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Existence and uniqueness of a solutions of nonlinear degenerated equations with measure
data

E. Rami”, A. Barbara and E. Azroul

ABSTRACT: This paper is devoted to the study of the following of nonlinear degenerate equations of the type

Au = p in Q
(P){u =0 on 09,

where A is a Leray Lions operator acted from weighted Sobolev space Wol’p(ﬂ7 w) into its dual w—1p (2, w™),
and p is a Radon measure does not charge the sets of null (p, w)-capacity. We prove a decomposition theorem
for measure does not charge the sets of null (p,w)-capacity. We apply this result to prove existence and
uniqueness of an entropy solution of problem (P).
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1. Introduction.

Let  be a bounded open set of IRY, p be a real number 1 < p < oo and w = {w;(z) : 0 <i < N} be
a vector of weight functions (i.e., every component w;(z) is a measurable function strictly positive almost
everywhere in ), satisfying some integrability conditions (see Section 2). Let Au = —div(a(z,u, Du)) be
a Leray-Lions operator defined from the weighted Sobolev space WO1 P(Q,w) into its dual W’l’p'(Q,w*).
Let 1 be a Radon measure does not charge the sets of null (p, w)-capacity.

In this paper we investigate the problem of existence and uniqueness of an entropy solutions for a
class of nonlinear degenerate elliptic equations of the type

u 0 on O9. (1.1)

{div(a(x,u,Du)) = u in O

Existence of solutions for (1.1) if A is a linear elliptic operator and p is a Radon measure on §2, have been
obtained, using duality techniques, by G. Stampacchia in [6], the solutions verify a stronger formulation
which ensures the uniqueness but be applied only to a linear problem. In the case of a datum y in L*(£2),
the first results were given by H. Brezis and W. Strauss [8], where more general equations (with maximal
monotone graphs) were studied in [7]. In the case where p is Radon measure and a is a monotone
operator, a strict monotone, a p quasi monotone or a derived from a potential, the existence results
proved by E. Rami, A. Barbara and E. Aroul see [4] and [5] where v = f — divF.
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In the case where u is Radon measure and A is a monotone operator, existence results of (1.1), were
proved by L. Boccardo and T.Gallouét [10,11] (see also [1] for p € L'(2)), but the formulation does
not ensure the uniqueness. To overcome this difficulty we use in this paper the framework of entropy
solutions developed by Bénilan and al. [13] for the study of nonlinear elliptic problems with L' data.

For the measures not charging sets of null capacity was first observed by L. Boccardo and al. [12],
the authors prove the existence and uniqueness of an entropy solutions for non degenerate problem
Au = —div(a(z, Du)), and where the capacity defined from the Sobolev space W, () (here w = 1).

Our main goal here is to prove the result of existence and uniqueness of an entropy solution for problem
(1.1), where the operator —div(a(z,u, Du)) is defined on the weighted Sobolev spaces W, (Q,w) and
where p is a Radon measure does not charge the sets of null (p, w)-capacity.

The plan of the paper is as follows. In Section 2 we give some preliminaries of weighted Sobolev
spaces. In Section 3 we make precise all the assumptions on a, w and u. In section 4 we give some
technical results of measures and (p,w)—variational capacity. In Section 5 we give the definition of an
entropy solution of (1.1) and we establish the existence of such a solution (Theorem 5.1). Section 6 is
devoted to prove the uniqueness of an entropy solution (Theorem 6.1).

2. Preliminaries

Throughout the paper, we assume that the following assumptions hold true: 2 is a bounded open
subset on IR, N > 1. Let us suppose that 1 < p < oo is a real number, and w(z) = {w;(z)}{o<i<n}
is a vector of weight function. Further we suppose that every component w;(x) is a measurable function
which is strictly positive, and satisfies

w; € L} (Q) and w; "7 7 € L% _(Q). (2.1)

We define the weighted Lebesgue space LP(, wp) with weight wy, as the space of all real-valued measurable

functions u for which
1

pwo = (/Q |u(z)[Pwo(x) dw)g < 400 (2.2)

