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Construction of Irreducible Polynomials over F5 and F;

Neetu Dhiman*, Balkaran Singh, Praveen Agarwal and Shabnam Sharma

ABSTRACT: Construction of irreducible polynomials is crucial because of their implications in formulating
error correcting codes, linear feedback shift register designs and to study algebraic complexity of polynomials.
Irreducible polynomials also help us to generate non-zero elements of finite fields. In this manuscript, we
construct and characterize the structure of F§, and F7, in terms of conjugate elements. Further, a technique
to generate degree n irreducible polynomials over F5 and 7 is also developed.
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1. Introduction

Finite fields have important role to play in the areas of coding theory and cryptography [8,11]. The
initial work in the theory of finite fields was done by Fermat, Euler, Lagrange and Legendre [8]. Further,
Gauss (1777 — 1885) and Galois (1811 — 1832) gave the structure of GF(p™), also called Galois field,
where p is a prime.

Finite fields are the fields with finite number of elements. Because of the high relevance of finite fields
in many research areas, indepth knowledge of the structure of finite fields is very essential and study of
irreducible polynomials is helpful in this task. To write the elements of extension field of a finite field, one
needs to construct irreducible polynomials which are quite easy to construct in case of finite fields with
lesser number of elements. But, when the characteristic of a finite field increases significantly it becomes
very hard to construct the irreducible polynomials. Therefore, constructing irreducible polynomials over
finite fields having large number of elements is a challenging problem nowdays, see [2,3,4,5,9,19]. Irre-
ducible polynomials over finite fields have various implimentations in many research areas particularly in
cryptography, digital communications and coding theory. Irreducible polynomials also plays fundamental
role in generation of galois field used in public key cryptosystem. In the recent years, these polynomials
over finite fields are constructed extensively by iteration and composition methods, one may refer to
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[7,10,15,16,17,18].

A rational transformation is used by panario et al. [12] for the recursive construction of irreducible poly-
nomials, where authors obtained sequences of irreducible polynomial {g;} over F, with degree (g;) = mL?,
where L/(q¢+1),m = 2s,s € ZT and L is not congruent to 2 module 4. Abrahamyan et al. [1], discussed
P —br + ¢
xP —br+h
two simple explicit recursive constructions of sequences of irreducible polynomials of degree n2* and np*
over [y and I, respectively. Graner and Kyureghyan [6] constructed minimal polynomial m gk, where
k € Z* such that k { (¢ — 1) and 8 € Fyn for a given minimal polynomial g = mg over F,. In the
present manuscript, we extend the work done by Sharma et. al [13], where structure of elements F%,
were characterized along with generating positive degree n irreducible polynomials over Fj.

The manuscript is organised in five sections. The first section gives a brief introduction about the work
done. Second section presents the preliminaries, which are helpful for the better understanding of paper.
Third section describes the structure of elements of structure of F§,. and F%. in such a way that conjugate
elements comes in same column. Further, we construct irreducible polynomials of degree 2 over F5 and
[F7 using conjugates of elements. In the fourth section, we describe about the conjugates of elements in
the n'" row from the ending of the n** row and construct irreducible polynomials of degree 3 over Fs.
Finally in fifth section we conclude our results.

the irreducibility of composition of polynomials (2P — bx + h) f ( ) over finite fields and gave

2. Preliminaries
The notations used in this paper are :
e n and r are positive integers.
e p is a prime number.
e '=TF, is a finite field with ¢ elements.
e g=p", ncZt.
2.1. Structure of non zero elements of Fy~

Consider a vector space F' = Fg» over a finite field K = F,. Then, there are two types of bases, first
one is polynomial basis and other is normal basis. Polynomial basis is defined as :

n—1

(1,6,€,67,...,¢")
consists of the powers of primitive element £ € F' such that,
¢'t=1 (mod p).

The normal basis is denoted as <§, &9, 5‘127 . ,§qn71>, where £ € F' is a suitable element.

It is evident that the conjugate relation consitutes a relation which is equivalence and the two elements are
related to each other if they both belong to same column. The notations [¢¥] and [[k]] are substitutably
applied to signify conjugate class [¢¥] and [[[i]]] indicate column &°.

Some definitions related to the paper are given below :

Definition 2.1 [8] A polynomial l[(x) € Flx] is said to be irreducible in Fz], if and only if there does
not exist a non constant polynomials p(x), q(x) € Flz], such that I(z) = p(z)q(x).

