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Spectral Radius of Extended Adjacency Tensor of Uniform Hypergraphs

Shashwath S. Shetty and K. Arathi Bhat∗

abstract: Hypergraphs are a useful tool in chemistry for representing intricate molecular structures and
their interactions. The topological indices of hypergraphs provide valuable insights into the structural char-
acteristics of complex molecular systems. The tensor representations are more preferred than the matrix
representations of hypergraphs since they maintain complete information about the hypergraphs. In this ar-
ticle, the notion of adjacency tensor has been generalized to degree-based extended adjacency tensors, and
hence the bounds for the spectral radius of uniform hypergraphs. Also, the spectral properties of the extended
adjacency tensor of a sunflower hypergraph have been put forward.
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1. Introduction

Tensor analysis of hypergraphs offers effective tools for analysis as well as a more methodical and rig-
orous way to understand their properties and patterns of behavior. The connectivity of hypergraphs and
other properties can be studied using spectral analysis of tensors, where the eigenvalues and eigenvectors
of tensor representations provide insights into the structural characteristics of the hypergraph [6]. Tensor
decomposition techniques such as tensor rank decomposition or tensor singular value decomposition can
be applied to hypergraphs for tasks such as clustering, dimensionality reduction, and pattern extraction
[4,20,31,36]. Modern quantum chemistry makes use of entanglement optimisation and the tensor product
[30].

The study based on the representation of chemical reactions as hypergraphs, in which the participating
molecules are represented by nodes, and the reactions between nodes are represented by hyperedges has
been carried out in [19]. A new way of depicting saturated hydrocarbon structures as hypergraphs of a
particular type is proposed in [27]. A comparative analysis is conducted between the proposed hypergraph
model and the standard graph model, taking into account specific quantitative criteria related to specific
computer chemistry tasks. Results show that the graphical model is surpassed by the hypergraph model.

A hypergraph H is an ordered pair (V, E), where the elements of V are called the vertices and there
exist a bijection between the elements of E and a collection of subsets of V. A hypergraph is said to be
simple, if no hyperedge is completely contained in any other hyperedge. We denote the elements of the
vertex set by 1, 2, . . . , n, also by ei a hyperedge that contain the vertex i. For the sake of simplicity,
[n] := {1, 2, . . . , n}. Two vertices i, j ∈ V in a hypergraph (V, E) are said to be adjacent (resp. non-
adjacent) if there exist a (resp. doesn’t exist any) hyperedge e ∈ E such that i, j ∈ e. The degree of a
vertex i ∈ V denoted by di in a hypergraph (V, E) is the cardinality of the set, {e ∈ E : i ∈ e}. A vertex
with degree one are called pendant vertices. A hypergraph is said to be d-regular if the degree of every
vertex is equal to d. A k-uniform hypergraph is a hypergraph in which every hyperedge contains exactly
k vertices.
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If a vertex i is contained in an edge e, we simply say that they are incident with each other. A walk
in a hypergraph is an alternating sequence of vertices and hyperedges that starts with a vertex and ends
with another vertex such that sequentially adjacent terms (vertices and edges) are incident with each
other in the hypergraph. A path between two vertices i and j in a hypergraph is a walk with all vertices
and edges distinct. A hypergraph is said to be connected, if every two vertices in a hypergraph are
connected by a path. A simple connected hypergraph is a hypertree in which removal of any hyperedge
results in a disconnected hypergraph. A hyperpath is a hypertree in which a hyperedge can be adjacent
to at most two other hyperedges. A hypergraph is called a linear hypergraph, if the intersection of any
two pairs of hyperedges contain at most one vertex.

A sunflower hypergraph S(m, c, k) on n vertices is a k-uniform hypergraph with m hyperedges such
that 0 < c < n −m vertices are of degree m and all the remaining vertices are pendant. The sunflower
S(m, 1, k) is called a k-uniform hyperstar. A hypergraph H is said to be a cored hypergraph, if for every
hyperedge e of H, there exist a vertex je ∈ e of degree one. The vertices with degree greater than one
are called the intersectional vertices.
Let H = (V,E) be a simple graph. Define a k-uniform hypergraph Hk := (V, E), where

V = V ∪ {je′1 , je′2 , . . . , je′k−2
| e′ ∈ E}

and
E = {e′ ∪ {je′1 , je′2 , . . . , je′k−2

}| e′ ∈ E}.

