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On the translation surfaces generated by spherical indicatrices of regular curves in
Euclidean 3-space and their characterizations

Salma Khan*, Malika Izid, and Amina Ouazzani Chahdi

ABSTRACT: In the present paper, we investigate the translation surfaces generated by the tangent and
normal indicatrices of two regular curves in three-dimensional Fuclidean space. We establish the necessary
and sufficient conditions for the generating curves of these translation surfaces to be geodesic lines, asymptotic
lines, and lines of curvature. Furthermore, we identify the essential conditions for these translation surfaces
to be developable or minimal. We conclude this work by generalizing the results obtained for spherical k-
indicatrices.
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1. Introduction

A Darboux surface is a surface composed of identical curves, known as generators, that are symmetrical
through space isometries. A parameterization of this surface is defined by

P(u,v) = A(v).au) + B(v),

where « and 8 are two spatial curves and A(v) is an orthogonal matrix.

In differential geometry, translation surfaces are well known as a special case of Darboux surfaces, with,
the orthogonal matrix A being an identity matrix and both curves intersect each other. A translation
surface refers to a surface generated by translating one curve, denoted as «(u), parallel to itself along
another curve, represented as ((v), therefore, the parametric representation for this type of surface is
given as

P(u,v) = a(u) + B(v).

The theory of translation surfaces has always been an interesting topic in Euclidean space. Various
differential geometers have previously explored the properties and characteristics of translation surfaces.
Verstraelen et al. have investigated minimal translation surfaces of plane type in n-dimensional Euclidean
spaces [17]. Liu obtained some characterizations of translation surfaces with constant mean curvature or
constant Gauss curvature in Euclidean 3-space E* and Minkowski 3-space E3 [11]. In [2] Ali et al. gave
some results on curvatures of some special points of the translation surfaces in E3, in the same regard,
Muntenau and Nistor studied the second fundamental form of the translation surfaces in Euclidean 3-
space and they obtained some characterizations by using the second Gaussian curvature Kj; of the
translation surfaces [13]. Recently, in [1] Neriman Acar et al. studied translation surfaces generated by
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the spherical indicatrices of space curves in E3, and obtained some characterizations based on the fact
that these surfaces are developable or minimal. In [5] Cetin et al. have investigated geometric properties
of surfaces that are parallel to translation surfaces in Euclidean 3-space. In [6,7] Cetin et al. studied
translation surfaces in Euclidean 3-space generated by two space curves, and using non-planar space
curves he expressed some properties of translation surfaces according to Frenet frames in Minkowski
3-space. Also lately In [18] A. Yadav and A. Yadav, delved into the translation surfaces generated by
spherical indicatrices of timelike curves within Minkowski 3-space. Their study focused on examining
the minimality and developability of these surfaces, as well as investigating specific properties of the
generating curves.

In [10], we studied the translation surface generated by the principal normals of two regular curves
provided with their alternative frames. Our aim was to determine the characteristics related to the
minimality and the developability of this surface. Following this, we generalized the study to confirm the
results obtained.

This paper delves into the characteristics of translation surfaces generated by the tangent and normal
indicatrices of two regular curves, denoted as o and 3, within three-dimensional Euclidean space. Building
upon this investigation, and with the aim of enhancing the achieved outcomes, we equip the two space
curves, a and 3, with their respective Frenet frames to analyze the translation surface generated by
their tangent indicatrices. Furthermore, we provide them with their alternative frames to explore the
translation surface generated by their normal indicatrices. Subsequently, we extend these findings to
generalize the results obtained. Our work is centered on determining the decisive conditions required for
the generating curves of these translation surfaces, to become a geodesic line, asymptotic line, and line
of curvature. Additionally, we identify the necessary and sufficient conditions that dictate whether these
translation surfaces assume a developable or minimal surface configuration. Subsequently, we extended
our investigation to the translation surfaces generated by the spherical k-indicatrices, to validate the
achieved outcomes.

2. Preliminaries

We denote by E3 a three-dimensional Euclidean space, and by a: I C R — E3 (s — a(s)) a regular
curve in E3, parameterized by arc length.
The Serret-Frenet frame along the curve « is the orthonormal frame, denoted as

(T'(s), N(s), B(s)),

where
T(s) = a'(s),  N(s) = &Ez;” and  B(s) = T(s) A N(s).