Definition 2.2 /8] Let K = F, and F = Fgn, where K is subfield of F such that F = K[z]/(f(z)), for
degree n irreducible polynomial f(x). Then the conjugates of & € Fyn are :

1

&ener, e
Definition 2.3 [11] For { € F'=Fyn, Trp k(§) of § that is trace of § over K is defined as:

Trejx(§) =€+ €7 +60 +--+&7
where K =Fy.
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3. Conjugates of elements of ;.. and F7,. from the beginning of the nth row

In this section, Proposition 3.1 and 3.2 classify conjugate classes of the elements of F, and F7. respec-
tively from the beginning of the n'® row. In addition to this, structures of non-zero elements of Fz, and
F%,. are constructed with the help of conjugate elements.

Proposition 3.1 Let € %, €5+1 € Tt where s = 0,1,2,..., (4-5""1—1). Then, & '+ and £5+!
belongs to the same conjugate class.

Proof: Here,
n—1 n—1
[ Fl=1E" *)
_ [55-5"*455}
= [€°7+59)
[€>°]
Thus, 5" '+ and €5+ belongs to the same conjugate class. O

3.1. Structure of non-zero elements in Fg~

The structure of non-zero elements of Fo» and F3» along with the construction of irreducible polynomials
of degree 2 and 3 is discussed in [14] and [13] respectively.

A characterization of the conjugate classes of elements of F%, from the beginning of the n*" row is pre-
sented using Proposition 3.1.

Classes of type [[5" ' +*]] for s = 0,1,2,...,(4-5""1 — 1)

Now find conjugates of £ € F%.. by the help of proposition 3.1.
When s =0, [€'] = [¢'] =[¢”"].

The column [¢1], that is, [[[1]]] is of length n and it has n number of conjugates of £&5" " in [[[1]]].

When s =1, [ 1] = [¢%] =[],
The column [£5], that is, [[[6]]] is of length n and it has n — 1 number of conjugates of £€" 1 in [[[6]]].

rn—1

When s = 2, [¢5"77#2] = [¢11] =[¢*" 7+ 4577,

The column [¢'1], that is, [[[11]]] is of length n—1 and it has n—1 number of conjugates of £€*" +2 in [[[11]]].

Continuing in the same manner,
When s = 5771, [¢5"77#5"] = [¢507 ] = [¢5"1] = [¢2] = [ 45,

The column [¢5" '], that is, [[5"1]]] is of length n and it has n number of conjugates of [¢5" +5" '] in
[[[5™+]]]-

When s = 571 45n—1 y5n—1 4 5n—1_9o [55"*1+5"*1+5"*1+5"*1+5"*1—2] _ [55[5"*1+5"*1+5"*1+5"*1—2]+1]
(€TSS 1041] ¢80,

The column [¢°"~9] that is, [[5" — 6]]] is of length n — [logs(5™ — 6)] = 1 and it has 1 conjugate of
€2y ([ )
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VVhen,s:: 5n71%75n71%75n71*75n71471,[fsn—1+5n—1+5n—1+5n—1+5n—171]::[gsmn—1+5n—1+5n—1+5n—L7U+1]
[55"+5"+5"+5"—5+1] _ [£5"—1].

The column [¢°"~!] that is, [[[5" — 1]]] is of length n — [logs(5" — 1)] = 1 and it has 1 conjugate of
[£5n71+5n71+5n71+5n71—1] in [[[5?1 _ 1]]].

For any primitive element & of FZ.., the structure of . is as follows :

3 ¢ ' '
55 56 57 58 59 §10 §11 §12 513 514 515 516 517 €18 519 620 521 522 §23 §24
€5

Structure of Fg..

3.2. Conjugates of elements of F7,. from starting of nth row

Proposition 3.2 The elements §7n_1+5 and 7Y of F%,. belongs to identical conjugate class, where
s=0,1,2,...,(6-7"71 —1).

Proof: It is easy to observe that,

Hence, the elements 57%1*5 and £7*+1 of F%, are in identical conjugate class. O

3.3. Structure of non-zero elements of [,

By the help of Proposition 3.2, we can find the conjugate of each element in the structure of F%,
starting from the beginning of the n** row as explained below :

Classes of type [[{7"71"’5]] for s =0,1,2,...,(6-7""1 - 1)

Classes of conjugates of F%, are given as follows :

When s =0, 7] = [¢"] =[¢""].

The column [¢1], that is, [[[1]]] is of length n and it has n number of conjugates of ™" in [[[1]]].
When s = 1, [€7~+1)] = [F] [+ 7).

