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Existence of Solutions for Nonlinear Boundary Value Problems for Second-Order
Impulsive Differential Equations with a Deviating Argument

Samir Benhammou™ and Loubna Moutaouekkil

ABSTRACT: In this paper, we study the existence of solutions for a second-order impulsive differential equation
with a deviating argument in the following form:

=y = ftyt),yt — 7)),y 1) +e(t),t € J:=[0,1], t#tyk=1,...,m,
v(i) () =0 (v (), k=toim,
o () =y () =T (v (1)) k=tem,
y(0) =y(1) =0,

where 0 = tg < t1 < --- < tm < 1 be given, f € C([0,1] x R3,R) is a given function, e, I, I, € C(R,R),
. Let Jo = 1[0,t1], (Jk = (tkstiet1] .,k =1,...,m),J = J\{t1,t2,...,tm}. By using the nonlinear alternative
of Leray-Schauder.

Key Words: Impulsive differential equations, Boundary Value Problems, existence of solution, non-
linear alternative of Leray—Schauder.
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1. Introduction

Impulsive differential equations represent a most important field in mathematics for describing various
real-world phenomena such as in physics, engineering, medicine, and biology, etc.
Before the resolution of the impulsive differential equations it is important to study the existence of
solutions. Thus, a diverse array of methods and analytical techniques has been employed to investigate
the existence of solutions in impulsive differential equations.
Agarwal and O’Regan studied in [1] the existence of both unique and multiple solutions for a second-order
impulsive differential equation with fixed impulse moments. The problem is formulated as follows:

y'(t) +o(t) f(t,y(t) =0, te(0,1)\{ts,....tm},
Ay(ty) —Ik( )), k:l,...,m,
Ay (tr) :Jk( (t, )), k=1,...,m,
y(0) =y(1) =0,
where
feC(0,1] xR,R), ()€ C0,1), and Iy, Jy € C(R x R).

Their methodology relies on the nonlinear alternative of Leray—Schauder type together with Krasnosel-
skii’s fixed point theorem in a cone.
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In [5] Guo used the fixed point theory to analyze the existence of solutions for a specific class of second-
order impulsive differential equations, expressed as follows:

- QI}” = f (t,.’E, (E/) 9
Az|t=tk = Iy (z (tx)) ,
Ax'|_y =TI (z(ty), 2 (), k=1,2,...,m,
ax(0) — bz'(0) = zg, cx(1) +da'(1) = x.
This study was conducted within a Banach space E, where the function f € C(J x E x E,| E), with
J = [0,1] and the impulse instants satisfying 0 < #; < -+ <t < --+ < t,, < 1. Additionally, the
functions I, : E — E and I}, : Ex E — E are continuous mappings, xg, xj € E, and p = ac+ad+bc # 0.

Inspired by the above-mentioned works, in this paper we study the existence of solutions for a second-order
impulsive differential equation,

—y" = flt,y(t),y(t —7(),y'(t) +e(t),t € J:=[0,1], t#t,k=1,...,m,
Ayt =y (5) =9 () = L (v (). k=1ocom. .
M) = () v () =B/ (). k=1...m,

= 0

where 0 =ty < t; < -+ < t;, < 1 be a partition of the interval [0,1]. f € C([0,1] x R? R) is a given
function and 7, e, I, I € C(R,R) are continuous functions.

Define the subintervals as follows: Jo = [0,¢1] and Jp = (tg,tr+1], k& = 1,...,m. Let J = J\
{t1,t2,...,tm}, and denote by yi the restriction of any function y to the interval Ji.

To define solutions for (1.1), consider the space PC(J,R) = {y :10,1] - R ‘ yr € C(Ji,R) for k =

0,...,m, and y(t, ), y(tp exist with y(t,) = y(tx) for k=1,... ,m}. Equipped with the norm
lyllpe = max{llyrll .k =0,....m}, Iyl = Sup ly(®)l,
S

the space PC(J,R) is a Banach space.
Similarly, define

PCY(J,R) = {y € PC(J,R) ‘ y, € C(Jp,R) for k = 0,...,m, and y'(t; ), v/ (t]) exist with y/(t) =
y'(ty) for k = 1,...,m}.
This space becomes a Banach space when it is endowed with the norm
1yl por = max {|lyllpc, 1y'lpc}-
2. Preliminaries
In this section, we present some results which will be needed in Section 3.

