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Encounter to the Additive Property of Local Function

Kulchhum Khatun∗, Shyamapada Modak and Monoj Kumar Das

abstract: Through this paper we will modify some of the results of [1], [5], [15], [31], [32], [34], [35] and
consequently give the modified results.
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1. Introduction

Let X be a set and ℘(X) denotes the power set of X. An operator ρ : ℘(X) → ℘(X) is said be an
additive operator if ρ(A ∪ B) = ρ(A) ∪ ρ(B). Closure operator in a metric space or a topological space
is an example of an additive operator. The set of all limit points operator (or derived set operator) ′
is also an example of an additive operator. The local function [14,16,33] in an ideal topological space
is an another example of an additive operator. The authors, Yalaz and Kaymakci in [34] and in [35],
Powar et al. in [31], Beulah et al. in [5], Khan and Noiri in [15], Abbas in [1] and Theodore and Beulah
in [32] placed the additive property and its consequences wrongly. Through this paper we present the
modification of the additive property and its consequences considered by the above authors.

2. Preliminaries

Concise discussion about the necessary facts are:
A subcollection I of ℘(X) is called an ideal on X if I is closed under heredity and finite additivity

property. The local function of a set A in an ideal topological space [6] (X, τ, I) ( or simply IX) is,
A⋆ = {z ∈ X| U ∩ A /∈ I, U ∈ τ(z)}, where τ(z) denotes the set of all open sets containing z. Its
associated set-valued set function [29] is ψ [30] and it is defined as, ψ(A) = X \ (X \ A)⋆. A good
number of mathematicians have modified the definition of local function by replacing the open set with
generalized open sets and open set related closure operators. Then they try to compare the properties
of local function with the new types of local functions. One of the property is additive property. But
some authors [1,5,15,31,32,34,35] have considered these wrongly. The modified local function related to
the generalized open sets are as follows:

A subset A of a topological space X is said to semi-open [8,17] (resp. preopen [19], b-open [4], β-
open [7] (or semi-preopen [3]) if A ⊆ Cl(Int(A)) (resp. A ⊆ Int(Cl(A)), A ⊆ Int(Cl(A)) ∪ Cl(Int(A)),
A ⊆ Cl(Int(Cl(A)))), where ‘Int’ and ‘Cl’ stand for the ‘Interior’ and ‘Closure’ operators respectively.
τ(z) is the collection of all open sets containing z whereas SO(z,X) stands for the collection of all semi-
open sets containing z. Again PO(z,X) (resp. BO(z,X), βO(z,X)) denotes for the collection of all
preopen (resp. b-open, β-open) sets containing z. The ‘semi closure’, ‘pre closure’, ‘b closure’ and ‘β
closure’ operators will be denoted as ‘sCl’, ‘pCl’ ‘bCl’ and ‘βCl’ respectively. They are defined in similar
fashion with closure operator in the topological space. Local functions related to these operators are,
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A⋆s [15,26] (resp. A⋆p [1,20,25], A⋆b [32], A⋆β [21,32]) = {z ∈ X| U ∩ A /∈ I}, where U ∈ SO(z,X)
(resp. U ∈ PO(z,X), U ∈ BO(z,X), U ∈ βO(z,X)). Closure operator related local function is,
Γ(A) [2] (resp. γ(A) [12], ξs(A) [34], ξp(A), ξb(A), ξβ(A) [5]) = {z ∈ X| Cl(Uo) ∩ A /∈ I} (resp.
{z ∈ X| sCl(Uo)∩A /∈ I}, {z ∈ X| sCl(Us)∩A /∈ I}, {z ∈ X| pCl(Up)∩A /∈ I}, {z ∈ X| bCl(U b)∩A /∈ I},
{z ∈ X| βCl(Uβ) ∩ A /∈ I}), where Uo ∈ τ(z), Us ∈ SO(z,X), Up ∈ PO(z,X), U b ∈ BO(z,X),
Uβ ∈ βO(z,X).