The Serret-Frenet derivation formulas are given by the following matrix representation:

T'(s) 0 K(s) 0 T(s)
N'(s) | = [=r(s) 0 7(s)| [ N() |,
B'(s) 0 —7(s) O B(s)

where £(s) and 7(s) are respectively the curvature and torsion of the curve at the point a(s).

Definition 2.1 [16] The curve « is called a general heliz if the tangent vector at each point makes a
constant angle with a fized direction.

T

Proposition 2.1 [16] The curve « is a general heliz if and only if the ratio T is constant.

The alternative frame of the curve @ = «a(s) is the orthonormal frame representing the Serret-Frenet
frame of the curve s € I — T'(s), denoted as:

(N(s),C(s), W(s)),
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where
N'(s)

&) = T3 ]

and W(s) = N(s) AC(s).

The derivative formulas of the alternative frame are defined as follows:

N'(s) 0 fs) 0 N(s)
C'(s) | = [—fs) 0 g(s)| | Cls) |,
W'(s) 0 —g(s) O W (s)

where

f=vVrZ+712 g=of and o=—r (z)/. (2.1)

(/12 +7‘2)% K

Definition 2.2 [14] The curve « is said to be a slant heliz if the normal vector at each point makes a
constant angle with a fized direction.

Proposition 2.2 [1/] The curve « is a slant heliz if and only if the function o = % s constant.

Let S be a regular surface in E? defined by X = X (u,v). We call the unit normal vector to the surface
S, the vector:
Xu N Xy

U = el
W) = XA,

X, = 90X (u,v) X, = 00X (u,v) )

)

where
ov

The coefficients of the first fundamental form and the second fundamental form of the surface X = X (u, v)

are given respectively by:

E = <XquU>v F = <Xquv>a G = <XvaXv>v
l = <qu;N>7 m = <Xuv;N>7 n = <Xv'u7N>~

The Gaussian curvature K and the mean curvature H of the surface S are expressed as follows:

In —m?
K = EG - F?’
_ En+Gl—-2Fm
2(EG — F?)

Definition 2.3 Let S be a reqular surface. It is said to be developable if its Gaussian curvature K is
zero at any point, and S is said to be minimal if its mean curvature H is zero at any point.

Definition 2.4 A surface of constant angle in E3 is a surface whose unit normal vector makes a constant
angle with a field of fixed direction.

Definition 2.5 For a curve « lying on a regular surface S, we have the following:
e The normal curvature of « is given by: k& = (T, U),
e The geodesic curvature of o is given by: kg = (I",U AT),
e The geodesic torsion of a is given by: 758 = — (U, U AT),
where U is the unit normal vector to S and T is the tangent vector to «.
Definition 2.6 For a curve « lying on a regular surface S, we have the following definitions:
o « is an asymptotic line if its normal curvature is zero, i.e. K5 = 0.

e a is a geodesic line if its geodesic curvature is zero, i.e. kg = 0.

e « is a line of curvature if its geodesic torsion is zero, i.e. 7' = 0.
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3. Translation surfaces generated by the tangent indicatrices of regular curves in E?

Let u — a(u) and v — B(v) two non-degenerate curves of class C? of E3. Denote by (T, N, Ba, o, Ta)
and (T, Ng, Bg, kg, T3) the Serret-Frenet frames of the curves a and 3, respectively.
The translation surface generated by the tangent indicatrices of the curves a and f is defined as follows:

Mrp: X(u,v) = To(u) + Ts(v).
The unit normal vector of the translation surface My is given by:
Ny A Nﬁ
sin[¢r(u,v)]’

where ¢p = ¢p(u,v) is the angle between the vectors N, and Ng.
We have (U, N,) = (U, Ng) = 0, consequently, the unit normal vector U of the surface Mr can be
expressed in the frames {T,, No, Bo} and {I, N3, Bg} as follows:

U(u,v) =

U=U; =cosOr,T, +sinlr, By,
U =U; = cos GTﬁTg + sin GTBB/;,

where 07, and GTE are the angles between the vectors Ty, Uy and T, U, respectively.
Following that, we can express the tangent vector of the curve u — T, (u) as:

_Ta(u)
| T (u) |

The normal curvature, geodesic curvature, and geodesic torsion of the curve u — T, (u) lying on My,

= Ny (u).

denoted by xle H§“7 and 7, Ta respectively, are given as follows:
To = — 01, + 7o sin 6
Kp® = — KqcCosfr, + Tosinfr,,
Ta = in 6 0
Kg% = KqosInor, + T cosbOr,,
To __ /
T, = — b,

where 07, is the derivative of O, with respect to wu.
Theorem 3.1 o The curve u — T, (u) is an asymptotic line if and only if I= = cotOr, .

e The curve u — Ty (u) is a geodesic line if and only if 7> = —tanfr,.

o The curve u — Ty (u) is a line of curvature if and only if aTﬂ =0.