Lemma 2.1 [/] Let X be a Banach space with C C X closed and convex. Assume §) is a relatively open
subset of C with 0 € Q and N : Q — C is a compact map. Then either,

(i) N has a fived point in Q; or

(ii) there is a point y € O and X\ € (0,1) with y = AN (y).

Lemma 2.2 [5] If y € PC[J, E] N C?[J', E] satisfies

_yn(t) :f(tvy(t)ay/(t))v t#tk(k:]-vz"'vm)
then

VO =yO - [ fevea @+ X ) -y 0] tel

0<ip<t



EXISTENCE OF SOLUTIONS FOR SECOND-ORDER IMPULSIVE DIFFERENTIAL EQUATIONS 3

and

y(t) =y(0) + ' (0)t — / (t = $)1 (5,5(s),¥/()) ds
+ Y ) v+ D W) -y )] t—te), ted

0<tp<t O<tp<t

Lemma 2.3 y € PC[J,E] N C?%[J', E] is a solution of system (1.1) if and only if y € PC'[J,R] is a
solution of equation

/Gts (5,9(5), y(s — 7()), 4/ (5)) + e(5))ds
+ 3 Iy () + (t— 1) I (3 (t0))] (2.1)

0<tp<t

- tz (I (y (te)) + (1 — ) I (v (te))]
k=1

where

Proof: First suppose that y € PC[J, E] N C?[J’, E] is a solution to the boundary value problem (1.1).
It follows from Lemma 2.2 , that

y(t) =y(0) + 4/ (0)t — /O (t—=s)(f(s,9(s),y(s = 7(5)), 4/ (s)) + e(s))ds

(2.2)
+ Z (I (y +(t—t) e (v (tr)], te
0<ty<t
Fort =1, we have
(1) =(0) +(0) ~ [ (1= 9)f (s.0(5).5/(5)) ds
0
0 1 @ ) + (=0 B (y (8) ¥ (80))
k=1
then
1
4y (0) = / (1= 5)F(s,9(s),y(s — 7(s)). 4/ (s))ds
0
(2.3)

Z{Ik( (te)) + (1= te) Ie (y (te) . (1))

Finally, substituting (2.3) into (2.2), we obtain



4 S.BENHAMMOU AND L.MOUTAOUEKKIL

m

1
) =t [ (1= )7 (s.u(5) s = 7(o) $Dds =32 [ 0 00) + (1= 00) T 0 ) ()]

- /O (t = 5)(F(s,9(5), y(s = 7()),9/(8)) +e())ds + D [Ie (y (t)) + (t — t) L (4 ()]

0<trp<t

— / (1= 8)f(5,9(s), y(s — 7(5)). 4/ ())ds + 1 / (1= 8)f (5,9(s), 4/ (5)) ds
3 [ @) + (- 1) B (8. )] - / (t = $)(F(5.5(5), y(s — 7(5)), 4/ () + e(5))ds
k=1
+ Z [k (y (t1) + (t = te) T (¢ (t2))]

0<trp<t

/ Gt 9)(f(5,5(), (s — 7(5), 5/ () + e(Dds+ S [Ie (9 (80)) + (t — ta) Te (' (80))]

0<trp<t

=ty [ (y () + (1= 1) T (y (8) ' ()]
k=1

That is, y(t) satisfies Equation (2.1).
Conversely, suppose y € PCY[J, E] is a solution of (2.1).
Clearly,

Ay|t:tk = I (y (tk)) (k =12,..., m)
Direct differentiation implies, for t # ty,

y(t) =— /0 s(f(s,y(s),y(s — 7(5)),4'(5)) + e(s))ds

+ / (1= $)(F(5,5(5), (s — 7(5)),5/()) + e(5))ds
+ > Iy (t)

O<tk<t
—Z I (y + (1 —t) I (¢ ()]

and

y'(t) = —f{ty(®),y(t — 7(1), ' (1) — e(t)
soy € C?[J',E] and B
Ay’\t:tk =0,y (tr)) (k=1,2,..., m).