For a hypergraph H, if there exists a graph H and a k ≥ 3 such that H ∼= Hk, then H is called a power
hypergraph.

An adjacency tensor A of a k-uniform hypergraph on n vertices is an order k, dimension n tensor
whose (j1, j2, . . . , jk)-th entry is given by

aj1j2...jk =

{
1

(k−1)! , if {j1, j2, . . . , jk} ∈ E
0 otherwise.

Two non-adjacent vertices i and j in a hypergraph are said to be duplicate, if aij2...jk = ajj2...jk for every
j2, j3, . . . , jk ∈ [n].
Let F : Rn

++ −→ R+ be a real, positive valued symmetric function defined on strictly positive orthant.
By symmetric function on k variables, we mean that F (x1, x2, . . . , xk) = F (σ(x1), σ(x2), . . . , σ(xk)) for
any permutation σ ∈ Sk, where Sk is the symmetric group on a set of size k. Also F is assumed to be
bounded if all the components of x are finite.

The concept of adjacency matrix of simple graphs has been generalized to degree based extended
adjacency matrix in [7] and for graphs with self-loops in [24]. For uniform hypergraphs, the generalization
of adjacency tensor to ABC tensor has been done in [17]. Similarly, the notion of Sombor index of graphs
has been generalized to general hypergraphs in [25]. Here we generalize the notion of adjacency tensor
of hypergraphs to degree based extended adjacency tensor of hypergraphs with respect to the function
F defined above.
A degree based extended adjacency tensor F of a k-uniform of hypergraph on n vertices is an order k,
dimension n tensor whose (j1, j2, . . . , jk)-th entry is given by

fj1j2...jk =

{
F (di1

,...,dik
)

(k−1)! , if {j1, j2, . . . , jk} ∈ E
0, otherwise.

Let T be an order k ≥ 2, dimension n tensor and S be a order r ≥ 1, dimension n tensor. The product
[23] T S is a tensor of order (k − 1)(r − 1) + 1 and dimension n whose entries are given by,

[T S]jα1...αk−1
=

∑
j2,...,jk∈[n]

tjj2...jksj2α1 . . . sjkαk−1
,

where j ∈ [n] and α1, . . . , αm−1 ∈ [n]r−1.
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Then, T yk is a complex number defined as

T yk =
∑

j1,...,jk∈[n]

tj1...jnyj1 . . . yjk .

Also, T yk−1 is an n-dimensional vector whose jth entry is defined as(
T yk−1

)
j
=
∑

j2,...jk

tjj2...jnyj2 . . . yjk .

A complex number λ is called an eigenvalue of T corresponding to an eigenvector y ∈ Cn, if the pair
(λ, y) satisfies the equation (

T yk−1
)
j
= λyk−1

j ,

for all j ∈ [n]. An identity tensor I of order k and dimension n, whose (j1 . . . jk)− th entry is given by

Ij1...jk =

{
1, if j1 = j2 = · · · = jk

0, otherwise.

The characteristic polynomial of T is defined as the resultant of the polynomial system (T − λI) . The
different types of eigenvalue multiplicities and related problems has been discussed in [13,38]. The
multiplicity of λ as a root of the characteristic polynomial is its algebraic multiplicity and is denoted
by Am(λ). The dimension of set of all eigenvectors of T corresponding to the eigenvalue λ is called the
geometric multiplicity of λ and is denoted by Gm(λ). The dimension of the vector space,

span {y ∈ Cn : y is an eigenvector T corresponding to λ}

is called the span multiplicity of λ and is denoted by Sm(λ). Similarly the dimension of the vector space,

span {y ∈ Rn : y is an eigenvector T corresponding to λ ∈ R}

is called the Hspan multiplicity of λ and is denoted by HSm(λ).
In spectral graph theory, the Perron-Frobenius theorem for non-negative matrices play a very sig-

nificant role. Unlike the matrix case, there are multiple versions of Perron-Frobenius theorems for non-
negative tensors in the literature [2,3,11,12,14].

Theorem 1.1 [21] Let T ∈ Tk,n be a non-negative tensor of order k (≥ 2), dimension n (≥ 2).

1 Then, λ1(T ) is an H-eigenvalue of T with a non-negative H-eigenvector.

2 If T is weakly irreducible, then λ1 > 0 is the unique H-eigenvalue of T , with the unique positive
eigenvector up to a multiplicative constant. If furthermore T is irreducible, the λ1(T ) is also the
unique H-eigenvalue with non-negative eigenvector.