In order to define weighted Sobolev space of WP (Q,w), as the space of all real-valued functions u €
LP(€, wp) such that the derivaties in the sense of distributions satisfy % € LP(Q,w;) foralli=1,--- ,N.
This set of functions forms a Banach space under the norm

e = ( [ 1u@Pen(o) d“i [ 13 ) ) (23)

To deal with the Dirichlet problem, we use the space X = Wy"(,w) defined as the closure of C§°(Q2)
with respect to the norm ||.||1,,.. Note that, C5°(§2) is dense in Wy (Q,w) and (W, *(Q,w), ||.|l1.p.w) is
a reflexive Banach space. Note that the expression

N 1
lullx = (;/ﬂ ‘gxz [Pw;(x) d:c) : (2.4)

is a norm defined on X and is equivalent to the norm (2.3). Moreover (X, ||.||x) is a reflexive Banach

[l

space, and there exist a weight function o on Q and a parameter 1 < ¢ < oo, with o'79 € L, () such
that the Hardy inequality

|u|o(x) dx %gO iv: |@\pwi(m)dx v (2.5)
(f, ) =X ), la,

holds for every u € X with a constant C' > 0 independent of u. Moreover, the imbedding X << L%(f, o)
is compact.
We recall that the dual of the weighted Sobolev spaces WO1 P(Q,w) is equivalent to W17 (,w*),

wherew*:{w*:wg_pl ; i:1~~,N} and p' =

?

is the conjugate of p. For more details we refer

the reader to [15] (see also [16]).
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3. Assumptions on the data and definition of an entropy solution

Throughout the paper, we assume that the following assumptions hold true: 2 is a bounded open set
on RN, N >1. Let 1 < p < 0o, and let w(x) = {wi(2)}fo<i<ny is a vector of weight function.

Let now —div (a(a:7 u, Vu)) be a Leray-Lions operator defined on W, ?(Q,w) into W17 (Q,w*) and
where a : Q x IR x RN — IRY is a Carathéodory function, such that for i =1,--- , N

as(w,5,€)| < By (@) (L(@) + oM/¥'|s] /" PSS @l D, (3.1)
j=1

for a.e. x € Q, all (5,¢) € IR x RN, some function L € Lp/(Q) and 8 > 0.

(a(m,s,f) — a(m,s,n))(f —n) >0 forall (&,7)€ RN x RN with ¢ #n, (3.2)

N
a(z,s,§).§ = azwi|§i|p, (3.3)

i=1

where « is a strictly positive constant.

Remark 3.1 Under assumptions (3.1)-(3.3), A is monotone and coercive differential operator in the
space Wy P (9, w) into its dual W12 (Q, w*), hence A is surjective.

4. Measures and (p,w)-variational capacity.

In this section we will give some results concerning the measures and (p, w)-capacity.
Let K be a compact subset of Q. The (p,w)-capacity of K is defined as

capp,w(K,Q) :inf{/Z|—|pwl )dz, u e C§°(Q), UZXK}-

where Y is the characteristic function of K.
The (p,w)-capacity of any open subset U of €2, is then defined by:

CapPp,w (U, Q) = sup{cappyw (K7 Q), K compact C U}.

and the (p,w)-capacity of any Borelian set B C 2 by:

capp . (B, Q) = inf{cappyw (U, Q), U open 2 B}.
Denote by M;,(2) the space of signed measures on 2 and:
MPL(Q) = {u € My(Q): p(E)=0V ECQ such that cap, (E,Q) = 0}.
Proposition 4.1 Let p € M} (Q), then there exists y € W17 (Q,w*) and h € LY(Q,dv) such that
n=hy

Proof. Let u € VVO1 P(Q,w), and let u be a measurable representation cap, ,-quasi-continuous of u. Let

F: Wy P(Q,w) — [0, +00],u — F(u) = / u"du. Remark that F is convex and lower semicontinuous in
Q

WP (Q,w). Indeed: let u, — u in WP (€, w) therefore u, — u a.e. in €, and hence @, — @t a.e. in
Q. Then by Fatou’s lemma, we get:

F(u):/ ﬂ*dﬂz/liminfﬂ;erug liminf/ﬂ;+dﬂ§ lim inf F'(uy,).
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According to the separability of W~12'(Q,w*), there exist A, € W~2?(Q,w) and a, € IR such that:
F(u) =sup ((x\m u)—i—an), we have: tF(u) = F(tu) > t{(An,u)+a,, ¥t >0, Vn,dividing by ¢ and letting
t tend to infinity we get F(u) > (A, u), for all u € Wy (Q,w). Since F(0) = supa,, = 0 then a,, < 0 and

we have F'(u) > sup (()\n,u>) > sup ((z\n,u> + an) = F(u), we conclude that F(u) = sup,, ((x\n,u>)

Let € C2(Q), we have (A, @) < / ot < Il anyion ol =y, and
Q

(An, =) < /Q(—w)+du= —/Q(so)+du§ /Q(soﬁdu < el s llell L9,

which implies  —[[ull am, @) llell L) < (A, @) Hence [(An, @)l <l an@llell @),
then \, € W=1P (Q,w*) N My().

Since F(—p) =0, Vo € C(Q), ¢ >0, then 0 < (A, @) = / @dA,. Hence [|An ] ar,(0) < 1l g, - Let
Q

oo

An

=3
= (mnWl,p/ n 1)

we have

, we have 7 is absolutely converge in W1 (Q,w*). For all ¢ € C°(1),

- <>\n7§0>
n=1 2”(||)\n|W—1vp/ —+ 1

[(7, 0| =

n=1

) \ <y (nAn el Lw(m)/zn

o
1
< (3 3 Il saollel =0

n=1
< el iy 12l Loe () -

This shows that v € W12 (Q,w*). Let A be a Borel set in , such that v(A) = 0, we have

S »
= (nxnnww i 1)

and we deduce that A, (A) =0 for all n > 1, from which )\, < ~. Using the theorem of Radon-Nikodym,
then there exists f,, € L'(Q, dv) such that, for all A C Q, we have \,(A4) = / fndry, therefore A\, = f,,7.
A

Let ¢ € C°(Q2) and ¢ > 0, we have, for any Borel B and for all n, F(¢) = /ngdu > sup/and)\n =
sup [ phd then £y < pand [ fody < u(B),

Therefore /B sup (fl, fo, s fk>dfy < u(B), for all k > 1. For k — oo, we obtain, by theorem monotone
convergence, /de7 < w(B), VB C Q, where f = sup f,. Remark that /ngd,u = sup/ﬁg@fnd*y <

/ pfdy < / odp, Yo € C°(Q), hence p = f~, and since u(Q) < oo, then f € L1(Q, dy). [ |
Q Q

Theorem 4.1 Let 1 <p < N and pu € My(Q), then

pe MP(Q) <= pe LHQ) + W (Q,w").
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Proof. Let p € LY(Q) + W1 (Q,w*), there exists g € L1(Q) and (gg)s € H LY (Q,w) such that
[B]<1

p=g+ Zpﬁgﬁ_ﬁzgiz (4.1)

IBlI<1

For any Borel set B C © such that cap, (B, Q) = 0, we prove that u(B) = 0. Indeed, for all € > 0, there
exists u. € C§°(Q) : ue=11in B, u, > 0 and Hue”vv(}vp((z,w) <e.
Let (gn)n sequence of L>(Q), such that g, — ¢ in L*(Q).

We set
891
= gn + Z

We have g, — g in L'(Q), then g, — p in M,(Q2). We have

,un /d,un—/ gn+zagz dJC—/ InlUe d$+/ Za /gnuedm /Zgzauf

Hence

8u6
|11n (B /Ignluedx+/ Zlgl
< In ugdx—k/ Gi w?
[ 1an B; | |axz
N N N o 1
< Gn|uedz + </ gipwj> (/ < pmdm)
[ 1an [ lal 3
-1 1 N / W N, ou »
< [lalouotass [ > lo? ) (] >l P
/|gn|qa o dz)a (/ wiodz) (/Z|gz|p ) (/Q;axi|pwidm>
Ou, »
(et e ) [

< 016.

