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Remediability problem in linear time-varying systems with disturbances

Chadi AMISSI, El Mostafa MAGRI, Mustapha LHOUS and Larbi AFIFI

abstract: In this work, a class of time-varying linear perturbed systems in finite dimensions are considered.
Examining the compensation problem for linear time-varying disturbed systems is the main goal of this paper.
The primary objective of remediability or compensation is to reject the effects of disturbances on the system.
We present the characterisation results of remediability, and we demonstrate that a specific rank condition
provides a sufficient criterion to ensure the remediability of our system. For the analytical case, remediability
is described. The relationship between controllability and remediability is also given, and various situations
are examined for different examples.
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1. Introduction

Significant advancements have been made in the control of linear time-invariant systems. On the
other hand, a lot of systems in the actual world change with time. These systems are frequently used
to describe and approximate dynamical systems seen in the real world, such as autonomous cars and
robotics. These systems are much more difficult to control when internal or external disruptions are
introduced. In these systems, the capacity to recover or lessen the system’s performance loss as a result
of these disturbances is known as the remediability problem.

Remediability is a complex and multifaceted issue that arises in various domains, including economics,
human resources, and organisational management. And many researchers have studied the concept of
the compensation and its application; see, for example, [4,6,9,12,13,14]. The concept of remediability
is rooted in the idea that certain problems or issues can be effectively addressed and corrected through
appropriate measures or remedies. It is commonly applied in various fields, including environmental
science, engineering, medicine, and law.
In control theory, compensation refers to the process of designing and adding control elements to a system
to achieve certain performance objectives. The goal of compensation in disturbed linear systems is to
mitigate the impact of uncertainties and disturbances in order to enhance the system’s performance and
stability. Disturbances can be external forces or inputs that affect the system’s behaviour, and they can
lead to undesired outcomes or deviations from the desired behaviour.
The remediability of parabolic, hyperbolic, and discrete systems can vary, with parabolic systems gener-
ally being fully remediable, hyperbolic systems being partially remediable, and discrete systems having
varied remediable behaviour based on their specific properties. Regional cases and asymptotic cases in-
volve additional complexities, making remediable behaviour dependent on the specific characteristics of
the problem at hand (see [1], [8] and [12]).
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In [11], Silverman and Meadows investigated controllability and observability in time-variable linear sys-
tems. Chang [2] given an algebraic characterisation of controllability for a linear time-varying system.
The topic of remediability has not yet been covered in relation to linear time-varying systems in finite
dimensions. This work aims to discuss the remediability issue for such systems. We provided necessary
and sufficient conditions for the remediability, we investigated the possibility of eliminating the distur-
bance effect with an appropriate choice of the control operator, and we discussed the remediability for
the analytical case. Also, a comparison of controllability and remediability is shown, demonstrating that
in finite dimensional space, this concept remains lower than controllability. To demonstrate this in our
paper, numerous examples are provided.
We organise this paper as follows: We present the model of disturbed time-varying systems and define
the problem statement in Section 2. Controllability and remediability are then determined and described.
In Section 3, we present results that characterise the compensation system, offer examples, and illustrate
the achieved outcomes. We examine the analytical case in Section 4. In Section 5, we look at how
remediability and controllability relate to one another. Finally, Section 6 summarises the conclusions.

2. Statement of the problem

Let’s consider the time-variable linear systems expressed by{
ż(s) = A(s)z(s) +B(s)u(s) +K(s) ; 0 < s < Θ
z(0) = z0

(2.1)

where A ∈ C∞([0,Θ],Mn(R)), B ∈ C∞([0,Θ],Mn,p(R)), u ∈ L2(0,Θ;Rp) and K ∈ L2(0,Θ;Rn).

The corresponding output is given by

y(s) = D(s)z(s) ; 0 < s < Θ, (2.2)

with D ∈ C∞([0,Θ],Mq,n(R)), we have

z(s) = Ψ(s, 0)z0 +Hsu+GsK,

where Ψ is the resolvent of the time-varying linear system ẋ = A(s)x. Then

y(s) = D(s)Ψ(s, 0)z0 +D(s)Hsu+D(s)GsK,

where
Hs : L2(0, s;Rp) −→ Rn

u −→
∫ s

0

Ψ(s, r)B(r)u(r)dr,
(2.3)

and
Gs : L2(0, s;Rn) −→ Rn

K −→
∫ s

0

Ψ(s, r)K(r)dr.
(2.4)

Let us define that
R(.) indicates the range of a operator.