In [33], authors have discussed the spectral radius of adjacency, Laplacian and signless Laplacian
tensors of uniform hypergraphs. Also, the spectral properties (adjacency, Laplacian and many more) of
general hypergraphs is explored in [10]. While not exhaustive, some of the most recent developments
on the spectral properties of adjacency tensors [5,16,18,26,28,29,35], Laplacian and signless Laplacian
tensors [8,9,15,22,34,37] can be found in the literature. One may refer to [1] and [21] for definitions of
all other undefined terminology in hypergraph theory and tensor analysis, respectively.

2. Bounds for the Spectral Radius of F(H)

The preliminary bounds for the spectral radius of the degree based extended adjacency tensor of a
k-uniform hypergraph is discussed in this section.



4 S. S. Shetty and K. A. Bhat

Proposition 2.1 Let F ∈ Tk,n be a degree based extended adjacency tensor of a k-uniform hypergraph
(V, E) on n vertices and F (de) := F (di1 , di2 , . . . , dik), where e = {i1, i2, . . . , ik} ∈ E , then

1

n

n∑
i=1

∑
ei∈E

F (dei) ≤ λ1(F(H)) ≤ max
i

∑
ei∈E

F (dei),

and the equality holds if
∑
ei∈E

F (dei) =
∑

ej∈E
F (dej ), for all i ̸= j.

Proof: From Theorem 1.1, the spectral radius of F is an H-eigenvalue with a non-negative H-eigenvector
y. Let yj be the largest component of y and hence yj > 0. Now,

λ1(F)yk−1
j = (Fyk−1)j =

∑
i2,...,ik∈[n]

fji2...ik yi2 . . . yik

=⇒ λ1(F) =
∑

i2,...,ik∈[n]

fji2...ik
yi2
yj

. . .
yik
yj

≤
∑

i2,...,ik∈[n]

fji2...ik

=
∑
ej∈E

F (dej )

where F (dej ) = F (dj , di2 , . . . , dik) and ej = {j, i2, . . . , ik} is a hyperedge in E containing the vertex j.
Since F is non-negative and symmetric, we have from [21],

λ1(F) = max{Fyk|y ∈ Rn,

n∑
i=1

yki = 1}.

By taking y =
[

1
k
√
n
, 1

k
√
n
, . . . , 1

k
√
n

]⊺
,

λ1(F) ≥ Fyk =
∑

i1,i2,...,ik∈[n]

fi1i2...ik yi1yi2 . . . yik

=
1

n

∑
i1,i2,...,ik∈[n]

fi1i2...ik

=
1

n

n∑
i=1

∑
ei∈E

F (dei).

The equality part is clear, as the lower and upper bound coincides when F has an equal row sum. 2

Corollary 2.1 Let H be a k-uniform d-regular hypergraph, then all-one vector is an H-eigenvector of F
corresponding to the eigenvalue

λ1(F) = dF (e),

where e is an arbitrary hyperedge of H.

Theorem 2.1 Let H be a k-uniform hypergraph on n vertices and ti be the ith row sum of the degree
based extended adjacency tensor F(H). If t1 ≥ t2 ≥ · · · ≥ tn denotes the sequence of row sums, then

λ1(F(H)) ≤ t
1
k
1 t

1− 1
k

2 ,

with equality if and only if t2 = · · · = tn.
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Proof: Suppose t1 = t2, then by using Proposition 2.1,

λ1(F) ≤ t1 = t
1
k
1 t

1− 1
k

2 .

Let us assume that t1 > t2 and let P = diag(z, 1, . . . , 1) and z ≥ 1 be a real. Then

t1(D
−(k−1)FD) =

∑
j2...jk

(D−(k−1)FD)1j2...jk

=
∑

j2...jk

D
−(k−1)
11 F1j2 . . . jkDj2j2 . . . Djkjk

=
1

zk−1

∑
j2...jk

F1j2 . . . jk =
t1

zk−1
.

Let t{1,j} =
∑

{1,j}⊂e∈E(H)

F (de) be the sum over all the hyperedges that contains both 1 and j.

