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Average Approximate Controllability of a Nonlinear Fractional Integrodifferential System

Amel Berhail and Abdelhak Hafdallah

ABSTRACT: In this paper, we study the average approximate controllability of a nonlinear fractional integrod-
differential system. We derive adequate conditions for establishing the average approximate controllability of
our system. These results are obtained through the use of the resolvent operator techniques, employing the
Schauder fixed point theorem. An example is provided to illustrate the application of the obtained theory.

Keywords: Average approximate controllability, Caputo derivative, integrodifferential systems, Schauder
fixed point theorem.
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1. Introduction

Fractional differential equations have been the object of interest researchers because of their applicabil-
ity in many scientific disciplines such as chemistry, physics, biology, aerodynamics, fitting of experimental
data, signal and image processing, economics, and control theory. Particularly, boundary value problems
defined by fractional differential equations have been utilized to study the qualitative properties of solu-
tions of many models describing various biological and physical phenomena; we refer to the monographs
[13,15,19,28] and the papers [3,12,7,8,9].

One of these systems is the fractional control system with all its branches such as stability, controlla-
bility, and observability. In recent years, many investigations on the controllability problems of fractional
behaviour have extensively appeared with various applications on linear and nonlinear systems. Partic-
ularly, the researchers have focused on exact (complete) and approximate controllability (see the papers
[22,23,24,29,30]).

Average controllability has a wide range of applications in various fields: Robotics, Aerospace, Phar-
macology, Physics and Chemistry..., particularly in systems where precise control is challenging or unnec-
essary, and the focus is on achieving control over average behavior, for example, controlling the average
position or trajectory of robotic arms or autonomous vehicles, managing the average power flow in elec-
trical grids or stabilizing average voltage levels, controlling the average altitude or trajectory of aircraft or
spacecraft, regulating the average concentration of drugs in the bloodstream for therapeutic purposes.....

The average controllability property has already been tackled by E. Zuazua et al [32,18,20,31] for
some relevant PDE models, it analysis the problem of controlling the expected or averaged value of the
systems states starting from a given and known initial datum and using a single control, independent of
the parameters involved, see [1,2,14,32,31].

Average controllability is equivalent, by duality, to a property of averaged observability in which
the goal is to estimate the norm of the data of the parameter-dependent adjoint system, out of partial
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measurements done on the averages concerning the unknown parameters. This property is of interest on
its own when dealing with the observability of parameter-dependent systems. The actual realization of
the system depends on the parameter being unknown, it is natural to address the problem based on the
measurements done on averages.

The notion of average control is weaker than the classical one of simultaneous control introduced in Lions
[16].

E. Zuazua in [32] analysed the problem of controlling parameter-dependent systems. He introduced
the notion of average control according to which the quantity of interest is the average of the states with
respect to the parameter. He considers the system

x (t) = A(w)x(t) + B(v)u(t), te€l=10,T] (1.1)

z(0) = zo ’
where x € R, A(v) is an (n X n) matrix governing its free dynamics and u = u(t) is an m-component
control vector in R™, m < n, entering and acting on the system through the control operator B(v), an

n X m parameter-dependent matrix. The matrices A and B are assumed to depend on a parameter v in
a measurable manner.

On the other hand, M.Matar in [22] study the approximate controllability of a fractional nonlinear
hybrid differential system

{ (D™ + A)z(t) = g(t, z(t)) 1= (Bu(t) + f(t,2(t)), te€l=10,b (1.2)

z(0) = 2o

where D is the Caputo fractional derivative of order « such that 0 < a < 1, u € L%([0,T],U), I~
denotes the (1 — «) order fractional integral and f : [0,b] x E — E is given function.

The results are obtained by using resolvent and a sectorial operators technique via Dhage fixed point
theorem.

Motivated by the above papers, we analyze the following average approximate controllability for a frac-
tional integro-differential system depending on unknown parameter

{ “DYY(t) + Asy(t) = o(t, y(t)) +Il_aBou(t)v t 0,77, (1.3)

y(0) = yo

where “©® is the Caputo fractional derivative of order a such that 0 < a < 1, = and U are two real
Hilbert spaces, A, : D(A,) C E — E is the infinitesimal generator of an operator noted by S, (t) and
©:]0,T] x 2 — = is a nonlinear continuous given function.

B, : U — = is a bounded linear operator with 0 < o < 1, the control function u € L?([0,T],U) and
the initial data yo are assumed to be independent of the parameter o, Z' = denotes the (1 — «) order
fractional integral.