This leads to the following corollaries:

Corollary 3.1 If the generating curve u — Ty (u) s an asymptotic line (resp. geodesic), then the angle
O, does not depend on v.

Corollary 3.2 The generating curve u — Ty (u) is a line of curvature if and only if the angle O, does
not depend on u.

Corollary 3.3 If the generating curve u — T, (u) is an asymptotic line (resp. geodesic), then u — Ty (u)
s a line of curvature if and only if « is a general helix.

Proof: Suppose that v — T, (u) is an asymptotic line, according to Theorem 3.1, we have:

Ta = cot Or,.

Ka

Using Corollary 3.1, it follows that, = is constant if and only if 7, does not depend on u. and we
conclude with Proposmon 2.1 and Theorem 3.1.

The proof is the same for a geodesic line. O
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Corollary 3.4 If the generating curve u — Ty (u) is an asymptotic line (resp. geodesic), then the curve
a is flat (plane) if and only if the angle O, = 5 + km (resp. 01, = k7).

The components of the first fundamental form of the surface My are given by:

E = k2 F = Kqkpcos[or(u,v)], G = k3.

o
Similarly, the components of the second fundamental form of the surface My are given by:

Ts

L m =0, n = Kgkn" .

I = Kakp®,

The Gaussian curvature K and the mean curvature H of the translation surface My are given as follows:

T
w - klon?
- . b
Rakp Sln2 [¢T(uv ’U)]
T, T,
o~ fakn’ tRaRe

260 k5 sin?[pr (u,v)]

Theorem 3.2 The surface My is developable if and only if one of the two generating curves is an
asymptotic line.

Corollary 3.5 If the surface My is developable, then the angle O, is a function that depends only on u
or the angle O, is a function that depends only on v.

This result is obtained using the corollary 3.1.

Corollary 3.6 If the curves a and B are general helices and the surface My is developable, then one of
the angles Or, or O, is constant.

Proof: According to Theorems 3.1 and 3.2, My is developable if and only if

7, 7,
- = cotfp, or £ = cot O, (3.1)
R Rp

and we conclude with the proposition 2.1. O

Corollary 3.7 If the curves a and B are general helices and the surface My is developable, then the
surface My is a constant angle surface.

Proof: According to Corollary 3.6, one of the two angles 61, and HTﬂ is constant.
Without loss of generality, we assume that 67, = 0y is constant. Since « is a general helix, there exists
a constant unit direction d, that makes a constant angle with the tangent vector T, such that,

(T, dy) = cosdg = cste.
We can define d, as follows:

do = cos 6gTy, + sin dg By,

then
(Uy,dy) = {cos0yTy + sin 0 By, cos 6gTy, + sin dg By,)
= cos 6y cos dg + sin O sin d
= cste,
which completes the proof. O

Considering the expression for the mean curvature H, we get:
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Theorem 3.3 If u — T,(u) is an asymptotic line, then the surface My is minimal if and only if
v — T3(v) is also an asymptotic line.

Corollary 3.8 If the surface My is minimal, then all its points are parabolic or hyperbolic.

Proof: If Mr is a minimal surface then,
nan? + I{ﬁlig”‘ = 0.
And therefore the Gaussian curvature K takes the following values:

T,
HTQ :‘{nﬁ

E ) (7 K ) )

hence the desired result. O

Example 3.1 Let a and 8 be two coplanar curves defined by:

a(u) = (0, 2COS(%), QSin(%)),

Bv) = (071)2,1)3),

The tangent indicatrices of the curves o and 3, are as follows:

To(u) = (0, — sin(g)7 cos(g)),

2 3v )
VA 902 A+ 9027

The translation surface generated by the tangent indicatrices of o and B is defined by:

Ts(v) = (0

U 3v

My : X(u,v) = (O,—sin(g) (§)+W)

2
+ ———, cos
V4 + 9v?
The normal vector of the translation surface My is given by:

Xu N X,
| Xu A X ||

= (-1,0,0).