The associated set-valued set functions [28] of the above operators are as follows: ψξs(A) [35]= X \
ξs(X\A), ψξp(A) = X\ξp(X\A), ψξb(A) = X\ξb(X\A), ψξβ (A) [5]= X\ξβ(X\A), ψΓ(A) = X\Γ(X\A)
[2].

3. Additive property of local function

Study of limit points of a set in a topological space via generalized open sets may be comprised by
the topological ideal. This study has been introduced in [1,2,5,12,15,25,21,32]. Whereas limit point
studies via ideal have been introduced by Vaidyanathswami [33], Kuratowski [16] and some others (see
[9,10,11,14,23,24,27]).

In some research papers recently published in different journals, the authors have considered limit
points via generalized open sets and their related closure operators with an ideal (these are also called
local functions). These local functions as like similar with the earlier local function [14,16,33]. But some
properties of these local functions are not same as the kuratowski’s local function. One of them is additive
property which has been wrongly considered in [1,5,15,31,32,34,35].

As a part of the Kuratowski’s local function Cl⋆(A) = A ∪ A⋆ makes a closure operator and it as
like similar with the operator Cl(A) = A ∪ A′. But is not meaning that A∗ = A′. For this, we consider
the usual topology on the real line R and ideal I = {∅, {0}}. Then for A = { 1

n | n ∈ Z+}, A′ = {0} but
1 ∈ A⋆.

However, the operator ()⋆ is not countable additive and it is supported by the following example:

Consider the usual topology Ru on the real line R. Q denotes the set of rationals and put I = {∅}.
Then

⋃
r∈Q

(Cl({r})) = Q, but Q⋆ = Cl(Q) = R.

This example has already been cited in [13].

Now we are recalling the additive property of local function:

Lemma 3.1 [14,16] Let IX be an ideal topological space. Then for A,B ∈ ℘(X), (A ∪B)⋆ = A⋆ ∪B⋆.

Crucial steps for proving the Lemma are: Let x ∈ (A ∪ B)⋆, but x /∈ A⋆ ∪ B⋆ =⇒ ∃ open sets
Ux, Vx ∈ τ(x) : Ux ∩ A ∈ I and Vx ∩ B ∈ I =⇒ (Ux ∩ A) ∪ (Vx ∩ B) ∈ I and (A ∪ B) ∩ (Ux ∩ Vx) ⊆
(Ux ∩A) ∪ (Vx ∩B) ∈ I =⇒ x /∈ (A ∪B)⋆.

Later, we shall refer these steps. It is noted that the operator ‘Cl’ induces a topology on X like the
same behaviour of the closure operator Cl(A) = A ∪A′. This topology is mentioned here by ∗-topology.
We have learnt that the property (A ∪ B)⋆ = A⋆ ∪ B⋆ makes an important role for making the new
topology on X.

In [15], the authors Khan and Noiri, in [1], the author Abbas, in [31], the authors Powar et al., in
[5], the authors Beulah et al., in [32], the authors Theodore and Beulah have considered the additive
property of the following local functions via different types of generalized open sets:

Lemma 3.2 Let IX be an ideal topological space. Then for A,B ⊆ X,

1. (A ∪B)⋆s = A⋆s ∪B⋆s

2. (A ∪B)⋆p = A⋆p ∪B⋆p

3. (A ∪B)⋆β = A⋆β ∪B⋆β.

But the above results are not true in general and these have been justified by the following examples:
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Example 3.1 1. Let X = {ϖ1, ϖ2, ϖ3, ϖ4}, τ = {∅, X, {ϖ1}, {ϖ2}, {ϖ1, ϖ2}}, I = {∅, {ϖ3}}. Then
SO(X) = {∅, X, {ϖ1}, {ϖ2}, {ϖ1, ϖ2}, {ϖ1, ϖ3}, {ϖ2, ϖ3}, {ϖ1, ϖ4}, {ϖ2, ϖ4}, {ϖ1, ϖ2, ϖ3},
{ϖ1, ϖ2, ϖ4}, {ϖ1, ϖ3, ϖ4}, {ϖ2, ϖ3, ϖ4}}. Then for E = {ϖ1, ϖ3}, F = {ϖ2, ϖ3}, (E ∪ F )⋆s ̸=
E⋆s ∪ F ⋆s.

