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Solution to Transport Equation with Interactive Fuzzy Data via Drastic T-norm

Mohamed Hssini* and Mustapha Atraoui

ABSTRACT: In this paper we study the transport equation with uncertain parameter and initial condition
modeled by interactive fuzzy number and fuzzy-number-valued function respectively. The fuzzy solution to
the problem is obtained by extending the classical one using the extension principle via drastic t-norm (the
weakest t-norm Tp). The interactivity considered is the one associated to Tp. Some results of Tp-based
addition and product are given, and three illustrative examples are presented.
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1. Introduction

The transport equation represents a fundamental concept in the fields of fluid dynamics and other
areas of physics and engineering. It is employed to model the transport of mass, energy or other scalar
quantities in a fluid flow. The general form of a homogeneous linear transport equation is given by

{Ut(t, a:) = noUw(t7x)
U0, ) = h(x)

where 179 € R, h : R — R is a function, U; and U, are the partial derivatives with respect to time
t and space x respectively. It is often challenging to determine the precise value of the parameter 7.
Consequently, it is possible to consider this parameter to be uncertain and to model it using a fuzzy
number [1]. Similarly, determining the exact value of h(z) at any given position x can be a complex task.
In such case, one can treat this value as uncertain and model it using a fuzzy number-valued function
[1,14]. Knowing that the process depends on the parameter and the initial condition, the fuzzy relation
of interactivity is considered. This relation of interactivity is defined via the concept of joint possibility
distribution (JPD) [5]. Authors in [13,14] have employed this concept to solve fuzzy differential equations,
taking interactivity into account. In this case, the fuzzy solution is the extension of the solution to the
associated deterministic equation, using the sup-J extension principle. JPD can be defined via a t-norm
and then solving fuzzy differential equation is done using the extension principle defined via t-norms [3].
Two important t-norms are the minimum t-norm 7T), (the strongest one) and the drastic t-norm Tp (the
weakest one) : they frame any other t-norm (see proposition 2.1). The Tp-based operations are studied
in [6,7,8,10] and it is well known that Tp-based addition and product preserve the shape of L-R fuzzy
numbers [6,7].
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2 M. HSSINI AND M. ATRAOUI

In this paper we will study the transport equation where the parameter and initial condition are
modeled by interactive fuzzy numbers via drastic t-norm. The paper is organized as follows : Section 2
provides preliminary results that will be needed in the paper. Section 3 gives some results about Tp-based
addition and product of two fuzzy numbers. Section 4 presents a solution to the transport equation with
fuzzy data under interactivity via drastic t-norm, illustrated by three examples. Finally, in section 5,
some concluding remarks are given.

2. Preliminaries

We denote by K the collection of all nonempty compact convex sets of real numbers. For A, B €
and X\ € R the addition and the scalar multiplication are defined by

A+B={a+b:acAbe B} and M ={la:ac A} (2.1)

A fuzzy subset 1 of R is defined as a mapping 7 : R — [0, 1] where n(z) is the membership grade of
x to the fuzzy set n [2]. The a-level sets of 1 are the crisp sets defined by

Mao={z€R: n(z)>a} for 0<a<l1
Mo =cl{z eR: n(z) >0}

where cl(A) denotes the closure of A. We denote E the space of all fuzzy subsets n : R — [0, 1]
which are normal (i.e Jzp € R, n(zg) = 1), fuzzy convex (i.e n(tz + (1 — ¢)y) > min(n(z),n(y)) ,
Yt € [0,1], Va,y € R), upper semi-continuous and compactly supported. We have n € E if and only if
), € K, Va € [0,1]. Each ) € E is called a fuzzy number [2].

