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Some Symmetric Holomorphic Function Subfamilies and Their Hankel Determinants
Involving the (p,q)-Derivative Operator

Shadea Ahmad Abdullah and Pishtiwan Othman Sabir *

ABSTRACT: Coefficient function estimates play a vital role in building a mathematical framework for nonlocal
problems, providing the groundwork necessary to develop innovative methods that enhance the precision and
efficiency of engineering applications in applied science fields. In this study, we establish coefficient bounds
for normalized holomorphic functions of the form

f(z) :z-&—ZbJH_lzﬂ'H, (ZEU:: {z€C: |z| <1}, 7€ N:={1,2,3,--- }, byt G(C),
=1

that belongs to some subfamilies of j-fold symmetric functions defined by the (p, q)-derivative operator. The
derived estimates pertain to the bounds of |b,41], |b2;+1|, and |b3;+1|, along with the Fekete—Szegd funtional

baj1 — ub]2+1 ‘ Additionally, we obtain the upper bound of the second Hankel determinant ‘bﬁ_l b3;r1 — b%]+1

which serves as an important indicator of the relationship between the coefficients. Python 3.12 (2023) was
used for graphical illustrations and verification to confirm the accuracy of our comprehensive theoretical re-
sults.

Key Words: Holomorphic function, univalent function, symmetric bi-univalent function, fractional
calculus, Fekete-Szego functional, Hankel determinant.
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1. Motivation

A significant and fascinating area in complex analysis involves examining the geometric properties
of holomorphic functions within U. Properties such as starlikeness and convexity are closely associated
with the coefficients of their Taylor-Maclaurin series expansion. Although the graph of an holomorphic
function cannot be directly depicted, its image set exhibits a distinct and well-defined geometric structure.

The study of univalent functions (UF) plays a fundamental role in geometric function theory (GFT).
Over the years, this field has expanded significantly, leading to new research directions and numerous
important findings and applications. Its foundations are closely linked to Bieberbach’s famous conjecture.
Bieberbach demonstrated that for any UF f with a normalized Taylor-Maclaurin series, the bound |bs| < 2
holds. Durin [1] further conjectured that, in general, the inequality |bs| < ¢, £ € N\{1} holds. The
conjecture stimulated further research on the coefficient bounds of univalent (and bi-univalent) functions,
leading to significant advancements in GFT.

The study of bi-univalent functions (BUF) was initiated by Lewin [2], who established the bound
|ba| < 1.51, which was later refined by Brannan and Clunie [3]. Furthermore, Netanyahu [4] demonstrated
that |ba] < 4/3, while Tan [5] further improved this estimate to |b2| < 1.485. A significant advancement in
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this area was made by Srivastava et al. [6], who investigated specific subfamilies of BUF. Their research
established bounds on the first, |b2|, and second |bs|, initial Taylor-Maclaurin coefficient functions of
f(z)=24+32, bez*. The problem of determining coefficient bounds in this setting remains an active
area of research. In GFT, finding coefficient bounds for |bs|, where ¢ € N\{1, 2, 3}, remains an unresolved
challenge. More recently, researchers have investigated BUF concerning Taylor-Maclaurin coefficient
estimates (see [7,8,9,10]).

Quantum calculus (Jackson calculus or briefly, g-calculus) is a mathematical discipline that derives
g-analogous results without relying on limits. Unlike classical calculus, where derivatives are defined
through the limit process of the difference quotient as the input change approaches zero, g-calculus oper-
ates without this limiting procedure. Initially introduced by Jackson [11,12], this field has since garnered
significant interest from researchers in both pure and applied mathematics. Jackson calculus finds appli-
cations in multiple fields. For example, within number theory, it introduces concepts such as g-(real and
complex numbers). In combinatorics, fundamental ideas include g-(binomial, Taylor, and hypergeometric
series). The g-analogues involve the g-(gamma, zeta, beta, exponential, and trigonometric function) in
the context of special functions. Significant topics in calculus include g-(fractional, differentiation, and
integration). Although substantial progress has been made in this domain, many open problems persist,
ensuring that quantum calculus remains an active and evolving field of study.

Sadjang [13] studied various properties of the (p, q)-derivative and (p, g)-integration, while also intro-
ducing two appropriate polynomial bases for the (p, q)-derivative and analyzing their key characteristics.
George et al. [14] offer essential contributions to the study of [p, gq]-difference equations, with a particular
emphasis on demonstrating the existence of solutions for initial value problems. Their application of this
theory to the model of vibrating eardrums highlights an interdisciplinary approach, bridging complex
mathematical concepts with tangible engineering problems.

For each f € S, the transformation defined by

fZ)=/f(#), 1€N,

produces a function belonging to UF, which maps U onto a domain characterized by j-fold symmetry.
In their work [15], Srivastava et al. introduced the family of j-fold symmetric BUF functions, denoted
by f}]. Their study led to several important results, including the observation that every function in ¥
gives rise to an element of i] for any 3 € N. Recent investigations have highlighted compelling reasons
to examine new general subfamilies of ¥, by incorporating the (p, q)-derivative operator (see [16]).

The Fekete-Szego problem holds significant importance in GFT, as it concerns the determination of
bounds for the functional |b3 — ﬂb§|, where the parameter p is a real or complex number. Its origins
can be traced to the research of Fekete and Szegé [17], who disproved the Littlewood-Paley conjecture.
Biagi et al. [18] generalize the Hong-Krahn-Szegd-type inequality, traditionally applicable to purely local
or nonlocal contexts, to hybrid operators that integrate local and nonlocal elements. Using variational
methods and functional analysis, the authors derive precise bounds for the first eigenvalue of related
operators under volume constraints. Several studies have investigated various BUF subfamilies using
diverse mathematical concepts. Amini et al. [19] examine the Fekete-Szegd problem for a specific
subfamily of BUF by extending classical results; their research provides refined coefficient estimates, which
contribute to a deeper understanding of GFT within the framework of nonlinear analysis and incorporates
g-analogs of logarithmic functions, offering a novel perspective on the structural properties of these
functions. Alsoboh et al. [20] investigate the interaction between BUF and special polynomial familyes
associated with g-calculus, leading to new bounds and insights into the behavior of these functions.
Jadhav et al. [21] focus on coefficient estimates for j-fold symmetric holomorphic BUF and provide
bounds on initial coefficients and the Fekete-Szeg6 problem that contribute to ongoing developments in
complex function theory specifically in GFT. Sabir et al. [22] establish new convexity conditions that
present a study on Bazilevi¢-type close-to-convex functions and analyze functions behavior and Fekete-
Szego inequalities for specific subfamilies of UF and BUF. Further advancements by Srivastava et al. [23]
examined some symmetric BUF subfamilies and their initial coefficient bounds for functions of the form
f(2) =2+ 372 b2

The Hankel determinant for f was initiated by Fekete and Szegd [17], play a crucial role in GFT who
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specifically investigated the determinant

b1 be
ba(1) =

by b3

Subsequent research on these determinants was conducted by Pommerenke [24], and followed by Noonan
and Thomas [25]. They generalized the determinant as follows:

bn bn+1 o bn+k—1
bpt1 bpy2 - btk
br(n) = ,
bntk—1 bnyr -+ bpiok—2

where b; = 1 and n, k € N. Hankel determinants have diverse applications, particularly in random matrix
theory and the study of orthogonal polynomials. For an in-depth discussion, see, for instance, the recent
contributions by Min and Chen [26]. Additionally, Sabir [27] established sharp bounds for Toeplitz
determinants related to bilinear transformations. In contrast, Al-Ameedee et al. [28] investigated h2(2)
for specific subfamilies within the function family 3.

