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Existence and multiplicity of solutions for the Kirchhoff BVPs via genus theory on the
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ABSTRACT: The aim of this paper is to establish the existence and multiplicity of solutions for a fourth-order
boundary value problem of Kirchhoff type posed on the half-line via Krasnoselskii’s genus theory.

Key Words: Genus theory, variational methods, Kirchhoff equation, (PS) condition, fourth-order
BVPs.

Contents
1 Introduction 1
2 Preliminaries 1
3 Main results and proofs 4
4 Example 10

1. Introduction
In this work, we are interested by the following problem:
M (Jlul)*) (uD (@) = " (@) + u(@)) = Af(@,u(@), @ € [0,+00),

w(0) = u(+o0) = 0, (1.1)
w”(0) = u (+00) =0,

where f be a continuous function, A > 0 is a numerical parameter, and the norm of u will be known later.
The problem (1) is a generalization of a model introduced by Kirchhoff [6] .

2. Preliminaries

In this section, we will present some definitions and necessary results used in the next of this work.
L?(0,+00) is defined by

—+o0
L*(0, 4+00) = {u :[0,400) = R is measurable,/ lu(t)|? dt < —|—oo}7
0

luls = (/Om u(t)? dt)é .

Proposition 2.1 The space (L?([0,+00)), |.|2) is separable, uniformly convex and reflexive; its conjugate
space s L?.
For any u € L?([0,+00)) and v € L?([0,+0)), we have

+oo
’/ uv dt‘ < |ula|vls.
0
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2 A. RAHMANI AND T. MOUSSAOUI
The Sobolev space X = HZ(0, +00) is defined by
HZ(0,+00) = {u € L%([0,+00)); v’ € L3([0,4+00)), u” € L?([0,+00)), u(0) = 0, v/ (0) = 0},

endowed with the natural norm

+o00 +oo +o0o %
| = </ W (z) das+/ () da:+/ w2(2) da:) .
0 0 0

Note that if u € HZ(0,400), then u(+00) = 0, v/(+o0) = 0, (see [1]). Let r : [0, +00) — (0, +0c0) be a
continuously differentiable and bounded function with max(|r|pz2,|r'|r2) < +o0.
We also consider the following space

C1.+[0,+00) = {u € C([0,+0),R) : lim r(x)u(x) exists}

T—+00

endowed with the norm

[ullocr = sup  r(z)u(z).
z€[0,+00)

In the first stage of this section, we present some notions on the Krasnoselskii’s genus theory (see [7], [3],
[5],[4]) that we use in the proof of our main result. Let Y be a real Banach space, set

Y={EcCY\{0}: E is compact and E = —FE}.
Definition 2.1 Let E € ¥ and Y =R.
The genus v(F) of E is defined by
v(E) = min{k > 1; there exists an odd continuous mapping ¢ : B — RF \ {0}}, (2.1)

If the mapping ¢ does not exist for any k > 0, we set y(E) = oo.
Note also that if E is a subset, which consists of finitely many pairs of points, then y(E) = 1.
Moreover, from the Definition 2.1, v(0) = 0. A typical example of a set of genus k is a set, which is
homeomorphic to a (k — 1) dimensional sphere S*~ via an odd map.
Now, the following Kranoselskii’s genus results are necessary throughout the present paper.

Theorem 2.1 ( see [5] ) Let Y = RY and 99 be the boundary of an open, symmetric and bounded
subset @ C RN with 0 € Q. Then v(92) = N.

Corollary 2.1 The genus of the unit sphere S¥ =1 of the space RV~ 4s v(SN—1) = N.
Remark 2.1 IfY is a separable infinite dimensional space with unit sphere S, then v(S) = oo.

Proposition 2.2 (See [5]) Let A, B € ¥. Then, if there exists an odd map f € C(A, B), then v(A) <
~v(B). Consequently, if there exists an odd homeomorphism f: A — B, then v(A) = ~v(B).

Definition 2.2 The functional I satisfies the Palais-Smale condition (PS) if for every sequence (u,) CY
such that

[T(u,)| < C and I'(up) =0 as n — oo,
then there is a subsequence of (uy,) which converges in the sense of the norm of Y.

The following result obtained by Clark in ([4]) is the main idea, which we use in the proof of Theorem
3.1.

Theorem 2.2 . Let I € CY(E,R) be a functional satisfying the Palais-Smale condition. Also suppose
that:
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e [ is bounded from below and even.

o There is a compact set K € ¥ such that v(K) =k and sup I(x) < I(0).
reK

Then I possesses at least k pairs of distinct critical points and their corresponding critical values are less

than 1(0).
Corollary 2.2 ([2]) The embedding HZ(0,+00) < C; [0, +00) is continuous and compact.