Definition 2.1 (L-R fuzzy number [2]) Let L, R : [0,1] — [0,1] be two continuous increasing functions
fulfilling L(0) = R(0) =0 and L(1) = R(1) = 1. Let m < o < n3 < ny be real numbers. A fuzzy number
n is said to be an L-R fuzzy number and we write n = (n1,M2,M3,M4)L,r if

L<M) ifm <ax<ne

n2—m
1 if 12 <@ <3
n(x) = mea :
R(m> ifns <ax<my
0 otherwise

If n = (m1,m2,Mm3,M4) L, R , then for any o € [0,1] :

Mg = [m+ L7 (@) (2 —m),ma — R (@) (na —ms)] - (2.2)

Example 2.1 For L(z) = R(z) =z, n = (M, 92,03, M4) L.k = (M1, 72, M3, M4) is called a trapezoidal fuzzy
number and we have

], = [m + a(nz —m),na — a(ns — n3)], Yo € [0, 1]. (2.3)

If in addition we have 7, = 13 then 7 is called triangular fuzzy number and a triplet (11, 72,73) € R? is
sufficient to represent it and we have

M, = [m + a(nz —m),ms — alns —n2)] ,Va € [0,1]. (2.4)

Definition 2.2 (/2,9]) An operator T : [0,1] x [0,1] — [0,1] is called a triangular norm (or simply a
t-norm) if for x,y, z,w € [0,1] we have:

i) T(l,x) =z ;

i) T(x,T(y, 2)) = T(T(x,y), 2) ;

i) T(z,y) = T(y,x) ;

w) If x <z and y < w, then T(z,y) < T(z,w).

The minimum t-norm and the drastic t-norm are defined respectively by Thas(z,y) = min(z,y) and
TD (ZL’, y) = {

min(z,y) if max(z,y) =1

0 otherwise
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Proposition 2.1 Let T be a t-norm. Then we have:
Tp(z,y) < T(z,y) < Tmlz,y), ¥(z,y) € 0,1] x [0,1].
For the proof of proposition 2.1 and more information about t-norms see [9].

Definition 2.3 (Zadeh’s extension principle [16]) Let F(R) be the space of all fuzzy sets on R and
®: R — R be a function. The Zadeh’s extension of ® is the function ® : F(R) — F(R) defined for
each n € F(R) by

3 sup  n(z) if T (y) #£0
(n)(y) =  =R2 @)=y
0 otherwise

for all y in R.

If ®: R — R is continuous, then [é(n)} =®([n],),Vn € E,a € [0,1] (see [2,11]). The following

«
statement is a more general definition that has the Zadeh’s extension principle for a function with two

variables as a particular case when the t-norm used is T;.
Definition 2.4 ([3,/]) Let T be a t-norm and ® : R x R — R be a function. The extension of ® via T
is the function @7 : F(R) x F(R) — F(R) defined for each n,& € F(R) by

i sup  T(n(x),&(y)) if 271(2) #0
@T(nag)(z) = (z,y)ER2,®(z,y)=2
0 otherwise

for all z in R.

Theorem 2.1 Let @ : R x R — R be a continuous function, T an upper semi-continuous t-norm and
n,& € E. Then

F’T WOL = U e ([n}g X [5]7) . Va € (0,1].

T(B,v)2e
For the proof of the theorem 2.1 see [4]. For any 7,£ € E and « € [0, 1] we have
(25, (1.6)] =@ ([nla x [€]a) (2.5)
(810 0,6)] = ® (1l x [€la) U@ ([l x €]0). (26)

The operations obtained using the extension principle via t-norm 7' are said to be interactive when
T # T and non-interactive when T' = Ty [3]. The scalar multiplication and the non-interactive addition
and product are defined level-wise [2] for all n,£ € E and A € R by

(An], =AMl .
[ @um €l = [nla + €l

® = min  wy, max Y- +0
b @ar o Lx,y)e[n]ax[s]a Y wyelnlaxicle y} Y

Theorem 2.2 Let ® : R x R — R be a continuous function, Ty and To be upper semi-continuous
t-norms with To(v,w) > T1(v,w) for all v,w € (0,1] and n,§ € E. Then

b1, (0,€) € O, (1.6) e, [®r, (0.)] € @7, (9] Vo€ (0,1,

For the proof of the theorem 2.2 see [3]. Using this theorem and according to the proposition 2.1, we get
the following result
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Corollary 2.1 Let ® : R x R — R be a continuous function. Then for any upper semi-continuous
t-norm T we have

bp,, (1,6) € br (n,€) € by, (0,6), Y, € € E.
By ii)-iii) in the definition 2.2 we have for all a,b,c € R
T(T(a,b),c) =T(a,T(b,c)) =T(T(a,c),b).
We denote T'(a,b,c) :==T(T(a,b),c).
Definition 2.5 Let T' be a t-norm and ® : R3 — R be a function. The extension of ® via T is the
function @7 : F(R)> — F(R) defined for each n,£,0 € F(R) by

- sup T(n(x),f(y)’e(z)) if (I)fl(w) 7& 0
P (n’ 57 9) (’LU) = < (z,9,2)€2 71 (w)
0 otherwise

for all w in R.