This study introduces new general subfamilies of Sj by utilizing the (p, q)-derivative operator. Section
2 provides a comprehensive background on the topic. Sections 3 and 4, establish coefficient bounds for
|b,1], |b2y+1], and |bg)4+1] for functions belonging to the subfamilies Hffq (o, A) and H,?fq (8,A). Addi-
tionally, Fekete-Szegd inequalities ha(1), and the second Hankel estimates ho(2), for these subfamilies
are derived. Section 5 presents several consequences of our results. As an open problem, our findings
inspire further research into additional properties, such as determining bounds for |b,,41| for £ > 4 and
investigating bounds for the third and fourth Hankel determinants.

2. Background

A widely recognized subfamily of holomorphic functions, denoted by A, consists of functions repre-
sented as

flz) =2+ b2, (2.1)
=2

which are holomorphic in U and satisfy f(0) =0 and f/(0) = 1. Within this family, the subset S C A
includes all functions in A that are univalent in U.
Additionally, the subfamily H is composed of functions of the form

h(z) =1+ i hezt, (2.2)
=1

which are holomorphic in U and satisfy Re(h(z)) > 0 for every z € U.

For 0 < a < 1and 0 < 8 < 1, the familyes of starlike functions z*(«), convex functions y*(«),
strongly starlike functions z*(3), and strongly convex functions y*(5) are respectively characterized by
the following conditions (see [1]) for all z € U:

() m(or 5 e

2

()<

Zf”(Z)>’ ™3

arg (1 + 702) < —.
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Each of these conditions defines a distinct subfamily within U, describing various geometric properties
such as starlikeness and convexity.

The Koebe 1-quarter theorem [1] asserts that the image of U under a UF contains a disk of radius
at least 1/4, ensuring a significantly lower bound for the range of these functions. This establishes that
every UF f € S has an inverse function f~! given by:

fHw) = g(w) = w — bow® + (263 — b3) w® — (563 — 5babs + by) w* + -+ . (2.3)

Brannan and Taha [29] studied specific subfamilies of ¥ that correspond to the well-established
function familyes z*(a) and y*(a) of order a (0 < a < 1). A function f € ¥ is familyified as a member
of the subfamily z%(a) of bi-starlike functions if both f and its inverse exhibit starlikeness of order
a. Similarly, f belongs to the subfamily yg(a) of bi-convex functions of order a if both f and its
inverse satisfy the convexity condition of the same order. Additionally, the same authors extended this
familyification to define strongly bi-starlike functions x% () and strongly bi-convex functions y3(3) for
0 < B £ 1, maintaining a parallel structure to the previous familyifications.

Over the past decade, research has focused on studying various subfamilies of ¥, particularly in
establishing initial coefficient bounds for specialized subfamilies of this function family. Farsin and Aouf
[30] introduced and analyzed two new subfamilies of ¥, while Deniz [31] investigated four subfamilies of
¥, investigating coefficient bounds for |be| and |b3| in these subfamilies. Sivasubramanian [32] examined
functions for which both f and its inverse are close-to-convex. The concept of a strongly bi-close-to-

convex function of order 5 (0 < 8 < 1) was introduced. A function belongs to this family if there exist
!
arg <f (z))' < ﬁ, and

@, € y5(0) = y§ such that:
g'(w) )
Z5)| < 5 (55| < 5

Furthermore, Deniz et al. [33] investigated the coefficient bounds for ho(2) within the subfamilies
7% (o) and yi (a), with Orhan et al. [34] later extending these results.

A function is familyified as j-fold symmetric [35] if it can be represented in the following normalized
form:

fex,

f(2) =2+ bepa”, (€U, JEN). (2.4)
/=1

The subfamily of UF in U that exhibit j-fold symmetry and are expressed through the series expansion
(2.4) is denoted as S,. In particular, when j = 1, the subfamily S; coincides with S, meaning that
functions in this family are one-fold symmetric. Moreover, the inverse function of (2.4), denoted by g(w),
has the following series representation:

g(w) =w-— b]+1w]+1 + [(j + 1)b32+1 — b23+1] w2ttt

1
- 5(g +1)(37+ 20621 — (374 2)byyabaygr + bayyr | w40 (25)

Several recent studies have concentrated on determining coefficient bounds for various subfamilies of
3,. Srivastava et al. [36] study coefficient estimates for specific )-fold symmetric subfamilies of BUF and
provide new insights by refining known bounds and developing techniques that enhance the understanding
of their holomorphic properties. Abd and Wanas [37] extend some results by establishing new inequali-
ties and constraints on BUF and investigate bounds for a novel subfamily of j-fold symmetric functions
associated with Bazilevi¢ convex functions. Sabir et al. [38] introduce j-fold symmetric holomorphic
function subfamilies and address coefficient estimate problems that improved bounds by employing ad-
vanced mathematical techniques. Al-Rawashdeh [39] analyze coefficient estimates and the Fekete-Szegd
inequality for some BUF subfamilies by utilizing a generalized operator with Gegenbauer polynomials.
Further developments on Hankel determinants have been studied by various authors (see [40,41,42]).
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For 0 < q < 1, the g-derivative operator [43] for a function f of the from (2.1) is defined as follows:

Al s evr=U\{0},

7(0), 2 =0.

qu(z) -

Or, equivalently,

where
1- qé -2 0—1
[e]q_l— =1+q+---4+9¢ +q .
Noted that
lim [(], = £.
q—1-

*

3(@), is defined by meeting:

Utilizing Dg f(2), the subfamily of g-starlike function of order o,

and g-convex function of order a, y; (), is defined by the criteria:

It is observed that

feyi(a) <= zDyf € z7(a), lim z}(a) =2 (), and lim y;(a) = y*(a).
q q q—1- q q—1- g

For 0 < q < p < 1, the (p, q)-derivative operator associated with a function f of the form (2.1) is
defined as follows:

[t ;e yr = U\{0},

Or, equivalently,

Dpqf(z) =1+ Z[f]p,qbfzeflv
=2

where

pt —q° -1 -2 —2 -1
= p—q =p 4P g+t pg T +Hg T, pFa,

serves as a natural generalization of the g-number. It follows that

[p.q

lim (0], 4 = (g =

p—1 ’
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The possibility of extending g-calculus to post-quantum calculus, referred to as (p, q)-calculus, has
been considered. However, this extension cannot be achieved by replacing q with q/p in the traditional
g-calculus framework. Milovanovié et al. [44] studied fundamental aspects of (p, q)-calculus, including
(p, q)-exponentials, (p, q)-integrals, and (p, g)-differentiation. Frasin et al. [45] study a distinct family
of BUF by employing the (p, q)-derivative operator and establish a framework in which these functions
are subordinate to generalized bivariate Fibonacci polynomials, extending previous findings in geometric
function theory.