1
p
; dx

Passing to limit as € tends to zero, we conclude that p,(B) =0, and p(B) = 0.
Conversely, let p € MY (Q,w), we can always assume that g > 0, and by Proposition 4.1, we deduce

that 4 = hy where h € L'(Q,dy), v € W1 (Q,w*), v >0 and h > 0.
Let (K ), be an increasing sequence compact of {2 such that U 1K = Q and let u =T, (hxk, )Y €

w—Lp (Q,w), (u% ))n be an increasing positive sequence in W~ (Q, w*), with compact supports in .
Let

Mo = ﬂ( : )

Hn = ,Ugl ) N'sL : 1+
Let p € C°( RYN), p(x) >0 ae. and/ z)dr = 1. Let p,(z) = n"N p(nz). We have p, * ppm — fin

in W12 (Q,w*) as m — 00 and fi,, * pp € C°( RN), for m large enough.
Choose m = my,, such that ||y, * pm, — un\\wq,pr(ﬂym) <27". Then u, = fn + gn, where

{ fn = Un * Pm,, ,
n = Hn — Hn * Pm, -
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We have Y. g,, converges in W17 (Q, w*) then g = Z gn € WL (Q,w).

n=1
Moreover || fpllzi(9) = lttn * pmnllLr@) < llinllag, @) then Y- fr is absolutely convergent in L'(2). Let
f=> f. € LY(Q), we conclude that yu = Zun = an+Zgn =f+g. [ |

n=1 n=1 n=1

Definition 4.1 Let p be a Radon measure and E is a Borel set of Q. The restriction of p to E is the
measure X = p, defined by: N(B) = p,(B) = u(E N B) for any Borel set B of Q.
The measure \ is concentrated on E if X = A, .

Proposition 4.2 Let p € My(R2) and 1 < p < N. Then u uniquely decomposes as jn = pg + A, where:

po € MyT(Q)
A=p, and cappy (E,Q) =0.

Proof. We assume that p is positive (if not, consider u+ and p~). We first show the uniqueness. Assume
that g = po + A = po + A, where (po, p19) € (MP¥(Q))? and \ = 1, With capp., (E,Q) = 0 and
N = . with capp. ., (E/, Q) = 0. We have po — [Lz) =X -\

Let B be a Borel subset of €, if cap,, ., (B, Q) =0, then (po—puy)(B) = 0, therefore g = g and A = X,

if we consider capy ., (B, Q) # 0 and since A" — X is focused on E N E’ such that CaPp.w (E NnE', Q) =0,
then we have

A=X)B)= A= AN)YBNENE) = (g~ o) (BNENE) < (y — po) (ENE') =0.
Therefore pg = ,ué), which proves the uniqueness. Now we show the existence of u. Let

= sup {,u(A) : Ais a Borel subset of 2 and capy., (A, Q) = 0} < 00,

there exists a sequence (4,,), such that A,, is a Borel subset of 2, lim wu(A,) = « and cap, (An, Q) =0.
n—o0
Let E = U, A, is a Borel subset of 2, we have u(E) = o and cap, ., (E, Q) =0.

For A =y, and pg = o — A, there exists £ € B(Q2) : capy.., (E,Q) =0and A = p,-
It remains to show that py € M}“ (). By contradiction, assume that A is a Borel subset of € such
that capp . (E,Q) =0and 0 < pp(A) = p(A) — AA) = p(ld) — (AN E) = p(A\ E). We have

capp (A U E,Q) =0and py(AUE) = u(E)+ n(A\ E) = a+ u(A\ E) > «, which contradicts the
definition of M. n

Remark 4.1 Let x4 be a Radon measure, we can write y = po+ 1+ e, such that py € VV’“”,(Q7 w*),
p € LY(Q) and po(F) = p(E N N) with capy, (N, ) = 0.

5. Existence of an entropy solution.

In this section, we study the existence of an entropy solution of problem (1.1). Throughout the paper,
T, denotes the truncation function at height & > 0: Ty (r) = min(k, max(r, —k)), and we define

TH(Q) = {u : Q) — IR measurable : Tj,(u) € Wy *(Q,w), Yk > 0}.