Now, we present and prove the following result that we will need in section 4.

Theorem 2.3 Let T be an upper semi-continuous t-norm and ® : R3> — R be a function defined by
®(x,y,2) = F(z,y) + G(2) where F : R? — R and G : R — R are two continuous functions. Then for
alln,£,0 ¢ E : } } 3

Qp (nv §7 0) = Fr (77’ 5) Sr G(G)
where ®p and Fr are the extensions of ® and F via T respectively, G is the Zadeh’s extension of G and

@1 denotes the T-based addition.

Proof: Let n,£,0 € E and w € R. If ®~(w) = @, then ®7(n,£,60)(w) =0 and
F(z,y) + G(2) # w,Vo,y,z € R. (2.10)

Tt is sufficient to show that (FT (n, &) &7 é(@)) (w) = 0. Let u,v € R such that u+v = w. (2.10) implies
that F~'(u) = 0 or G~ (v) = 0. Then Fr (1, &) (u) = 0 or G(6)(v) = 0. Hence, T (FT (0, €) (), é(@)(v))

~ 0. So (FT (n,€) B é(e)) (w) = 0.
Now assume that ®~1(w) # (. Then

r(1,€,0)(w) = sup T(T (n(x), £(y)) , 0(2))
(z,y,2)€ER3, F(xz,y)+G(z)=w

= sup sup sup T (T(n(x),£(y)),0(z)) - (2.11)
(u,v)ER?, utv=w (z,y)EF~1(u) zEG~1(v)

Let v € R. Obviously,
sup 6(z) = sup 0(2)
2€G—1(v) 2€G=1(v)N[0],
since 0(z) = 0 for all z ¢ [0],. However, [6], is compact and G~!(v) is closed by continuity of G; hence,
G~!(v) N [#], is compact. Since § is upper semi-continuous, it attains its maximum in G~*(v). Since T
is non-decreasing with respect to the second argument, then

sup T (T (n(z),£(y)),0(2)) =T (T (n(x),&(y)), sup 9(Z)> : (2.12)
z€G~1(v) z€G~1(v)
Let u € R. We have
sup  T'(n(x),&(y)) = sup T (n(x),&(y))

(@) EF 1 (u) (.)€ F=1()n([nlo X [€ly)
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since T (n(x),&(y)) = 0 for all (z,y) ¢ [n], x [£],- However, [n], x [¢], is compact and F~!(u) is closed
by continuity of F; hence, F~!(u) N ([n], x [£],) is compact. Since n and ¢ are upper semi-continuous,
and T is non-decreasing and upper semi-continuous, then the function (z,y) — T (n(z),&(y)) is upper
semi-continuous and then attains its maximum in F~!(u). Since T is non-decreasing with respect to the
first argument, then from (2.12), we get

sup sup  T'(T'(n(z),£(y)),0(2))
(z,y)eF~—1(u) zeG~1(v)

=T sup T (n(x)a €(y)) , Sup 9(2’) : (213)
(z,y)EF 1 (u) 2€G1(v)
Combining equations (2.11) and (2.13), we obtain

Or(n,§,0)(w) = sup T( sup T (n(x),&(y)), sup 9(Z)>

(u,v)ER?, utv=w (z,y)EF~1(u) 2€G~1(v)

= s T(Br(n,@).GO)W)

(u,v)ER2, utv=w

= (FT (n,8) ®r é(@)) (w).

3. Tp-based addition and product of fuzzy numbers
In this section, we denote [n], = [n5,nt] for all & € [0,1] and n € E.
3.1. Tp-based Addition
Denote @p the addition based on the extension principle via drastic t-norm.

