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The gaps between topological indices of dominating David derived networks

Hatice Coban Eroglu

ABSTRACT: The application of graph theory has been shown to be a valuable tool in the discipline of chemistry.
It provides a valuable means of understanding the molecular structures commonly used in chemistry. For this
reason, topological indices are employed which are numerical invariants and play an important role in the
analysis of graph structures. In this study, we investigate topological properties of dominating David derived
networks for the first, second and third types, namely the gaps between arithmetic-geometric and Randié
as well as geometric-arithmetic and Randi¢ indices. These results make easier to understand the underlying
topologies of dominating David derived networks.

Key Words: Dominating David derived networks, topological index, Randié¢ index, arithmetic-
geometric index, geometric-arithmetic index.
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1. Introduction

Graph theory has become an active research area in chemistry. The utilization of graph theory in
the comprehension of chemical molecule structure is a highly advantageous approach to understand the
structure of a chemical molecule. Representing a chemical molecule as a molecular graph means that the
vertices represent the atoms with the edges representing the connections between the atoms.

Topological indices are numerical invariants that capture the structural characteristics of graphs.
These indices are also known as connectivity indices, represent a category of molecular descriptor. They
are derived from the molecular graph of a chemical compound. The calculation and comparison of topo-
logical indices has a significant place in research ([1], [2]). A variety of topological indices of dominating
David derived networks (DDNs) have already been studied ([3], [4], [5]). In the present study, an in-
vestigation is conducted into the topological indices of DDNs, with the objective of achieving a more
profound comprehension of their mathematical characteristics and prospective applications. The focus
of this study is directed towards the gaps between arithmetic-geometric index AG and Randi¢ index R,
as well as geometric-arithmetic index GA and Randi¢ index R. To be more precise, the present work
focuses on investigating AG — R and GA — R for DDNs.

Throughout the article we consider G as a network with vertex set V(G) and edge set E(G). An edge
from E(G) is between two vertices u and v, denoted by uv € E(G). The adjacent vertices are connected
together by an edge and the degree of a vertex u; is the number of edges connected to the vertex, denoted
by d; ([6], [7]).

The Randi¢ index, also referred to as the connectivity index, is a degree-based topological index that
has been the subject of extensive research. It is considered to be one of the most widely applied in
chemistry and pharmacology, in particular for the purpose of designing quantitative structure property
and structure activity relations ([8], [9], [10]). It was developed in 1976 by Milan Randié ([11]) and is
defined as follows:
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Definition 1.1 The Randic¢ index of a graph G is given by

RG) = 3 ;_d_.

uinGE(G) J

The arithmetic-geometric index is given in [13], where its value for path graphs was calculated by the
authors.

Definition 1.2 The arithmetic-geometric index of a graph G is given by
d; +d;
ace = Y Lt

u;u; EE(G) 2 dldj

The geometric-arithmetic index is introduced in [14] to surpass the predictive capabilities of the Randié
index. It has applied succesfully in QSPR and associated domains. The formal definition is given as
follows:

Definition 1.3 The geometric-arithmetic index of a graph G is given by

GAG) = Y 2/ did;

dl‘-l-dj'

u;u; EE(G)

In [12], Chandra Das et al. defined AG — R and GA — R for a graph G as follows:

di+d;—2

Mac(G) = AG(G) — R(G) = ditdi—2 (1.1)
AG uiu]'EZE(G) 2./ dld]

Mga(G) = GAG) - R(G) = 3 2hdizdi—dj (1.2)

wyer(a) G+ di)V/did;

2. Dominating David derived networks

Dominating David derived networks can be constructured with the help of honeycomb networks ([3],
[5]). Consider an n-dimensional honeycomb network and divide each edge into two by inserting a new
vertex. In each hexagonal cell, connect the new vertices if the distance between them is four units within
the cell. Add new vertices at the intersection of new edge crossings. Then remove the vertices and edges
of the honeycomb. By inserting a new vertex to the horizontal edges, split the edges into two. The graph
that results from the proces is the dominating David derived network of dimension n (Figure 1). The
figures of the each step of the algorithm can be found in [5].