We now give the definition of an entropy solution
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Definition 5.1 Let p be a signed measure in M} (). A measurable function u € T§" () is an entropy
solution to problem (1.1) if

/ a(z,u, Vu)VT(u — p)dr < / Ti(u — @) du Vo € D). (5.1)
Q Q

Remark 5.1 For p <2 — 4 and u € T}**(Q2), we will define the gradient of u as the function v such
that VT (u) = vX{ju|<k} almost everywhere in €, for every & > 0.
Note that, each term in (5.1) is well defined thanks to the fact that Ty (u—p) € Wy P(Q, w) () L () (see
[13]).

Our main result is

Theorem 5.1 Under assumption (Hy) and we assume that p is a signed measure in My(2). Then,
there exists at least an entropy solution of problem (1.1) if and only if p € MY* ().
N
Proof. Let p be an entropy solution of problem (1.1). In view of (3.1) we have a € H " (9, w?), hence
i=1
—div(a(z,u, Vu)) € W12 (Q,w*) and W12 (Q,w*) c LYQ) + W12 (Q,w*). Then p € LY(Q) +
WP (2, w*) and by Theorem 4.1 we have p € MY“(Q).
Conversely, let p € M} (2), we have p € L*(Q) + WP (Q, w*), we can write u = f — divF, where

N

feLYQ) and F € HL”/ (Q,w}). For prove that there exists at least an entropy solution of problem
i=1

(1.1), we need five steps.

Step 1: The approximate problem.

In this step, we introduce a family of approximate problems and prove the existence of solutions to
such problems.

N
Lemma 5.1 Let y = f — div(F) with f € L*(Q) and F € HL”,(Q,w;). Let (fn)n be a sequence
i=1
in L>®(Q) such that f, converges to f strongly in L*(Q) and || fallri) < L), we consider the
approrimate problem:
(Pn) Auy, = fr, — div(F)  in Q,
" Uy, € Wol’p(Q,w),

where Au = div(a(z,u, Vu)). Assume that (H1) holds true, there exists one weak solution w, for the
approzimate problem (Py,).

Proof. We first show that lim {(Av, v)

1ol 6,0y~ 0l wd e ()
N
0
o3 [y
(Av,v) i=17% O

||U||W1’p(Q W) ol v »
o Poi(x dz)
(; [ 15 pata)

3
Wy P (Qw)
[y

WyP (Quw)

= +00. Indeed, we have

> allvl|

> allv — 400, since p > 1.

Now we show that A is pseudo-monotone. Let (uy)x be a sequence in W, ** (€2, w) such that:

u — u weakly in WyP(Q,w)
Aup — x weakly in W12 (Q,w*)
lim sup{Aug, ug) < (X, u).

k
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We prove that x = Au and (Aug,u) converges to (x,u) as k goes to +o0o. Indeed, the sequence
(ug)x is bounded in W, *(€,w), hence, in view of (3.1), we deduce that (a(z,us, Vuy))x is bounded in
N N

H Lp/(Q,w;‘), and there exists ¢ € HL”/ (Q,w)), such that

i=1

N
a(x,ug, Vug) = ¢ weakly in HLP/ (Q,wy). (5.2)
i=1
Let v € W, P(,w), we can write
(x,v) = hm (Auk, ug) = lim [ a(x,ug, Vug)Vode = / eVudz. (5.3)
On the other hand, we have
lim sup(Auy, ur) = 1imsup/ a(x, ug, Vug)Vurdr < (x,u) < / pVudzx. (5.4)
k—o0 k—oo JQ Q

Since / (a(m, ug, Vug) — a(x, ug, Vu))V(uk —u)dz > 0, then
o

/a(x,uk,Vuk)Vukde —/ a(x,uk,Vu)Vuder/
Q Q

a(z,uk,Vuk)Vuder/ a(x,ug, Vu)Vugdz.
Q

Q

In view of (5.2), we can deduce that

k—oc0

lim inf/ a(x, ug, Vug)Vugde > / pVudz,
Q Q
By (5.3) and (5.4), we have

lim a(x,uk7Vuk)Vukdac:/<qudx and hm (Aug, u) = (x, u). (5.5)
Q

k—oo Jq k—o0

By (5.5), we can deduce that lim (a(x,uk,Vuk) — a(nc,uk,Vu))V(u;c —wu)dz = 0, in view of [17],

k—o0 Q

we conclude that Vuy converges to Vu a.e. in 2, in view of (3.1), we have a(z,uy, Vuy) converges to
N

a(x,u, Vu) weakly in HLp (Q,w]). Hence x = Au, and in view of [9], we conclude that there exists
i=1
u, € WyP(92,w) solution of (P,,). [

Step 2: A priori estimate.