It is important to observe that for p = 1, the subfamilies zj; ,(«) and yj ,(«) reduce to the correspond-
ing subfamilies x; () and y;(a). Furthermore, in the case where p = 1 and g — 17, these subfamilies
further simplify to x*(«) and y*(«), respectively.

Considering an holomorphic function U(z) in U with the properties Re(U(z)) > 0, §(0) = 1, and
U’(0) > 0, Srivastava et al. [46] introduced generalized subfamilies of (p, q)-starlike functions, denoted
as xy 4(0), and (p, q)-convex functions, denoted as y; ,(0). These function familyes generalize the well-
known starlike and convex functions, and the authors derived Fekete-Szeg6 inequalities for holomorphic

functions belonging to these subfamilies. In particular, for p = 1 and

*

1+ (1-2a0)z
N 11—z

5(2) (2.6)

the subfamilies z} ,(U) and y; ((U) simplify to x;(a) and y;(«), respectively. Similarly, when p = 1,

q
q — 17, and U(z) given by (2.6), these subfamilies further reduce to z*(«) and y*(«), respectively.
3. The function subfamily Hi’q (o, A)

Definition 3.1 A function f(z) of the form given in (2.4) is said to be a member of the subfamily

Hi’q (a, \) if both the function f and its inverse satisfy the following condition:

f(2)

Re ((1 - NI+ )\Dmf(z)) > a,

where the parameters are constrained by 0 < q<p<1,0<a <], and A > 1.
Lemma 3.1 [1] If h € H is given in the form of (2.2), then the following bound holds:

|hZ| < 23
for all ¢ € N.

Theorem 3.1 If f is an element of the subfamily HEJC,(O[, A) and is expressed in the form given by (2.4),
then

) 2(1 — ) 1-«
by1] < min { L= A+ A+ 1lp,q’ \/(1 A+ A2+ 1) 0+ 1) } ’ 3.1)
2(1 — )
b2 S 757 TSI (3.2)
Ibay 1] < 2(1 —«) 2(37+2)(1 — a)? (3.3)

L= A+ ABy+1]pq (A=A+Ap+1pq) X =A+A20+1],4)

Proof: From Definition 3.1, it follows that:

(1-N\) 1) ADp o f(2) = o+ (1 — a)h(z) (3.4)

z
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and

(1-— A)% + AD, qo9(w) = a+ (1 — a)s(w), (3.5)

where the obtained approximations for h and s, which belong to the family H, are given by:

h(z) = 1+ hy2? + hoy2™ + hgy2® + - - (3.6)
and
s(w) =1+ s;w’ + sgw® + sz,w™ + -+ . (3.7)
Clearly, we obtain
a+(1—a)h(z) =1+ (1 —a)hz? + (1 — Q)hgyz* + (1 — @)hzyz® + - - (3.8)
and
a+(1—a)s(w)=1+(1—a)s,w’ + (1 —a)sy,w? + (1 —a)szw + - . (3.9)

Additionally, we find

z
(1= )\)g +ADpqf(2) = 14001 (1= A+ A+ 1]p.q) 2/
+b2y1 (L= A+ A[27+ 1pq) 220+ bapi1 (1= A+ A[Bg+ 1pq) 2¥ +--- (3.10)
and
w
(1= 02 2Dy () = 1~ by (1= A+ A+ )

+ ((J + 1)b32+1 - b2]+1) (1= A+ A27+ 1]pq) w?)

1
- 5(; +1)(37+ 2063, — (374 2)byy1bayyr + bapyr (1 — A+ ABy+1p ) w¥ +--- . (3.11)

By equating the corresponding coeflicients in (3.4) and (3.5), we obtain the following expressions:

(1 =X+ Mg+ 1pqg) b1 = (1 — a)hy, (3.12)

(1= A+ A[27+ 1p.q) bayr1 = (1 — a)hay, (3.13)

(1= A+ A7+ 1p.q) bayr1 = (1 — a)hs,, (3.14)

— (1 =X+ A+ 1p,q) 041 = (1 —a)s,, (3.15)

(L=X+A25+ Upg) O+ b2y — (1= A+ A2+ 1p.q) boyr1 = (1 — @)say, (3.16)

and

(LA AR+ ) (30 + D3+ 2)84)

+ (37 + 2)bygaboyr (L= A+ A3y + 1p.q)
— b3j+1 (1 — )\ =+ )\[3] —+ l]p’q) = (1 — Oé)ng. (317)
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Taking (3.12) and (3.15) into account, we obtain the following qualities:

hy, = —s, (3.18)
and
2(1— A+ AD+ 1pq) 202 = (1—a)? (B2 + 7). (3.19)

By adding (3.13) to (3.16), we derive the following result:

(1= X+ A27+ 1pq) 0+ Dbjyy = (1= @) (hay + 525)- (3.20)

As a consequence of (3.19) and (3.20), we find that

b2 . (1 — Oé) (h2] + ng)

T TN AR+ ) G4 1) (3.21)

and

o (-ap(mes)
J+1 — 2
2(1=A+ A+ 1)

(3.22)

By considering the absolute values of (3.21) and (3.22) and utilizing Lemma 3.1 for h,, ho,, s,, and
S9;, we obtain the first required inequality (3.1).
To establish an upper bound for |bs,41]|, we subtract (3.13) from (3.16), yielding
2(1= A+ A2+ 1) bayi — (L= A+ A2+ 1) G+ D2y = (L= ) (hyy —s2)). (3.23)

Now, by replacing the value of b? 1 from (3.19) into (3.23), we arrive at the following conclusion:

(1 —a) (hg; — s2)) (1-a)? (h? + S?) G+1)

b = . 3.24
T2 AT AR o) AL A AD A+ Upg) 2

On the other hand, by substituting (3.23) into (3.16), we obtain
(1 = a)ha, (3.25)

A .
T A=A+ AR+ 1)

By taking the absolute values of (3.24) and (3.25) and applying Lemma 3.1 to the coefficients h,, ho,,
s,, and sg,, we obtain the second required inequality (3.2).
Next, to establish the bound for |bs,41|, we subtract (3.14) from (3.17), yielding

2(1= A+ A3y + 1p,q) bayr1 = (1 — a) (hs; — s35)
1 )
= (L= A+ By + 1p0) (50 + D37+ 2)b341)
+ (3] + 2)bj+1b2j+1 (1 — )\ -+ )\[3j —+ l]p,q) . (326)
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By applying (3.19) and (3.23) in (3.26), we derive

s )y msy)  GEDE2) (1) ()]
LT (= A+ By + 1) AV (1= A+ A+ 1pq)°
(374 2)(1 — )2 (h2 + 82)7 (hy, — 52,)
AV2(1 = A+ A+ 1pq) (L= A+ A27+ 1pq)
(37+2)(1 — ) (h2 +52)% (A2 +82) () + 1)
8V2(1— A+ A+ 1]p0)° '

Finally, by taking the absolute value of (3.27) and utilizing Lemma 3.1 for the coefficients h,, ho,,
hs,, s,, S2,, and s3,, we obtain the last required inequality (3.3). O

(3.27)

Lemma 3.2 [/7] If h € H is given in the form of (2.2) and u is a complex number, then
‘hg—uh | 2max{1, |1 — 2ul}.