Proposition 2.3 Let A be the function defined on the Banach space X by A(u) = ||ul|? and
“+o0 —+o0 “+oo
(N (u),v) =2(u,v) = 2(/ u''v” +/ u'v —|—/ uv).
0 0 0

1. The functional A is convex.

Then we have:

2. The mapping N’ : X — X' is strictly monotone and bounded.

3. N is of (ST) type, namely if u, — uw and lim (A'(u,),u, —u) <0, then u, — u.

n——+oo

4. N is homeomorphism.

Proof:

1. The functional A is convex.
Let u,v € X, and ¢ € [0,1]

A (tu+ (1 —t)v) ltu + (1 —t)v|?

[tull® + [[(1 = t)v]?
Ellul? + (1= 1)*[lo]*
tHlull* + (1 = &)[o]?

tA(u) + (1 —t)A(v),

INCINCIN N

it follows that A is convex.

2. The mapping A’ : X — X' is strictly monotone and bounded.
A’ is Frechet derivative of A, it follows that A’ is continuous and bounded.

For all u,v € X such that u # v

(N(u) = N@),u—2)) = 2(u,u—2v)—20v,u—"v)
= 2u—v,u—v)
= 2u—v|*>0,

which mean that A’ is strictly monotone.

3. AN is of (ST) type.
Let (uy) be a sequence of X, such that u, — v in X and lir+n (N (up), un — u) <0, it suffices to
n—-+0o0

show that |(un,un, —u)| — 0 as n — +oo ( since v € X’ and u,, —u — 0, then |(u,u, — u)| — 0,
on the other hand, we have: 0 < ||u, — u|| < |(un, tn — w)| + |(w, up — w)|. So, u, = win X).

In view of monotonicity of A’, we have (A'(u,) — A'(u),u, —u) > 0, since u, — u in X, it follows
lim (A'(u,) — A'(w),up, —u) — 0 as n — +00, 80 u,, — u in X.

n—-+
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4. A’ is homeomorphism.

Note that the strict monotonicity of A’ implies its injectivity. Moreover A’ is a coercive operator.
Indeed, let u € X and since X is a Hilbert space, we have:

(N (w),u) = 2(u,u) = 2||ull*.

Consequently, thanks to Minty-Browder theorem ([8]), the operator A’ is surjective and admits an
inverse mapping. It suffices then to prove the continuity of (A’)~1. Let (x}) be a sequence of X’
such that =¥ — z* in X’ as n — +o0, let u,,u € X such that:

(A)~Hz}) = uy, and (A)"1H(z*) = u.

By coercivity of A’, one deduce that the sequence (uy,) is bounded in the reflexive space X. For a
subsequence, we have u, — u in X, which implies that

. / / ~ _1: o x o
nErJIrloo(A (up) — A'(w),u, — ) = ngr}rlm@n ¥ un —u) =0.

It follows from the fact that A’ is of (S ) type and the continuity of A’ that A’(u,) — A'(@) = A'(u)
in X’. Moreover, since A’ is an injection, we conclude that u = .

d

Proposition 2.4 A function u € X = H3(0,+00) is said to be a weak solution of the problem (1.1) if

—+o0 —+oo

u'(2)¢ (x) do + /0 u(z)p(x)) dx):

M <||u||2) (/O+M(U”(x)g0”(a:) dz +/0

“+o0
/\/0 flz,u(x))e(x) de, Vo e X.

This relation is called the weak variational formulation equivalent to the problem (1.1).

We associate to the problem ( 1.1 ) the energy functional defined by I : X — R,
1~ ) +oo
I(u) = §M llul|® | =X F(z,u) dx,
0

where M\(t) = /0 M(s) ds and F(z,u) = /0“ f(z,t) dt.

3. Main results and proofs

Theorem 3.1 We assume that M(t) and f(x,t) satisfy the following assumptions:

(My) M :RY — RT is a continuous function and satisfies the following condition:

ag + a;t® < M(t) < by + byt®,

for allt > 0, where ag,ay,by,b1 and a are positive constants.

(f1) f:]0,+00) x R — R is a continuous function such that:

[f (2, 8)] < di() + da()[t]"~,

dy d
for all (x,t) €]0,400) X R, where d1,ds are positive functions such that —17 2
r

1<qg<2a+2.