Choose Ty (uy,) as test function in (P,), we have

/a(x,un,Vun)VTk(un)dx:/fnTk(un)dx+/FVTk(un)dx,
Q 0 Q

we can write N N
8T;€(un) 6Tk(un)
a;/@ |Txi|pwi($)d$ <Kl fllro) + ;/Q |Fz||87xl|d$

Hence

N
OTk(un a 0Ty (upn), L a1
< 1 F — _ P(_\p
03 [ 17 peatee < KISl <Q+§j/| o ()71 0 (D),
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then

N N
OTy (uy, cla a/2 T (un,
ay \—iLJVM@M$§MUMMm+ I -+41§: oo L) g,
ox; ox;
=17 T p HLP’(Q w?) P i4iJe g
=1

since p > 1, we deduce

N
0T (uy, cla « T (uy,
o> [ 1 @) < vl g0 + SRy + 23 [Pl g,
_ o Ox; P , 2 < Q o0x;
i=1 HLp (Qwa) i=1
i=1

and

N
o 0T, (uy, cla
= E / |7(4 )|pwi($)d$ < Eklfllzrq) + (,) 17| n .
2 . 0 5:01 P ’

= [ @)
i=1

By consequent

N
Ty (U,
23 [ 1 @)as < k(W + L1 )
=1

therefore N 1
T (ur, v 1
<Z/ IagMI‘”wi(I)dl’> < ckv, Vk>1. (5.6)
i=179 L

Step 3: Local convergence in measure.

We will show that (u,), is a Cauchy sequence in measure. Let Bg be a ball, and let & > 0 be large
enough. By virtue of Holder’s inequality and Poincaré’s inequality, one has

1 —1
k meas<(|un| > k)N BR> = / |5 (un ) |dx < / | T (up)|o9o™e de
((Jun|>k)NBr) Br

< (/BR Tk(un)|qod1;>q (/BR g‘f'dx)"l/ < 0R</Q|Tk(un)|padx)’l’

N 1

0Tk (uy) P 1

<! P, < C"k3
_C’R</Qi§=1|axi [Pw;dx | < CRkP,

Then

meas<(|un| > k) OBR> <

Let § > 0, we have

meas((|un — Uy | > 0) ﬂBR> < mea5<(|un| > k)N BR) + meas((um| > k) ﬂBR>

ereas(Tk.(un) — Ty (um)| > 5).

Since (Tj(un))n is bounded in Wy P (Q,w), then there exists v, € Wy (Q,w) such that Ty(uy,) converges
to vy weakly in W, P(Q,w), we use Wy (Q,w) << LI(,0), and we obtain Ty (u,) converges to vy
strongly in L(Q,0) and a.e. in €, hence (T (uy)), is a Cauchy sequence in measure in €.
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Let € > 0, there exists k(¢) > 0, such that meas ((|un —Upm| > 0)NBg | <, for m,n > ng(k(e),d, R),

then (u, ), is a Cauchy sequence in measure in Bg. Therefore, we conclude that (u,), converges to a
measurable u a.e. in Q. Hence, Tj(u,) converges to Tj(u) weakly in W, P (Q,w), strongly in L9(Q,0)
and a.e. in ).

Step 4: Intermediate inequalities.