The main contributions of our manuscript are as follows. In Section 2, we present some basic defini-
tions, notations, and preliminary results. In Section 3, we study the existence of the solution by using
Shauder fixed point theorem. The average approximate controllability results of the fractional differential
equation (1.3) are presented in section 4. In particular, the controllability problem is transformed into a
fixed point problem for an appropriate nonlinear operator in a function space. In Section 5, an example
is provided to illustrate the application of the obtained theory.

2. Preliminaries

In this section, we introduce some essential preliminaries that will be used throughout the paper.
Specifically, we define the fractional integral and Caputo derivative and provide some related lemmas and
definitions.
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Definition 2.1 [15] The fractional integral of order o for an integrable function z € L' (0,T) is defined

Iez(t) = 1_‘(10[)/0 (t —s)*1z(s)ds, Vt € [0,T], (2.1)

such thatn —1 < a < n,n € N*.

Definition 2.2 [15] The Caputo derivative of order a for a function z € C™[0,T)] is given by

cD(t) = T2 (1) = ! ) /Ot(t — s (s)ds, Wt € [0,T], (2.2)

T a)
where n € N* such thatn — 1 < a < n.
Lemma 2.1 [15] For a > 0, the following relation holds

T(“D2(t)) = 2(t) —do — dyt — ... —dp_1t" 1, (2.3)
where d; € R, i=0,...,n — 1.

Definition 2.3 [15] The Laplace transform of the Caputo fractional derivative is given by

{L (D2 (1)} (s) = s*L(x(t) — s 1y(0), (n—1<a<n), 2.4)

L{T 7 z(t)} (s) = s> L(x(t)).
Definition 2.4 :/22]
Let A, be a closed and densely operator on =. A resolvant generated by A, is the linear bounded operator

Sa,o given by
Soz,o = ‘Cil(éailR(av Ao))7 (25)

where S, »(0) =1 (1 is the identity operator) and
R(5,Ay) = (6T +A,)"*, 6 eC. (2.6)

Theorem 2.1 (Schauder fized point Theorem) Let F' = (F,|.|r) be a Banach space, let B be a closed
conver bounded subset of F. Let ¥ : B — B be a continuous and compact mapping. Then,¥ admits a
fixed point belonging to B.

Next, we will present various definitions of an average controllable system.

Definition 2.5 System (1.3) is said to be approximately controllable on [0,T] if for every desired final
state yq € Z and € > 0, there exists a control u € L*([0,T),U) independent of o such that y satisfies

ly(T,u) — yall= < e.

Definition 2.6 System (1.3) is said to be average controllable on [0,T)] if for every desired final state
ya € =, there exists a control u € L*([0,T),U) such that y satisfes

1
/ y(T,0,u)do = yq.
0
it means that the quantity of interest is the average of the states with respect to the parameter o.

Definition 2.7 System (1.3) is said to be average approzimately controllable on [0,T] if for every desired
final state yq € Z and € > 0, there exists a control u € L*([0,T),U) independent of o such that

1
||/ y(T7 o, u)do — yd||5 <eg,
0
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3. Existence results

In this section, we establish and prove conditions for the existence of the solution of integro-differential
fractional control nonlinear systems by applying Schauder’s fixed point theorem.

Lemma 3.1 Let S(¢t) be a continuous function on [0,T]. The linear fractional system

{ D%(t) + Apy(t) = I'~*Byu(t) + 3(t), te[0,T),

y(0) = yo (3:1)

has an integral solution given by

Y(t) = Sao (D)o + / Suo(t — 5)Byu(s)ds (3.2)

+ /t(IlaSw(t —5))(s)ds, ¥t € [0,T].
0

Proof:
Applying the Laplace transform to system (3.1), we get

LDy () (0) + L(Agy(1))(6) = L' Bou(t))(5) + L(S(1))(9)-
By using the equation (2.4), we get
SOL(y(t)) — 6 y(0) + A L(y(t)) = 6“1 LB, u(t)(8) + L(S(2))(9), (3.3)

that implies
L(y(t)) = (6T + Ay) 0% tyo + 6 L(Bou(t)) + L(I(¢)(5)].

So
L(y(t)) = L(Sa,040)(8) + (LSa,0)(LBsu)(8) + R(d, Ay) L(I(2)(9).