3. Main result

In this section, we examine the existence of solutions to problem (1.1). To proceed, we introduce the
following conditions:

(H1) f:[0,1] x R® — R is continuous, and 7, ¢, I1,, I € C(R,R).
(H2) The function f has the decomposition

ftzy,2)=h(t,z)+gty) +p(t2)
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such that

|h(t, z(t))|
lim  sup =g, 3.1
L T I )

. lg(t, z(t — 7(1)))]
lim  sup ry, and 3.2
B A PO ) I 32
lim  sup et 2(#))] =79, (3.3)

|| —+o0 te[0,T) |z (t)]

where 7; > 0,2 = 0,1,2 are all constants, g, h, and p are continuous on R x R.

(H3) There are constants c¢x and ¢ such that for each y € PC1(J,R), the inequalities |Ix(y)| < ¢, and
[T (y')| < e hold for k=1,...,m

(H4) ro+ri+re <1l

Theorem 3.1 Suppose that the hypotheses (H1)—(H4) are satisfied. Then, the problem (1.1) has at least
one solution y.

Proof: In order to reformulate the problem as a fized point problem, define the mapping N € PC1(J,R)
as follows:

/ G(t, 5)(f (5, 9(), y(s — 7(5)).5/(5)) + e(s))ds
+ > ) + (= t) I (v (1))

O<tp<t

3 [ ) + (1— ) T O ()]
k=1

(3.4)

We will show that N is completely continuous. The proof will be given in several steps.

Step 1. N is continuous.

Let y, be a sequence in PC'(J,R) such that ||y, —yllpca — 0(n — o0). We will prove that
IN(yn) = N(W)|| pcr = 0(n — 00), we have

/ G/(t,5)(f(5,9(5), u(s — 7(5)), 4 (5)) + e(s))ds
S L) -3 e (0) + (1) T 0 ()]

0<trp<t k=1

(3.5)

Then
| (Nyn) (1) — (Ny) ()] < /0 |G (t,8)(f(5,yn(5), yn(s = 7(5)), yn(s))) = G(t,8)(f(s,9(s), y(s — 7(s)), 4 (s)))|ds
> Tk (yn (8)) + (6= ) Tr (yn (8))] = [T (y (88)) + (£ = t) T (4 (t))] |

0<ty <t

—I—ti‘ [Ik (yn (tk))-F(l—tk)Ik yn tk —tz Ik 1—tk)fk (yl (tk))] ‘

k=1
(3.6)
And

| (Nyn) (t) = (Ny)' (1)] < /O |G (¢, 8)(f(5,yn(5), yn (s — 7(5)),yn(5))) — G’ (2, 8)(f (s, y(s), y(s — 7(s)),y (5)))|ds
+ Z [Tk (yn (t)) — T (v (t2)) |

+Z| Uk (yn (tr)) + (l—tk)]k yn tk Z l—tk)[k( (t ))} |.
k=1 k=1

(3.7)
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Since f,1,1 are continuous operators, then the right-hand sides in (3.6) and (3.7 ) tend to zero when
Yn — Y. Thus N is continuous.
Step 2: N Maps bounded sets into bounded sets in PC'(J,R). Let

yeD={yePC'(JR):|yllpc: <dq}.

For each t € [0,1], we have

[Ny(t)| S/ G(t,8)| (f (s,y(s),y(s = 7(s5)), ¥/ (s)) + e(s)) |ds
+ Z [Tk (y ()] + (¢ — 1) [T (' (tx))]

0<tp<t
+tZ|Ik )|+ (1 = te) Ik (v (yr)) |
1 1 (3.8)
< / G(t, ) h(s,y(s))lds + / G(t, 5)lg(s, y(s — (s))|ds

0

1

+/Gt8\psy( |d8+/Gts\(s)|ds

+ch+t—tk Cl +Ztck+t1_tk)ck]
k=1 k=1

Let
1—7’0—7’1—T2
6

By using the hypothese (H4), we see € > 0. One can find from assumptions (3.1)-(3.3) that there is
a constant D > 0 such that

g =

h(t
WD ooy, forte[0,T),ly] > D,

2|
|g(|1;,y)| <(ri+e), fortel0,T],|lyl>D, and
'p(@'y)' <(ro+e), fortel0,T],|yl> D,
then
|h(t,y)l < (ro+€)lyl, fortel[0,T], |yl > D,
lg(t,y)l < (ri+e)lyl, fortel0,T],|yl>D, and (3.9)
Ip(t,y)| < (r2+¢e)|yl, forte0,T] |yl > D. '
Let
Ay = {t e [OaT]7|y(t)| < D}7
Ag = {t:t€[0,T],|y(t)| > D},