The column [¢8], that is, [[[8]]] is of length n and it has n — 1 number of conjugates of 7" +1 in [[[8]]].
When s = 2, [¢(7" 2] = [¢15] =[¢(™" 47470,

The column [¢'%], that is, [[[15]]] is of length n — 1 and it has n — 1 number of conjugates of &7 +2 in

[[[110]-
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Procedding in the same way,

When s = 7771, [T #7"70] = [0 40] = [¢(T"+D] = [62] = [T 74770,

The column [¢€7""'] that is, [[[7"+1]]] is of length n and it has n number conjugates of [¢(7" +7" ")

in [[[7F1]).

When s = (7n—1 + 7n—1 + 7n—1 + 7n—1 + 7n—1 + 7n—1 _ 2), [6(7"71_’_7"*1_’_771*1+7n71+7n71+7n—1+7n71_2)]
[5(7[7"*1+7"*1+7"*1+7"*1+7"*1+7"*1—2]+1)] [T H+T 4T HT 4TI T =144 1) — [¢(T"=8)),

The column [¢(7"~®)] that is, [[(7" — 8)]]] is of length (n — [logz(7" — 8))] = 1 and it has 1 conju-
gate of [¢(7 T THT T LT Tl iy [ — g .

When s = (77~1 4 7n=1 4 7n—l 4 gn=1 g1 4 qn—-1 _ 1), [5(7"‘1+7"—1+7"—1+7"—1+7"—1+7"—1+7"—171)]
[5(7[7"—47"—1+7"—1+7"—1+7"—1+7"—171]+1)] [5(7"+7"+7"+7"+7"+7"77+1)] _ [5(7"71)].

The column [¢(7"~V)] that is,[[[(7" — 1)]]] is of length (n — [log7(7" —1))] = 1 and it has one conju-
gate Of [§(7n71+7n71+7n71+7n71+7n71+7n71_1)] in [[[(7n _ 1)]”

For any primitive element £ € F7,., structure is formed in different parts as given below:
2 53

27 68 59 é—lO 511 512 513 512 513 514 515 616 §17 618 519 520 521

Structure of F%.,., part(1),
¢* '

522 §23 §24 525 §26 §27 528 529 £3O 531 532 533 534 535 536 537
Structure of F%., part(2),

6 {7

638 639 540 541 542 543 544 545 546 547 548 649 550 551 652 653

Structure of F%., part(3),
Structure of F7,..

4. Construction of irreducible polynomials over Fs and F7 from beginning of nt* row

Structures of IFf, and F7, are described here. Characterization of elements of Ff, and 7, is given in
such a way that conjugate elements occur in same column. Here, the notation (0), (1), (2),(3)... denotes
the column by which the polynomials fy, f1, f2, f3,... are constructed respectively.
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4.1. Construction of irreducible polynomials over F5
Structure of F52 can be given as :
3 & & ¢!
€5 €6 €T €8 ¢9 ¢10 ¢11 ¢12 ¢13 14 ¢15 ¢16 (1T ¢18 19 ¢20 ¢21 (22 ¢23 24
O M2)B)4) (1) ()(B) (6) (7) (2) (5) (%) (8) (9) 3) (6) (8) (*)

Structure of F},.

By Proposition 3.1, we know that [¢>" +7] and [¢57+1] are conjugates and these conjugates are the roots
of irreducible polynomials in FZ, over F5. By changing the value of 7, we get all the conjugate elements
and hence irreducible polynomials. The symbol “(*)” means there is no irreducible polynomials of degree
2.

Therefore, the second degree irreducible polynomials over F5 using conjugate element are constructed as

described below : .

folz) = _H)(:c - &),

filz) = (z - s%t e,
fola) = (x — €%)( — £19),
fa(x) = (3 — €%)(x — £2Y),
fa) = [Tizo(e — €°7),

f5(z) = (x = €%)(z — €17),
fol@) = (z = &)(z — €%2),
fr(@) = Tizg(e — €77),

fs(@) = (z = €9)(x — %)
fo() = ITi—o(a — €7).