For 2 ≤ j ≤ n, we have

tj(D
−(k−1)FD) =

∑
j2...jk

(D−(k−1)FD)jj2...jk

=
∑

j2...jk

D
−(k−1)
jj Fjj2 . . . jkDj2j2 . . . Djkjk

= z
∑

ej∈E,1∈ej

F (dej ) +
∑

ej∈E,1/∈ej

F (dej )

= z t{1,j} + ti − t{1,j}

≥ z tj (since z > 1)

≥ z t2.

Now, by taking z =
(

t1
t2

) 1
k ≥ 1,

tj((D
−(k−1)FD) ≤ z t2 = t

1
k
1 t

1− 1
k

2 , 2 ≤ j ≤ n.

Also,

t1((D
−(k−1)FD) =

t1
zk−1

= t
1
k
1 t

1− 1
k

2 .

When t1 = t2, the equality holds if and only if ti = tj for all 1 ≤ i, j ≤ n, and hence H is a regular
hypergraph.

Also when t1 > t2, equality holds in the upper bound if z t2 = z tj for all 3 ≤ j ≤ n, and ti = t1,i for
all 2 ≤ i ≤ n. That is, H is a blow-up of some k − 1-regular hypergraph on n− 1 vertices. 2

Note 1 One can get the exact expression for the spectral radius of the sunflower S(m, 1, k) (a hyperstar
on 1+ (k− 1)m vertices) as a special case of the extremal hypergraph of the above theorem, which will be
discussed in detail in Section 4.

3. Spectral Radius of Linear Hyperpath

In this section, we have put forward an attempt to give the expression for the spectral radius of linear
hyperpath with m hyperedges.

Lemma 3.1 Let H = (V, E) be a k-uniform cored hypergraph and y ∈ Rn be an H-eigenvector of its
degree based extended adjacency tensor of H corresponding to an H-eigenvalue λ ̸= 0. If e ∈ E and
i, j ∈ e be two pendant vertices then |yi| = |yj |. Moreover, yi = yj when k is an odd integer.
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Proof: By definition,

λyk−1
i = (Fyk−1)i

=
∑

i2,...,ik∈[n]

fii2...ik yi2 . . . yik

= F (de)
∏

t∈e\{i}

yt.

Hence,

λyki = F (de)
∏
t∈e

yt.

Similarly,

λykj = F (de)
∏
s∈e

ys.

Therefore, if λ ̸= 0 then |yi| = |yj |, and if k is odd then yi = yj . 2

Lemma 3.2 Let H = (V, E) be a k-uniform power hypergraph and k be even. Let y ∈ Rn be an H-
eigenvector of its degree based extended adjacency tensor F corresponding to an H-eigenvalue λ. Let
e ∈ E be an arbitrary but fixed edge and l = |{i is a pendant vertex of e such that yi < 0}|.

• If e has only one intersectional vertex i and xt ̸= 0 for some pendant vertex t ∈ e, then λyi > 0

when l is even and λyi < 0 when l is odd. Also, yt =
F (de)yi

λ or −F (de)yi

λ .

• If e has exactly two intersectional vertices i, j and xt ̸= 0 for some pendant vertex t ∈ e, then

λyiyj > 0 when l is even and λyiyj < 0 when l is odd. Also, yt = ±
√

F (de)yiyj

λ or ±
√

−F (de)yiyj

λ .

Proof: Let i be the only intersectional vertex and t be an arbitrary pendant vertex of e. If l is even,
then

λykt = F (de)
∏
j∈et

yj

= F (de)|yt|k−1yi

=⇒ λ|yt| = F (de)yi.

If l is odd, then

λykt = F (de)
∏
j∈et

yj

= F (de)
(
−|yt|k−1

)
yi

=⇒ λ|yt| = −F (de)yi.

Now, let us assume that i and j be the two intersectional vertices and t be an arbitrary pendant vertex
of e. If l is even, then

λykt = F (de)
∏
j∈et

yj

= F (de)|yt|k−2yiyj

=⇒ λ|y2t | = F (de)yiyj .
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If l is odd, then

λykt = F (de)
∏
j∈et

yj

= F (de)
(
−|yt|k−1

)
yiyj

=⇒ λ|yt| = −F (de)yiyj .

2

Lemma 3.3 Let H = (V, E) be a k-uniform power hypergraph and k be odd. Let y ∈ Rn be an H-
eigenvector of its degree based extended adjacency tensor F , corresponding to an H-eigenvalue λ. Let
e ∈ E be an arbitrary but fixed edge.