1
0 € LY0,4+00) and
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(f2) f is an odd function with respect to the variable t,

f(z,t) = = f(x,—t), V(t,z) € R x[0,+00),

and F(x,u) = /u f(z,t) dt > 0 for every (z,u) € [0,+00) x R — {0}.
0

Then for any k € N, there exists A\, such that when X\ > A, Problem (1.1) has at least k distinct pairs of
nontrivial solutions.

Proof:
Claim 1 : [ € C'(X,R).
Step 1 : I is well defined.
Indeed, let uw € X, it follows from (f1), (M1) and the fact that X embed continuously in Cy, that

—~ +oo
il = [ A [ P o

1~ +oo
< M (ul?) + A / IF(z,u)| da
0

Ll +oo pu
< = M(¥) dt+/\/ / |f(z,t)| dt dz
2 Jo 0 0
1 plul? too pu
< 5/ (bo+b1t“> dt+>\/ / dy(2) + do(@)|t]7" dt d
0 0 0
[ b +ee d
< gl e ex [T (a@ue) + 2 ) ao
1 | oo dy(x) o0 dy ()
< = |bollull® + by f|ulP*T2 | +X r(x)|u(x)| de + A —=|u|%r? dx
2] J 0 r(x) 0 T4
1 | teod teoq
< gl o e [ g A, [ g
L 1 0 r(z) 0 4
17 | d d
< g |bollull® + ballul PR +Acllul|=H Al 7| ) < oo
2 L ] (ATt rd L1
Step 2 : I is Gateauz-differentiable.
Indeed, for all v € X, for any small s > 0, we have:
1~ 5 Hoe L~ +oe
Iu+sv)—1I(u) = §M(||u+5v\| )—A F(x,u+ sv) d:z:fiM(HuH )+ A F(z,u) dx
0 0

-2 ]\//.7(||u+sv2)—]\//_7(||u||2)}—A/O+OO(F(x,u+sv)—F(x,u)) da.

From the mean value theorem, we obtain

F(z,u(x) + sv(x)) — F(x,u(x)) = sv(z) f(z,u(z) + sbv(x)), 6 € (0,1),

M([lu+ sv][?) — M(||ul|?)

(u sl - ||u|2)M<||u T s00l)

(2s<u,v> + s2|v||2)M<||u T so0l?),
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then,

N |

IHu+sv)—I(u) = <25(u, v) + 52|v||2) M(|Ju + sbvl||?) — /\/Jroo svf(x,u+ sbv) de.
0

So,

I(u+ sv) — I(u)

+oo
= ((u,v) + ;s||v||2>M(||u + s6v|?) — )\/ vf(x,u+ s6v) dx
0

For all u,v € X, and for all small s, and 6 € (0,1):

@) + s00(@)|r(®) < u(@lr(z) + s0oe)|r(z)
< ”u”oor + ||UHOO,T
< cllull + o]
< cQMHWUQ=RWP

Moreover, from (f1) and X — C), we have:

() [v(2)] + da(x )Iu +500]7 |u(z))|

QU

|f(xz,u+ sbv)v(x)] <

dl(x) () a1 ( NV () Ir(x
S @ r(z)|v(x )I+( @) | s0v]T (r ()T v (@) |r(x)
dl(lf) dg(l‘)
< T(SL’) H ||00,T+ (’I“(!L‘)) R ” HOO?”
dl( ) RI™ dz(l') 1
< o B m B Y o) 20, 4o0)

From the Lebesgue dominated convergence theorem, we have
+oo +too
lim fz,u+ sOv)v de = / flz,uw)v(x) de.
0

n—-+o0o 0

Since M is a continuous function, then

u—+sv) — I(u oo
i I () < [ feuta) do.

n—-+oo S

then,

I ()0 = M([Jull?) (/Om o (@) (@) de + /Om o (@) () do + /;oo u(@)v() dz:) A /;oo (@, u)o() da.

Step 3 : I' is continuous.
Indeed, let (u,) C X such that u, — u as n — 400 in X; since X — Cy, then u, — u as n — 400
in Cpr, so (uy) is bounded in Cy,, then there exists L > 0 such that ||up|lco,r < L, ¥n. We have then

'f(l‘,un) di(z) | da(z)

SR G U
)

q

() dole =
< S Tt (@)
di(z) | da(z)
e e
< dy () _'_qulm € L'(0,+00).

r(z) (r(z))?
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From the Lebesgue dominated convergence theorem, we obtain

: T f@ug(x) T (e u(x)
dm [ e [ w (3.1)
For all v € X, we have
2 e 2 e
(I'(un) = I'(u),v) = M([Junl*)(un,v —/\/0 [z, un)v(x) de — M(([ul”) (u, v) +>\/O [z, u)o(z) do