4.2. Construction of irreducible polynomials of degree 2 over Fr,

and

As described in the subsection 3.3 of section 3, the structure of 3, is given as follows :
2 3

£
57 58 69 510 611 512 §13 514 515 516 517 518 519 520 521
O MW@ B) @) 6) 6) %) F) (1) 8) (9 (10)(11)

Structure of Fi,, part(1),

622 §23 §24 625 526 527 522 529 530 531 532 533 534 5355 536 537
(2) (1) (*) (12) (13) (14) (15) (3) (8) (12) (*) (16) (17) (18) (4) (9)

Structure of Fi,, part(2),

538 639 §40 641 5426 543 544 545 546 547 548
(19)(16) (*) (20) (21) (5) (10) (14) (17) (20) (*)
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Structure of F,, part(3).
Structure of IF;z.
According to Proposition 3.2, 57"71"’5 and £t of F%, are in identical conjugate class. Conjugate

elements are roots of irreducible polynomials over F;. So, by computing conjugate elements we can
construct the following irreducible polynomials of second degree over F7 :
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1

fis(z) = [ (@ — €7,

=0

Fro(z) = (= €%)(z — €29),

fao(x) = (z = €M) (x — €)

and
1

fa(@) = [ (@ — 7).

=0

th h

5. Conjugate of elements in n** row from the ending of the nt* row

In this section, we classify the conjugate elements of F%, from the ending of the n'® row and find

some special classes of irreducible polynomials. Further, structure of Ff; is given and with the use of
Proposition 5.1 irreducible polynomials of degree 3 are generated over Fs.

Proposition 5.1 Let &', ¢o"=Gk=4e Fr. where k = 0,1,2,...,(5""1 = 1). Then &% and
&"=0k=4) belongs to the same conjugate class.

Proof: Let £ = &%

§5~5"—5k]

[
[
— [65"+4~5"—5k]
_ [55"-&-4—513}
[

Thus, £5"~F and €5 ~(5%=4) belongs to the same conjugate class. O

Theorem 5.1 Forty, ta,...,t; € ZT such thatt; >ty >t3 > -+ >t >0, s+t; <n—1ands € ZTU{0}.

. n_(mstty  mstto msttg L mstt . n_(mstt141 | msttotl | msttgHl o mstt 41
Then, the conjugate of €5 =G HHETT2 45T 4457 41) g 57— (5 +5 +5 Tt nd

[[5% _ (5t1 + 5t2 + 5t3 ot 5tl + 1)]] — [[5% _ (5t1+1 + 5t2+1 + 5t3+1 et 5tl+l + 1)]]
=[[5" — (5" 455212 £ 52 45U 4 )]

Proof:
We know that,

(55717(551%1+55+t2+5s+t3+”_+55+t1+1))5 _ £5n+17(53+t1+1+5s+t2+1+55+t3+1+”_+55+tl+1+5)
_ 5571.+5n+5n+5n+5n7(55+t1+1+55+t2+1+55+t3+1+”_+55+tl+1+5)
. 5571,+47(5s+t1+1+55+t2+1+55+t3+1+__.+5s+tl+l+5)

_ 5571,7(5s+t1+1+55+t2+1+55+t3+1+__.+5s+tl+l+1)
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and

[6" — (5" + 52 5% 4 ... 4 5 4 1)]] = [" +4 — 5(5" + 52 + 5 ... 4 5" +1)]]
[5" — (6" + 5Pt 4 5latt 4o 50D 4 5) — 4)]]

[[577, _ (5t1+1 4 5t2+1 4 5t3+1 R 5tl+1 4 1)]]

Proposition 5.1 and Theorem 5.1 are used to find the irreducible polynomials of some special classes.
Class of type ¢ —(5°+1);
Using Theorem 5.1, §5n*(5s+t1) for s =0,1,...,n — 1 are n*"* row conjugates of £5n_2 as given below :

5" =20) = 5" ~ 6]
= (5"~ 26

= 5"~ 5" 1]l

Hence, the polynomials which are irreducible are :

n—1
H (:z: o 55"7(55+1))'
s=0

In this way, we can obtain irreducible polynomials for different classes of conjugate elements as follows:

e Irreducible polynomials in the class of type &5 (6" +5°+1)

are :
n—1
I (e
s=0

e Trreducible polynomials in the class of type &5~ +5°+1),
n—1
H (x . £5n7(53+2+5s+1)).
s=0

e DIrreducible polynomials in the class of type &5 —("°+5°+1),

n—1
[T (o -5,
s=0

e DIrreducible polynomials in the class of type ¢35~ +5°+1);

n—1

I (e et

s=0
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5.1. Construction of degree 3 irreducible polynomials over F5 from the ending of nt* row

In the following structure, Proposition 5.1 is used for the generation of degree 3 irreducible polynomials
over F5, we proceed with the elements that has been placed in the end of the nt” row in structure of Fis

;
525 526 527 528 529 gijJ 531 532 533 534 5375 536 537 538 539 5408
(0) (39) (36)(29) (16) (39) (*) (35) (28)(15) (37) (35) (33) (27)(14) (31)