Theorem 3.2 If f is a member of the subfamily H,?fq (o, A) and is expressed in the form given by (2.4),
with p € C, then the following inequality holds:

9 11—«
|b2]+1 - ubj+1| < T A+ A2+ Ty (max{l, [1 — 7|} + max{1,|1 — 72|}), (3.28)
where
0@ @r =AY+ U) = G+ 1) (= A+ A2+ ) 529)
2(1 = A+ A+ 1]y, q)2
i (120 (G4 1) =200 = Ak A+ 1)) (L= A+ X2+ D) 50)
20 =X+ A+ 1]pq)

Proof: By substituting equations (3.19) and (3.24) into the functional by, 1 — ub?,; and rearranging the
terms, we obtain

2 (1-a) 2 2
b2]+1 — ’LLbj+1 = 2 (1 — )\ T )\[23+ 1]p’q) < (hgj - Tlhj) - (52] - 7'18]) >, (331)

where 71 and 75 are defined by (3.29) and (3.30), respectively.
Finally, by applying Lemma 3.2 to (3.31), we directly obtain (3.28). Thus, the proof is complete. O

Lemma 3.3 [/8] If h € H is expressed in the form given by (2.2), then

2hy = hi + (4 = h1)E,

Ahy = hY +2(4 = A — (4 = h)h€? + 2(4 = h)(1 = [*)2,
for some |§] <1 and |z] < 1

Theorem 3.3 If f is an element of the subfamily Hpi;a(m)\) and is represented in the form given by
(2.4), then

k(27), w(h) 20 and v(h) > 0,

40 -a)” h) <0 and v(h) <0
T BT, w(h) <0 and v(h) <0,

by41b3yr1 — bg]ﬂ’ S A(1—a)?
max { oG k@) ), w () > 0 and v(h) <0,

(I=A+A[27+1]p,q)*°

max {k(h),k(27)}, w(h) <0 and v(h) > 0,
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where

w(h) = (1-0a) 1-a)p+1)* J
S22 = AFAD a2 \Q = A F A+ 1pg)° (= A+ A2)+ 1)
1 1
21— A+ A2+ 1pg)?  (T=AFABI+ ) A=A+ A[+ 1pq)’

o(h) = 1 < 2m(1 — «)
S A=A AD+ pe) NI = A+ AR+ 1pq) (1= A+ A+ 1)
6 4
MG 1]p,q)> L= A+ AR+ L)Y
_d0-ap (-l [
klho) = (1= A+ A[2)+ 1]pq)° 8w(h) o 2ew(h)’
and
k(27):= k) 5+ (1— @) (8w(h) + 2v(h)).

(I=A+A27+1]p4q)

Proof: Taking (3.12) and (3.15) into account, and applying (3.18), we obtain

A )
T A=A+ D+ 1)

Additionally, combining (3.13) with (3.16), as well as (3.14) with (3.17), respectively, yields

I-a)3@+1) ., 1-a
21— A+ A+ 1pq)° 7 2L =X+ A[27+1]pq)

+

boyt1 = (hoy — s2;)

and

b _ l1—«
LT = A+ ABy + 1p.q)

(hsy — g3)

(37+2)(1 — o)?

T I AT A o) AT AD T po)

hy (hay — s2;) .

Then, we obtain

-(1-a)'(9+1)° A

briaboyis = by = A=A+ A+ 1pq)
p’q

A h3 (ha) — s3,)

A=A+ A2+ 1pq) L= A+ Ap+1p)* 77
(1-a)?

+2(1*>\+)\[3]+1} ) (L= X+ A+ 1], )h47(h33_33,7)

_ (1 - 0‘)2 (h2 . )2
A=A+ A2+ 1)

Based on Lemma 3.3 and considering (3.39), we obtain

4h2

(€ -

hgj — SQJ

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)
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Wb (4= 1)

Pl 2

4 — h?
( 1 ])hj (£2+,¢2)

2
412
2

Then, by substituting (3.40) and (3.41) into (3.39), we obtain

€+v) -

+ (L=1&P)z— (1= [¥]*)w). (3.41)

L-a)'G+D? 4. (1-a)?
A=A+ AD+1p)t 7 AA=A+ABI+ Upg) (1= A+ A+ 1pq)
(1-a)?

4
h]

|by1b3y41 — b3,01 | <

+ﬂ1—A+Mw+um@a—A+Ab+nmyw@—hﬂ
) h2 (4 - h?)
8(1=A+A20+ 1pq) 1= A+ AD+1pq)" 7

(1-a)? 2 2
e e TR T e v ] GRS
(1-a)? ) )
+ {8(1 — A+ ABr+1pg) L =A+ A+ 1]p}q)h1 (4=h3)
(1o
T E T g ) )

(1-a)?
16 (1 — A+ )\[2] + 1]p7q)

5 (4= 12)% (gl + [w))2.

By defining |h,| = h, we can assume, without loss of generality, that h belongs to the interval [0, 2].
Given that v, = |¢] < 1 and 2 = |[¢] < 1, we derive
by41bsyr1 — 3,01 ] S v1+ (1 +72)v2 + (9F +93) vs + (11 + 72)%va = Q(11,72),

where

vy 1= vy () = (1-a)? (1-a)’(y+1)
b 20 = A+ A0+ Upe) \2(1 = A+ A+ 1p.0)°
1 . h

3 (1— A+ A3+ 1]p7q)h T AN ABI+ L) (h* — 4)) (342

h4

(1-ap
L=A+ A+ 1]p,q)

h? (4 — h?)

J(1—a) 1
X <2(1 —AF A2+ 1Upg) A=A+ A+ 1]p,4) + TESES\ET 1]p’q)> ., (3.43)

vg = vg(h) = 1

(1-a)?
(L= A+ MBI+ 1pg) (- A+ AL+ L)

vg :=wvs(h) = 3 h(4—h%) (h—2),

(3.44)

)2
vy = v4(h) = (1 )

_ S (4—n?)7.
16 (1 — A+ Al2) + 1p.q)

(3.45)
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Graph of v1,02,03,01 Graph of v1,v2,03,u1

(a) v1,v2,v3,v4 for « =0 (b) v1,v2,vs,v4 for a = 0.1

Graph of v1,02,03,Us Graph of v1,02,03,08

(d) vi,v2,vs,v4 for a = 0.9

(c) v1,v2,v3,v4 for a = 0.2

Figure 1: Graph of v1,v9,v3,v4 for A=7=0and 0 <g<p<1
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Graph of v3+2v4 for different values of a

2.00
1.75 4
1.50 A
1.25 4
§ 1.00
0.75 4
0.50 1

0.25

0.00 -

0.00 0.25 0.50 0.75 1.00 1.25 1.50 175 2.00
h

Figure 2: Graph of vg +2vy for A=3=0and 0<qg<p <1

Figure 1 verifies that vy, vs, and v4 are non-negative, whereas vz is non-positive.