N (.) indicates the null space of a operator.

We give the characterization of controllability for linear time-varying system.

Definition 2.1 The system {
ż(s) = A(s)z(s) +B(s)u(s) ; 0 < s < Θ
z(0) = z0

(2.5)
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is controllable on [0,Θ] if and only if
R(HΘ) = Rn,

or also, the matrix

∆(Θ) =

∫ Θ

0

Ψ(Θ, r)B(r)B(r)∗Ψ(Θ, r)∗dr,

is invertible.

We introduce a sequence of maps (Bi(s))0≤i≤n−1 in the following way

B0(s) = B(s), Bi(s) = −A(s)Bi−1(s) + Ḃi−1(s), ∀ i = 1, ..., n− 1, ∀ s ∈ [0,Θ], (2.6)

then one has the following result (see, in particular, the paper [11]).

Theorem 2.1 Assume that, for some s̄ ∈ [0,Θ],

rank
(
B0(s̄) B1(s̄) ... Bn−1(s̄)

)
= n,

then the system (2.5) is controllable on [0,Θ].

Let us give the following definition.

Definition 2.2 The system (2.1) with the output function (2.2), is said to be remediable on [0,Θ], if for
any K ∈ L2(0,Θ;Rn), there exists a control u ∈ L2(0,Θ;Rp) such that

D(Θ)HΘu+D(Θ)GΘK = 0.

3. Characterization results

Proposition 3.1 The subsequent attributes are analogous

i) The system (2.1) with observation (2.2) is remediable on [0,Θ].

ii) R(D(Θ)HΘ) = R(D(Θ)).

iii) N (H∗
ΘD(Θ)∗) = N (G∗

ΘD(Θ)∗).

iv) N (B(.)∗G∗
ΘD(Θ)∗) = N (G∗

ΘD(Θ)∗).

v) ∃γ > 0, ∀α ∈ Rq,

∥ Ψ(Θ, .)∗D(Θ)∗α∥L2(0,Θ;Rn) ≤ γ ∥B(.)∗Ψ(Θ, .)∗D(Θ)∗α∥L2(0,Θ;Rp). (3.1)

Proof: Infer from the definition that

N (H∗
ΘD(Θ)∗) = N (B(.)∗Ψ(Θ, .)∗D(Θ)∗),

N (G∗
ΘD(Θ)∗) = N (Ψ(Θ, .)∗D(Θ)∗),

and also the theorem 3.3, page 60 [3]. 2

We define the remediability Gramian of the system (2.1) with observation (2.2).

Definition 3.1 The remediability Gramian of the system (2.1) with observation (2.2) is the symmetric
q × q-matrix

Γ(Θ) = D(Θ)HΘH
∗
ΘD(Θ)∗ =

∫ Θ

0

D(Θ)Ψ(Θ, r)B(r)B(r)∗Ψ(Θ, r)∗D(Θ)∗dr. (3.2)
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Remark 3.1 Note that, for every β ∈ Rq, we have

β∗Γ(Θ)β =

∫ Θ

0

∥B(r)∗Ψ(Θ, r)∗D(Θ)∗β∥2dr.

This theorem offers a characterisation of the remediability notion.

Theorem 3.1 Let Γ̄(Θ) = Γ|R(D(Θ))
, (2.1)+ (2.2) is remediable on [0,Θ] if and only if, the matrix Γ̄(Θ)

is invertible in R(D(Θ)).

Proof: To prove the theorem, suppose that Γ̄(Θ) is invertible in R(D(Θ)) and prove that (2.1) with
observation (2.2) is remediable on [0,Θ]. Let u ∈ L2(0,Θ;Rp) is given by:

u(r) = B(r)∗Ψ(Θ, r)∗D(Θ)∗Γ̄(Θ)−1(−D(Θ)GΘK), r ∈ [0,Θ].