A3:{t:t€ [OaT]a|y(t77—( ))| D}’
={t:te[0,T],|y(t—7(t)| > D},
As={t:te[0,T),|y(t)| <D}, and

Ag={t:te[0,T],|y(t)> D}
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Then we have from (3.8) that

G(t, 5)| (s, y(s))|ds + / G(t, 5)lg(s, y(s — (s))ds

Az

Nyl < [ Gl s)lds+ [

2

" / Gt s)gs, (s~ (sDlds +

As

Gt )lp (5.9 (s)) |ds + /A G(t, 5)lp (5.5 (5)) |ds

m
/Gts \ds+zck+ t—tr) k] + > [tex +t(1 — ti)ek] .
k=1

k=1

Then we have from (3.5) that

1 1
INy(0)] < (ro + 71 +22) sup / G(t,8)ds|yllpc + (r2 + ) sup / Gt s)dlly |l pc
t€[0,1] tel0,1] /0

m
+ 90 + hp + pp + llelloo] / G(t, sds—i—z Cr+ (t—tr) @] + > [tox + t(1 — ti)e]
k=1 k=1

1
< (ro+71+ 72+ 3¢) yllpen SFP]/ G(t,s)ds+ [gp + hp +pp + ||€||oo]/ |G(t,s)|ds
te[0,1] JO 0

+ 22 [ex + (tr + 1)ck]
k=1
1

1
<q(ro+ri+ry+3e) sup / G(t,s)ds + [gp +hp +pp + IIelloo]/ G(t,s)ds
t€[0,1] 0

+2) " [en + (te + 1)e]
k=1

where
gp= max |g(t,z)|, hp=  max |h(t,x)|, and
t€[0,T),[z|<D t€[0,T],[z|<D
= t,2)|.
PP = o en PO
Thus

INW)lpe < M, (3.10)

where My := [q(ro + 71+ 72 +3¢) + gp + hp + pp + [le] co] SUP,e (0.1 fol G(t,s)ds+2> 0" [er + (e + 1)ck) -
Similarly, from (3.5) we can get

I(Ny) [l pe < Mo, (3.11)

where My := [q (ro + 71+ 72+ 3¢) + gp + hp 4+ pp + [lelloc] SUDe (o 1) fol |G'(t, s)|ds+>_7w; [ex + (tk + 2)cx] -
Then from (3.10) and (3.11) we have

(NPl per < M, (3.12)
where M = max{My, Ma}.

Step 3: N maps bounded sets into equicontinuous sets. Let t,t € J, t <t and D be a bounded set of
PCY(J,R) as in step 2. Lety € D. Then
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| (Ny) (t) = (Ny) (B)] < /O G(t,s) = G(E s)I(f(s,y(s),y(s — 7(5)), 4/ (5)) + e(s))]ds
+ > Ik (yn () + (&= ) T (yn (80))] = D [Tk (w (1)) + (E— ) T (v (t))] |

0<tp <t 0<tp<t

+ti Ik yn (tk))+(17tk)[k yn tk EZ Ik tk 1*tk)I_k (yl (tk))]‘

/|Gts G(t,s)|[a(ro+71+7r2+3¢)+ 9D + hp + pp + [|€]|oo)
+ Zflt—iﬂk (yn(tk)—iz (I (y (tk) + (E— tr) I (¢ (t))] |

t—f)il I (yn (t)) 4+ (1 — tr) I (yr, ()] |

/ |G(t,s) — G(t,8)|[g(ro+ri+ 7124 3¢) + gp + hp + pp + ||€]|oo)
+ Z,' (t = O (yn (t’“))ffz [k (y (8) + (E = ) I (9 (t))] |

t*5)2| [Tk (yn (te)) + (1 = t&) I, (yn (tx))] |

/|Gts G(t,s)|[a(ro+71+7r2+3¢)+ 9D + hp + pp + [|€]|oo)
+(t—1) Z Cr + Z lck + (F — tr) C] |
0<tp<t t<tp<t

+(E=DY o+ —tr)a].