2. Let X = {ϖ1, ϖ2, ϖ3, ϖ4}, τ = {∅, X, {ϖ3, ϖ4}, {ϖ2, ϖ3, ϖ4}, {ϖ1, ϖ3, ϖ4}}, I = {∅, {ϖ1}}. Then
PO(X) = {∅, X, {ϖ3}, {ϖ4}, {ϖ3, ϖ4}, {ϖ1, ϖ3}, {ϖ2, ϖ3}, {ϖ2, ϖ4}, {ϖ1, ϖ4}, {ϖ1, ϖ2, ϖ3},
{ϖ1, ϖ3, ϖ4}, {ϖ1, ϖ2, ϖ4}, {ϖ2, ϖ3, ϖ4}} and βO(X) = {∅, X, {ϖ3}, {ϖ4}, {ϖ3, ϖ4}, {ϖ1, ϖ3},
{ϖ2, ϖ3}, {ϖ1, ϖ4}, {ϖ2, ϖ4}, {ϖ1, ϖ2, ϖ3}, {ϖ2, ϖ3, ϖ4}, {ϖ1, ϖ3, ϖ4}, {ϖ1, ϖ2, ϖ4}}. Then for
A = {ϖ1, ϖ3}, B = {ϖ1, ϖ4}, (A ∪B)⋆p (resp. (A ∪B)⋆β) ̸= A⋆p ∪B⋆p (resp. A⋆β ∪B⋆β).

These examples have already been considered in [26], [25] and [21]. But it is mentioned that, the
proof of the Lemma 3.1 contains the step, intersection of two open sets is open. However, intersection of
two semi-open (resp. preopen, β-open) sets is not again semi-open (resp. preopen, β-open) in general.

Consequently, following are wrong results in the papers [31], [32], [5] and [1]: Since β-local function
and pre-local function are not obey additive property, thus these local functions do not give the closure
operator like Kuratowski’s local function, Cl⋆(A) = A ∪ A⋆. But the authors consider following wrong
result :

Lemma 3.3 Let IX be an ideal topological space. Then the operators Cl⋆β , Cl⋆p : ℘(X) → ℘(X) defined
by Cl⋆β(A) = A ∪A⋆β and Cl⋆p(A) = A ∪A⋆p are closure operators.

Since the operators ()⋆p and ()⋆β are not additive in general, thus the operators in the above lemma
are not the closure operator. Therefore, they do not induce topologies but in [31], [32], [5] and [1] the
authors added the topologies τ⋆p and τ⋆β wrongly.

Using the fact of the additive property of pre-local function and β-local function, the authors in [1]
and [15] have stated the following result:

Lemma 3.4 Let IX be an ideal topological space. Then for A,B ⊆ X,

1. A⋆s \B⋆s = (A \B)⋆s \B⋆s.

2. A⋆p \B⋆p = (A \B)⋆p \B⋆p.

This is also an incorrect result and it will be encountered by the following example:

Example 3.2 Let X = {ϖ1, ϖ2, ϖ3, ϖ4}, τ = {∅, X, {ϖ1}, {ϖ2}, {ϖ1, ϖ2}}, I = {∅, {ϖ3}}. Suppose
A = {ϖ1, ϖ2, ϖ3} and B = {ϖ1, ϖ3}. Then (A \B)⋆s \B⋆s = {ϖ2} ≠ {ϖ2, ϖ3, ϖ4} = A⋆s \B⋆s.

Example 3.3 Let X = {ϖ1, ϖ2, ϖ3, ϖ4}, τ = {∅, X, {ϖ3, ϖ4}, {ϖ2, ϖ3, ϖ4}, {ϖ1, ϖ3, ϖ4}},
I = {∅, {ϖ1}}. Suppose A = {ϖ1, ϖ3, ϖ4} and B = {ϖ1, ϖ3}. Then (A \ B)⋆p \ B⋆p = {ϖ4} ≠
{ϖ1, ϖ2, ϖ4} = A⋆p \B⋆p.

