 norms of the rows of (µI −C1(q))
−1 is finite, it implies (µI −C1(q))

−1 ∈ (ℓ∞, ℓ∞). As a result,

we obtain (µI − C1(q))
−1 ∈ (ℓp, ℓp) or B(ℓp), if

∣∣∣µ− 1
1+q

∣∣∣ > q
1+q (see Lemma-[4.4]). Consequently, we

get σ(C1(q), ℓp) =
{
µ ∈ C :

∣∣∣µ− 1
1+q

∣∣∣ ≤ q
1+q

}
. 2

Theorem 4.5 The residual spectrum, σr(C1(q), ℓp) =
{
µ ∈ C :

∣∣∣µ− 1
1+q

∣∣∣ < q
1+q

}
∪ {1}.

Proof: Using Lemma-[3.2], it can be proved that σr(C1(q), ℓp) = σp(C
∗
1 (q), ℓq)\σp(C1(q), ℓp). Now the

result follows from Theorems 4.2 and 4.3. 2
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Theorem 4.6 The continuous spectrum, σc(C1(q), ℓp) =
{
µ ∈ C :

∣∣∣µ− 1
1+q

∣∣∣ < q
1+q

}
\{1}.

Proof: We have σ(C1(q), ℓp) = σp(C1(q), ℓp) ∪ σr(C1(q), ℓp) ∪ σc(C1(q), ℓp) and the corresponding sets
are pairwise disjoint. Now the result follows from Theorems 4.2, 4.4, and 4.5. 2

Theorem 4.7 P3σ(C1(q), ℓp) = Q3σ(C1(q), ℓp) = R3σ(C1(q), ℓp) = ϕ.

Proof: From Table-[1] we get,
σp(C1(q), ℓp) = P3σ(C1(q), ℓp) ∪ Q3σ(C1(q), ℓp) ∪ R3σ(C1(q), ℓp). Now, the result follows from the

Theorem 4.2. 2

Theorem 4.8 R1σ(C1(q), ℓp) =
{
1, 1

1+q ,
1

1+q+q2 , . . .
}
.

Proof: Already we have considered that Z represents the set
{
1, 1

1+q ,
1

1+q+q2 , . . .
}
. From Theorem 4.5,

we get Z ⊆ σr(C1(q), ℓp). In addition, from Table-[1], it is found that Z is a subset of R. Now we have
to show whether Z belongs to (1) or (2).

Let v = (vn) ∈ ℓq be such that (C1(q)−µI)∗u = v for some u = (un). Solving this we get the following
equations:

(1− µ)u0 +
q

1 + q
u1 +

q2

1 + q + q2
u2 +

q3

1 + q + q2 + q3
u3 + . . . = v0

(
1

1 + q
− µ)u1 +

q

1 + q + q2
u2 +

q2

1 + q + q2 + q3
u3 + . . . = v1

(
1

1 + q + q2
− µ)u2 +

q

1 + q + q2 + q3
u3 + . . . = v2

(
1

1 + q + q2 + q3
− µ)u3 + . . . = v3

...

from the above equations, we can write un in terms of u0 and vn in the following way.

u1 =
1

qµ
[(µ− 1)u0 + v0 − qv1]

u2 =
1

qµ

[
1

qµ

(
µ− 1)(µ− 1

1 + q

)
u0 +

1

qµ

(
µ− 1

1 + q

)
v0 +

1

µ(1 + q)
v1 − qv2

]

u3 =
1

qµ

[
1

(qµ)2
(µ− 1)

(
µ− 1

1 + q

)(
µ− 1

1 + q + q2

)
u0 +

1

(qµ)2

(
µ− 1

1 + q

)
(
µ− 1

1 + q + q2

)
v0 +

1

qµ

(
µ− 1

1 + q + q2

)
1

µ(1 + q)
v1+(

1− 1

µ

(
µ− 1

1 + q + q2

))
v2 − qv3

]
...

un+1 =
u0

(qµ)n

n∏
j=0

(
µ− 1∑j

k=0 q
k

)
+

v0
(qµ)n

n∏
j=1

(
µ− 1∑j

k=0 q
k

)

+

n∑
i=1

1

µ
∑i

k=0 q
k

vi
(qµ)n−1

n∏
j=i+1

(
µ− 1∑j

k=0 q
k

)
− 1

µ
vn+1.
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Now, we have to analyze the conditions under which the sequence (un) ∈ ℓq. If µ ∈ Z, then we
get un+1 = − 1

µvn+1. Since vn+1 ∈ ℓq this implies un+1 ∈ ℓq. From this we directly conclude that

(C1(q)− µI)∗ is onto. Now using the Lemma 3.1, we get for µ ∈ Z, the inverse of (C1(q)− µI) exist and
it is bounded. So, Z ⊆ (1)σ(C1(q), ℓp) see Table-[1].