Then
y(Θ) = D(Θ)Ψ(Θ, 0)z0 +∫ Θ

0

D(Θ)Ψ(Θ, r)B(r)B(r)∗Ψ(Θ, r)∗D(Θ)∗drΓ(Θ)−1(−D(Θ)GΘK) +

D(Θ)GΘK = D(Θ)Ψ(Θ, 0)z0.

Hence (2.1)+ (2.2) is remediable on [0,Θ].
Conversely, we suppose that Γ̄(Θ) is not invertible in R(D(Θ)). Then

∃β ∈ R(D(Θ))\{0}, Γ̄(Θ)β = 0.

In particular, β∗Γ̄(Θ)β = 0, that is,∫ Θ

0

β∗D(Θ)Ψ(Θ, r)B(r)B(r)∗Ψ(Θ, r)∗D(Θ)∗βdr = 0. (3.3)

Then (3.3) is equal to ∫ Θ

0

∥B(r)∗Ψ(Θ, r)∗D(Θ)∗β∥2dr.

Hence (3.3) implies that
β∗D(Θ)Ψ(Θ, r)B(r) = 0, r ∈ [0,Θ],

then
B(r)∗Ψ(Θ, r)∗D(Θ)∗β = 0.

Thus, (3.1) is not verified. 2

From this demonstration we can conclude the following lemma.

Lemma 3.1 (2.1)+ (2.2) is not remediable on [0,Θ] if and only if

∃β ∈ Rq\{0}, β∗D(Θ)Ψ(Θ, r)B(r) = 0, ∀r ∈ [0,Θ].

The proposition that follows gives a sufficient condition ensuring the remediability of (2.1)+ (2.2) on
[0,Θ].

Proposition 3.2 Assume that, for some s̄ ∈ [0,Θ],

rank
(
V (s̄)

)
= q,

with
V (s̄) =

[
D(Θ)Ψ(Θ, s̄)B0(s̄) D(Θ)Ψ(Θ, s̄)B1(s̄) ... D(Θ)Ψ(Θ, s̄)Bn−1(s̄)

]
,

then (2.1)+ (2.2) is remediable on [0,Θ].
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Proof: We suppose that for some s̄ ∈ [0,Θ]

rank
(
V (s̄)

)
= q,

and (2.1)+ (2.2) is not remediable on [0,Θ]. Hence, by lemma 3.1, there exists β ∈ Rq\{0} such that

β∗D(Θ)Ψ(Θ, r)B(r) = 0, ∀r ∈ [0,Θ].

We note that the row vector β∗D(Θ)Ψ(Θ, s) represents the solution to the differential equation{
ẋ(s) = −x(s)A(s) ; 0 < s < Θ
x(Θ) = β∗D(Θ) ∈ Rn\{0} (3.4)

where x(s) is line vector, one gets

x(r) = β∗D(Θ)Ψ(Θ, r), ∀r ∈ [0,Θ],

then
x(r)B(r) = 0, ∀r ∈ [0,Θ]. (3.5)

Differentiating (3.5) and using (3.4) and the definition of the Bi in (2.6), one gets

0 = ẋB + xḂ = −xAB + xḂ = xB1 (3.6)

Repeated differentiation of (3.6) yields,

x(r)Bi(r) = 0; i = 0, 1, ..., n− 1, ∀r ∈ [0,Θ],

one gets
β∗D(Θ)Ψ(Θ, r)Bi(r) = 0; i = 0, 1, ..., n− 1, ∀r ∈ [0,Θ]. (3.7)

But for all r ∈ [0,Θ], β ̸= 0, so (3.7) contradicts the assumption for some s̄ ∈ [0,Θ]

rank
(
V (s̄)

)
= q,

this concludes our proof of proposition 3.2. 2

The following result gives another sufficient condition.

Proposition 3.3 We denote
λn(s) = B(s), ∀ s ∈ [0,Θ],

λi(s) =
dλi+1

ds
−A(s)λi+1, i = 1, ..., n− 1, ∀ s ∈ [0,Θ].

