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Existence and Blow-up Results for the Logarithmic-Viscoelastic Wave Equation with
Fractional Kirchhoff-type Nonlinearity and Variable Exponents
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ABSTRACT: In this paper, we investigate the existence of solutions for a viscoelastic wave equation with
fractional Kirchhoff type and logarithmic source term and variables exponents. In the initial boundary value
problem of this work, we focus on using the Gagliardo seminorm [.]n,2, and the fractional Laplace operator
(=A)® where 0 < a < 1. Firstly, we prove the existence of the weak solutions, concerning this issue under
suitable assumptions on the variables exponents of nonlinear source term, we use the Galerkin’s approximation
method. Subsequently, we establish the long-time behavior of solutions with nonpositive initial energy.
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1. Introduction

The fractional viscoelastic wave equation with logarithmic source term, the well-posedness and long
time behavior have been studied by many authors, they studied the cases where the exponents are
either constants or variables, and they addressed two types of these equations, in [15], R. Aounallah, A.
Choucha and S. Boulaaras, employed the Gamma or Beta functions, and they focused on a specific type
of fractional viscoelastic wave equation given by

t
wy — Aw + / F(t — $)Aw(s)ds + 0™ w — Awy = |wP~?wn |w),
0

where ;" #w is the fractional derivatives type, they used the energy method combined with the Faedo-
Galerkin procedure for establish the existence of global solution and general decay behavior.

On the other hand, some other researchers have used the fractional Laplacian operator. This field, has
attracted the attention of many researchers ( see [5,6,7,9] ). In [7], Xiang, Zhang and Hu investigated
the existence of weak solution of the following fractional Kirchhoff type differential wave equation with
discontinuous nonlinearity

ue + M ([u]? ) (—A)5u+ (—A)u + p(z,t) = f,  (x,t) € Qr,

where a, s € (0,1), 1 < p < N/s, by using a regularisation method combined with the Galerkin method.
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In [9], the researchers applied the Galerkin method to studie the local and global existence of solutions,
then they established that the solution blows-up in finite time of the following initial boundary value
problem

we + M ([u]2.5) (~A)%u + (~A)u, = / gt = 7)(~A)u(r)dr + Alul" 2,

where 0 < s <a<1,1<¢q< oo, and A is a positive parameter. In [16] Li Zhang and Yang Liu studied
a class of fractional viscelastic Kirchhoff equations with two nonlinear source terms of diferent signs,
they used both potential well theory and Galerkin approximations to examine the asymptotic behavior
of global solutions for the given initial boundary value problem

t
Uy + (a + b[u]f,f_z) (—A)™u — / g(t — 7)(=A)™u(r)dr = |u|?*u — |u|""u,
0
where 0 <m < 1,a>0,b>0andp> 1.

In this overage, we consider the existence and blow-up of weak solution for the following problem

w + K ([u]2 ) (—8)%u — [ f(t — 8)(—A)*u(s)ds + [ue]*O 2,
‘m(.)—2u1n|u\, (Qj7t) € Or,

u(x,t) =0, x€dx(0,T),

u(2,0) =up, ut(x,0) =wur, x €

:|u

Where @ C R™ (n > 1) is a bounded domain, with a smooth boundary 99, and Qr = Q x (0,7),
K : (0,+00) — (0,+00) is a continuous and nondecreacing function, g : R*¥ — R is nonincreasing
function. We denote by [u]q,2 the Gagliardo-seminorm of u(z,t), defined by

<//RN |x_yN+2)a|2d dy)é, a € (0,1). (1.2)

And (—A)“ is the fractional Laplacian defined by

9(x) —9(y) N
—A)P =21 d e R™Y,
(=A)Pg(x) farezt RN\ B, (a) 1T — Y|V H2P y oz

where B.(z) = {y € RV : |[y—z| < €}, and g € C§°(RY). For more details and properties of the fractional
Laplacian and fractional Sobolev spaces see [13,14].

To illustrate the physical relevance of the model, consider a thin viscoelastic membrane, such us a
synthetic rubber sheet, subjected to time-dependent loading. In this context, the fractional derivative
captures the memory-dependent behavior of the material, the Kirchhoff-type term accounts for the stiff-
ness variation due to accumulated deformation, and the logarithmic term describes the nonlinear stress
response under significant compression. The use of variable exponents allows modeling heterogeneous
materials with spatially varying properties.