If µ ∈ Z∁, then the belonging of un in ℓq can be said from the convergence of the infinite product∏n
j=0

(
µ− 1∑j

k=0 qk

)
. Now, limj−→∞

(
µ− 1∑j

k=0 qk

)
= µ − 1

1
1−q

= µ − 1 + q. Here the infinite product∏n
j=0

(
µ− 1∑j

k=0 qk

)
is divergent, if µ ̸= 2 − q. Therefore, for µ ∈ Z∁ and µ ̸= 2 − q the sequence

(un) /∈ ℓq. From this, we directly conclude that (C1(q) − µI)∗ is not onto. So, using the Lemma 3.1
we get for µ /∈ Z ∪ {2 − q}, (C1(q) − µI) doesn’t have bounded inverse. For the point 2 − q, it is also
obtained that un /∈ ℓq and consequently bounded inverse of (C1(q)−µI) doesn’t exist. As a result, it can

be concluded that R1σ(C1(q), ℓp) =
{
1, 1

1+q ,
1

1+q+q2 , . . .
}
. 2

Corollary 4.1 R2σ(C1(q), ℓp) =
{
µ ∈ C :

∣∣∣µ− 1
1+q

∣∣∣ < q
1+q

}
\
{

1
1+q ,

1
1+q+q2 , . . .

}
.

Proof: We have, the residual spectrum σr(C1(q), ℓp) = R1σ(C1(q), ℓp) ∪R2σ(C1(q), ℓp).
Now applying Theorems 4.5 and 4.8 we get the required result. 2

Theorem 4.9 The operator C1(q) satisfies the following statements.

(a) σap(C1(q), ℓp) =

{
µ ∈ C :

∣∣∣∣µ− 1

1 + q

∣∣∣∣ ≤ q

1 + q

}
\
{
1,

1

1 + q
,

1

1 + q + q2
, . . .

}
,

(b) σap((C1(q))
∗, ℓ∗p) =

{
µ ∈ C :

∣∣∣∣µ− 1

1 + q

∣∣∣∣ ≤ q

1 + q

}
,

(c) σδ(C1(q), ℓp) =

{
µ ∈ C :

∣∣∣∣µ− 1

1 + q

∣∣∣∣ ≤ q

1 + q

}
,

(d) σco(C1(q), ℓp) =

{
µ ∈ C :

∣∣∣∣µ− 1

1 + q

∣∣∣∣ < q

1 + q

}
∪ {1},

(e) σδ((C1(q))
∗, ℓ∗p) =

{
µ ∈ C :

∣∣∣∣µ− 1

1 + q

∣∣∣∣ ≤ q

1 + q

}
\
{
1,

1

1 + q
,

1

1 + q + q2
, . . .

}
.

Proof: (a) From table-[1], we get

σap(C1(q), ℓp) = σ(C1(q), ℓp)\C1σ(C1(q), ℓp).

Now applying the Theorems 4.4 and 4.8, we get the required result.
(b) The result in (b) is obtained from the relation (e) in proposition 3.1.
(c) The result in (c) is obtained from the relation (b) in proposition 3.1.
(d) The result in (d) is obtained from the relation (d) in proposition 3.1.
(e) The result in (e) is obtained from the relation (c) in proposition 3.1. 2

5. Example

Taking particular values for q ∈ (0, 1), we get some examples of spectrum of C1(q) and that are given
below.

(i) If q = 1
2 , then the spectrum of C1(

1
2 ) is given by

σ(C1(q), ℓp) =

{
µ ∈ C :

∣∣∣∣µ− 2

3

∣∣∣∣ ≤ 1

3

}
.
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(ii) If q = 1
3 , then the spectrum of C1(

1
3 ) is given by

σ(C1(q), ℓp) =

{
µ ∈ C :

∣∣∣∣µ− 3

4

∣∣∣∣ ≤ 1

4

}
.

The graphical representation of the spectra for these examples are provided in Figure-[1] and Figure-[2]

Figure 1: Spectrum of C1(
1
2 ).

Figure 2: Spectrum of C1(
1
3 ).

6. Conclusion

In our study, we have discussed some important aspects of quantum calculus and analyzed the spec-
trum of the Quantum Cesàro matrix. Using Goldberg’s classification we have also determined various
spectral decompositions of this matrix. There are many spaces left unstudied where we can explore the
spectrum of this q−Cesàro matrix.
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38. Turkay M. E. and Durna N., The spectrum of q−Cesàro Matrices on c and its various spectral decomposition for
0 < q < 1, Operators and Matrices 15, 795-813, (2021).

39. Wilansky A., Summability Through Functional Analysis, North Holland, Amsterdam, (1984).

40. Yaying T., Hazarika B., Baliarsingh P., and Mursaleen M., Cesàro q−Difference Sequence Spaces and Spectrum of
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