Proposition 3.1 Let n,& € E. Then for any o € [0, 1], we have

i) n®p &, = (N + [Ela) U (e + [€h);
i) [n®p &, = [min(n; +&5,m5 + &1 ) max(n] + &5, 08 + &)

Proof: The function ® : R x R — R defined by ®(z,y) = x + y is continuous on R?. Then, by the
theorem 2.1 and the equation (2.6), we have

@0 &, = [O1,(0.8)] =@ (n x [gla) U@ (Ir]a x [€]1)

= ([n)1 + [la) U ([n]a + [€)
= ([or.nf ] + (&, €3) U (e nd] + [&0.67])
= [ +&nf + &V ng + &0 + &

= [mm(’?l + &0, + &), max(n + &8 nd + & )]

where + in the second and the third equalities is as defined in equation (2.1). O

Remark 3.1 For any 1) € E, we have [n©pn, = [n7 +na,n" +nl]. In general n@&pn # 21 where
2n is the scalar multiplication of n by 2 defined in equation (2.7).

Remark 3.2 For any n € E, we have [n©p 1], = (1)1 — [1la) U (Mla — [1]1). Son©pn is symmetric
and in general 1 Sp N # X{o}-

Proposition 3.2 Let = (1, 12,M3,1M4) 1,8 and & = (§1,82,€3,84)1,r be two L-R fuzzy numbers. Then
nepé=(m+&L—lLm+&b s +&,m+&+r)p

where | = max (e — 1,82 — &1) and r = max (g — 13,84 — &3).
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Proof: Let n = (11,72,73,M4)1,r, § = (£1,62,€3,&)1,r and « € [0,1]. Then

{[n]a =[m+ L a)m2—m), na— R (a)(ns — n3)]
o, =[a+L a)(&— &), &4— R a)(&—&)]

Mo +& =m+&+ L7 a)(n2 —m) =m + &+ (L) = 1) (2 —m).
Since L~!(a) — 1 <0, then

{n; Fe = m A+ L) (& — &) =m+ &+ (L) = 1) (& — &)

min(n; +&,.n5 &) =n+ &+ (L7 () — 1) max(ne —mi, & — &).
By the same procedure, we prove that
max(n + &5, +67) =ns + &+ (1— R () max(ny — n3, &4 — &3).

By the proposition 3.1, we have

mop&y=[m+&+ L ) =) s+ &+ (1-R () 7]
= [ +&— 1+ L7 )l + & +r— R Ha)r]

where [ = max (2 — 1,8 — &1) and r = max (g — 93,84 — &3). O

The proposition 3.2 was differently proved in [10]. When 7),{ € F are triangular [6,7] and in particular
symmetric with respect to real numbers 79 and & respectively, we have the following results

Corollary 3.1 Ifn= (n1,m2,m3) and & = (£1,&2,83) then
n®p&=(m+& —Ln+&,mn++r)

where | = max (2 — n1,&2 — &1) and r = max (n3 — 12,83 — &2).

Corollary 3.2 Ifn = (no —l1,m0,m0 + 1) and § = (§o — l2, 60,80 + [2) then
n&p&=(no+& —Lno+&;n+& +1)

where | = max (I1,12).

3.2. Tp-based Product
Denote ®p the product based on the extension principle via drastic t-norm.

Proposition 3.3 Letn,& € E. Then for any0 < a <1 :
[N ®p &, = [min 2, max ]
where Q@ = {0y &,y &8 n €0 T €8 s &0 e &5 i & ond €

Proof: The function ® : R x R — R defined by ®(x,y) = zy is continuous on R%. Then by the theorem
2.1 and the equation (2.6), we have

0 €, = [B1, (6] =& (s x [€la) U P (e x [¢])

=| inf ®(z,y), sup ®(z,y)
(z,y)EA (z,y)EA

where A = ([9]1 x [€]a) U ([n]a X [£]1). Since [n], and [¢], are compact, A is compact. Since P is
continuous and increasing, it attains its extrema at the corners of A. O
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Proposition 3.4 Let n,& € E such that [n]; ={m} and [{]; = {&}. Then for any 0 < a <1 :

min(m &, , 1, 1), max(méd, nt )] if m>0,6 >0

min(mé&d, g 1), max(méy, i)l if m <0,6 >0
in(mé&s , ntér), max(m&d, n &) if m>0,6 <0

min(mé&d, nd€1), max(méy,m, 1)) if m <0,6 <0

m®pél, =

=t

[
[
[
[

Proof: Let n,& € E such that []; = {m} and [¢{]; = {&}. From the proposition 3.3, for any 0 < o < 1
we have [n®p &), = [minQ,max Q] where O = {ny &, ny &0on oo € na & na &5 nd & nd &}
Since n; =0 =1 and & = & = &, then Q = {m&,,m&, ny&,nté&}. I >0 and & > 0, then

mé, < mé&d and ng& < nf&. So min(Q) = min(méy,n, &) and max(Q) = max(m&],ni&). This
proves the first case. The proof of the other cases is similar. O