2. Preliminaries

In this section, we present the following well-known lemmas, definition and propositions, which will
be needed later. We will simplify the notation as follows ||.||,,, the norm of L™()(Q).
To present our main results, we first provide the definition of weak solutions for the problem (1.1).

Definition 2.1 [9], Let u is the weak solution of the problem (1.1), where

u € L0, T, W*2(Q)) N C(0, T, W*?)),
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if ug € L0, T, L*()) N L2(0, T, W**)2(Q)), with

/Qut(x,T)g(x,T)dx—/QQ utgtdxdt—i—/o K([u]i,z) (u7g)a72dt—/0 /0 f(t—s)(u(s), g)a,2dsdt
(2.1)

T
+/ \ut|z(x)72utgdt:/ulg(x,())d:v+/ |u|™®) =2y In |u|gdzdt,
0 Q Q0

for all g € CY(0,T,C5°(2)). Here (u,q)v2 is defined as

(u,g)u,2 _ /[Rmv (u(z,t) 7 U(y,t))(g(l’,t) B g(x’t))dxdy, = (07 1)

o = oY%

We can say that u is a global weak solution of problem (1.1), if (3.9) holds for any 0 < T < oo, u is
a local weak solution, if there exists Ty > 0 such that (5.9) holds for 0 < T < Tp.

In order to obtain the existence of weak solutions and the blow-up result of the problem (1.1), the
following useful results are required.

Proposition 2.1 [2,9] Let V be a Banach space which is dense and continuously embedded in Hilbert
space H. We identify H = H’', so that V — H = H' < V'. Then, the Banach space

W.()={v:ve LFO0,T;V),v € L¥O(0,T;V)} € C(0,T; H).
Further, if v € W,y then [[v(.)||z2(q) is absolutely continuous on [0,T], we have

10O @ = 20/0) oz ace. on (0,7

and there is a constant C > 0 such that

[vllcorm < Cllo()llw.,, Yo € Wy,

Proposition 2.2 [2,9] Let By, B, By be Banach space, with By C B C By. Assume that By — B s
compact and B < By is continuous. Let (2.3) holds, with By and By be reflexive, and define

W ={v:veL*Y0,T;By),v € L™V (0,T;By)},
then the embedding W — L*()(0,T; B) is compact.

Proposition 2.3 [7,9] Let Q be a bounded domain in RN, and let {a;}32, be an orthogonal basis in
L?(Q), Then, for any e > 0, there exists a constant M > 0 such that

M

[ullz2(a) < (Z (/Q uaid$>2> % + €[u]a,2,

i=1

for all w € W2 (Q), where 2o < N.
With regard to the problem (1.1), We establish the following assumptions :

1. Let a €]0, 1], the fractional critical exponent is defined by

2N
;. 2a < N,
mh =4 N2 (2.2)

00; 2c0 > N.
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2. Let Q is a bounded domain in RY with smooth boundary, and

WE2(Q) = {ue L) : [u)as <oco,u=0 ae in RY\Q},

u(y)? 3
(/ / |x— |N+2a dxdy) :

am [ [ Sl ) )

for any u, p € W%, makes W a Hilbert space.

endowed with the norm

with the inner product given by

3. The exponent functions z(.), m(.) are measrurable functions on 2 satisfying

2<z <z(z)<zy <m_ <m(z) <myp <m’, (2.3)

for
2N
i N2=3,
mr=¢ N—2 (2.4)
03 N=1,2

With

m~ :=ess inf m(x), m’ = esssupm(z).

e z2€Q

4. Denote by C,, the embedding constant from W"*(2) to L2(€) (see Lemma 2.1).

5. We assume that K : (0, +00) — (0,+00) is a continuous and nondecreacing function satisfies
(Kl) tko = K(O) > 0.

(K3) : 3w > 1:wK(0) > K(0)o, Yo > 0, where K (o) = [ K(s)ds.

Lemma 2.1 For 0 < a < 1, there exists a constant Co, > 0 such that

[ulf 2 < CallVull3,  ue W2 (). (2.5)

Proof: Let u € WOQ’Q(Q). By (1.2) we have

[ B
U o \x— |N+2a
2
] | EEET
{(z,y)ER2N;|z—y|<1} |x—y\ {(z,y)ER2N;|z—y|>1} |x_y‘
2
o W)+ [P
{(@,9) RN jo—y|>1} [T — Y]
*© 1
gcl/ﬂ\u(x)ﬁdx/l Md9+02/ﬂ\u(y)|2dx/l -
<y / fu()de
Q

< Cs]ull3
< ||Vul3,
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then
[u]2 5 < CallVull3.