Our current objective is to maximize (1, 72) within the square region [0, 1] x [0, 1]. To achieve this,
we need to determine the maximum value of (71, 72) for three cases:

Case 1. When h € (0,2), it follows that v3 < 0 and vs + 2v4 > 0 (see Fig. 2). Consequently, we
deduce that Q4,~, Qypry — (971’72)2 is negative. This result implies that Q cannot attain a local maximum
within the interior of the square. As a result, we shift our focus to examining the boundary of the square.
For 1 = 0 with 0 < 72 < 1 (and similarly, for v9 = 0 with 0 < 1 < 1), we obtain the following result:

Q(0,72) = A(72) = (vs + v4)73 + Va2 + V1.
Subcase 1. If vs +v4 > 0, then

A'(y2) =2 (vs 4+ v4) y2 + v2 > 0,

which implies that A(72) is an increasing function. Consequently, the maximum value of A(9) is attained
at 72 = 1, leading to
max A(y2) = A(l) = v1 + v + v3 + V4.

Subcase 2. If vs+vy < 0, it follows that v +2 (vs + v4) = 0 (see Fig. 3). This leads to the following
inequality:
Vo + 2 (v +v4) < 2(v3 4+ v4) Y2 + Uy < V.

As a result, we obtain A’(y3) > 0, indicating that A(v2) is also maximized at vy = 1.
Next, for v = 1 and v € [0,1] (similarly, for 75 = 1 and 1 € [0,1]), we derive the following
expression:

Q(1,72) = L(72) = (vs + v4) 73 + (V2 + 204) Y2 + v1 + V2 + V3 + V4.

Using a similar argument as in Subcases 1 and 2, we obtain:
max L(y2) = L(1) = vy + 2v2 + 2v3 + 4vg > 0.

Case 2. If h = 2, then



14 S. A. ABDULLAH AND P. O. SABIR

Graph of v2+2(v3+vs) for different values of a

2.00 4
1.75
1.50
1.25
§ 1.00 4
0.75 -
0.50 -

0.25

0.00 -

0.00 0.25 0.50 0.75 1.00 1.25 1.50 175 2.00
h

Figure 3: Graph of v +2(v3 +wvy) for A=3=0and 0 <gq<p<1

(1-a)? ( 402G+ 4 > (3.46)

0192) = XT3+ o) \T = A4 Ap £ 1)’ | (L= A+ ABs + Thp)

Considering the constant value given in (3.46), we obtain
maX{Q(’yla’}Q) ‘M e [07 1];72 € [07 1}} = Q(lv 1) = v+ 2(02 + UB) + 4dvy.

Case 3. If h =0, then
(1—a)’(11 +172)°
L= A+ A20+1]p,4)2%

It is observed that the maximum value of Q(~v1,72) is attained at v1 = 75 = 1, leading to

Qy1,72) = (

max{Q(v1,72) : 11 € [0,1],72 € [0,1]} = Q(1,1) = v1 + 2(v2 + v3) + 4vy.

By considering all cases together, and noting that vy +2(va +v3)+4vs > 0 (see Fig. (4)) for h € [0, 2],
we conclude that

max{Q(v1,72) : 11 € [0,1],72 € [0, 1]} = Q(1, 1).
Consider the function & : [0, 2] — R, defined as
k(h) = max Q(vy1,72) = Q(1,1) = vy + 20 + 2v3 + 4vy. (3.47)
Substituting the values of vy, v9,v3, and v4 from (3.42), (3.43), (3.44), and (3.45), respectively, into
(3.47), we obtain

4(1 — a)?
(T=X+A2)+ 1pq)*

= ~——— (w(h)h* + v(h)A?) +

where w(h) and v(h) are given by (3.32) and (3.33), respectively.
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Graph of v1+2(v2+v3)+4vs for different values of a

0.00 0.25 0.50 0.75 1.00 1.25 1.50 175 2.00
h

Figure 4: Graph of v1 4+ 2(vo +vs) +4dvgfor A\ =3=0and 0<qg<p<1

Additionally, we note that
E'(h) = (1 —a)? (2w(h)h® + v(h)h).
To analyze the behavior of k'(h), we must consider different cases for w(h) and v(h):

Result 1. If w(h) > 0 and v(h) > 0, then k’(h) > 0, implying that k(h) is an increasing function.
Consequently,

max{k(h) : h € (0,2)} = k(27).
Thus,
max{max{€(y1,72) = 71,72 € [0, 1]} : h € (0,2)} = k(27),
where k(27) is given by (3.35).
Result 2. If w(h) < 0 and v(h) < 0, then k’(h) < 0 indicating that k(h) is a decreasing function.
Therefore,

4(1 — a)?
(T=A+A27+ 1)p.q)°

max{k(h) : h € (0,2)} = k(0") =

2z (h)
ho serves as a local minimum point of k(h). Consequently, k(h) does not attain a local maximum in this
case.
Result 4. If w(h) < 0 and v(h) > 0, then hg is critical point of k(h). Given that k”(h) < 0,
ho € (0,2) represents a local maximum point. Thus, the maximum value occurs at h = hg, and we have

Result 3. If w(h) > 0 and v(h) < 0, then ho = /52 € (0,2) is a critical point. Since k”(h) > 0,

max{k(h) = h € (0,2)} = k (ho),

where k (ho) is given by (3.34). This concludes the proof. O



16 S. A. ABDULLAH AND P. O. SABIR

4. The function subfamily Hi’q (B,A)

Definition 4.1 A function f(z), expressed in the form of (2.4), is familyified as a member of the sub-
Sfamily Hffq (B, ) if both f and its inverse satisfy the following condition:

f(z) BT
z 2’

arg ((1 — N4 )\Dmf(z)) ’ <

where 0 < q<p<1L,0< 8L, and A > 1.