Taking the inverse Laplace transform, we get
Y(t) = Sa.oyo + L7 (L(Sa.0(t) * (Bou(t))) + L1 (ﬁ(]l_o‘Sa,g(t) * (S(t))) . (3.4)

On the other hand, by taking the derivative “©* of (3.4) the problem (3.1) is obtaind. This finishes the
proof.

Remark 3.1 On the basis of Lemma (3.1), the non-linear problem (1.3) is equivalent to the integral
equation

y(t) = Sa.o(t)yo + /0 Sa,o(t — 8)Bou(s)ds + /0 (Il_aSa’J(t —5))p(s,y(s))ds. (3.5)

To present and demonstrate the main results, we set the following conditions :
(A1) The bounded linear operators S, . is strongly continuous on R* .
(A2) S, is a compact analytic operator such that

Oa.0 = sup{[|Sa.c ()|, ¢ € [0,T]}.

(A3) So o (t)D(Ay) C D(Ay) and AySo o (t)y = Sa.0(t)Asy, Yy € E.
(A4) B, : U — E is a linear bounded operator and there exists > 0 such that || B, || < 7.
(A5) The function ¢ : [0,7] X Z — E is continuous, uniformly bounded and there exists X > 0 such that

et y)ll <V, V(t,y) €[0,T] x E.

Theorem 3.1 Assume that conditions (A1)-(A5) are satisfied. Then, the system (1.3) has at least one
solution on [0,T].
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Proof: :
We define an operator ¥ : Z — = by:

Uy (t) = Sa.o(t)yo + /0 Se,o(t — s)Byu(s)ds + / (IlfO‘S(,vg(t —5))p(s,y(s))ds, (3.6)

0

and for all y € C([0,T], =), we have

Wyl = sup{[|wy@)], ¢ € [0, TT}.

Step 1 : The continuity of the operator ¥ is obtained by the continuity of the operators ¢ and S, ;.
Step 2 : We show that W(FE) is uniformly bounded on C([0,T],Z) where E is a subset in E such that:

E={yc& [ylz <o},

for some constant ¢ > 0, we have
t t
1990 < Saw(byoll + / S0t — 5)Byu(s)|ds + / (IS ot — ) (s, y(s)) | ds
t t
< San®lllvol + / 1S (t — )| Bou(s)|ds + / 1St — )05, y(s) | ds

t
< OB+ s / |Byu(s) | ds + 118 o (¢ — 5)||ds
0

R

['(2-a)
N —a

< 9904,0' + 9@,0'772\/T”'LLHL2([0,TLU) + F(3 — a) 9a75T2 < +o0.

which implies that U(FE) is uniformly bounded. Step 3: Now, we show that U(F) is equicontinuous. For
any t1,t2 € [0,T], 0 <t <ts <T and y € Z, we obtain

1 @9)(t2) — (T < (S (t2)0 + / " Suo(ts — 5)Byu(s)ds)
N l-a — s)o(s,y(s))ds
" / ('S o (ta — 8)p(s, y(s))d
— (San(tr)yo + / ' Suo(tr — 5)Bou(s)ds)
0
e — s)o(s,y(s))ds
n / (I Sn (t1 — 5)p(5y(s))ds) |

< [Saw(t2) = Sao(t)llyol

[ (Salta = 5) = San(tr = 5)) Bou(s)ds|
- H/IF *(Suoltz — 5) — Sao(ts — )5, y(s))ds|

+ / Sa oty — $))Bou(s)ds| + | / ('8 (11 — 8))ip(5, y(s)ds]
< Hsa,a(tQ) - Sa,a(tl)H”yOH

1/2

ty
n n(/ ||sa,a<t2s>sa,a<t1s>2ds) el o.11.01
0

t1
v N/ (S (t2 — 5) — Sao(t1 — 5))]|ds
0

+ 00 /t2 lu(s)||ds + &(t — )2
NVa,o F(2 — OZ) 2 1

ty
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We conclude that
[(Ty)(t2) — (Py)(t)|| = 0 as t2 — t1.

(3.7)

which implies that W(E) is equicontinuous. Thus by the Arzela-Ascoli theorem ¥ : = — = is completely
continuous. Therefore, by Schauder fixed-point theorem, ¥ admits at least one fixed point as a solution

of the fractional nonlinear problem (1.3), and this finishes the proof.