• If e has only one intersectional vertex i and xt ̸= 0 for some pendant vertex t ∈ e, then yt =
F (de)yi

λ .

• If e has exactly two intersectional vertices i, j and xt ̸= 0 for some pendant vertex t ∈ e, then

yt = ±
√

F (de)yiyj

λ .

Proof: The proof is similar to the proof of Lemma 3.2. 2

Theorem 3.1 Let H = (V, E) be a k-uniform linear hyperpath with m ≥ 3 hyperedges and let F be its
degree based extended adjacency tensor. Then we have

• When m = 3, λ1(F) =

(
C

k
2
1 +

√
Ck

1+4Ck
2

2

) 2
k

;

• When m = 4, λ1(F) =
(
2Ck

1 + Ck
2

) 1
k ;

• When m = 5, λ1(F) is the largest (real) positive root of

−C
k
2
1 λ

3k
2 + Ck

1λ
k +

(
C

3k
2

1 + Ck
2C

k
2
1

)
λ

k
2 − Ck

1C
k
2 .

Here, C1 = F (2, 2, 1, . . . , 1) and C2 = F (2, 1, 1, . . . , 1).

Proof: With no loss of generality, let us assume that E = {{1, . . . , k}, {k, . . . , 2k − 1}, . . . , {(m − 1)k −
m+2, . . . ,mk−m+1}}. Since H is connected, by using Theorem 1.1 a real eigenvalue λ of F is a spectral
radius of F , if there exists a positive eigenvector y ∈ Rn corresponding to it. Suppose that (λ, y) is the
pair satisfying the above. Then by using Lemmas 3.1, 3.2 and 3.3, if yt ̸= 0 for some t ∈ {1, 2, . . . , k− 1},
we have that

y1 = · · · = yk−1 =
C2yk
λ

,

and if yt ̸= 0 for some t ∈ {(i− 1)k − i+ 3, . . . , ik − i}, we have that

y(i−1)k−i+3 = · · · = yik−i =

√
C1 y(i−1)k−i+2 yik−i+1

λ
.

Also, if yt ̸= 0 for some t ∈ {(m− 1)k −m+ 3, . . . ,mk −m+ 1}, we have

y(m−1)k−m+3 = · · · = ymk−m+1 =
C2y(m−1)k−m+2

λ
,

where C1 = F (2, 2, 1, . . . , 1) and C2 = F (2, 1, 1, . . . , 1).
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By definition, we have

λyk−1
k =

(
Fyk−1

)
k
=

∑
j2,...,jk

fkj2...jkyj2 . . . yjk

= C1y
k−2
t y2k−1 + C2y

k−1
t

=⇒ λyk−1
k = C1

(√
C1yky2k−1

λ

)k−2

y2k−1 + C2

(
C2yk
λ

)k−1

Multiplying the above equation by λk−1y
− k−2

2

k and by rearranging the terms we get,(
λk − Ck

2

)
y

k
2

k = (λC1)
k
2 y

k
2

2k−1 (1)

For 2 ≤ i ≤ m− 2, (i)th equation is obtained as

λyk−1
ik−i+1 = C1

(√
C1y(i−1)k−i+2yik−i+1

λ

)k−2

y(i−1)k−i+2

+ C1

(√
C1yik−i+1y(i+1)k−i

λ

)k−2

y(i+1)k−i

λ
k
2 y

k
2

ik−i+1 = C
k
2
1

(
y(i−1)k−i+2 + y(i+1)k−i

)
(i)

Similarly,

λyk−1
(m−1)k−m+2 = C1

(√
C1y(m−2)k−m+3y(m−1)k−m+2

λ

)k−2

y(m−1)k−m+2

+ C2

(
C2y

k−1
(m−1)k−m+2

λ

)k−1

.

Now, by simplifying and rearranging the terms we get(
λk − Ck

2

)
y

k
2

(m−1)k−m+2 = (λC1)
k
2 y

k
2

(m−2)k−m+3.

Define a := λk − Ck
2 , b := (λC1)

k
2 and c := C

k
2
1 . Let

FX =



a −b 0 · · · 0 0 0
−c b

c −c 0 · · · 0 0
0 −c b

c −c 0 · · · 0
...

. . .
. . .

. . .
. . .

. . .
...