O

For more details on the properties of the Sobolev space with variable exponents, we refer to [11,13,14].

Lemma 2.2 [12] For eachm >0, |t In7| < L with0 <7 <1, and 0 <77 ™In7 < L for 7 > 1.

em’

Lemma 2.3 [11] Let v € L>=(0,T; H(Q) \ {0}), then
/ 0| =2y In |v|uPde < / uldz + C°|| V|| < oo,
Q Q

1.9 1 2 1 2
4 ! /
C=-20+0C—— |+ = — .
4{ e? 620 <5+22m+) 620 <5+22m_>}

Lemma 2.4 [11] Let the assumptions (2.3) holds, and let u be the solution of (1.1), then

/Q @ dz > /Q - di = [l o,
2

where

where Qg = {z € Q: |u] > 1}.

Remark 2.1 [11] Without loss of generality, we also state a well-known algebric inequality

a*<a+1< (1—&—2) (a+b),

foralla>0,0<s<1,andb>0.

Now, we introduce the energy function associated of problem (1.1) as follows :

Lemma 2.5 Suppose that (2.3), (K1) and (K2) hold, then

_1 u 2 K U2 — t — S SU2 t — S)|u(s) —u 2 S
B0) = g (onl? + Kilu) — [ 5= aslul2 s+ [ 0= 9)uts) - ) s
— /Q mzx) |u|m(m) In |u|dz + /Q ’m21(x) |u‘m($)d$,

(0 == [ e+ [ 1= fu(e) — u(O s = £ o

and

Proof: Multiplying the equation in (1.1) by u; and integrating over €, we obtain

d (1, o, 1. 1 1
a1 1x a m() | _/ m(a)
i (el + 3R 0B - [ st e — [ e

N / f(t o 8)(—A)O‘(u(s)7ut(t))a’2d8 _/ |Ut|z(1)dx,
0 Q

we estimate the following term as

/0 £t = 5)(—A)* (u(s), ur(t) o nds

—li t —Ss)u(s) —u 2 ds— t — 8)ds[u]? —1 u)?
—th</0 F(t = s)[u(s) = u(t)) /Of(t >d[]a,2) S SOl

o — 8)[u(s) = u(®))? ,ds
+/Of(t u(s) — u(t)]2 ods,

(2.7)

(2.8)
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therefore, (2.9) becomes
1 t 1 t

(3ol + 3R 5 [ 109zt 5 [ 10 9uls) ~ u(o) o0

_ 4 ! u|™) In |u|dx — Lum(m)x 21 u)?

dt (/Q m(x)l " fuld /sz(xﬂ | d) Qf(t)[ a2
"(t — s)[u(s) — u(t))? ods — w2 da.

s [ 1= 9lute) s — [

4
dt

3. Existence of weak solutions

In this section, we will prove the existence of weak solutions of problem (1.1) by applying Galerkin
method.

Theorem 3.1 Let 2 < N, and 0 < a < 1. Suppose that K satisfies (K1), and uy € W(f"z(Q),
uy € L*(Q). Let f be a positive C' function satisfies

1= /OOO F(t)dt < ko, (3.1)

and there exists C'y > 0 such that
F(s) < Crfls), W(s > 0). (3.2)

If2 <m(x) < M, then the problem (1.1) admits a local weak solution.

Remark 3.1 Note that, it is commonly assumed that f'(s) <0 for all s > 0. Definitely, our assumption
(3.2) is weaker than in previous studies.