Remark 3.3 If [5]; = {0} and [{]; = {0}, then [n®p ], = {0}, Ya € [0,1] : n®p § = X{o3-

4. Solution to transport equation with interactive fuzzy data

Denote C!(R) the space of continuously differentiable functions on R. In this section we will study
the following homogeneous transport equation

Us(t,z) = nUy(t, x)
{U(Ov x) = g(z)€ ®p 0 (4.1)

where g € C}(R) and 7, £ and 6 are interactive fuzzy numbers via Tp. We will study the equation (4.1)
from the point of view of fuzzification of the deterministic solution to the equation

Ut(t,CL’) = noUs(t, )
{U(07 z) = &og(z) + 0o )

where 19 € [n],, & € [£], and 6y € [0],. We will say that U : R x R — F is a fuzzy solution to (4.1)
if it is the extension via Tp of a solution to (4.2). The following proposition gives the fuzzy solution to
(4.1) when n is assumed to be real.

Proposition 4.1 Let n € R. Then the equation (4.1) has a unique fuzzy solution U : Rt x R — E
defined by
Ult,z)=(g(x+nt)€)®p 0, Vt € RT z € R, (4.3)

Proof: Let n € R. Since g € C}(R), it is well known (see [12]) that the equation (4.2) has the unique
solution (t,z) — g(x + nt)€ + 6y on RT x R. For each (¢, x) fixed, consider the operator

Siz: R* — R
(&0,60) — gz +nt)&o + Oo.

Since St is continuous on R?, then by the theorem 2.1 and the equation (2.6), the extension via Tp of
St » is such that

[500(6.0)] = St (16  [0)a) U S (1€ x [61)
= {g(x + nt)§o + bo : (S0, 00) € []1 % [0]a}

U{g(x +nt)é + 0o : (0,060) € [§la x [0]1}
= (g(z +nt)[g)1 + [0la) U (9(z + nt)[E]a + [0]1)
= ([9(z +nt)¢)1 + [0la) U ([9(z + nt)€la + [0]1)

= [(g(z+nt)§) ®p 0],
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So the equation (4.1) has the unique fuzzy solution given by equation (4.3). O

If, in addition to n € R, we have § = 0, then the unique fuzzy solution to the equation (4.1) is given
by U(t,z) = g(z+nt) &, ¥Vt € RT,z € R. It is the same solution obtained using the Zadeh’s extension
principle for a real valued function of one variable. Denote by g the Zadeh extension of g and A = x(x;
for any A € R.

Proposition 4.2 Let § = 0. Then the equation (4.1) has a unique fuzzy solution U : Rt x R — E
defined by
Ult,r) =g(@®mtn) @p &, Vt e RT x € R. (4.4)

Proof: Let § = 6y = 0. The equation (4.2) has the unique solution (¢,2) — g(z + tn9)&o on RT x R.
For each (¢, ) fixed, consider the operator
P,: R* —R
(10, §0) — g(z + tno)&o-

Since g is continuous on R, then P; , is continuous on R%. By the theorem 2.1 and the equation (2.6),
the extension via Tp of P, is such that

[Pra(,6)] = Prc ([l  [€a) U Pr ([n % [€]1)

= {g(x +tno)o : (n0,&0) € M1 X [€]a}

U {g(z +tno)éo : (n0,%0) € [Ma x [€]1}
={9(M0)%0 : (M0, &0) € ({x} +t[nl1) x [fla}

U {g(i0)éo : (10, %0) € ({z} + tnla) x [€]1}
= {9(M0)&o : (M0:60) € [T B tn]; X [§la}

U{9(m0)&o : (110, &0) € [T Bar tn], x [€]1}
= {C0o : (C0,60) € g ([T ®ar tn]y) x [Ela}

U {Co&o : (Co:&0) € g ([ B tn],) x [§]1}
= {C0é0 : (Co,%0) € [7 (T D tn)]; X [fla}

U {¢oéo : (C0;&0) € [7(Z Dartn)], x [E]1}
=[g@®mtn)®@pE, -

So the equation (4.1) has the unique fuzzy solution given by equation (4.4). O

The following theorem gives the unique solution when 7,¢,60 € E.