The author Abbas in [1] has define associated set-valued set function ψp [28] by, ψp(A) = X \(X \A)⋆p
and considered the properties (i) ψp(A∩B) = ψp(A)∩ψp(B) and (ii) ψp(A∪B) = ψp(A)∪ψp(B). But
these properties are false and counter example is,

Example 3.4 Let X = {ϖ1, ϖ2, ϖ3, ϖ4}, τ = {∅, X, {ϖ3, ϖ4}, {ϖ2, ϖ3, ϖ4}, {ϖ1, ϖ3, ϖ4}},
I = {∅, {ϖ1}}. Suppose A = {ϖ2, ϖ4}, B = {ϖ2, ϖ3}, E = {ϖ3} and F = {ϖ1, ϖ2}. Then ψp(A∩B) ̸=
ψp(A) ∩ ψp(B) and ψp(E ∪ F ) ̸= ψp(E) ∪ ψp(F ).

The author Abbas in [1] used the relation (A∩B)∗p = A∗p∩B∗p for the proof of the result ψp(A∪B) =
ψp(A) ∪ ψp(B). But the relation (A ∩B)∗p = A∗p ∩B∗p is not true in general.

In Theorem 5.2 of [1], the authors considered the following result:

Theorem 3.1 Let IX be an ideal topological space. Then η = {A ⊆ X| A ⊆ ψp(A)} is topology on X.

But this is also a false result, because the author used the step A,B ∈ η =⇒ A∩B ∈ η. But the step
is not correct and it is followed by the following example:

Example 3.5 Let X = {ϖ1, ϖ2, ϖ3, ϖ4}, τ = {∅, X, {ϖ3, ϖ4}, {ϖ2, ϖ3, ϖ4},
{ϖ1, ϖ3, ϖ4}}, I = {∅, {ϖ1}}. Then {ϖ2, ϖ4}, {ϖ2, ϖ3} ∈ η but {ϖ2} /∈ η.
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4. Additive property of closure local function

The study of closure local function has been introduced Al-Omari and Noiri in [2] and Islam and
Modak in [12]. But extension study of the local function has been considered by the authors, Yalaz and
Keskin in [34,35] and Beulah et al. in [5]. In this extension study, some results are not correctly placed
in their papers.

Yalaz and Keskin in [34] and Beulah et al. in [5] discussed the following additive property:

Theorem 4.1 Let IX be an ideal topological space. Then for A,B ⊆ X,

1. ξs(A ∪B) = ξs(A) ∪ ξs(B).

2. ξβ(A ∪B) = ξβ(A) ∪ ξβ(B).

But this property is not true. For the proof of this property the authors in [5] used that ‘intersection
between two β-open sets is a β-open set’ which is not true.

Counter examples:

Example 4.1 Let X = {ϖ1, ϖ2, ϖ3, ϖ4}, τ = {∅, X, {ϖ1}, {ϖ2}, {ϖ1, ϖ2}}, I = {∅, {ϖ3}}. Then semi-
open sets containing ϖ1 are: X, {ϖ1}, {ϖ1, ϖ2}, {ϖ1, ϖ3}, {ϖ1, ϖ4}, {ϖ1, ϖ2, ϖ3}, {ϖ1, ϖ2, ϖ4},
{ϖ1, ϖ3, ϖ4}; semi-closure of the semi-open sets containing ϖ1 are: {ϖ1}, X, {ϖ1, ϖ3}, {ϖ1, ϖ4},
{ϖ1, ϖ3, ϖ4}; semi-open sets containing ϖ2 are: X, {ϖ2} {ϖ1, ϖ2} {ϖ2, ϖ3}, {ϖ2, ϖ4}, {ϖ1, ϖ2, ϖ3},
{ϖ1, ϖ2, ϖ4} {ϖ2, ϖ3, ϖ4}; semi-closure of the semi-open sets containing ϖ2 are: X, {ϖ2}, {ϖ2, ϖ3},
{ϖ2, ϖ4}, {ϖ2, ϖ3, ϖ4}; semi-open sets containing ϖ3 are: X, {ϖ1, ϖ3}, {ϖ2, ϖ3}, {ϖ1, ϖ2, ϖ3},
{ϖ1, ϖ3, ϖ4}, {ϖ2, ϖ3, ϖ4}; semi-closure of the semi-open sets containing ϖ3 are: X, {ϖ1, ϖ3},
{ϖ2, ϖ3}, {ϖ1, ϖ3, ϖ4}, {ϖ2, ϖ3, ϖ4}; semi-open sets containing ϖ4 are: X, {ϖ1, ϖ4}, {ϖ2, ϖ4},
{ϖ1, ϖ2, ϖ4}, {ϖ1, ϖ3, ϖ4}, {ϖ2, ϖ3, ϖ4}; semi-closure of the semi-open sets containing ϖ4 are: X,
{ϖ1, ϖ4}, {ϖ2, ϖ4}, {ϖ1, ϖ3, ϖ4}, {ϖ2, ϖ3, ϖ4}. Suppose A = {ϖ1, ϖ3}, B = {ϖ2, ϖ3}, then ξs(A) =
{ϖ1}, ξs(B) = {ϖ2}, ξs(A ∪B) = {ϖ1, ϖ2, ϖ3, ϖ4}.

Example 4.2 Let X = {ϖ1, ϖ2, ϖ3, ϖ4}, τ = {∅, X, {ϖ3, ϖ4}, {ϖ2, ϖ3, ϖ4}, {ϖ1, ϖ3, ϖ4}}, I =
{∅, {ϖ1}}. Suppose A = {ϖ1, ϖ3}, B = {ϖ1, ϖ4}. Then ξβ(A) = {ϖ3}, ξβ(B) = {ϖ4}, ξβ(A ∪ B) =
{ϖ1, ϖ2, ϖ3, ϖ4}.

Example 4.3 Let X = {ϖ1, ϖ2, ϖ3, ϖ4}, τ = {∅, X, {ϖ3, ϖ4}, {ϖ2, ϖ3, ϖ4}, {ϖ1, ϖ3, ϖ4}}, I =
{∅, {ϖ1}}. Suppose E = {ϖ1, ϖ3}, F = {ϖ1, ϖ4}. Then ξp(E) = {ϖ3}, ξp(F ) = {ϖ4}, ξp(E ∪ F ) =
{ϖ1, ϖ2, ϖ3, ϖ4}.

In [35] and in [5], the authors state and prove the following theorems:

Theorem 4.2 Let IX be an ideal topological space. Then for A,B ⊆ X,

1. ψξs(A ∩B) = ψξs(A) ∩ ψξs(B).

2. ψξβ (A ∩B) = ψξβ (A) ∩ ψξβ (B).

In the proof of the theorem the authors used the additive property of ξs and ξβ operators which are
not correct. Thus this theorem is not true.

Theorem 4.3 Let IX be an ideal topological space. Then

1. σξs = {A ⊆ X| A ⊆ ψξs(A)} forms a topology on X [35].

2. σξβ = {A ⊆ X| A ⊆ ψξβ (A)} forms a topology on X [5].