To apply Galerkin method, it is allowed to choose a sequence
{ej}521 € C5o(9),

L=
such that C§°(Q) C UnzlooVnc (Q), llejllz2() = 1 and {e;}32,; is a complete orthonormal basis in L?(2),

where V = span{ey,...,en}, ( see [7,9] for more details ).
o
Moreover, since C§°(Q2) C UnzlooVnC (Q), we have the following lemma :

Lemma 3.1 [7,9] For ug € W§"*(Q), there existe a sequence {xn} with xn € Vy such that x, — ug in
W2() as n — oo

Below, we apply the Galerkin method to obtain the weak solutions of problem (1.1). For every n € N,
we will find the sequence of approximate solutions with the following form

u"(z,t) = Z (CTL(t))_j ej(z),

where ((,(t)); are unkown functions determined by the following second order ordinary differential system

() + Fu(t,C(1),¢' (1) = Ln,
{ ¢(0) = (Uon),  ¢'(0) = Unp. (3.3)

Where (Uon)i = [o xn€idz, (Uin)i = [o ¥neidz,

(Ln)i:/ 1> Gel™ P2 " Ge)In | > Gejleida,
2 =1 j=1 j=1
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and X, € Vn, ¥, € Vy, and x,, — ug strongly in Wy" (Q) Y — up stronly in L2?(92). We have
F,(t,n,() is a vector valued function where F),(¢,n,() : [ T] x R?" is defined as

n t n
(Faltym, ) Zmeg (> s, i)z / £t = 5)(> s e1)ands
Jj=1 j=1

n
+(Z§]'-ej,ei), (i=1,...,n),
j=1

here n = (n1,...,m,), and ¢’ = ({],...,C,).

In [9], they used this method under a specific assumptions, such as 2 < ¢ < 2 (2

) + 1 where 2} is the
fractional critical exponent, and they studied two cases of A, A > 0 and A < 0.
In our main results, we use the Galerkin method for the following assumptions :

Theorem 3.2 If2 < m_ < m(z) < my < W, then there existes T** > 0 such the problem

(3.3) has a solution on [0,T] with 0 < T < T™**.

Proof: Let X (¢) = (¢(¢),¢'(t)) and H,(t, X) = (¢'(t), Ln — Fu(t, ¢, ")), then (3.3) will be as follow

X'(t) = Hu(t, X (1)),

(3.4)
X(O) = (Uon,Uln).
By integrating, we have
[ = s, utaads = 55 (/ 7t — s)dsfu . /ft—s (5) = O )
b3 [ 7 6) — O s LA (35)

by (3.5) and (2.6), we have

Fu(t, 6,0 = K ([n) (6" ) / F(t— )™ (5), ) 2l

/mw
m( /ft—sds /ft—s (s) - <t)]i,2)

_ %/0 F(t = 9)[u"(s) — u™(t)]2 ods + §f(t)[u”]i72 + 12 q,

where K ([u"]? ,) = fou "aa K(s)ds.
From the Sobolev embedding, Holder inequality, and Young’s inequality, (3.4), and Lemmas 2.1 and
Lemma 2.3, we obtain

Ld (&2 ,) - t — s)ds[u"™)? 5 — t — 5)[u"(s) — u™(t))?
[+ 55 (K (W) - [ s 9ast R - [ - 0ls) -0
<& [ 1= s)un(s) — un (@) ads — a2 o, +COVun |3

=5, F(t = s)[u™(s) — u" (O] 2ds — a7 g, + Alu"]2s, (3.6)
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where \ is apositive constant associated with (8, m_,m,,C?).
Denote

But) =5 [t Pde+ 5 (R () = [ = oistBo [ 109 - @ls) . 61

Since K is nondecreasing and kg > [ := fooo f(t)dt, we have

R (o) = [ 1= opasirtiy > (- [ soa) o

then
(U2 < KEn(t),

where IC = ﬁ From (3.6), (3.7) and Lemma 2.1 we can get
El(t) < C4E,(t) + KEJ(t).

This together with § # 0 yields that

E,(t) < (sup E2()(0) — ry(eCr0 — 1)) B eCrt

n>1

< (sup E2(£)(0) — ki (eC0T — 1)) 7% oCrT

n>1

= C(T),

for each ¢ € [0, T, where k1 = &+ Then

sup,, >, B3 (0) )

In (1 + -
0<T <T"™ =
<T< o

By the definition of H,,(t, X) and the continuity of K, we know that H, (¢, X) is continuous with respect
to (¢, X). It follows from Peano’s Theorem ( see [1] ) that there exists ¢, € (0, 7] such that (3.4) admits
a C! solution on [0,s,]. Then using a similar discussion as that in [7], the solution can be extended to
interval [0, 7] with 0 < T' < T™**. O

Lemma 3.2 (A priori estimate)
1))