If rank
(
W (Θ)

)
= q, where

W (Θ) =
[
D(Θ)λ1(Θ) D(Θ)λ2(Θ) ... D(Θ)λn(Θ)

]
,

then (2.1)+(2.2) is remediable on [0,Θ].

Proof: We first assume that
rank

(
W (Θ)

)
= q,

and (2.1)+ (2.2) is not remediable on [0,Θ]. Let r ∈ [0,Θ] and let the matrix B(r) be partitioned into
columns, i.e.

B(r) = [b1(r), b2(r), ..., bp(r)] ,

then B(r)∗ is
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
b1(r)

∗

b2(r)
∗

...
bp(r)

∗

 .

Hence B(r)B(r)∗ can be expressed

B(r)B(r)∗ = [b1(r)b1(r)
∗ + b2(r)b2(r)

∗ + ...+ bp(r)bp(r)
∗] =

p∑
i=1

bi(r)bi(r)
∗. (3.8)

Since (2.1)+ (2.2) is not remediable on [0,Θ], then Γ̄(Θ) is not invertible. Consequently,

∃β ∈ Rq\{0}, Γ̄(Θ)β = 0.

One has, β∗Γ̄(Θ)β = 0, using (3.8), one gets

p∑
i=1

∫ Θ

0

β∗D(Θ)Ψ(Θ, r)bi(r)bi(r)
∗Ψ(Θ, r)∗D(Θ)∗βdr = 0. (3.9)

But the left hand side of (3.9) is equal to

p∑
i=1

∫ Θ

0

∥bi(r)∗Ψ(Θ, r)∗D(Θ)∗β∥2dr.

Hence (3.9) implies that

β∗D(Θ)Ψ(Θ, r)bi(r) = 0; r ∈ [0,Θ], i = 1, ..., p, (3.10)

if equation (3.10) is differentiated n− 1 times with respect to r, then

β∗D(Θ)
dj

drj
[Ψ(Θ, r)bi(r)] = 0; j = 1, 2, ..., n− 1 i = 1, ..., p. (3.11)

Define bi(r) = λi
n(r), and examine the vector

dj

drj
[Ψ(Θ, r)bi(r)] =

dj

drj
[Ψ(Θ, r)λi

n(r)].

Indeed, for j = 1, we have

d

dr
[Ψ(Θ, r)λi

n(r)] =
d

dr
[Ψ(Θ, r)]λi

n(r) + Ψ(Θ, r)
dλi

n

dr
(r),

we obtain

−Ψ(Θ, r)A(r)λi
n(r) + Ψ(Θ, r)

dλi
n

dr
(r) = Ψ(Θ, r)

(
dλi

n

dr
(r)−A(r)λi

n(r)

)
.

If

λi
n−1(r) =

dλi
n

dr
(r)−A(r)λi

n(r),

then
d2

dr2
[Ψ(Θ, r)λi

n(r)] =
d

dr
[Ψ(Θ, r)λi

n−1(r)]

= Ψ(Θ, r)

(
dλi

n−1

dr
(r)−A(r)λi

n−1(r)

)
= Ψ(Θ, r)λi

n−2(r).



Remediability problem in linear time-varying systems with disturbances 7

And more generally,
dj

drj
[Ψ(Θ, r)λi

n(r)] = Ψ(Θ, r)λi
n−j(r).

Equation (3.11) can then be expressed

β∗D(Θ)Ψ(Θ, r)λi
n−j(r) = 0; j = 0, 1, ..., n− 1, i = 1, 2, ..., p. (3.12)

Now define a set of matrices from the column vectors λi
n−j(r) as follows

λn−j(r) = (λ1
n−j(r), λ

2
n−j(r), ..., λ

p
n−j(r)); j = 0, 1, ..., n− 1,

then equation (3.12) can be expressed in vector matrix form as

β∗D(Θ)Ψ(Θ, r)(λ1(r), λ2(r), ..., λn(r)) = 0∗, ∀ r ∈ [0,Θ].

For r = Θ, we get
β∗D(Θ)(λ1(Θ), λ2(Θ), ..., λn(Θ)) = 0∗, (3.13)

so (3.13) contradicts the assumption, which completes the proof. 2

We have the following remarks.