Theorem 4.1 Let f be an element of the subfamily Hi’q (B,\), where f is expressed in the form given
by (2.4). Then,

2

1041 < =, (4.1)
\/5(1 — A+ A2+ 1) O+ D) = (B=1) (1= A+ A+ 1]p,q)
28 B2 +1)
|b2j+1| < 1— A+ /\[2]+ 1]p,q (1 A+ )\[]+ 1]p,q)2’ (42)
4B —1)(3+ (B -2)) +68 28%(35 + 2)
b3y i1l < —5 (1=X+AB7+1p.q) + (T=AFAD+ pg) (T = A+ A2+ 1]pq) (4.3)
Proof: From Definition 4.1, we have
(-0 13D, 07) = ) (4.4
and
(1= 02 2Dy gg(w) = [su))” (45)

where h(z) and s(w) are given in the form of (3.6) and (3.7), respectively. It is clear that

(B = 14 B2 + (808 — DI2 + Bhay)=”
+ (GB(B ~ 1)(B — 28 — B(1 — B)hyhay + Bhag)e™ -+ (46)

and

[5)® = 14 Bsyu? + (5808~ 1)s7 + fiss, 0
1

+ (A~ 1)(8 - 2)s; — B(L — B)s;52, + Bz )w™ +--- . (4.7)
By equating the corresponding coeflicients in (4.4) and (4.5), we derive the following expressions:
(1= A+ A+ Up,q) bys1 = Bhy, (4.8)
—1
(1= A4 N2+ Uy g) by = B + 20 Ve (49)

(1= A4 X3+ Tp.) byyrr = B0 — (b, + £ (8~ 22) + By, (4.10)

7(17)‘+)‘[]+1]p,q)b]+1 :5517 (411)
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(L=X+A27+ 1pq) G+ b2y — (1= A+ A2+ 1p.q) boj1 = By + ———57, (4.12)

and
1
— (1= A+ ABs+ 1p,q) (5(3 +1)(37 +2)b541) + (37 +2)bysabayr (1= A+ X35+ Ly q)

}(ﬁ —2)s7) + Bs3,.  (4.13)

— b3J+1 (1 — A+ )\[3] + 1]p,q) = B(ﬁ — 1)(83823 + 6

Taking (4.8) and (4.11) into account, we obtain that
h, = —s, (4.14)
and
2(1— A+ A+ Upq) b2y =82 (B2 +52). (4.15)
By adding (4.9) to (4.12), we derive

BB —-1) (

(1 _)‘+>‘[21+ 1]}%‘1) (]—l—l)b?_,_l :ﬁ(h23+323) + D)

h? +s%). (4.16)

J J
As a consequence of (4.15) and (4.16), we find that
b2, = B2 (hay + 52) -
B A AR+ ) G+ = (B=1) (1= A+ A+ L)

By considering the absolute values of (4.17) and utilizing Lemma 3.1 for hg, and ss,, we obtain the
first required inequality (4.1).
Next, to establish the bound on |bg,4+1], we subtract (4.9) from (4.12), yielding

(4.17)

2(1 =X+ A25+ Upg) by — (1= A+ A[25+ Upq) (7 + Db

:ﬁ(h2] _52]) + M(

2
Now, by replacing the value of b?,, from (4.15) and (4.14) into (4.18), we arrive

byt = B (hay — s3y) B2 (hi+s) G+1)
T2 =AM+ Upg) | A=A+ AD+1p)

h? —s7). (4.18)

(4.19)

By considering the absolute values of (4.19) and utilizing Lemma 3.1 for the coefficients ho, and s,,,
we obtain the second required inequality (4.2).
Finally, to obtain the bound for |bs,41]|, we subtract (4.10) from (4.13), yielding

by = BB L) (hyho) — 8589)) BB-1)B-2)(h—s)) (G+DE+ 2) 3
T (A ABy + 1pg) | 12(1 - A+ ABy A+ 1) 4 o+
1 B (h3y — 53))
+ 5(3] +2)by41b2;11 + (LAt B+ Lpg) (4.20)
By incorporating (4.14), (4.15), and (4.18) into (4.20), we derive the following conclusion:
b _ B(B —1) (hyhay — s552) BB -1(B-2) (h? — S?)
T A+ AB + 1) | 12(0= A+ A3y + 1)
B (7+1)(37+2)p3 (h? + s?)% B2(37+2) (hay — s2,) (h? + s?)%
25 (1= A+ Ap+10p0)°  4V2(1= A+ A+ 1pa) (1= A+ AR27+ Up.q)
(37+2)8% (h3 +53) (1+1) (h2 +52)* B (hs, — s3,) (4.21)

8V2(1 = A4+ A+ 1]p.9)° 2(1 =X+ A[37+1p,q)
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Finally, by considering the absolute value of (4.21) and utilizing Lemma 3.1 for the coefficients h,,
hay, hsy, s;, s2,, and s3,, we obtain the last required inequality (4.3). O

Theorem 4.2 Let f be an element of the subfamily H?ﬁﬁ(ﬁ,)\) and be expressed in the form given by
(2.4). Then,

(Bea(g+1) — (B — 1)ed) — 2uB%;
g2 (Bea(y+1) — (B — 1)e)

B (Be2(g+1) — (B — 1)ed) + 2uf%e;
g2 (Bea(y+1) — (B —1)eD)

g
|b2+1 — pbY | < max {1, [1 — e3[}

max{1,|1 —e4]}, peC, (4.22)

where
er:=1-X+ A+ 1,4, (4.23)
g2 :=1—=X+ 27+ 154, (4.24)
(+ 18 (22((8 — 1)ed = Be2(h+1)))
£y 1= (4.25)

13 (8(Be20+ 1) = (B 1)e}) — 2uf%es)

(7+ 18 (222(B=2(0 + 1) = (B = 1)ed) )
€4 1= (4.26)

4ed (ﬁ(ﬂez(J +1)— (B—-1)2) + 2uﬂ2ez) '

Proof: For pu € C, by utilizing equations (4.17) and (4.19), we obtain

o B0+ ) = (5= e — 2
2)4+1 — =
s 2¢5 (Bea(y +1) — (B — 1)ed)
2e2 (Be2(3+1) — (B — 1ed) R
where €1, €9, €3, and g4 are given by (4.23), (4.24), (4.25), and (4.26), respectively.
Finally, by applying Lemma 3.2 to (4.27), we derive (4.22). This completes the proof. m|

(h2J - 53h?)

Theorem 4.3 et f be an element of the subfamily HE@(@ A) and be expressed in the form given by (2.4).
Then,

5(27), x1(h) = 0 and x2(h) = 0,

2
(ESwsviTrm il x1(h) <0 and x2(h) <0,

2
by+1b3y41 — b23+1| <

max { 7027 by xa(h) > 0 and xa(h) <0,
max{8(h),6(27)}, X1 (h) < 0 and xa(h) > 0.
where
(B = 3 ( B+ 1) - (57+4) )
(T=X+A+1pa)2 \2(1 = A+ A+ 1pq)? 200 = A+A[27+1]pq)
(1-p)2-p)-3 1