U(u,v) =

The normal curvature, geodesic curvature and geodesic torsion of the curve uw — To(u) and of the curve
v — T3(v) lying on My, are given as:

1
Ta _ Ta _ Ta
Ky =0, Kyg 5 Tq 0,
2
T T 24 4+ 54v T
K/nﬁ = 0’ K'/gﬁ = Tg B = 0.

(4+902)2°
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Figure 1: Translation surface M generated by tangent indicatrices

4. Translation surfaces generated by principal normal indicatrices of E? regular curves

Let u — a(u) and v — B(v) be two non-degenerate curves of class C* of E?, and denote by (Ny, Co, Wa,
fas9a) and (Ng, Cg, Wp, fa, gs) the alternative frames of the curves o and 3, respectively. The translation
surface generated by the principal normal indicatrices of the curves o and [ is defined by:

My : X(u,v) = Na(u) + Np(v),
and the unit normal vector of My is given by:

Cy A Cg
Sin[(bN (u7 U)] ’
where ¢ = ¢n(u,v) is the angle between the vectors C,, and Cjg.

As (U,Cq,) = (U,Cg) = 0, the unit normal vector U of the surface My can be expressed respectively in
the two frames {Ny, Co, Wo} and {Ng, Cg, Wg} as follows:

U(u,v) =

U=U; =cosOn, Ny +sinfy, W,,
U =U; =cosOn,Ng+sinfn, Ws,

where 0y, and 0y, are the angles between the vectors N, Uy and Ng, Uz, respectively.
Likewise, we can describe the expression for the tangent vector of the curve u — N, (u) as:

N
Ty~ O

The normal curvature, geodesic curvature, and geodesic torsion of the generator u — N, (u), denoted

respectively by rle, néva, and TgN o assume the following values:
Mo = 0 in ¢
Kp® = — facosOn, + gosinfy,,
No = f,sinf 0
kg = fasindy, + gacosbn,,
N. __ /
Tg = — GNQ 5

where 09\,& represents the derivative of 0y, with respect to u.
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Theorem 4.1 o The curve u — Ny (u) is an asymptotic line if and only if fc—“ =cot Oy, .
e The curve u — Ny (u) is a geodesic line if and only if ?—a = —tanfy,.
e The curve u — Ny (u) is a line of curvature if and only if % = 0.

Corollary 4.1 If the generating curve u — Ny (u) is an asymptotic line (resp. geodesic), then the angle
On, is independent of v.

Corollary 4.2 The generating curve u — Ny (u) is a line of curvature if and only if the angle On, is
independent of u.

Corollary 4.3 If the generating curve u — N, (u) is an asymptotic line (resp. geodesic), then u — N (u)
18 a line of curvature if and only if o is a slant helix.

Proof: Assuming that u — N,(u) is an asymptotic line, then according to the Theorem 4.1, this is
equivalent to
Ja
— =cotOn,,
fa
and therefore 0 does not depend on v. It follows that 4= is constant if and only if 6, does not depend
on u, and we conclude using Proposition 2.2 and Theorem 4.1.
The reasoning is the same for a geodesic line. O

Corollary 4.4 If the generating curve u — N, (u) is an asymptotic line (resp. geodesic), then the curve
« is a general heliz if and only if the angle Oy, = 5 + km (resp. On, = k7).

Proof: Using the Theorem 4.1 and the formula (2.1), u — N, (u) is an asymptotic line if and only if

Therefore « is a general helix, that is, 7= = cste if and only if Oy, = 5 + k7.
For a geodesic line, the same reasoning applies. O

The components of the first and second fundamental forms of the surface My are given by:

E = 347 I = fafBCOS[(bN(U,'U)], G = f,(%a

I = forDe m =0, n:fgmly/’.

n
This gives, the Gaussian curvature K and the mean curvature H of the translation surface My :
kNa K ?
fotssin®[on (u,v)]’
N
foz'%nﬁ + fﬁﬁﬁf‘*

Qfafﬁ sin2 [¢N (u, 11)] '

Theorem 4.2 The surface My is developable if and only if one of the two generating curves is an
asymptotic line.

K =

By using the corollary 4.1, it follows:

Corollary 4.5 If the surface My is developable, then the angle Oy, is a function that depends only on
u or the angle On, is a function that depends only on v.
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Corollary 4.6 If the curves o and B are slant helices and the surface My is developable, then one of
the angles O, or O, is constant.

Proof: Using respectively the Theorems 4.2 and 4.1, as well as the characterization of the slant helix
(Proposition 2.2), we achieve the desired result. |

Corollary 4.7 If the curves a and 3 are slant helices and the surface My is developable, then the surface
My is a constant angle surface.