Remark 3.2 i) One can has the property for some s̄ ∈ [0,Θ]

rank
(
V (s̄)

)
= q,

without the system (2.5) being controllable on [0,Θ].

ii) One can also has
rank

(
W (Θ)

)
= q,

even if the system (2.5) is not controllable on [0,Θ].

iii) (2.1) with (2.2) may be remediable on [0,Θ] without having the condition for some s̄ ∈ [0,Θ]

rank
(
V (s̄)

)
= q.

iv) (2.1) with (2.2) may be remediable on [0,Θ] without having

rank
(
W (Θ)

)
= q.

v) One can has the property for some s̄ ∈ [0,Θ]

rank
(
V (s̄)

)
= q,

without having
rank

(
W (Θ)

)
= q.

In the following example we illustrate these various situations examined.

Example 3.1 i) Let us define A(s), where n = 2, by

A(s) =

(
0 0
f(s) 0

)
,

where

f(s) =


0 if s ≤ 0
g(s− 1) if 0 ≤ s ≤ 2
0 if 2 ≤ s ≤ 4
g(s− 5) if 4 ≤ s ≤ 6
0 if 6 ≤ s

g(s) =

 e
−1

1−s2 if |s| ≤ 1

0 if |s| ≥ 1.

(3.14)
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Computing the resolvent of ż(s) = A(s)z(s), one has

Ψ(Θ, s̄) =

(
1 0

F (s̄) 1

)
,

where

F (s̄) =

∫ Θ

s̄

f(r)dr.

We have p = 1, q = 1, Θ = 8 and

B(s) =

(
h(s)
0

)
; D(s) =

(
0 s

)
,

where
h(s) = f(s− 2).

The controllability matrix is given for any s̄ ∈ [0,Θ]

(
B0(s̄) B1(s̄)

)
=

(
h(s̄) ḣ(s̄)
0 −f(s̄)h(s̄)

)
=

(
h(s̄) ḣ(s̄)
0 0

)
,

has rank 1 < 2. Then, the corresponding system is not controllable on [0,Θ]. However, we have(
D(Θ)Ψ(Θ, s̄)B0(s̄) D(Θ)Ψ(Θ, s̄)B1(s̄)

)
=
(
ΘF (s̄)h(s̄) ΘF (s̄)ḣ(s̄)

)
,

where s̄ = 3, its rank is 1 = q, hence (2.1)+ (2.2) is remediable on [0,Θ].

ii) Let us new consider

A(s) =

(
0 s
0 1

)
.

We have p = 1, q = 1 and

B(s) =

(
1
0

)
; D(s) =

(
s 0

)
.

The controllability matrix is given for s̄ ∈ [0,Θ]

(
λ1(s̄) λ2(s̄)

)
=

(
0 1
0 0

)
,

has rank is 1 < 2. Then, the corresponding system is not controllable on [0,Θ]. However(
D(Θ)λ1(Θ) D(Θ)λ2(Θ)

)
=
(
0 Θ

)
,

has rank 1 = q, consequently (2.1)+ (2.2) is remediable on [0,Θ].

iii) Let us define A, where n = 2, by

A(s) =

(
0 0

f(s) 0

)
,

where f(s) is defined in (3.14). Computing the resolvent of ż(s) = A(s)z(s), one has

Ψ(Θ, r) =

(
1 0

F (r) 1

)
,

where

F (r) =

∫ Θ

r

f(t)dt.
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We have p = 1, q = 2 and

B(s) =

(
1
0

)
; D(s) =

(
s 0
s 0

)
; α =

(
α1

α2

)
,

we have

Ψ(Θ, r)∗D(Θ)∗α =

(
1 F (r)
0 1

)(
Θ Θ
0 0

)(
α1

α2

)

=

(
Θ(α1 + α2)

0

)
,

and

B(r)∗Ψ(Θ, r)∗D(Θ)∗α =
(
1 0

)( 1 F (r)
0 1

)(
Θ Θ
0 0

)(
α1

α2

)
= Θ(α1 + α2),

then

∥ Ψ(Θ, r)∗D(Θ)∗α∥2L2(0,Θ;R2) =

∫ Θ

0

Θ2(α1 + α2)
2dr,

and

∥ B(r)∗Ψ(Θ, r)∗D(Θ)∗α∥2L2(0,Θ;R) =

∫ Θ

0

Θ2(α1 + α2)
2dr.