Figure 1: Dominating David derived network of dimension 2.
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Figure 3: Dominating David derived network of the second type Ds(2).
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Figure 4: Dominating David derived network of the third type D3(2).

3. Topological indices of DDNs and the gaps between the indices

Randié¢ and geometric-arithmetic indices for the first, second and third type of DDNs are given in [3];
however, we provide the theorems and the proofs to ensure integrity.

Theorem 3.1 [3] Let D1(n) be the dominating David derived network of the first type. The Randié
index for Dq(n) is given by

R(Dy(n) = (124 6vBye + (20 w7y - 2V3_20), Ny

Proof:
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Table 1: The partition of the edge set of D;(n)
[ (du,dy) [ 2223 [24 ]G3 | (3.4) [ (4,4 |
’ number of edges H 4dn H 4dn — H 28n — 16 H In? —13n+5 H 36n2? — 56n + 24 H 6n2 —52n + 20 ‘

Table 2: The partition of the edge set of Dy(n)
[ (du, dy) [ (22 ]| 2,3) 1249 [B9Y | (4,4) |
’ number of edges H 4dn H 18n2 —22n +6 H 28n — 16 H 36n% — 56n + 24 H 36n% — 52n + 20 ‘

Using Definition 1.1 and Table 1, we get the following:

1 1 1 1
R(Di(n)) =4n—— + (4n — 4)—— + (28n — 16)—— + (9n> — 13n + 5)——
(D1(n)) V2.2 ( )\/2.3 ( )\/2.4 ( )\/3.3
+ (3602 — 56n + 24)i + (3602 — 52n + 20)L
V3.4 NZWS

after simplification, the desired result is obtained:

R(Di(n)) = (12 + 6v/3)n% + (27‘/6 +7V2 — M — %) M —4V2 4+ 44/3.

Theorem 3.2 The arithmetic-geometric index and geometric-arithmetic index of D1(n) are given by

AG(D1(n)) = (45 + 21V/3)n? + (2\/6 +21V2 — 61 — ggf)n 25— 2V6 — 122 + 143,

and

1447‘/3)712 + (8\/6 56v2 32v3)n — VG 322 96V o

R
5 3 7

GA(D1(n)) = (45 + :

Proof: Using Definition 1.2, Definition 1.3 and Table 1, we get the following:

AG(D:1(n)) :4n( 212 ) + (4n—4)(m) + (280 — 16)(ﬂ) +(9n2 — 13n+5)( 343 )

2v2.2 2v2.3 2v/2.4 33
+ (36n% — 56n + 24) (%) (36n% — 52n + 20) (%)7
and
GA(Dy(n)) =4n(22€) + (4n —4) (22\1?) + (28n — 16)(22\1?) 4 (90— 13n + 5)(23\1?)
2v3.4

2Ly

+ (36n2 —56n+24)( o

" 4) +(36n2—52n+20)<

After simplification, the desired results are obtained:

AG(D;(n)) = (454 21V3)n? + (5\[ +21v2 — 61 — M) +25 — i — 12v2 + 14V/3,

and

7144\/3)112 + (8—\/6 56\[ — 61— 32V3)n — V6 _32V2 | 96V3 | o
7 5 '

GA(Dy(n)) = (45 + 2 k
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Table 3: The partition of the edge set of Ds(n)
[ (du,dy) [ (2.2) [ 2.9 | (4.4) |
’ number of edges H an H 36n2 — 20n H 72n2 — 108n + 44 ‘

Theorem 3.3 The indices Mag = AG — R and Mga = GA — R of Di(n) are given by

Mac(Di(n)) = (33 + 15v/3)n? +(f+14\f—70—‘[7%) f\/6—8x6+10\/§+%

and

102v/3 14v/6  35v2 — 683 — 137 14v/6 55 —20v/2 683
)n + (S + Jn- +

Mga(Di(n)) = (33+ 15 3 5 T 3 7

Proof: Theorem 3.1 and Theorem 3.2 provide a straightforward method for obtaining the desired result.
As a second way, by using Equation 1.1, Equation 1.2 and Table 1, the following formulae are obtained
as follows:

Mac(Di(n)) :4n(w) + (4n — 4) (M) + (280 — 16) (M)

2v/2.2 2/2.3 224
34+3-2 3+4-2
+(9n2 = 13n +5)( ——=) + (36n% — 56n + 24) ( ———
( )( 233 ) ( )< 2V/3.4 )
444-2
+ (3612 — 52n + 20) [ ———
(36n " )( 2V/4.4 )

and

Mea(Dy(n) =tn (2222222 4 g ) (2222220 4 (osn —16) (2202210

(2+2)v22 (2+3)v23 (2 +4)y/2.4
233-3-3 234—-3-14
244 —-4-14

After simplification, we get the following results:

Mag(Di(n)) = (33 + 15v/3)n? +<\f+14\[_707\[_%7> _\/5_8\@“0\/%%7

and

102\f 146 35v2 — 683 — 137 14v/6 55 —20v/2 683
2 (e - o
15 3 15 3 7
O

Mea(Dy(n)) = (33 +

Theorem 3.4 [3] The Randic¢ index for Da(n) is given by

R(D2(n)) = (3V6 + 6V3 + 9)n* — (M +11 - 7\/§)n +V6—4V2 +4V3 + 5.

Proof: Using Definition 1.1 and Table 2, we get the following:

1 2
R(D2(n)) :4nﬁ + (18n* — 22n + 6)

+ (36n% — 52n + 20)

+ (28n — 16) + (3612 — 56n 4 24)

ﬁ‘
w
ﬁ‘ —
=~
ﬁ‘ .
=~

1
Va4’
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after simplification, the desired result is obtained:

R(D3(n)) = (3V6 + 6V3 + 9)n* — (M +11 - 7\@)n +V6 —4V2 +4V3 + 5.

Theorem 3.5 The arithmetic-geometric index and geometric-arithmetic index of Da(n) are given by

913 _ 29VO+196V3 _48)n

AG(Da(m) = (28 1 21v3 + 36)u + ( :

5
+T\f—12f+14f+20

and

GA(Ds(n)) = (%\/6 + 144/3 + 36)n2 + (M - % —32v3 - 48)n

12v6  32v2  96V3
JEE_ B, 00y,

2+3
2v/2.3

) + (36n* — 520+ 20)

Proof: Using Definition 1.2, Definition 1.3 and Table 2, we get the following;:
2+4)

) + (280 — 16)(m
ﬂ)
2v/4.47°

AG(Da() = 0=

21/2.2
+ (36n% — 56n + 24)(

)+ (1802 — 220+ 6)

3+4
2v/34

and

(22\1?) + (18n% — 220 + 6) (22\1?) + (280 — 16) (é\ff)

2v/3.4 2v/4.4
2 2Vo.a vaa
+ (36n 56n+24)(3+4) 4+4)

GA(Dz(n)) =4n
+ (3602 — 52n + 20)(
After simplification, the desired results are obtained:

AG(Ds(n)) = (15\[+21\f—&-36)n +(21I—M—48)n

6
5
+i—12\/+14\f+20

and

GA(Dy(n)) = (%\/6 + 1447‘/3 + 36>n2 + (% — 44—\[ —32V3 - 48)

126 323 963
+5\f7 3:[+ ;f+20.

Theorem 3.6 The indices Mag = AG — R and Mga = GA — R of Dy(n) are given by

Mac(Da(n)) = (9\[ +15v3 + 27)n + (14\/— VG 70v3 37)n

+i—8\f+1of+15
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and
21v/6  102V/3 35v2  T7TV6  68V3
MGA(Dg(n)):(T—i— - +27)n? + i e ~37)n
V6 20V/2 683
R e

Proof: Theorem 3.4 and Theorem 3.5 provide a straightforward method for obtaining the desired result.
As a second way, by using Equation 1.1, Equation 1.2 and Table 2, the following formulae are obtained
as follows:

242-2 ) 243-2 24+4—2
Muc(Da(n)) =4n( === + (1802 — 22n + 6) [ ———=) + (28n — 16) ( ———=
A6(Da(m)) ( 222 ) ( )< 223 ) ( )( 224 )
3+4-2 444-2
+ (3602 — 56m 4 24) ( ——— ) + (3612 — 52n + 20) ( ——— ),
( )( 2v/3.4 ) ( )( 2v/4.4 )
and
2.22-2-2 223-2-3
Mga(Dy(n)) =4n( ————"—Z) 4 (18n% — 22n + 6)( ————
ca(Da(n)) ((2+2) 2.2) ( )< (2+3)\/2.3)
2.24-2—14 234-3-14
+ (28n — 16) (7) + (36n% — 56n + 24) (i)
(24 4)v2.4 (3+4)y/34
244 —4—14
+ (3602 — 52n + 20) (7)
(4+4)V/44
After simplification, the desired results are obtained:
11
Mag(Da(n)) :(% +15v/3 + 27)n2 + (14\/5 ERLCUER 37)n
2 2 3
+¥—8\@+10\/§+15,
and
2176 1023 5 (35V2  TTV6  68V3
Mea(Ds(n)) _(T + = 27)n? + ( e Ll 37)n
7V6 202 683
+ ‘5[ - (,,:f + ;[ +15.

Theorem 3.7 [3] The Randié index for Ds(n) is given by

R(Ds(n)) = (9v2 + 18)n? — (25 + 5v/2)n + 11.
Proof: Using Definition 1.1 and Table 3, we get the following;:
1 1
R(D3(n)) = 4n—— + (36n% — 20n) —— + (72n2 — 108n + 44) ——,
(Dafm) = dn—s +( o ha )

after simplification, the desired result is obtained:

ﬁp
=~

R(Ds(n)) = (9v/2 + 18)n? — (25 + 5v/2)n + 11.
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Theorem 3.8 The arithmetic-geometric index and geometric-arithmetic index of Ds(n) are given by
AG(D3(n)) = (72 +27V2)n? — (15v/2 + 104)n + 44,

and

GA(D3(n)) = (72 + 24V2)n* — (104 + 407\@)71 + 44.

Proof: Using Definition 1.2, Definition 1.3 and Table 3, we get the following:

AG(D3(n)) = 471(%) + (36n% — 20n) (%) + (72n% — 108n + 44)<%)’
and
/27 Ve

@)_

GA(D;(n)) = 4n( ) + (3602 — 20n)< ) + (720 — 108n + 44)( —

242

After simplification, the desired results are obtained:

2+4

AG(Ds3(n)) = (72 4+ 27V2)n* — (152 + 104)n + 44,

and

GA(D3(n)) = (72 + 24V2)n* — (104 + 40;/5)71 + 44.

Theorem 3.9 The indices Magc = AG — R and Mga = GA — R of D3(n) are given by

Mac(Ds(n)) = (54 + 18V2)n? — (10v/2 + 79)n + 33,

and

Mga(Ds(n)) = (54 4 15v/2)n% — (79 + %ﬁ)n +33.

Proof: Theorem 3.7 and Theorem 3.8 provide a straightforward method for obtaining the desired result.
As a second way, by using Equation 1.1, Equation 1.2 and Table 3, the following formulae are obtained
as follows:

Mag(D3(n)) = 4n(22L\/2;22) + (36n* — 20n) (%) + (7207 — 108n + 44) (%)7
and
2.22-2-2 ) 224-2-4
) 244 —4—4
+ (72n% — 108n + 44) (m)

After simplification, the desired results are obtained:
Mac(Ds(n)) = (54 + 18V2)n? — (10v/2 4 79)n + 33,

and

MGA(D?,(TL)) = (54 + 15\[2)712 — (79 + if)n + 33.
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4. Conclusion

In this paper, we study some topological indices and the gaps between them of dominating David

derived networks of the first, second and third types. The findings of this study are expected to facilitate
a more profound comprehension and examination of the structural intricacies of these networks.
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