Structure of F;, part(1),

52
59 510 511 512 513
645 646 647 548 549 §5O 651 £52 653 554 655 656 557 658 559 560 661 662 563 564 565
(19)(15) (11) (7) (3) (38) (37) (34) (26) (12) (36) (35) (33) (25) (11) (34) (33) (*) (24) (10) (30)
Structure of F;, part(2),

53

14 515 516 §17

666 567 §68 569 570 571 672 573 674 575 576 §77 578 579 580 §81 582 683 584 585

(27)(24) (21) (9) (18) (14) (10) (6) (2) (32) (31) (30) (23) (8) (29) (28) (27) (22) (7) (26)
Structure of F;, part(3),

518 519 2504
686 687 588 589 690 591 692 §93 594 595 596 597 598 699 5100 5101 6102 5103 §104 5105
(25)(24) (21) (6) (23) (22) (21) (*) (5) (A7) (13) (9) (5) (1) (20) (19) (18) (17) (4) (16)

Structure of F};, part(4),

521

522 523 524
5106 5107 6108 5109 5110 5111 5112 5113 5114 5115 6116 5117 6118 5119 5120
(15) (14) (13) (3) (12) (11) (10) (9) (2) (8) (7) (6) (5) (1) (4)

Structure of F;, part(5),

641 642 643 §44
5121 5122 6123 5124
(28)(25)(22) (13) B @ @O *
Structure of F;, part(5),

Structure of Fys,

The construction irreducible polynomials of degree 3 over F5 using conjugate elements obtained here are

2

folz) =[x - €,

=0
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filz) = (@ = 2) (@ - €19) (2 - £2),
folz) = (@ = €22)(z — €"11)(z - £7),
fo(2) = (@ — &) (2 — £19) (2 — 1),
fa(@) = (2 = €O TLi_p(w — €72,
fs(x) = (@ = €15) (2 — £2) (2 — £%9),
fo(x) = (@ = "17) (2 — €%9)(x — £79),
fr(z) = (@ — €10) (2 — £3) (2 — £19),
fs(@) = (& =€) [Timg(x — €357),
fo(z) = (@ — €13) (2 — £9) (2 — £°7),
fro(x) = (2 = €12)(z — £)(z - £72),
fi() = (2 = €1 (@ — £) (2 — £47),
fiz2(x) = (2 = &) TTisp (e — €257,
fi3(x) = (2 = €19%)(z — £4) (2 — ),
fua(@) = (2 = €7) (2 — £9) (x — £™),
f15(x) = (2 = €19%) (2 — £3) (2 — £9),
fi6(@) = (x = &) TTisp(w — €217,
fir(@) = (x = £99) Lo (x — £,
fis(@) = (x = €0 [ (x — 4%,
fio(@) = (& = &N [Tis (x — €7,
foo(@) = [Tj—o (@ — €2),

far(x) = (2 = £2)(2 — £%5) (2 — £°9),
foo(x) = (2 = €) (2 — €%9) (2 — £19),
fa(x) = (2 = €7) TTi_p (e — £1557),
faa() = (2 = €57) (2 — £99) (2 — £°7),
fas(x) = (2 = €%5) (2 — £%9) (2 — £12),
fao(x) = (2 = €3) TTi_p (e — €75,

11
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for(@) = (2 — €82)(w — £3%) (2 — £),
fos(@) = (z — €81)(w — £5%)(w — £4),
Fao() = (2 = €3 Ti_o (e — £19%7),
fso(@) = (@ — £7) [Ti_p(w — €355,
far(@) = (= €0 [i_g( — €%),

faa() = [T7g (e — €%,

fs3(@) = (@ — ) (@ — £7) (2 — £7),
foa(@) = (x = ) TLip(w — €12,
fss (@) = (@ =€) (x — €3%)(x — £32),
fao(x) = (x = 1) [Li_p( — €117,

far(z) = (z — EN gz — €7,
fas(z) = TT7_o(x — €2%57)

and

fao(@) = (z — €)1y (2 — €5%57).
6. Conclusion

The structures of non zero elements of F5s» and F7» using conjugate of any primitive element of the
extension fields Fs» and F;» are presented in the present communication. Then, a characterization of
conjugate classes of the elements of IFf,, F7, and IFf; is disscussed. Further, irreducible polynomials of
positive degree n are constructed over F5 and F; showing implication of the above mentioned structures
from the beginning and ending of the n'® row. The results derived in the manuscript have application in
coding theory and cryptography.
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