Theorem 4.1 Let n,£,0 € E. Then the equation (4.1) has a unique fuzzy solution U : Rt x R — E
defined by
Ut,z) = (§(T @ tn) @p &) ©p b, Vt e RT 2 € R.

Proof: Letn,¢,0 € E. The unique solution to the equation (4.2) is the function (¢, 2) — g(z+tng)&o+0o
defined on RT x R. For each (¢, ) fixed, consider the operator
Liy R® — R
(105 €05 00) — Prz(n0,0) + W (6o)
where Py ,(10,&0) = g(x +tno)& and W(y) = 6y. Since g is continuous on R, then L, , is continuous on
R3. By theorem 2.3, we have Ly, (1, &,0) = P;.(n,&)®p W () where P, and W are the extension via T

and the Zadeh’s extension of P;, and W respectively. Since W(0) = 0 and P, ,(1,€) = §(Z ®ar tn) @p €
(see the proof of the proposition 4.2), then

Liz (1,€,0) = (§(Z & tn) @p €) @ 0.
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O
For illustration, we consider the following examples.
Example 4.1 Consider the equation
Ui(t,z) = 0.5U, (¢, x)
(o2 (4.5)
U(0,z) = (0,0.5,1) e~ =2 ©p (0,0.25,0.5)

By the proposition 4.1, the unique fuzzy solution (Tp-solution) to the equation (4.5) is given by
U(t,x) = g(x +0.5¢) (0,0.5,1) ®p (0,0.25,0.5)

_ (0,0.5e—<”+0-5t—2)2,e‘(””+°'5t_2)2) ®p (0,0.25,0.5)

for all ¢ > 0 and x € R. From the corollary 3.2, we have U(t,x) = (0 —1,0,0 +1) where o =
0.5e~@+0:5t=2)” 1 (95 and | = max (0.56_(z+0‘5t_2)2, 0.25). It is easy to check that

0.5¢~@H05-2)" > 095 5 2 — 0.5t — /In(2) < 2 < 2 — 0.5t + /In(2).
Thus, for any ¢t > 0 and z € R

0.25 S (0,0.5e*<f+0-5t*2>2,e*<x+0»5t*2>2) ifeel,
Ult,z) =

0.5e—(z+0.5t=2)* @, 1 (0,0.25, 0.5) ifx ¢ I,
0.25 @y e~ @H05=2% (0 0.5,1)  ifz €I,
| 0.5e- @052 @, (0,0.25,0.5) ifa ¢ I,

where I, = [2 — 0.5t — /In(2),2 — 0.5t + \/ln(2)]

In the example 4.1, if (0,0.5,1) and (0,0.25,0.5) are considered non-interactive, the unique fuzzy
solution (7T)s-solution) to the equation (4.5) is given by

U(t,z) = (0,0.5,1) e~ @F05=2° g\ (0.0.25,0.5)

for all ¢ > 0, € R. It is clear that this solution is more fuzzy than the Tp-solution (i.e [U(t,z)], C
U (t,x)]a). Figure 1 illustrates this result by showing the fuzzy solutions via Ty, and Tp for three
different fixed time values. The use of interactivity results in a reduction in uncertainty when compared
to the non-interactive case, as it is shown in [14] using Sup-J extension principle. This result can be seen
from the corollary 2.1 for any upper semi-continuous t-norm 7.

In the example 4.1, the parameter 7 is crisp and the initial condition is considered as a function of
the form U(0,z) = £g(x) ®p 0 where &,0 € E are interactive via Tp and g € C*(R). The next example
will consider the function of the form U(0,x) = £g(z) with {,n € E are interactive via Tp.