We prove that for all ¢ in Wol’p(Q,w) N L (), we have
[ ateu VoV = o < [ il - 9)ds+ [ PV - )z )
Q Q Q
For all ¢ € WP (2, w) N L>®(), we choose Ty (u, — ¢) as test function in (P,), we obtain

/ a(x, U, Vi, ) VT (u p)dxr = / foTk(u d:v+/ EFVTi(u, — p)da. (5.8)
Q Q
We can write
/ a(x, upn, Vo)V (un — @)dax = / a(x, Up, V) VT (uy — p)dz (5.9)
Q Q
— / (a(m,un, Vuy) — a(z, uy, Vgo))(Vun — Vo) T} (uy, — p)dx
Q
In view of (3.2), (5.8) and (5.9), we obtain (5.7).
Step 5: Passing to the limit.
For all ¢ € W, P(,w) N L®(Q), we choose Ty (u, — ¢) as test function in (P,), we obtain

/a(m Uy V) VT (u dx—/fnTk go)da?—&—/ FVT(un — )da. (5.10)
Q Q

Let M = k||| oo, since Tas(uy,) converges to Ths(u) weakly in Wy * (€, w) and a.e. in €2, then Ty (u, — )
converges to Ty (u — ) weakly in Wol’p(Q, w), a.e. in £, and by Lebesgue’s theorem, we deduce that

lim / Tk (uy — p)dz = / fTi(u— p)dz, (5.11)
n—-+oo Q
and
lim FVT(up — @)dx = / FVT,(u— ¢)dz. (5.12)
n—+oo Jo Q

We use (3.1), we deduce

’

N
p ’ 8
osta Tar(un). V)| i < 3 () + [Tl + Y15 P ),
i=1 v

and since Tps(u,) converges to Ths(u) strongly in L2(Q,0) and a.e. in €, then de obtain

v(u P+ T

) — 7<k(x)i" T (u

) a.e. in .

In view of Vitali theorem, we deduce that a;(x, Tas(uy), Vi) converges strongly to a;(x, Tas(u), Vi) in
N

HLPI(Q,wf) for all i =1, ..., N. Hence
i=1

lim [ a(z,un, Vo)VTi(uy — p)dz = / a(x,u, Vo)VTi(u — ¢)dz. (5.13)
Q

n—oo Q
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In view of (5.11), (5.12), (5.13) and passing to the limit in (5.7), we obtain

/ a(x,u, Vo)VTi(u — p)dz < / fTi(u— @)dx + / FVTi(u—)dx. (5.14)
Q Q Q

Now, we can write

/ a(z,u, Vu)VTi(u — p)dx = / a(x,u, Vo)VTi(u — ¢)dz (5.15)
Q Q

+ / (a(m, u, Vu) — a(x, u, Vap)) (Vu —Vo)Ty(u— @)dz
Q
In view of (3.2), (5.14) and (5.15), we obtain (5.1).
6. Uniqueness of an entropy solution.
In this section, we prove the following uniqueness theorem

Theorem 6.1 Let i be a signed measure in L' (2) + W12 (Q,w*). Then problem (1.1) has a unique an
entropy solution.

We prove the following lemma that will be a key point in the prove the uniqueness result

Lemma 6.1 For any fized k > 0:

N
. ou
lim
h=00 Jin<|u|<htk} =5 OTi

[Pw;dx = 0. (6.1)

Proof. Using ¢ = Ty (u) as a test function in (1.1) leads to

/ o, 1, Vi) VT (1 — Th(u))dz < / FT(u — T (u))dz + / FVTy(u — Th(u))da.
Q Q Q

The definition of T} permit to obtain that for any A > 0 and any k > 0

/ a(z,u, Vu)Vu dwgk/ |f] dx+/ FVu dx.
{h<|u|<h+k} {lul=h} {h<|u|<h+k)}

The coercive character of a and the use of Young’s inequality then make it possible to obtain

N N
0 /
9/ 3l Puwide < k/ \f|dz + C S IE N widz, Whik > 0.
2 Jinsiuishrry I O {lul>h} {h<lul<h+k} (=5
N
Now since f € L'(Q) and F € H L? (Q,w),, it possible to conclude that
i=1
N ou
lim Z | =— [Pw;dz = 0.

h—o00 {h<|u|<h+k} =1 81‘1'

| ]
N

Proof of Theorem 6.1. Let y = f —div F with f € L}(Q) and F € HLP (Q,w). We consider two
i=1

entropy solutions v and v of (1.1) for the same that f and F. We plug the test function Ty (u — T} (v))
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in equations (1.1)(problem of u) and the test function Ty (v — T} (u)) in equations (1.1) (problem of v),
then, the sums of the two equations, lead to