If2<m_ <m(z) <mg < ma(zZ%Jrz there exists Ct > 0 independent of n, such that the following

estimate
/Q i 2z + ]2 5 + 62 )5 o, < C(T),  Vte[0,T],
and
T T
n niz—
/O "2 pdt + / 5= o, dt < C(T),
hold, where

sup, >, B2 (0) )

ln<1—|— o
0<T<T* =
Cyé
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Proof: By (3.3), for each 1 <14 < n, we have

[ e+ K (W020) (o = [ 0= 9)06),eazds + [ 1O eds
Q Q Q

:/Q|u"|m($)_2u"1n|u"|eidac. (3.8)
Multiplying (3.8) by (¢'(¢));, we obtain
/ngfufdx—i—K([u"}i’z) (U™ u)a /f (t—8)(u™(s),u})q 2d3+/ @)Ly dg
:/Q|u"|m(’”)_2unln|u"|u?da?, (3.9)

o (3.9) implies

;jt(/wdx”c )= [ = sastat 2+ [ 5= o) - )

HllufllZ o + f()[ a2

= % / F(t = )lu"(s) = w" ()] 2ds + CE) W2 + eI o (3.10)
0

Similarly, we choose € = 1, it yields

;jt(/ |ut|2daz—|—K a2 /ft—sds a2+/ft—8 (s) — Un(t)]izd*s)

C n n n||#- n
<G [ 10 o)~ O s+ 1 g, A
We use the similar discussion as Theorem 3.2, we obtain
E,(t) <C(T), (vtel0,T]),

where
S5
In <1 4 S“Pn,iilEn(O))
0<T<T"™ =
Cé

Furthermore, integrating (3.10) with respect to ¢t over (0,7) we have

T T
/0 "2 pdt + / gl o, dt < C(T),

for each ¢ € [0, T, consequently, we complete the proof. O

Proof of Theorem 3.1 We apply Lemma 3.2, and using Proposition 2.3, and similar procecing as that
in [7], one can prove that u™ — wu strongly in L2(0,T; W{"*(Q)), and u} — u, strongly in L?(Qr).
Moreover, employing Proposition 2.1 and 2.2, one can obtain that u is a weak solution of problem (1.1).

4. Blow-up

In this section, we investigate the blow-up of solutions for problem (1.1), we assume that the condition
(2.3) is satisfied, and F(0) < 0 where

B(t) = = (Jhuel2 + K([ulfz) = | ft=s)ds[ulho+ [ f(t—s)uls) —u(t)]ads
2 0 0

1 1
_ - m(m)] d + / R m(f)d
U n|u|dz U .
/Q m(z) [ul [ul q m?(x) [ul

To proceed, we need to the following lemma indicating the decrease in energy FE.
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Lemma 4.1 The energy related to the problem (1.1), given by (2.8) satisfies

(0 == [ e+ [0 )fule) — w0 s - 31OWEL <0 (11)

and E(t) < E(0) holds.

Let
H(t)y=-E(), t>0. (4.2)

As E(t) is absolutely continuous, H'(t) > 0, and

1
< / ™) In |u|da.
o m(z)

Lemma 4.2 Based on the assumption of Theorem 3.1 and (2.3) and (2.4), the function H(t) introduced
the following estimates

0<H(0)<H(t)§m—|+ o

I P > .
o ey IVelE (G0, 12 0) (43)

where C, is a constant of embedding Hg(Q) in LP(2) such that
lull, < CpllVull2,  Yu € Hy(S), (4.4)

and p is chosen small enough, such that

< <p< 2N ; N>3
{m_m+_p_N2, > 3, (4.5)
m_ <m4 < p < o0; N =1,2.
Proof: By Lemma 4.1, we have H(t) is nondecreasing function, thus we have
H(t)> H(0)=FE0) >0, (t>0), (4.6)

combining (2.8), (2.9) and (4.2) and Lemma 2.2, for any ¢ > 0 we obtain

1 1 1
0< H(t) < 7/ Ju|™®) In u|de = 7/ |u|™@) = n |u|de + 7/ |u|™®) In |u|da (4.7)
m— Jo m_ Q1 m_ Qs
Q
< u || ™+ da:
m_  dem_ Jq,
|Q| 1 m4 49
< o + W\|U||m++5
2 Cy
< = e 4
= m_ + em_(p _ m+) ||V’LL||2,
where 9y = {zr € Q:|ul <1} and Qs = {z € Q: |u| > 1}. O

Theorem 4.1 Suppose that the conditions of Theorem 3.1 are satisfied, furthermore, let (2.3) and (2.4)
hold as well as E(0) < 0, then the solution of problem (1.1) blows up in finite time.