Proof: According to Corollary 4.6, we have one of the angles 0y, and GNﬁ is constant.
Without loss of generality, we assume that 6y, = 6y is constant. As « is a slant helix, there is a unit
vector d, which makes a constant angle with the normal vector N,, i.e.

(Ng,dy) = cosdp = cste.
Let’s assume:

do = c08 99N, + sin oW,
hence

(Uy,dq) = {cos 0y Ny, + sin oW, cos 69Ny, + sin 6o W)

cos B cos dg + sin b sin dg

cste.

d

Theorem 4.3 If u — N, (u) is an asymptotic line, then the surface My is minimal if and only if
v — Ng(v) is also an asymptotic line.

Corollary 4.8 If the surface My is minimal, then all of its points are either parabolic or hyperbolic.

Proof: Indeed, if My is minimal, then

N,
fa"inﬁ = —fﬁfﬁg‘*,

and substituting this to the expression of K, we obtain a negative or zero value. O

Example 4.1 Consider o and B, two curves parametrized by arc length and defined by:

sin(8u) cos(8u) 4sin(3u)

] ’ 3 )7

(2sin(2u) — ,—2cos(2u) +

ot =

Bv) = (—0(152(41)) B cos:(fv)’isinl(;lv) B sin2(32v)772\3/§ cos(v).

By determining the principal normal indicatrices of the curves a and [, we obtain:

Ny (u) = %(4 cos(5u), 4sin(5u), —3),

1
Ns(v) = 3 (2v2 cos(3v), 2v/2sin(3v), 1).
The translation surface generated by the principal normal indicatrices of the curves o and 3 is given by:

4 2v/2 4 2/2 —4
My : X(u,v) = (5 cos(bu) + T\[ cos(3v), 5 sin(5u) + \3[ sin(3v), —).
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The normal vector of the translation surface My is given by:

Xu N Xy
| Xu A Xy |

=(0,0,1).

U(u,v) =

The normal curvature, the geodesic curvature and the geodesic torsion of the curves u — Ny(u) and
v — Ng(v), are given as:

No _ No _ No _
Ep® =0 Kg® =5, T, =0,
N N N
kn” =0, kg =3, g =0

0.5 -
0
-0.5
-1 ///’/H 2
S <
T - 1

2 r}\\\ <

T ~~ 0

\“-_
0 \“Th., ~ <
1 T - 1
- =<
2 -2

Figure 2: Translation surface My generated by the principal normal indicatrices

5. Translation surfaces generated by spherical k-indicatrices of regular curves in E?

In this paragraph, we aim to generalize the findings from the two preceding paragraphs. Let’s consider
a curve « of class C™(n > k + 2), where k € N. We define:

Co(s) = afs),
Ci(s) = Cy(s) = T(s),
Ci(s)
Cofs) = — = N(s),
el

and in general,

Ck(s):ﬂ for ke{l,2,..}

| Cha(s) I’ Y
The frame
(Crs Crg1, W) where Wit1 = Cp A Crya,

is a direct orthonormal frame, representing the Serret-Frenet frame of the curve s — Cji_1(s), with the
following derivative formulas:



TRANSLATION SURFACES GENERATED BY SPHERICAL INDICATRICES OF REGULAR CURVES IN EUCLIDEAN 3-SPACE 11

C(s) 0 fr-1(s) 0 Ch(s)
Cry1(8) = | —fe=1(s) 0 gr—1(s) Crt1(s) |,
Wiiq(s) 0 —gk-1(s) 0 Wit1(s)

where fr_1 and gr_1 are the Frenet invariants of s — Ci_1(s). It is obvious that fo =k, fi=f, 90 =T
and g1 = g.

On the other hand, (Cky1,Cria, Wii2) is the Serret-Frenet frame of s — Ci(s) = ‘g,%ﬂgl, which
represents the unit tangent vector of s — Cx_1(s). So, their respective invariants are related by

/
o = Tkt , (5.1)
fkfl(l + ‘71%71)

vl

T

where o), = %, k> 1. Note that 0g = ~ and 01 = 0.

Definition 5.1 [3] A regular arc of class C™ (n > k + 1) is called a k-slant heliz if the vector Cyi1 =
C/
Torem (S)” makes a constant angle with o fized direction.

Proposition 5.1 [3] A regular arc of class C™ (n >k + 1) is a k-slant heliz if and only if the function
o 1S constant.