TRI AN+ )T A FAB g | 2(1- A+ ARI T Up.q)? (4.28)
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Ya(h) = 2 B(53+4) B 2
(T=A+A27+pg) \ A=A+ A0+ 1]pq)° LT=A+A25+ 1pq)
6
4 , (4.29
A0t oL AT AR 1) )
452 BQX%(ﬁvh) _X2(th)
0 (hg) := — 3 ho = =———F—=, 4.30
(o) (L= A+ A2+ 1pq)?  S(Bh) 2x1(B, h) (4:30)
and
27 = e + 82 (Bra(h) + 2xa(h)
= A AR+ 1)’ ' s
(4.31)
Proof: By taking into account (4.8) and (4.11) and making use of (4.14), we obtain
! (IT=A+Ap+1pq) 7
Additionally, applying (4.9) and (4.12), along with (4.10) and (4.13), respectively, yields:
ﬂQ(] +1) 2 B
b = h? + ho, — s 4.33
29+1 2(1 _ >\+>\[]+ l]p,q)2 J 2(1 _ )\+)\[2]+ 1]p,q) ( 2 2]) ( )
and
B(B—1)

- h,hs, —
b3+ LA+ AB)+ Upa) (hyhay — 5,82))
B(37+2)

(=X AD+ L) (1= A+ AR + 1)
L BB-DE-2
12(1 =X+ A[37+1],,4)

hy (hay — s2))

B
1-=A+ A8+ 1]p.q)

"1

hi —s5) + X (hgy — s3,) . (4.34)

Next, we obtain confirmation demonstrating that:

—BY(y+1)? Y 33374 2)

by+1b3541 — ngH = 7hy + ( 2
A=A+ A+ Upg) AQ=A+Ap+1pq)" (1= A+ A7+ 1]p,q)
Br+1) 2
— h2 (ho. —
21— A+ A+ 1]p.q)° (17A+A[2]+1]p,q)) s (h2y = 52,)
B2(B—1)

T A AT AD + Upg) (L= A+ NG+ 1]p7q)hJ (hyhz) = 5,82:)
BB-1)(B-2)

_l’_
12(1 = A+ A+ 1pq) (1= A+ A37+ 1)

62
A=A T A+ Upa) L= AT By + L) (hsy — s3))

B2 2
— ho, — S2,)° .
4(1—A+A[2]+1]p,q)2( R

(4.35)

h, (hi’ — s?)

3

According to Lemma 3.3 and taking (4.35) into account, we obtain
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_ h2
hay — s9; = (=), (4.36)
h3  hy(4—h? 4 — h? 4 — B2

h3]—83g=?j+¥(£ ) — ( J)h](£2_|_w2)_|_2J((1_|£|2)Z_(1_wg)w)7
(4.37)

e = sy =15+ 5 (4= 15) (), (439

Next, by applying (4.36), (4.37), and (4.38) in (4.35), we derive

— b2 Blo+1)° 4 B*(1—-B)(2-B) 4
|by41b3541 sz+1,\4(1_)\+)\[j+1]p,q) h; +6(1—>\+>\[ FETRRYR )\+)\[3]+1]pq)h
. 5 " 1) y
LA = A+ AD+1pa) A=A+ AB +1pa) 7 20 = A+ AD+ 1pg) (1= A+ ABy +1]p,q)
B )
T AT A AT Uy A4 A + g 2 )
B )
* {4(1 “AF A+ 1pg) (T =N+ A3y + 1]”)’1 o (4=13) (hy+ (1= B))
357+ 4) ) )
hi(4—h
8(1= A+ Al + Upg)” (1= A+ 25+ 1p.q) (=) (el o)
s 2 2
- [8 I =A+Ap+1pq) A=A+ A7+ 1],.4) hy(4 = hy)

ﬁQ
41 =A+AB3y+1]p,q) A=A+ A+ 1]pq)

(4 — hf)] (I + [f?)
/62
16 (1 — A+ A29 4 1]p.4)°

Let |h,)| = h. Without loss of generality, we can assume that h € [0,2]. Given that ¢; = [§| < 1 and
(2 = |¢| < 1, we obtain

|by41b3y41 — b3, 00 | < di + (G 4 Q)da + (G + &) ds + (G + (2)°da = T(C1, G2),

(4—12)* (e + [v])%.

where
o _ B2 ﬁZ(J"’ 1)2 4
di = da(h) = 21 = A+ A+ 1p.q) (2(1 — A+ Ap+ 1],,75,)3’1
(3+2(1-5)(2-7) 1
TED ;T Ll wy vy vevsrms Tags LG W)) » (4:39)
dg = dg(h) = ﬂ2 h (4 — h2)
4 (1 — A+ )\[j + 1]p7q)
B(57 +4) 1
" (2(1 VR T N W VTR Y L (I WS VTR TR ‘5)”)) » (440)
ds = dz(h) = i h(4—h*) (h—2), (4.41)

(1 —=A+ A+ 1pq) (T =X+ A37+1];,4)
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Graph of d1,d2,ds,ds Graph of di1,dy,d3,de

(a) dl,dz,d37d4 fOI‘ ﬂ =1 (b) d1,d27d3,d4 fOI" ﬂ =0.1

Graph of d1,d2,d5,ds Graph of d1,d2,d3,da

dih)

(C) dl,dz,d37d4 fOI‘ ﬁ =0.2 (d) d1,d27d3,d4 fOI“ ,3 =0.9

Figure 5: Graph of dy, d3, ds, and dy for A\=7=0and 0 <g<p <1

and

— — B _12\2
B= ) = T A T ) (4=
(4.42)

Figure 5 demonstrates that d;, ds, and d4 are non-negative, while d3 is non-positive.

Currently, our objective is to maximize I'(¢1,(2) within the square region [0,1] x [0,1]. To achieve
this, we need to determine the maximum value of I'((y, {2) for the following cases:

Case 1. For h € (0,2), we find that d3 < 0 and d3 + 2d4 > 0 (see Fig. 6). Consequently, we deduce
that v¢ ¢ Veaco — (%42)2 is negative. This implies that I" does not attain a local maximum within the
interior of the square. Therefore, we examine the boundary of the square. For (; = 0 with 0 < (» < 1
(and similarly, for ¢ = 0 with 0 < ¢; < 1), we obtain

I(0,¢2) = B(C2) = (ds + du)(3 + dala + dy.
Subcase 1. If d3 + ds > 0, we obtain for 0 < (o < 1 we have that
B'(¢2) = 2(d3 + da) G2 +da > 0,
which indicates that B({2) is an increasing function. As a result, the maximum value of B((3) is attained

at (o = 1, leading to
maXB(Cg) = B(l) =d; +ds + d3 + dy.

Subcase 2. If d3 + d4 < 0, we note that da + 2 (d3 + dg) > 0 (see Fig. 7). This leads to the following
inequality

d2+2(d3+d4)<2(d3+d4)<2+d2<d2.
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Graph of d3+2d4 for different values of B

1.75 1

1.50 1
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Figure 6: Graph of ds +2ds for A\=7=0and 0 <gq<p <1

Graph of d>+2(d3+ds) for different values of 8

3.0 4

2.5 A

2.0 A

1.5 1

1.0 1

0.5 1

0.0

0.00 0.25 0.50 0.75 1.00 1.25 1.50 175 2.00

Figure 7: Graph of dy + 2(ds +dy) for A\=7=0and 0 < g <p < 1.
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Graph of d1+2(d>+d3)+4ds for different values of B

10 4

d(h)

0.00 0.25 0.50 0.75 1.00 1.25 1.50 175 2.00
h

Figure 8: Graph of dy + 2(ds +d3) +4ds for \=73=0and 0 <g<p <1

Since B’({3) > 0, this confirms that the maximum of B((s) also occurs at (> = 1.
For ¢; = 1 and (3 € [0,1] (similarly, for ( = 1 and {; € [0, 1], where we omit the specific details of
this case), we deduce
(1,G) = U(Co) = (ds + da) G + (da + 2da) G + d + da + dy + da.