0 · · · 0 −c b
c −c 0

0 0 · · · 0 −c b
c −c

0 0 0 · · · 0 −b a





y
k
2

k

y
k
2

2k−1

y
k
2

3k−2
...

y
k
2

(m−2)k−m+3

y
k
2

(m−1)k−m+2


where F is square matrix of order m− 1. In order to compute λ1(F), consider the non-zero solutions of
FX = 0.
Case 1: When m = 3. We know that, if |F | = 0 implies that FX = 0 has a non-zero solution. Therefore

|F | =
∣∣∣∣ a −b
−b a

∣∣∣∣ = a2 − b2 = 0.
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From Equation 1, λk − Ck
2 > 0 and since F is a positive valued function, we have that a + b ̸= 0 and

hence |F | = 0 =⇒ a− b = λk − C
k
2
1 λ

k
2 − Ck

2 = 0. Let g(λ) := λk − C
k
2
1 λ

k
2 − Ck

2 .

Since g(λ) is monotonically increasing after λ = C1
k√4

and g
(

C1
k√4

)
< 0, we have by direct computation

λ1(F) =

(
C

k
2
1 +

√
Ck

1 + 4Ck
2

2

) 2
k

.

Case 2: When m = 4. Now,

|F | =

∣∣∣∣∣∣
a −b 0
−c b

c −c
0 −b a

∣∣∣∣∣∣ = ab(a− 2c2) = 0.

By similar argument, we have that

(a− 2c2) = 0 =⇒ a = 2c2 =⇒ λk = Ck
2 + 2Ck

1 .

Case 3: When m = 5. Now,

|F | =

∣∣∣∣∣∣∣∣
a −b 0 0
−c b

c −c 0
0 −c b

c −c
0 0 −b a

∣∣∣∣∣∣∣∣ = (bc2 − a(b+ c2))(bc2 − a(b− c2) = 0.

Let g1(λ) = bc2 − a(b+ c2) and g2(λ) = bc2 − a(b− c2). Since a, b and c2 are greater than zero, we have
g2(λ) > g1(λ). Hence, the largest real solution of g2(λ) will be equal to λ1(F). We have,

g′2(λ) =
kC

k
2
1 λ

k
2−1

2

[
−3λk + 2C

k
2
1 λ

k
2 + Ck

1 + Ck
2

]
.

As there is no critical point between 0 and
C

k
2
1 +

√
Ck

1+3(C1+C2)

3 , also g2(C1) > 0 and g2(λ) is monotonically

decreasing after λ =
C

k
2
1 +

√
Ck

1+3(C1+C2)

3 , we have λ1 is the positive real root of g2(λ). 2

Remark 3.1 However the solution for the spectral radius of linear hyperpaths containing more than
6 hyperedges couldn’t be concluded completely, the direction for which is discussed.

Let

Tn =

∣∣∣∣∣∣∣∣∣∣∣

b
c −c 0 0 0
−c b

c −c 0 0
...

. . .
. . .

. . .
. . .

0 0 −c b
c −c

0 · · · 0 −c b
c

∣∣∣∣∣∣∣∣∣∣∣
When m ≥ 6, if λk ̸= 4c2, then

|F | = 0 ⇔ a2Tm−3 − 2abcTm−4 + b2c2Tm−5 = 0

⇔ a2

(
pm−2 − qm−2

2m−2t

)
− 2abc

(
pm−3 − qm−3

2m−3t

)
+ b2c2

(
pm−4 − qm−4

2m−4t

)
= 0

⇔ 1

t

[
a2 (pm−2 − qm−2)− 4abc

(
pm−3 − qm−3)+ 4b2c2

(
pm−4 − qm−4)] = 0

⇔ 1

t

[
a
(
p

m−2
2 + q

m−2
2

)
− 2bc

(
p

m−4
2 − q

m−4
2

)]
[
a
(
p

m−2
2 − q

m−2
2

)
− 2bc

(
p

m−4
2 + q

m−4
2

)]
= 0
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where p := λ
k
2 +

√
λk − 4c2, q := λ

k
2 −

√
λk − 4c2 and t :=

√
λk − 4c2.

If λk = 4c2, then

|F | = 0 ⇔ a2Tm−3 − 2abcTm−4 + b2c2Tm−5 = 0

⇔ a2

(
(m− 2)bm−3

(2c)m−3

)
− 2abc

(
(m− 3)bm−4

(2c)m−4

)
+ b2c2

(
(m− 4)bm−5

(2c)m−5

)
= 0

⇔ 1

cm−3

[
(m− 2)a2bm−3 − 4(m− 3)abm−3c2 − 4(m− 4)bm−3c4

]
= 0.