Indeed, if « is a k-slant helix, then the arc Cj of Frenet frame (Ck1, Ck12, Wi+2) and invariants fi and

gk is a general helix and therefore o), = ?—: = cste.

Let u — a(u) and v — B(v) two non-degenerate curves of class C™ (n > k + 2) of E3, and denote by
(Chos Okt Wit 1,5 fi—1,5 9k —1,) and (Cr,, Cry1,, Weta,, fr—14, 9k—1,) the Serret-Frenet frames of the
curve u — Cy_1, (u) and the curve v — Cy_1,(v), respectively.

The translation surface generated by the curves Cj, and Cy,, associated with the curves o and j, is
defined by:

Mg, : X(u,v) = Cy, (u) + Cry(v).
The unit normal vector of the translation surface M¢, is given by:

Crt1, N Cr1,

V) = e, (o)

3

where ¢c, = ¢¢, (u,v) is the angle between the vectors Cpy1, and Ciy1,-
The unit normal vector U of surface M¢, can be expressed in the {Cy_, Ck+1,, Wg41, } frame and the
{Cry, Cry1, Wri1, } frame as follows:

U = U, =coslc, Ck, +sinlc, Wiy,
U=U;= COS@ckﬂCkB + SinaCkBWk+157

where ¢, —and Qckﬁ, are respectively the angles between the vectors Cy,,, Uy and Ci,, Us.
The tangent vector of the curve v — C,_ (u) is given by:

Cha (1)
G @) I

The normal curvature, geodesic curvature and geodesic torsion of the curve u — Cj_(u), have the
following values:

= Ciy1, (u).

Ch .
kn ® = — fr-1,co80c, +gk-1,sinfc, ,
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Cha _ :

kgt = frk—1,sinbc,  + gk—1, coslc, .
Ck _ /

Tg « — ecka,

where 0, is the derivative of ¢, ~with respect to u.
Theorem 5.1 o The curve u — Cy, (u) is an asymptotic line if and only if o1, = cotlc, .

e The curve u — Cy, (u) is a geodesic line if and only if o1, = —tanfc, .

00,
u

e The curve u — Cy, (u) is a line of curvature if and only if —; = 0.

We can give the following results without proof:

Corollary 5.1 If the generating curve u — Cy_ (u) is an asymptotic line (resp. geodesic), then the angle
¢, does not depend on v.

Corollary 5.2 The generating curve u — Cy, (u) is a line of curvature if and only if the angle 0c,  does
not depend on u.

Corollary 5.3 If the generating curve u — Cy_(u) is an asymptotic line (resp. geodesic), then u —
Ck,. (u) is a line of curvature if and only if a is a (k-1)-slant heliz.

Corollary 5.4 If the generating curve u — Cy, (u) is an asymptotic line (resp. geodesic), then the curve

s

« is a (k-2)-slant heliz if only if the angle 0c, = 5 + km (resp. Oc, = k).

The components of the two fundamental forms of the surface M¢, are given by:

2 2
E = fk:flaa F = fk*lafkflﬂ COS(bCkv G - fkflﬂa
c Ck
l= fo—1 bkn", m = 0, n=fe_1,kn "

The Gaussian curvature K and the mean curvature H of the translation surface M¢, are given respectively
by:

C Ck
kS ko Ko 8

Jr—14fre—1, sin? pc,

Chr Ch
Je—1.6n * + feo1 60
2 fr—1, fr—1, sin® ¢c,

Theorem 5.2 The surface Mc, is developable if and only if one of the two generating curves is an
asymptotic line.

Corollary 5.5 If the surface Mg, is developable, then either the angle Oc,  is a function that depends
only on u, or the angle 90,% s a function that depends only on v.

Corollary 5.6 If the curves o and B are (k-1)-slant helices and the surface Me, is developable, then
one of the angles O, or Oc,  is constant.

Corollary 5.7 If the curves o and 8 are (k-1)-slant helices and the surface M¢, is developable, then the
surface Mc, is a constant angle surface.

Theorem 5.3 If u — Cy_(u) is an asymptotic line, then the surface Me, is minimal if and only if
v — Ci, (v) is also an asymptotic line.

Corollary 5.8 If the surface Mc, is minimal, then all its points are either parabolic or hyperbolic.

Indeed, the Gaussian curvature K of the minimal surface M¢, takes the following values:

Cha Cr,

n 2 n 2
K=-( ) (o K:‘<m))'
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