Proof: For each t € [0,T), let

V()= H'"7(t) + e/Quutdx, (4.8)
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with e is small positive parameter enough to be chosen later, and 7 such that

mo(1— \); <1+ m—(12—A)) ; (m—(1—2>\) -1, (m—(IQ—/\) _9) ; m_(12—/\);

/f /ft—sds)\

0< 7 <min

U(t) = (1 —7)H (t)H™ " + e|jug||2 + e/ﬂuuttdx, (4.9)

multiplying (1.1) by u and integrating over 2 we obtain

/Q (t)ugtde = — /K ul? ,) (- uudx—l—// flt—=9)(— (s)u(t)dsdai—/Q|ut|Z(~)—2utu(t)d$
—|—/ Ju™) In |u|dz
Q

1 ~ t
:/Q|u\m(‘)ln|u|d:rf§K ([u];z) —/Q|ut|z(')72utu(t)dx+/ f(.s)ds[u]i2
0

* /Ot /Q f(t = s)(u(s),u(t)’ odzds,

we apply Cauchy-Schwartz and Young’s enquality on the last term, we obtain
t t

/ / F(t = ) (u(s), u(t))o odads < 9/ F(t— $)[uls) — ult)]2 yds + — / f)dslul?, (0> 0).
0 Jo 0

So (4.9) becomes

() > (1—T)H'(t)H_T—&—eHutH%—i—e/ ™) In uldz — £ ([u]3,2) —e/ Ot de

+69/0tf(ts)[u(s) aner /f Yds[u a2 /f )Yds[u a2 (4.10)

By subtracting and adding em_(1 — A\)H(¢t) (with 0 < A < my;r2) on the right-hand side of (4.10), we
obtain

V) > (1 —7)H #)H ™ +em_(1—NH(t) + ¢ (1 + m_(lz—)\)> [l |2 + 6/&2 |u|™®) In |u|da

+5m- (=X = DR (fu 1a2)+e(m‘“‘”—9) [ = 9luts) o s

(1_ /fsds— /ft—s > ]372+6m,(1—)\)/9m21(z)|u\m(”)d:c

—em_(1— /\)/ lu™@) In |u|dz — e/ e[ 2w, udz,
o m(z) Q
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then, for A small enough, we obtain

V() > (1—7)H () H " +em_(1 - A H(t)e (1 + m(lz_A)) lunll3 + Sm— (1= 3) = DK ([u2,)
te (’"“‘” o) / 0= )lu(e) = e ads + PGl g, — e [l uuda

< 1 - — / f(s ‘(12*” /Otf(t—s)ds> [u]g@—l-e/\/g |u™®) In |u|da

>(1—71)H' (H)H™ — e/ |ut|z(z)—2utudx + en(H(t) + HutHg +K ([u]ig) + Hu||2:’92
Q

t — 8)[uls) — u(t)]? ods + [u]? w|™@) 1n |ulde .
+ [ = 9luts) = o) pds + o + [ ™ wuld), (411)

where

2 2 2 ’

/f /ft—sds/\

We estimate the following term, by using Young’s enquality as below

1 1 st
/Q g~ ude < / POl e+ / %ﬁmf’lluﬁ”’dx

m_(l—)\)'(1+ (I—A)>.( (1—A)—1)7(m—(1—k) _0>;m—(1—>\),

n = min

< —/ 5@ |y 5@ gy + ZE 2 /6z<w> Ty |*@) d, VB > 0, (4.12)
—z(x)
we choose ( such that =@-1 = EH~7(t), for £ > 0 is large enough determined later, then (4.12) will be
/ |ut|z(:p)—ludw < 7/ 51 z a;)H'r(z(w 1)( )|u|z(m)d + / fH—T |ut|z z)dm
Q
< 750 TG (¢ / lu*@dz + g H (1), (4.13)

we substitute (4.13) into (4.11) we obtain

\IJ’(t) > <(17’)ez+ 1) H'( )H 76 1 5(1 z) gr(z4—1) / |u|z z)da:+e7][H(t)+ ||Ut||§
Zt
+ K ([u]?,) + lully™ o, + [ul? / ft—9)] —u(t)]i,2d5+/ (@ ln|u|da:}, (4.14)
Q

using lemma 4.2 on the second term of the right-hand side of (4.14), we obtain

|Q| T(zT-1) 1
H-r(erfl)(t)/ |U|Z(z)d1’ <C <2T(Z+1)1 ( > + 27'(z+71)71 )HV HP"'(Z+ 1))
QO &

em_ m_(p—m

x (s g, + lullzr QZ)