/Q la(z, u, V) — FIVTk(u — Th(v))dz + /Q la(z, v, Vo) — FIVTy(0 — Ty (u))der (6.2)

< [ S = Tu() + (o = Th(w)] d.
Q
It is easy to see that, if h tends to 0, we have / flTk(u — Th(v)) + Ti(v — Th(u))] dz — 0.
Q
Let Cy = {|uv| <k, |ul <h,v| < h}, C, = {|uTh(v)| <k,v| > h}, Ci = {|1}Th(u)| <k,ul >

h}7 Cy = {|u—Th(v) < k,|v| < h,lu| > h} and Cy = {|v—Th(u)| < k,|u] < h,|v| > h}, we have

Q=CoUCLUCy, =CoUC UC.
For Cy, we have

/ [a(z,u, Vu) — FIVTE(u — T (v))dx + / [a(z,v, Vv) — FIVT(v — T (u))dx (6.3)
Co Co

= / [a(z,u, Vu) — FIV(u — v)dz + / [a(z,v,Vv) — FIV (v — u)dx
Co Co

= / [a(z,u, Vu) — a(z,v, Vv)|V(u — v)dz.
Co
For C; and C) we have

/C [a(z,u, Vu) — F|VTi(u — Tp(v))dx + / [a(z,v,Vv) — FIVT (v — Ty (u))dz (6.4)

/
1

> — FYVudx — FYuvdx.
Cy c

Fa< ([ Zmrse)” ([, 3

14=1

In view of the Hélder inequality, we obtain

8“ dx). (6.5)

’01 Ci

Due to the definition of Ty, and for any 0 < k < h, we have C; C {h — k < |u| < h+ k}. Since

J NS HL” (Q,w}) and in view (6.1), we can deduce that hlim FVudxr = 0, the same, we have
— 00 Cl

lim FVuvdx = 0. In view of (6.4), we conclude that

h—o0 C{

lim sup { /C1 [a(x,u, Vu) — F|Vudx + /C/ [a(z,v, Vv) — F]Vvdm} > 0. (6.6)

h—o0 1

For Cy and C, we have

/

/C la(z, u, V) — FIVTk(u — Th(v))dz + / la(e, v, Vo) — FIVT4(0 — Ty (u))der (6.7)

= / [a(z,u, Vu) — F]V(u — v)dx + / [a(x,v, Vv) — F|V(v — u)dx.
Cs

/
2



EXISTENCE AND UNIQUENESS OF A SOLUTIONS OF NONLINEAR DEGENERATED EQUATIONS 13

In view of the coercive character, we obtain

[a(x,u, Vu) — F|Vudz — / FVudz. (6.8)
Ca

/02 a(z,u, Vu) — FIV(u — v)dz > _/

Ca

Due to the definition of T}, we have Cy C {h < |u| < h+k}N{h—k <|v| < h} forany 0 < k < h, in
view of Hardy inequality and (3.1). It easy to see that

/ [a(z,u, Vu) — F]V(u — v)dz
Cy

N a N5 1
u ’ ’ p’ v P
> — O |=—Pwidz + |L|P + |F|P )dx) </ |pwidx>
</{h§|u§h+k} ; Ox; {h—kgmgh}; Ox;
—/ FYVudzx.
Ca
N !
Since F € HL” (Q,w)) and in view of (6.1), (6.5), we deduce that
i=1
lim [a(z,u, Vu) — FIV(u — v)dz > 0, (6.9)
h—+oo Cs
and the same, we obtain
lim [a(z,v, Vv) — F]V (v — u)dz > 0. (6.10)
h—+oo Cé

In view of (6.2), (6.3), (6.6), (6.7), (6.9) and (6.10), we conclude that

lim (a(a:, u, Vu) — a(x, v, Vv))V(u —v)dz =0,

h— o0 Co
then
/ (a(x, u, Vu) — a(x, v, Vv))V(u —v)de =0, Vk>0.
Co
In view of (3.2), we obtain Vu = Vv, and then v = v a.e. in . [ |
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