By solving the above equations separately one may get the solution for m ≥ 6 in two cases.

4. Eigenvalues of the Sunflower

The spectral radius of the sunflower hypergraph and few additional eigenvalues of a particular class
of sunflower hypergraph are the focus of this section.

Proposition 4.1 Let H be a k (≥ 3)-uniform hypergraph on n vertices. Then 0 is an eigenvalue of F
with Hspan multiplicity equal to n.

Proof: By the definition of extended adjacency tensor, it is clear that fj1...jk is a non-zero entry of F
if and only if ji’s are all distinct. Let us assume that y = ei, the standard basis of Rn. Then for given
j ∈ [n], each term in the left hand side of the equation(

Fyk−1
)
j
= λyk−1

j

vanishes. Hence 0 is an eigenvalue of F with Hspan multiplicity n. 2

Without loss of generality, we assume that 1, 2, . . . , c are the central vertices of the sunflower S(m, c, k).

Proposition 4.2 Let S(m, 1, k) (hyperstar) be a k-uniform sunflower hypergraph with m hyperedges. If
F ∗ = F (m, 1, . . . , 1) then the spectral radius

λ1(F(S)) = k
√
mF ∗

with corresponding H-eigenvector y := ( k
√
m, 1, . . . , 1).

Proof: Let 1 be the central vertex and i ̸= 1 be a pendant vertex of the sunflower S(m, 1, k). If λ is
assumed to be the spectral radius of F corresponding to the eigenvector y, then by definition and Lemma
3.2 and 3.3,

λyk−1
1 =

(
Fyk−1

)
1
=
∑
e∈E

F ∗yk−1
i

= mF ∗
(
F ∗y1
λ

)k−1

=⇒ λ = k
√
mF ∗.

Now, for 1 ̸= i ∈ [n],

λyk−1
i =

(
Fyk−1

)
i
=
∑
e∈E

F ∗yk−2
i y1

= F ∗
(
F ∗y1
λ

)k−2

y1

=⇒ k
√
m yk−1

i = y1,

hence the result follows.
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Alternative proof: By using Theorem 2.1, we can observe that hyperstar is an extremal hypergraph that
attains the upper bound. Therefore,

λ1(F) = t
1
k
1 t

1− 1
k

i = (mF ∗)
1
k (F ∗)1−

1
k = k

√
mF ∗,

where 1 ̸= i ∈ [n]. 2

Theorem 4.1 Let S(m, c, k) be a k-uniform sunflower hypergraph with m hyperedges. If F ∗ =
F (m, . . . ,m︸ ︷︷ ︸

c times

, 1, . . . , 1), then

λ1(F(S)) = k
√
mc F ∗

with corresponding H-eigenvector y := ( k
√
m, . . . , k

√
m︸ ︷︷ ︸

c times

, 1, . . . , 1).

Proof: Assume that y is an eigenvector of F corresponding to the eigenvalue λ = λ1(F) and hence from
Theorem 1.1, we have y > 0. Since y > 0 and by Lemma 3.1, the components of y corresponding to the
pendant vertices of a fixed hyperedge are constant. Let yi = 1, for all components of y corresponding
pendant vertex i. Then for t ∈ [c],

λyk−1
t = (Fyk−1)t =

∑
et∈E

F (det)
y1 . . . yc

yt
yk−c
i

= mF ∗ y1 . . . yc
yt

=⇒ λykt = mF ∗y1 . . . yc.

For any pendant vertex i, we have

λyk−1
i = (Fyk−1)i =

∑
ei∈E

F (dei)y1 . . . yc yk−c−1
i

= F ∗y1 . . . yc

=⇒ λykt = F ∗y1 . . . yc.

=⇒ λykt = F ∗ λykt
mF ∗

=⇒ ykt = m

In particular for t ∈ [c], let yt = k
√
m and hence we have

λ = F ∗y1 . . . yc = F ∗ k
√
mc.

Now, from Theorem 1.1, the result follows. 2

Lemma 4.1 Let i and j be two duplicate vertices in a k-uniform hypergraph H. If λ ̸= 0 is an eigenvalue
of F with corresponding eigenvector y. Then yk−1

i = yk−1
j .

Proof: By definition, we have(
Fyk−1

)
i
= λyk−1

i and
(
Fyk−1

)
j
= λyk−1

j .