< oreh- (em (S N (T

c T(z4+—1)
Vg7 415
=y VT (el + el ) (419)

+ 2T(Z+71)71
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we use Young’s inequality on the last term of the right-hand side of (4.15), we obtain

pr(zt —1)m_

pT Z4— 1 Z— Z— m_ —z_
[Vl Nulli o, < ——lulln” o, +07m_ Vully
r(zt—1)m_
Z— m_ —z_ 2\ S
= 2l g, + T (Vi) T (416)

and
pr(zt —1)m_

m- — 2+ e
0, + O () T

p(z4—1)
IVall™ ™l 0, < — [l

by using the algebric inequality (2.7) and (2.3) and (2.4) holds, then we obtain

(mmigjsQ+H@)(w;m+Hm)s@+H@)0w;&+Hw)
(bt 0.)™ = (14 g5 ) (i + 7)) < (14 7057 ) (el + HO)).

pr(zt —1)ym_

(I9al) =7 < (14 3057 ) IVl + HO)) < (19wl + £, (€ >0),

we substitute these inequality into (4.15) and using Lemma 2.1 we get

Hre D /|u|2(m dr < ([l o, + o+ H®),  VE€(0,7) (4.17)
then, (4.14) becomes

vz (-1 - ) o - E (o, + 2+ HO) + 50+l

(M;»+mm;%+hﬁg+4f@—ﬁw@—uwﬁwwyémWmewd

i
24— 1 / —T 2 % 2 m— 2
> (=)= SN O + e [HO + ul 4 K () + all g, + 0

+ [ ft—9)u(s) — u(t)]igds + /Q |u|m(z) In \u|dx],

Z+—1
2+

05(1—2—)

wich K1 =n— — > 0, for £ being fixed we choose € small such that (1 —7) —€ > 0 and

W(0)=H'"(0) + e/ uwpurdz >0,  (Vt >0).
Q

Then, we have
t
V(1) > ek [HO) + unl + K (a) + [y, + 02+ [ 0= 9)luo) = u(t) ods

+/ Ju|™(®) 1n |u|dx}. (4.18)
Q

Therefore, we have
U(t) > ¥(0) >0,Vt > 0.
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On the other hand of (4.8)

U7 (1) = (Hl_T(t)—&-e/gluutdx)llT

P
/ uupdx , (4.19)
Q

by using Holder inequality and Young’s inequality on the second term of the right-hand side of (4.19),

we get
/ uusdx
Q

IN

27+ (H(t) 4 eT7

= L
<o (unw ||ut||~)

Y1 _v2
<o (un:,; n ||ut||5*) ,

for Vil + i =1, we take vo = 2(1 — 7), then 14 = 21(1:2:), and %~ = ﬁ < m_. We use the algebric

inequality (2.7), we obtain

.
/ uudx

Q
we substitute (4.20) into (4.19) we get

/ uusdx
Q

< C (H(®) +llullp” g, + ludll)

m_,

2

<o (nun:ﬁ n |ut||%)

< O (ully” g, + lwell3 + HE)) (4.20)

1
1T>

< C(HO + [l + & ([l22) + [l o, + 2o+ [ 6= 9)lus) = u(t) ods

U (¢)

IN

27+ (H(t) +eTr

+/ |u™® 1n |u|dx), (4.21)
Q
in view (4.21) and (4.18) we have
1 1
where K3 is a positive constant depending on (K7, ¢, C). We integrate (4.22) over (0,t) we obtain
1

U7 (1) > . (4.23)
=Kt + U717 (0)

Consequently, the solution of (1.1) blow-up in a finit time T**, where

1—71

Yi-r (O)Kg

5. Conclusion

In this paper, we used the Galerkin’s approximation to obtain the existence of solution of a fractional
Kirchhoff-type problem (1.1), also we studied the long time behavior of solution for problem (1.1).
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