= ) ([t @ ek [ der [ @) ail
+oo +oo
o' (z)v'(x) dz —|—/O u(x)v(x) dx]
= /0Jroo f(z,un)v(x) de + )\/OJroo f(z,u)v(z) dz
+00

= M(||lun|?) {/(;LOO un (z)v" (z) dz + /+°<> up ()’ (z) dx +/ Un(x)v(x) dm:

0 0

—M(|Jun|?) {/Oﬂ” ' (z)" (z) dz + /+°° o (z)v'(z) dx + /+°° u(z)v(z) dl’:

0 0

+M(||un ) {/(foo o' ()" (z) dx + /0+oo o' (z)v'(x) d + /0+OO w(x)v(z) dac:

Then

"o, 1 oo N, oo o
(u,, —u" )" do + (u,, —u")v' do + (tp, — w)v dz
0 0

+o0 +o0 400
+[M<|un2> - M<||u||2>} [ [T [t [ da:]
0 0 0
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By using the Cauchy-Schwarz inequality, we have

< a7 (0
o (o) ()

(I'(un) = I' (u), v)

1
2

“+00
/
0

3/ oo 3
1 11\ 2 112
u, —u') ) (/ v )
0

(i) (")

) = J@ w5 (@) de

+{M<l%ll2> - M(||u|2>} (u,0) + A / T | f (@, un(a

Ml )| [ - (- u">2)é|v||x, v +°°(<u; w
[ (- u>2)$||v||xi Ml -

<

+)\/+°° If(ﬂf,un(w)(—)f(%U(x))
0 r\xr

M ([[unl*)llwn = ullllollx- +

—+oo
+/\C||1}||/ ‘f(xaun
0

R

N

M ([lunll?) ~

(z) — fz,u(z))|
(@) dx.

On the other side
(11" (un) = 1" (u) || x

n) = I'(u),v)|

sup |(I'(u
llvll<1

N

sup M ([[un|*)[[un = ulll|v]|x + sup
lvll<1 lo]l<

p (Mll?) -

2
vl x

@)
?)

M(IIUIIQ)} Jullx vl

M(IIUIV)} lullx vl

M(Ilu||2)> [l x[lvllx

+ sup Ac|jv
[lv]|<1

+)\c/
0

N

| ) — Sl )]
(@) dz.

Passing to the limit when n — 400, and from (5.1), we obtain that I" (u,) —

I’ is continuous.

Claim 2 : I is bounded from below.
Indeed, from (M7) and (f1), we have:

0 | f( un(z) — (2, u(2)
”/ ( ) e

I"(u) as n — 400, hence

. +oo
I = G~ [ Fu) dr
[l oo .
> 1/ (ao + ait®) dti/\/ (d1($)|u(x)+d2(x)|u(w)| o
2 Jo 0 p
1 +o0 dl(SC) A 400 dQ(l‘)
> = 2 20042 | _ A .
> el + S5 ] - / o) - 3 / ED @yute)l da
L] ' 0 dy (a ullt,, [ dy(a
> = [aollul® + =2 {lul2*+? [~ Nulloo,r / 1(@) gyl / 2(2) o
2| +1 | 0 r(z) q o ri(z)
1 ] d clld
> - 2 et 2042 | a1 . 2 g '
> g |aollul® + 5l <2e Tl = A Jul (3.2)

As2a+ 2 > q, I is bounded from below.
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Claim 3 : I satisfies the (PS) condition.
Indeed, assume that (u,) C X is a sequence such that

I(up) = ¢ and I'(uy,) —0 as n— +oo. (3.3)
From (5.3), we have |I(uy)| < ds. This fact, combined with (3.2), imply that

dz
rd

1 dy
> u0) > 5 |anlll? + 2| <2l 2|l =2

.
s

Since 2+ 2 > q and I is coercive, then (uy) is bounded in X. Hence, there exists a subsequence of (uy,)
still denoted by (un) such that (uy,) converges weakly to some u in X. Since X —— C),, then (uy)
converges to u in Cy ,[0,400) i.e. up, — u in C;,[0,+00). Then by (3.3), we have (I'(uy), un —u) — 0
as n — +oo. Thus,

() =) = dr(lua ) [ Tl ) + / Tl ) + / +°°un<unu>)
—A[m Fa ) (un — 1) dz — 0.