Since i and j are duplicate and by the definition of F , we have
(
Fyk−1

)
i
=
(
Fyk−1

)
j
and since λ ̸= 0

the result follows. 2
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Theorem 4.2 Let S(m, k − 1, k) be a k uniform sunflower hypergraph with m hyperedges and on n =
m+ k − 1 vertices. Then a non-zero λ is an eigenvalue of F corresponding to an eigenvector y (not all
components zero) if and only if all of the following hold (up to a multiplicative constant).

• yk−1
j = 1 for each j ∈ {k, . . . , n};

• yki =
n∑

j=k

yj for each i ∈ [k − 1];

• λ = F (1,m, . . . ,m)y1y2 · · · yk−1.

Proof: Let λ ̸= 0 be an eigenvalue of F corresponding to an eigenvector y. By using Lemma 4.1, note
that for j ∈ {k, . . . , n}, yk−1

j is a constant. Suppose that yj = 0 for all j ∈ {k, . . . , n}, then
(
Fyk−1

)
i
= 0

for all i ∈ {1, . . . , k − 1}, implies that λyk−1
i = 0 for all i ∈ {1, . . . , k − 1}. Since λ ̸= 0, yi = 0 for

all i ∈ {1, . . . , k − 1} which is a contradiction, since y ̸= 0. Therefore, yk−1
j is a non-zero constant for

j ∈ {k, . . . , n}. Hence, without loss of generality let us assume that yk−1
j = 1 for all j ∈ {k, . . . , n}. By

definition, λ is an eigenvalue of F corresponding to an eigenvector y if and only if∑
{l,j2,...,jk}∈E

F (dl, dj2 , . . . , djk)yj2 . . . yjk = λyk−1
l

for all l ∈ [n]. If j is a pendant vertex, then

F (dj , dj2 , . . . , djk)yj2 . . . yjk = F (1,m, . . . ,m)y1 . . . yk−1 = λyk−1
j = λ.

Since, λ ̸= 0 and by the definition of F , we have that yi ̸= 0 for all i ∈ [k − 1]. If i is a central vertex,
then ∑

{l,j2,...,jk}∈E

F (dl, dj2 , . . . , djk)yj2 . . . yjk = λyk−1
l

=⇒
n∑

j=k

(
yj

y1 . . . yk−1

yi

)
F (1,m, . . . ,m) = λyk−1

l

=⇒
n∑

j=k

yj = yki for all i ∈ [k − 1].

2

Theorem 4.3 Let S(m, k − 1, k) be a k uniform sunflower hypergraph with m hyperedges and on n =
m+ k − 1 vertices. If z is a kth root of unity and F ′ = F (1,m, . . . ,m), then

F ′ k
√
mk−1, zF ′ k

√
mk−1 . . . , zk−1F ′ k

√
mk−1.

Furthermore, if m = t(k − 1) + 1 for some positive integer t, then
F ′, zF ′, . . . , zk−1F ′ are also the eigenvalues of F .

Proof: Let z be a kth root of unity and α denote the (k−1)th root of z. For a fixed r ∈ {0, 1, . . . , k−1},
if yj = αrk for j ∈ {k, . . . , n}; and yi = αr k

√
mF ′ for i ∈ [k − 1], it is easy to observe that, yk−1

j = 1 for

j ∈ {k, . . . , n} and yki =
n∑

j=k

yj for each i ∈ [k − 1].

By Theorem 4.2, we have
n∑

j=k

|yj | = m and λ = F ′zr
k
√
mk−1 is an eigenvalue of F corresponding to the

eigenvector y by which we have the first part of the theorem.
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Now assume that m = t(k− 1)+1 for some positive integer t. Let z be a kth root of 1 and β be a k− 1th

root of z and let η := βk. Suppose the P elements yk, . . . , yn are given by,

ηr (t+ 1 times ) and each ηi(t times ) where i ̸= r, i ∈ {0, 1, . . . , k − 1}.

If y is an eigenvector of F ,
n∑

j=k

yj = t

k−1∑
l=1

ηl + ηr = ηr = yki .

If yi = βr for each i ∈ [k−1], then the condition in Theorem 4.2 is satisfied and hence y is an eigenvector
corresponding to the eigenvalue

λ = F ′yk−1
i = βr(k−1)F ′ = F ′zr.

Hence the proof. 2
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