This is also a wrong result, as they used the Theorem 4.2 which is wrong. In this purpose the counter
examples are:
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Example 4.4 Let X = {ϖ1, ϖ2, ϖ3, ϖ4}, τ = {∅, X, {ϖ1}, {ϖ2}, {ϖ1, ϖ2}}, I = {∅, {ϖ3}}. Then
semi-closure of the semi-open sets containing ϖ1 are: X, {ϖ1}, {ϖ1, ϖ3}, {ϖ1, ϖ4}, {ϖ1, ϖ3, ϖ4};
semi-closure of the semi-open sets containing ϖ2 are: X, {ϖ2}, {ϖ2, ϖ3}, {ϖ2, ϖ4}, {ϖ2, ϖ3, ϖ4}; semi-
closure of the semi-open sets containing ϖ3 are: X, {ϖ1, ϖ3}, {ϖ2, ϖ3}, {ϖ1, ϖ3, ϖ4}, {ϖ2, ϖ3, ϖ4};
semi-closure of the semi-open sets containing ϖ4 are: X, {ϖ1, ϖ4}, {ϖ2, ϖ4}, {ϖ1, ϖ3, ϖ4}, {ϖ2, ϖ3, ϖ4}.
Consider A = {ϖ2, ϖ4}, B = {ϖ1, ϖ4}. Then ψξs(A) = X \ ξs({ϖ1, ϖ3}) = X \ {ϖ1} = {ϖ2, ϖ3, ϖ4}
and ψξs(B) = X \ ξs({ϖ2, ϖ3}) = X \ {ϖ2} = {ϖ1, ϖ3, ϖ4}. Now ψξs(A∩B) = X \ ξs({ϖ1, ϖ2, ϖ3}) =
X \X. Thus we have, A ⊆ ψξs(A), B ⊆ ψξs(B). But A ∩B ⊈ ψξs(A ∩B).

Example 4.5 Let X = {ϖ1, ϖ2, ϖ3, ϖ4}, τ = {∅, X, {ϖ3, ϖ4}, {ϖ2, ϖ3, ϖ4}, {ϖ1, ϖ3, ϖ4}}, I =
{∅, {ϖ1}}.

β-closure of the β-open sets containing ϖ1 are: X, {ϖ1, ϖ3}, {ϖ1, ϖ4}, {ϖ1, ϖ2, ϖ3}, {ϖ1, ϖ2, ϖ4};
β-closure of the β-open sets containing ϖ2 are: X, {ϖ2, ϖ3}, {ϖ2, ϖ4}, {ϖ1, ϖ2, ϖ3}, {ϖ1, ϖ2, ϖ4}; β-
closure of the β-open sets containing ϖ3 are: X, {ϖ3}, {ϖ1, ϖ3}, {ϖ2, ϖ3}, {ϖ1, ϖ2, ϖ3}; β-closure of
the β-open sets containing ϖ4 are: X, {ϖ4}, {ϖ1, ϖ4}, {ϖ2, ϖ4}, {ϖ1, ϖ2, ϖ4}.

Let A = {ϖ2, ϖ4}, B = {ϖ2, ϖ3}. Then ψξβ (A) = X \ ξβ({ϖ1, ϖ3}) = X \ {ϖ3} = {ϖ1, ϖ2, ϖ4}
and ψξβ (B) = X \ξβ({ϖ1, ϖ4}) = X \{ϖ4} = {ϖ1, ϖ2, ϖ3}. Now, ψξβ (A∩B) = X \ξβ({ϖ1, ϖ3, ϖ4}) =
X \X. Thus we have, A ⊆ ψξβ (A), B ⊆ ψξβ (B). But A ∩B ⊈ ψξβ (A ∩B).

However, for the relations ξs(A∪B) = ξs(A)∪ ξs(B), ψξs(A∩B) = ψξs(A)∩ψξs(B) and the topology
σξs , the authors of [35] have provided examples. But their examples contain a particular ideal (ideal of
nowhere dense sets) and particular semi-open sets, those are same with their semi closures. But in this
paper, the Example 4.1 and Example 4.4 are free from the above conditions. Further, the mentioned
above facts are not true whenever the space is finite. In [36], the authors have show that σξs and
σξs0 = {A ⊆ X| A ⊆ IntClψξs(A)} form a supra topology [18] on X considering semi closure local
function. The collection of all semi-open sets forms a supra topology. Semi closure of a semi-open set
is again a semi-open set. It will be hold for the relation sCl(U) ⊆ Cl(O), where U is semi-open and
O is open. Thus, the behaviour of the semi closure local function is likely to be same as the behaviour
of the local function related to the supra topology [25]. The relation sCl(U) ⊆ Cl(O) is also helped to
determine the coincidence of dense sets with semi-dense sets [22].
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