Hence
∥ Ψ(Θ, r)∗D(Θ)∗α∥L2(0,Θ;R2) ≤ ∥ B(r)∗Ψ(Θ, r)∗D(Θ)∗α∥L2(0,Θ;R)

with γ = 1, and consequently, (2.1)+ (2.2) is remediable on [0,Θ] even if for any s̄ ∈ [0,Θ]

rank
(
D(Θ)Ψ(Θ, s̄)B0(s̄) D(Θ)Ψ(Θ, s̄)B1(s̄)

)
= rank

(
Θ 0
Θ 0

)
= 1 ̸= 2.

iv) Let us define A where n = 2 by

A(s) =

(
2s 0
0 2s

)
,

compute the resolvent of ż(s) = A(s)z(s). One has

Ψ(Θ, r) =

(
eΘ

2−r2 0

0 eΘ
2−r2

)
.

We have p = 1, q = 2 and

B(s) =

(
1
1

)
; D(s) =

(
s s
1 1

)
; α =

(
α1

α2

)
,

we obtain

Ψ(Θ, r)∗D(Θ)∗α =

(
eΘ

2−r2 0

0 eΘ
2−r2

)(
Θ 1
Θ 1

)(
α1

α2

)

=

(
eΘ

2−r2(Θα1 + α2)

eΘ
2−r2(Θα1 + α2)

)
,

and

B(r)∗Ψ(Θ, r)∗D(Θ)∗α =
(
1 1

)( eΘ
2−r2 0

0 eΘ
2−r2

)(
Θ 1
Θ 1

)(
α1

α2

)

= 2eΘ
2−r2(Θα1 + α2).
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Then

∥ Ψ(Θ, r)∗D(Θ)∗α∥2L2(0,Θ;R2) = 2

∫ Θ

0

e2(Θ
2−r2)(Θα1 + α2)

2dr,

and

∥ B(r)∗Ψ(Θ, r)∗D(Θ)∗α∥2L2(0,Θ;R) = 4

∫ Θ

0

e2(Θ
2−r2)(Θα1 + α2)

2dr.

Hence

∥ Ψ(Θ, r)∗D(Θ)∗α∥L2(0,Θ;R2) ≤
√
2 ∥ B(r)∗Ψ(Θ, r)∗D(Θ)∗α∥L2(0,Θ;R)

and consequently, (2.1)+ (2.2) is remediable on [0,Θ], even if

rank
(
D(Θ)λ1(Θ) D(Θ)λ2(Θ)

)
= rank

(
−4Θ2 2Θ
−4Θ 2

)
= 1 ̸= 2.

v) We define A by

A(s) =

(
0 0
f(s) 0

)
,

where f(s) is defined in (3.14).
Computing the resolvent of ż(s) = A(s)z(s), one has

Ψ(Θ, s̄) =

 1 0∫ Θ

s̄

f(r)dr 1

 .

We consider p = 1, q = 1, Θ = 7 and

B(s) =

(
1
0

)
; D(s) =

(
0 h(s)

)
,

where

h(s) = f(s− 2),

hence
rank

(
D(Θ)λ1(Θ) D(Θ)λ2(Θ)

)
= rank

(
−h(Θ)f(Θ) 0

)
= rank

(
0 0

)
,

and its rank is 0. However

rank
(
D(Θ)Ψ(Θ, s̄)B0(s̄) D(Θ)Ψ(Θ, s̄)B1(s̄)

)
= rank

(
h(Θ)F (s̄) −h(Θ)f(s̄)

)
= rank

(
h(Θ)F (s̄) 0

)
.