(3.13)
And similarly

| (Ny)' (t) = (Ny)' (D)] < / IG"(t,5)(f(5,9(8), yn(s = 7(5)),y'(5))) = G'(£,8)(f(5,5(5),y(s = 7(5)),4'(5)))|ds
+ Z |Ik Z Ik

< /O |G'(t, ) (f(5,9(5), yn(s — 7(5)),y'(5))) — G' (£, ) (f (5, 4(s), y(s — 7(5)), ¥/ (5)))|ds
+ Z Ik (v (tx))

<ty <t

/|G (t,s) = G'(£5)|[g(ro+ 71 +712+32) + gp + ho +pp + |lellec] + > e
0<tp<t

(3.14)
Ast—1t— 0. The right-hand sides of the above inequalities tend to zero.

As a consequence of Steps 1, 2 and 8 together with the Ascoli-Arzela theorem, we can conclude that
N : PCHJ,R) — PC*(J,R) is completely continuous.

A priori estimate. Now we show that there exists a constant M’ such that ||y||pct < M', where y is
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a solution to the problem (1.1). Lety represent a solution to problem (1.1), then by lemma 2.3 we have

/ Gt 5)(F (5, y(5), y(s — 7(5)), 4/ (5)) + e(s))ds
+ Y )+ —te) I (v ()] (3.15)

0<tp<t

- tz [k (y (tr) + (1= ta) I (' (tr))]
k=1
Then, by the same way, in step 2, we can prove that:
1 1
1< (ot 722439 [yllper sup [ 1G(E5)ds +lgn + b+ 20+ lell] sup [ 162, 9)lds
te[0,1] JO te[0,1]J0

+2) " fen + (te + 1)e]
k=1
= A1llyllpcr + Bu,

And
()] < / G (8, ) (F (5, 9(5). y(s — 7(5)).5/(5)) + e(s))|ds
+ Z [ (v (tx) Z| [T (y (tr) + (1= t&) I (4 (t0))] |
k=1

0<t <t

1
< (ro+r1+r2+3¢)||yllpcr sup / |G'(t,s)|ds + [gp + hp + pp + |l€]| ] sup / |G'(t, s)|ds
t€(0,1] JO

+ ) len + (te + 2)e]
k=1
= A2llyllpcr + Ba.
Thus,
lyllper = max (|yllpc, 1Y lpc) < Allyllper + B.
Where A = max{A1, A2} and B = max{B;, Ba}.
From hypothesis Hj, we deduce that
B
< — =M
lyllpcn T =M,

Set
Q={yeC(0,t],R): gl < M +1}.

Due to the specific selection of ), there exists no point y on the boundary 02 that satisfies the equation
y = AN(y) for any X in the interval (0,1). As a result of Lemma 2.1, we can conclude that the operator
N possesses a fized point y within Q, and this fixed point is a solution to problem (1.1). O

4. Example

In this section, we present an example to demonstrate the application of Theorem 3.1. Let us consider
the impulsive differential equations as follows:
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1 1 1 1
_ i I / - o oy —
y' (1) 1Y (t)+5y(t) 10 (t 5% smt) +cost, tel0,1], t#tr, k=1,...,4,
_ 1.
y () =y (ty) :gsm(y(tk)), k=k=1,...,4, (4.1)
_ 1.
Y (t;) —-y (tk) = gSln(y/(tk)), k=k=1,....4,
y(0) =y(1) =0
Corresponding to problem (1.1), we have m = 4, h(z) = 1y, gl@) = ty, plx) =Ly, 7)) =
sint, and e(t) = cost, Iy(y(t)) = Ir(y(t)) = 1 cos(y(t)). Then we have
ro+ry+r —1+1+i<1
CTHTTE T T T 10

We can easily show that all conditions H1-H4 of Theorem 3.1 are satisfied. Thus, by applying

Theorem 3.1, it follows that problem (4.1) has at least one solution.
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