Example 4.2 Consider the equation

{Ut(t,w) = (—3,-2,-1) Uy(t,x) (4.6)

U0,z) = (1,2,3)e"
By proposition 4.2, the solution to the equation (4.6) is given by
Ult,z) =g(@@mtn) ®p & Vt >0,z R

where n = (=3,-2,-1), £ = (1,2,3) and g : © — e *. Let a € [0,1]. By equation (2.4), we
have [n], = [-3+a,—1 —a] and = [l 4+ a,3 —a]. Since g is decreasing, then [§(Z @ tn)], =

« ]O(
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(a) view of the Ths-solution ¢t =0 (b) view of the Tp-solution at t =0

(c) view of the Ths-solution at t =4 (d) view of the Tp-solution at t = 4

(e) view of the Ths-solution at t = 8 (f) view of the Tp-solution at ¢t = 8

Figure 1: Three-dimensional views of the fuzzy solutions via Ty and Tp to the equation (4.5) for three
fixed time values. The a-level sets are illustrated using gray lines, where the endpoints correspond to
varying « levels, progressing from white to black as « increases from 0 to 1.
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[e*“‘*(l*“)t,e*x*(“s*“)t]. Since [§(Z &m tn)], = {e*xﬁt} and [¢]; = {2}, then by proposition 3.4, we
have

[U(t,2)], =e =t {min(l + a, 2V max(3 — a, 2e1 V)|
It is easy to check that

2
(I-a)t<In () & 207V > 1 4o

1+«
and
(1-a)t<In <32a) o200t <3 (.

So

e 11+ ,3 — a if (1 - a)t < pla)

[U(t,z)], = e 2 [1+ a,2e179)] if pla) < (1 —a)t <v(a)

e~ o2 [2e(0= Dt 2= if y(a) < (1 —a)t
where p(o) = In (252) and v(a) = In (H%) Therefore, the diameter of [U(t, x)],, increases with respect
to t and decreases with respect to x for any « € [0, 1]. For a = 0, we obtain

2e Tt ift <In(2)
diam ([U(t,x)]y) = { (2¢' — 1)e™*T2 if In(3) <t <In(2).

<
2(e?' —1)e 2t ifIn(2) <t
It is clear that the obtained solution is precise for a limited time but at infinity the results are non-precise.

In the example 4.2, if n and £ are considered non-interactive, the unique T)s-solution to the equation
(4.6) is given, from equations (2.5) and (2.9), level-wise by

[U(t,z)], = {g(x+tno)éo : (10, &0) € ], *x [€]4}
_ {(1 n o[)efx+(1+o¢)t7 (3 - O{)efm+(37a)t:| :

forallt > 0, z € R and « € [0,1]. The diameter of this solution also increases with respect to ¢t and
decreases with respect to x for any « € [0,1]. For a = 0, it is given by

diam ([U(t,z)],) = 3™ — "1,

0

The solution U(t,z) is more fuzzy than the solution U(t, ) given in the example 4.2 (see figures 2 and
3). Note that U(¢,z) is also the solution obtained when solving the equation (4.6) using gH-derivative
(which is interactive [15]) as we can see in [1].

Example 4.3 Consider the equation

{Ut(t,m = (1,2,3) Uy (t, z) (4.7)

U0,2) =(0,1,2)z®p (—4,-3,—1)
By theorem 4.1, the unique fuzzy solution to the equation (4.7) is given by
Ult,z) =(g(@®mtn)®@p &) ®pd, ¥t >0, 2 € R

where n = (1,2,3), £ = (0,1,2), 0 = (—4,-3,—1) and g : © — 2. We have (T @ tn) = T By tn =
(x+t,x + 2t,x + 3t).
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(a) view of the Ths-solution at ¢t = 0.12 (b) view of the Tp-solution at ¢t = 0.12

(c) view of the Ths-solution at ¢ = 0.24 (d) view of the Tp-solution at ¢t = 0.24

(e) view of the Tys-solution at ¢t = 0.36 (f) view of the Tr-solution at ¢t = 0.36

Figure 2: Three-dimensional views of the fuzzy solutions via Ty and Tp to the equation (4.6) for three
fixed time values. The a-level sets are illustrated using gray lines, where the endpoints correspond to
varying « levels, progressing from white to black as « increases from 0 to 1.
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(a) view of the Tas-solution (b) view of the Tp-solution

Figure 3: Three-dimensional views of the fuzzy solutions via Ty and T to the equation (4.6) for spatial
point z = 3. The a-level sets are illustrated using gray lines, where the endpoints correspond to varying
« levels, progressing from white to black as « increases from 0 to 1.