For s̄ = 3 its rank is 1 = q. Therefore (2.1)+ (2.2) is remediable on [0,Θ]. ■

4. Analytical case

If we assume that A(s), B(s) and D(s) are analytic, and since derivatives, sums, and products of
analytic functions are analytic, the matrix Bi(s) is composed of analytic elements only, the matrix
Ψ(Θ, s) has analytic elements. Apparently, then, the product matrix D(Θ)Ψ(Θ, s)Bi(s) also has only
analytic elements. Now, for a constant vector β the elements of the vector β∗D(Θ)Ψ(Θ, s)Bi(s) are
analytic. We have :

i) If they are zero for an interval of time of positive length, they are zero for all time 0 ≤ s < +∞.
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ii) If rank (J(s̄)) = q for some s̄ ∈ [0,Θ], with

J(s̄) = [D(Θ)Ψ(Θ, s̄)B0(s̄) D(Θ)Ψ(Θ, s̄)B1(s̄) . . . D(Θ)Ψ(Θ, s̄)Bi(s̄)] ,

then the functions are independent on the interval. Conversely, if they are linearly independent
over a positive interval, they are linearly independent for all time 0 ≤ s < +∞.

The subsequent theorem provides a necessary and sufficient rank condition for the remediability.

Theorem 4.1 Suppose A(s), B(s) and D(s) are analytic, (2.1)+ (2.2) is remediable on [0,Θ] if and only
if for any s ∈ [0,Θ], we have for some i ∈ N

rank (J(s)) = rank (D(Θ)) ,

where
J(s) = [D(Θ)Ψ(Θ, s)B0(s) D(Θ)Ψ(Θ, s)B1(s) . . . D(Θ)Ψ(Θ, s)Bi(s)] .

Proof: First, we assume that for some s̄ ∈ [0,Θ] and for any i ∈ N,

rank (J(s̄)) ̸= rank (D(Θ)) ,

and prove that (2.1)+ (2.2) is not remediable on [0,Θ]. We have for some s̄ ∈ [0,Θ] and for any i ∈ N,

rank (J(s̄)) ̸= rank (D(Θ)) ,

then there exists β ∈ Rq such that for any i ∈ N

β ∈ N


(D(Θ)Ψ(Θ, s̄)B0(s̄))

∗

(D(Θ)Ψ(Θ, s̄)B1(s̄))
∗

...
(D(Θ)Ψ(Θ, s̄)Bi(s̄))

∗

 \N (D(Θ)∗) ,

i.e 
(D(Θ)Ψ(Θ, s̄)B0(s̄))

∗

(D(Θ)Ψ(Θ, s̄)B1(s̄))
∗

...
(D(Θ)Ψ(Θ, s̄)Bi(s̄))

∗

β = 0, ∀i ∈ N,

and
D(Θ)∗β ̸= 0.

We have
di(β∗D(Θ)Ψ(Θ, s)B(s))

dsi
(s̄) = β∗D(Θ)Ψ(Θ, s̄)Bi(s̄) = 0, i = 0, 1, ...

Since A(s), B(s) and D(s) are analytic, therefore β∗D(Θ)Ψ(Θ, s)B(s) is also analytic. One gets

B(s)∗Ψ(Θ, s)∗D(Θ)∗β = 0, ∀s ∈ [0,Θ],

one has β ∈ N (H∗
ΘD(Θ)∗) but β ̸∈ N (D(Θ)∗), then N (H∗

ΘD(Θ)∗) ̸= N (D(Θ)∗) , from which we get
(2.1)+ (2.2) is not remediable on [0,Θ].
Conversely, we assume that for any s ∈ [0,Θ] and for some i ∈ N

rank (J(s)) = rank (D(Θ)) .

By duality

N


(D(Θ)Ψ(Θ, s)B0(s))

∗

(D(Θ)Ψ(Θ, s)B1(s))
∗

...
(D(Θ)Ψ(Θ, s)Bi(s))

∗

 = N (D(Θ)∗).
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Let β ∈ N (H∗
ΘD(Θ)∗), then 

(D(Θ)Ψ(Θ, s)B0(s))
∗

(D(Θ)Ψ(Θ, s)B1(s))
∗

...
(D(Θ)Ψ(Θ, s)Bi(s))

∗

β = 0.

Hence

N [G∗
ΘD(Θ)∗] = N (D(Θ)∗) ,

therefore (2.1) with (2.2) is remediable on [0,Θ]. Which completes the proof. 2

The next theorem gives a characterization result.