Using a similar argument to that in Subcases 1 and 2, we obtain

Hl&XO(CQ) = U(l) = dl + 2d2 + 2d3 + 4d4
Case 2. For h = 2, we obtain

(4.43)

PG G2) = 3 i (( 88°()+1)° L 8(B(28-9) +10) )

(T= A+ +Upa) NI = A+ A0+ 1pq)®  3(L=X+ABy+ g
Considering the consistent value in (4.43), we obtain

max{['(¢1,¢2) : (1 €[0,1],{2 € [0,1]} =T(1,1) = dy + 2(da + d3) + 4dy.
Case 3. For h =0, we derive

B2(G1 + G2)?

(¢, G) = (1= A+ X270+ 1]pq)%

It follows that the maximum of I'({1, (2) occurs at {; = (3 = 1, leading to
max{F(Cl, CQ) 1 (1 € [O, 1]7 (s € [O, 1}} = F(L 1) =d; + 2(d2 + dg) + 4dy.
Since dy + 2(d2 4+ d3) + 4d4 > 0 (see Fig. 8), combining all cases, we conclude
maX{F(CIaCQ) : Cl € [Oa 1]7C2 € [Oa 1]} = F(L 1)
Consider the function ¢ : [0,2] — R defined as

5(h) = maXF(Cl, CQ) = F(]., ].) = dl + 2d2 -+ 2d3 + 4d4 (444)



24 S. A. ABDULLAH AND P. O. SABIR

Substituting the value of dy, ds, ds, and dy from (4.39), (4.40), (4.41), and (4.42), respectively, into
(4.44), we obtain

8
(1 =X+ 27+ 1],,9)%

52
)

5(h) [x1(h)h* + xa(h)h?] +

where x1(h) and x2(h) are defined in (4.28) and (4.29), respectively.
Additionally, we note that

§'(h) = B2 (2x1 ()R + xa2(h)h) .
Next, we analyze the function §’(h) based on different cases of x1(h) and xa(h).

Result 1. If x1(h) > 0 and x2(h) > 0, then ¢’(h) > 0, meaning that d(h) is an increasing function.
Therefore,

max{d(h) : h € (0,2)} =d(27),

where 6(27) is given by (4.31). Alternatively,

max{max{T(¢1, () = ¢, € [0,1]} : h € (0,2)} = §(27).

Result 2. If x;(h) < 0 and x2(h) < 0, then ¢’(h) < 0 indicating that 6(h) is a decreasing function.
Therefore,

8
(T=A+ X273+ 1pq)°

max{d(h): h € (0,2)} =46(07) =

Result 3. If x;(h) > 0 and x2(h) < 0, then hg = ;)(X%((hh)) € (0,2) is critical point. Since §”(h) > 0,

hg is a local minimum of 6(h). Consequently, d(h) can not attain have a local maximum.

Result 4. If x1(h) < 0 and x2(h) > 0, then hg is critical point of 6(h). Given that §”(h) < 0,
ho € (0,2) represents a local maximum. thus, the maximum value occurs at h = hg, leading to

max{d(h) = h € (0,2)} =3 (ho),

where 6(hg) is given by (4.30). This concludes the proof. O

5. Corollaries and consequences

By setting p = 1 and letting ¢ — 1~ for 1-fold symmetric holomorphic functions, we obtain the
following results:

Corollary 5.1 Let f € Hf;qu_}r(a,)\) = Hi(a,)\) be expressed in the form given by (2.1). Then,
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1+ 2(1+2))
21— «)
142X 7

|b2|<min{2(1—a), 1-a }

|b3| I

bl <201 - ) | 1 ]

1+3) T (1+A)(1+2))

oo = ] < g (e {1, e (4 02 = (1= )+ 21420 - 1)}

142
1 2
k(27), w(h) = 0 and v(h) > 0,
4(170‘)5, w(h) <0 and v(h) <0
boby — b§| < (1+2X) 2
max{?ﬁ_;i‘;z , k(2_)} , w(h) >0 and v(h) <0,
max {k(h), k(27)}, w(h) <0 and v(h) > 0,
where

(h) = l1-a) {401 -a) 1 1 1
sz gy T Trn ) Taagroy  Gran )

T+ \(1+20)(1+A)  1+3A (14 2))%
41— w)? (- a)*?(h) . [—v(h)
hlho) = (14 2))° 8w(h) o= 2w(h)’
- 4(1 — CY)2 . 2
(27):= 7(1 n 2)\)2 + (1 — a)* (8w(h) + 2v(h)) .
Corollary 5.2 Let f € Hf;m_}l,(ﬁ,)\) = Hi(ﬂ,)\) be expressed in the form given by (2.1). Then,
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28
V28420 = (B—1) (14 1)
2 232
1bs] < 1+52)\ T ﬁ\)?’
4p(B-1)B+ (B —2)) +6p 105?
3(143)) 1T+2)1+2))
B(28(1+2X) — (B—1)(1+N)?) —2uB%(1 +2X)
(1420 (26(1 +2)) — (B - 1)(1 +A\)?)
B(28(1+2X) — (B —1)(L+N)?) +2uB%(1 +2))
(1+42X) (26(1+20) = (B-1)(1+A)?)
6(27), x1(h) = 0 and x2(h) > 0,

)

|ba| <

|ba] <

|bs — ub3| < max {1,]|1 — 1|}

max {1,|1 —ea]}, peC,

2
TN x1(h) < 0 and xa(h) <0,

boby — b2| <
b8l max{ﬂ 5(2—)} (h) > 0 and ya(h) < 0
(1+2>\)27 ;X1 > an X2( )< B

max{d(h),5(27)}, x1 (h) < 0 and x2(h) > 0,
where
267 (2(1+2X)((8 — (1 +X)? - 28(1 +21)) )
&1 =
A1+ A)2<5(2ﬂ(1 +2X) = (B— 1)1+ N)?) — 2uB82(1 + 2)\))

B 2/32( (14 20)(28(1 +2)) — (8 )(1+/\)2))
TR (2&(1+2>\) (8- 1)(1+2)?) +2u82(1 +2))
) 9 (1-p)2-pB)—-3 1
W 1“ 2(1+2)) BL+N1+3N)  2(1+20)

) 2 )., 6
X2l +2>\ 1+A Tlr2n) T aE NN
- _B6BN o8l
S = e L et
- —74ﬂ2 2 (8v v
6(27) = 1120 + 8% (8v1(h) + 2va(h)) .
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