By (f1), we get

/0+°° fzyun) (un —w) dz| < / ( o) |up — ul + do(2)|tn] T g —u) dz
< [T (B -l + B @ @ ) )] ) do
< e N ) fun — e
< E et d> Yl =l
< % vl

Since (uy) is bounded in X and (u,) converges strongly to u in Cj,[0,+00), we obtain

—+oo
/ flz,un)(up —u)de — 0 as n— +oo.
0

+o00 +oo +o0
M<|un2>(/o (! — ) + / (ud — ) + / un<un—u>)a0,

as n — +o0o. From (M), it follows

+oo +oo +oo
/ ult (ul —u”)—i—/ u’n(u;—u')—i—/ Up (Up, —u) — 0.
0 0 0

By Proposition (2.3), we get that u, — u in X.

Hence

Claim 4 : Consider {e1,ea, ...}, a Schauder basis of the space H3(0,+0o0) (see [1]), and for each k € N,
consider Xy, the subset of HZ(0,+00) generated by the k vectors {e1, ea, ...,ex}. Clearly X}, is a subspace
of H3(0,+00).
Consider, for p >0
k

Kilp) = {ue Xi: ulk =o€ ="}

i=1
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For any p > 0, we consider the odd homeomorphism x : Ki(p) — S*~1 defined by x(u) = (&1, s, ..., 1),
where SF~1 is the sphere in R¥. From Theorem 2.1 and Proposition 2.2, we conclude that v(Ky(p)) = k.

+oo
It follows from hypothesis (f1) that/ F(z,u(x)) de > 0 for any u € Ky(p). Then pp =
0

ue Ky,

+oo
inf( )/ F(x,u(x)) dx is strictly positive.
) Jo

1
Let \y, = % (b0p2 +b1p20‘+2>, and note that A\, > 0. When X\ > Ay then for any u € Ki(p) we have

which implies that

I(u)

/A

1~ oo
5M(Ilu||2) —A F(z,u(z)) dx
0

1l oo
3 ; M(s) ds — /\/O F(z,u(z)) dv

1 (03
5 |Bolll? + 0l -

1
5 |:b0p2 + b1p2a+2:| _)\kﬂk = 0,

sup I(u) < 0=1I(0).
Kk (p)

Thanks to Theorem 2.2, I has at least k distinct pairs of nontrivial solutions, then, Problem (1.1) has

infinitely of nontrivial solutions.

We consider the problem

where M(t) = 14+t%, A =1, and ¢ < 2a+2. We put f(z,t) =

1
and r(x) = .

O
4. Example
M (Jluf]*) (v (@) = (@) + u(@)) = —g——ulul’™%, @ € [0, +00),
u(0) = u(4o00) =0,
u”(0) = v’ (+0) =0,
2, dy () = —— dy(z) = e
2 +1 ’ 1424’

It is easy to see that conditions (f1), (f2) and (M;) hold. So by Theorem 3.1, (4.1) has infinitely of

nontrivial solutions.

References

1. H. Brezis, Functional Analysis, Sobolev Spaces and Partial Differential Equations, Springer, New York, 2010.

2. M. Briki, T. Moussaoui, D. Oregan, Ezistence of solutions for a fourth-order boundary value problem on the half-line
via critical point theory, Electronic Journal of Qualitative Theory of Differential Equations, 24(2016), 1-11.

3. K.C. Chang. Critical Point Theory and Applications, Shanghai Scientific and Technology Press, Shanghai, (1986).

4. D.C. Clarke, A variant of the Lusternik-Schnirelman theory, Indiana Univ. Math. J., (22)1972, 65-74.

5. O. Kavian, Introduction a la Théorie des Points Critiques et Applications aux Problémes Elliptiques, Springer-Verlag,

1993.

6. G. Kirchhoff, Mechanik, Teubner, Leipzig., 1883.

7. M.A. Krasnoselskii, Methods in the Theory of Nonlinear Integral equations, MacMillan, New York, 1964.



MULTIPLICITY OF SOLUTIONS FOR A CLASS OF BVPS VIA GENUS THEORY 11

8. E. Zeidler, Nonlinear Function Analysis and its Applications, vol. II/B: Nonlinear Monotone Operators, Springer, New
York, 1990.

Amel Rahmani,

Laboratory of Fized Point Theory and Applications,
Higher Normal School, Kouba, Algiers,

Algeria.

E-mail address: amel.rahmani@g.ens-kouba.dz
and

Toufik Moussaous,

Laboratory of Fixzed Point Theory and Applications,
Higher Normal School, Kouba, Algiers,

Algeria.

E-mail address: toufik.moussaoui@g.ens-kouba.dz



	Introduction
	Preliminaries
	Main results and proofs
	Example