4. Average Approximate Controllability

d

In this section, we formulate and prove conditions for the average approximate controllability of a

nonlinear fractional control differential system.
Definition 4.1 We define the controllability operator Hy : L*([0,T],U) — Z by
1 gt
Huu :/ / Sa,o(t — 8)Byu(s)dsdo, t € [0,T).
o Jo
Which is a bounded and linear operator defined on L?([0,T),U). The adjoint operator
Hy = — L*([0,T),U).
1
H} = / B} S, (T — .)do.
0
The controllability Gramnian W : = — = is defined by
T 1 1
W =HpHy = / (/ Se,o(T — s)Bc,da/ B3S, (T — s)da> ds.
0 0 0
The control function w is given by [22]
u(t) = BySk (T — ) (51 + W)™ '@y, t € 0,77,

where

By = ya — Sao (Thyo + / (1S o (t — 5))p(5, y(s))ds.

Theorem 4.1 Assume that all the assumptions of Theorem (3.1) hold. If
S(EI+W)™t - 0asé—0".

Then the fractional system (1.3) is approximately average controllable on [0,T].

Proof: In virtue of the Theorem (3.1), there exists a solution y, € C([0,T], Z) such that

o (t) = So (o + / Su(t — 5)Bou(s)ds + / (1S ot — 3))ip(s, y(s))ds,
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Therefore
1 1 T B
/0 Yo (T)do = /0 [SOM(T)yO +/0 Sa,o(T' —t)ByB,S,, (T —t)(6I + W)
T
X <yd - Sa,o’(T)yO + / (Il_asocﬁ(t - S))LP(S, y(s))d‘S)
0
+ /o (Ilfo‘Sava(t —5))p(s, y(s))ds} do
= /1 [SQVU(T)?JO + W (I + W)™t
0
X <yd — Sa,o(T)yo + /0 (Il_aSayg(t —5))p(s, y(s))ds)]da

o (1S ot~ )il y(5))ds] do

1 T
/0 (yd6<51+w>1<ydsa,a<mo+ / (IlaSa,a(t5))@(57y(8))d8> do

T

. / (61 + W)™ (g — Sao (T + / (IS0 ot — 5))(s, y(s))ds)dor

1
/ v (T)dor — ya
0

Hence,

1 1
II/ Yo (T)do — yall < /||6(5I+W)—1
0 0

X

T t
<yd ~Sorm+ iy | | (t—s>-asa,g<s>>so<s,y(s))ds>> |do

IN

1 1
|6|(/0 H((HJFW)il””dedUJr/O ”(5I+W)ﬂ”HSa,g(T)yoHda

N 1 . T o B N
e [T [ ) S0n = s )

Using the compactness of S, », we can deduce that

1
||/ Yo (T)do — yg4|| = 0 as 6 — 0T,
0

which implies that the fractional system (1.3) is approximately controllable on [0, T].
This finishes the proof. O

5. Example

We consider the following fractional differential control system

y(t,0) =y(t,7) =0, te][0,1], (5.1)

{ D06y (z,t) + Uai;y(t,x) = o(t,y(t)) + I%u(t), z € (0,7), te(0,1],
y(0,2) = yo(z), =€ (0,7).

Let = =U = L%(0,7), o(t,y(t)) = % siny(t) and A, = aaa—;, where

D(A,) = {¢ € Z: 9 et ¢’ sont absolument continues, ¢ € =,1(0) = (7)) = 0}. (5.2)
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Then A, is the infinitesimal generator of an compact analytic operator noted by Sa »(t), t > 0, which
given by

Sa,o(t)p = Z e_"Z’TQt(Ugo, €n)en, t>0, (5.3)
n=1

where

e

en(y) =1/ —sin(ny), n=1,2,..
The operator S, (t) satisfies the hypothesis (A1)-(A3) such that

Oa.c = sup|Sa.(t)| = |lo]|. (5.4)
t>0

On the other hand, simple calculation lead to 7 = 1, X = % so (A4)-(A5) are both satisfied. Then, all
the conditions of the Theorem (3.1) are satisfied. Thus by Theorem (4.1), fractional control system (5.1)

is approximately average controllable on [0, 1].

6. Conclusion

In this study, we explored the average approximate controllability of integrodifferential nonlinear frac-
tional systems using the Caputo fractional derivative framework. We derived a necessary and sufficient
condition for average approximate controllability, expressed in terms of a controllability Grammian ma-
trix. By employing the Laplace transform, fractional calculus, and Schauder’s fixed point theorem, we
established sufficient conditions for achieving average approximate controllability in nonlinear fractional
systems. To highlight the significance of our findings, a relevant example is included in this paper.
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