For any « € [0,1], by equation (2.4), we have [§(Z @ tn)], = [z+t(1+a), 2+t (3 —«)] and [{], =
[a,2 — a]. Since [§(Z @ tn)]; = {x + 2t} and ], = {1}, then by proposition 3.4, we have
[9(Z ©artn) ®p €], =
[min ((x +2t) e,z +t(1+a)),max ((x +2t) (2 — o),z +t(3—a))] fz+2t>0
[min ((z 4+ 2t) a,x +t (1 +a)) ,max ((x +2t) (2—a),z+t(3—a))] ifx+2t<0
Since
(z+2t)a<z+t(l+a)sax>—tora=1
and (z+2t)2—a)<z+tB—a)sax< —tora=1,

then
[(+2t)a, (z+2t)(2—«)] ifz>-—t
G@omtn)@pél, =S z+ta+1),z24+t(B3—a)] if —3t<z<—t.
(z+2t)2—a),(z+2t)a] fz< -3t

Thus, by equation (2.4), we have
(x+2t)(0,1,2) ifx>—t
JEemtn)@pt={F@yt(1,2,3) if —3t<z<—t.
(x+2t)(0,1,2) ifx< -3t

Since § = (—4,—3,—1), then by corollary 3.1 we obtain
Ut,xz) =

(x + 2t — 3) ®pr (—max (x + 2t,1),0, max (z + 2t,2)) ifx > —t
(x—l—/2t\_/—3) @ (—max (t,1),0, max (¢,2)) if —3t<az<—t.
(¢ + 2 — 3) By (min (z +2¢, —1),0, — min (z + 2t,~2)) ife < 3¢
In the example 4.3, if n, £ and 6 are considered non-interactive, the unique fuzzy solution to the

equation (4.7) is given by

Ut,z) = (g(x ®p tn) @nm &) S 0
=((@omtn) @mE) O b
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for all ¢ > 0 and = € R. By equations (2.5) and (2.9), we have

[(Z ©nm tn) ®m €], = [ S tnl, X [€E],
=zomt(1,2,3)], x[(0,1,2)],
[4+t(l+a),z+t3—a)] X [a,2 — a]
[(z+t(l+a)o,(x+tB—a)(2—a)] ifz>—-(1+a)t
= 2-a)z+t(l+a),z+1t3—a) if(a=3)t<z<—-(14+a).
(z+t(l+a)2—a),(z+tB3—a))a] ifzx<(a—3)t

So by equation (2.8) we get
[U(t,2)],, = (& ®m tn) @um €], + (0],

[(z+t(l+a)+D)a—4,(x+tB—-a)+2)(2—a)— 5] ifx>—-(1+a)t
=R [2-a)(z+tl+a)—1)—2,2—a)(z+tB—a)+2)—5] f(a—3)t<z<—-(1+a)t.
(2—a)(z+t(l+a)—1)—2,(z+t(B3—a)—2)a—1] if v < (a—3)t

(a) View of the Ths-solution (b) View of the Tp-solution

Figure 4: Three-dimensional views of the fuzzy solutions via Th; and Tp to the equation (4.7) at time
t = 1. The a-level sets are illustrated using gray lines, where the endpoints correspond to varying «
levels, progressing from white to black as « increases from 0 to 1.
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5. Concluding remarks

This paper studied the transport equation when the parameter and the initial condition are given
by fuzzy number and fuzzy-number-valued function respectively. The interactivity taken into account is
the one associated to the drastic t-norm Tp and the fuzzy solution obtained is the Tp-extension of the
classical solution. We note that the solutions obtained via Tp and Tj; frame any other possible solution
when we use the same approach via an upper semi-continuous t-norm : the diameter of any possible
solution satisfies the inclusion property in the corollary 2.1. The solution with the biggest diameter is
obtained via Zadeh’s extension principle and the solution with the smallest diameter is the one obtained
by Tp-extension principle. The comparison is only done with the Zadeh’s extension and any T-extension
solution when 7' is upper semi-continuous. Other methods, such as those using fuzzy derivatives, approach
the dynamical system from different angles. It is noteworthy that the methodology used in this paper is
applicable whenever a classical solution can be found.
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