Theorem 4.2 Suppose A(s), B(s) and D(s) are analytic, (2.1) with (2.2) is remediable on [0,Θ] if and
only if for some s̄ ∈ [0,Θ], we have

rank (V (s̄)) = rank (D(Θ)) .

Proof: The proof of theorem 4.2 a consequence of the following lemma [2].

Lemma 4.1 Suppose A(s) and B(s) are analytic, let

Qj(s) = [B0(s), B1(s), ..., Bj(s)], j = 0, 1, ...

Then there exists i ≤ n− 1, and non-empty open set O ⊂ [0,M ], where M > 0, such that for each s ∈ O,

rank (Qi(s)) = rank (Qi+j(s)) , j = 1, 2, ...

We first assume that for any s ∈ [0,Θ],

rank (V (s)) ̸= rank (D(Θ)) ,

with

V (s) = [D(Θ)Ψ(Θ, s)B0(s) D(Θ)Ψ(Θ, s)B1(s) . . . D(Θ)Ψ(Θ, s)Bn−1(s)] ,

and prove that (2.1)+ (2.2) is not remediable on [0,Θ].
For any s ∈ [0,Θ], we have

rank (V (s)) ̸= rank (D(Θ)) ,

then there exists βs ∈ Rq such that

βs ∈ N


(D(Θ)Ψ(Θ, s)B0(s))

∗

(D(Θ)Ψ(Θ, s)B1(s))
∗

...
(D(Θ)Ψ(Θ, s)Bn−1(s))

∗

 \N (D(Θ)∗) ,

i.e 
(D(Θ)Ψ(Θ, s)B0(s))

∗

(D(Θ)Ψ(Θ, s)B1(s))
∗

...
(D(Θ)Ψ(Θ, s)Bn−1(s))

∗

βs = 0, ∀s ∈ [0,Θ],

and

D(Θ)∗βs ̸= 0.
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Lemma 4.1 implies that the columns of Bj(s) for all j > n− 1 are, for every s ∈ O, expressible as linear
combinations of the columns of [B0(s), B1(s), ..., Bn−1(s)].
Let O be the set in Lemma 4.1 and choose s1 ∈ O. We have

dj(β∗D(Θ)Ψ(Θ, s)B(s))

dsj
(s1) = β∗D(Θ)Ψ(Θ, s1)Bj(s1) = 0, j = 0, 1, ...

Since A(s), B(s) and D(s) are analytic, then β∗D(Θ)Ψ(Θ, s)B(s) is also analytic. One gets

B(s)∗Ψ(Θ, s)∗D(Θ)∗β = 0,

one has β ∈ N (H∗
ΘD(Θ)∗) but β ̸∈ N (D(Θ)∗), then N (H∗

ΘD(Θ)∗) ̸= N (D(Θ)∗) , from which we get
(2.1)+ (2.2) is not remediable on [0,Θ].
In order to prove the converse it suffices to assume that

rank (V (s̄)) = rank (D(Θ)) .

Let β ∈ N (H∗
ΘD(Θ)∗), then 

(D(Θ)Ψ(Θ, s̄)B0(s̄))
∗

(D(Θ)Ψ(Θ, s̄)B1(s̄))
∗

...
(D(Θ)Ψ(Θ, s̄)Bn−1(s̄))

∗

β = 0.

Since
rank (V (s̄)) = rank (D(Θ)) ,

and
N [(GΘ)

∗D(Θ)∗] = N (D(Θ)∗) .

Hence
N (H∗

ΘD(Θ)∗) ⊂ N (G∗
ΘD(Θ)∗),

consequently (2.1) with (2.2) is remediable on [0,Θ]. Which completes the proof. 2

Remark 4.1 Suppose A(s), B(s) and D(s) are analytic, (2.1) with (2.2) is remediable on [0,Θ] if and
only if for any s ∈ [0,Θ]

rank (V (s)) = rank (D(Θ)) ,

except in finite number of points in [0,Θ].

Corollary 4.1 If

rank
(
D(Θ)B0(Θ) D(Θ)B1(Θ) ... D(Θ)Bn−1(Θ)

)
= rank

(
D(Θ)

)
,

then (2.1) with (2.2) is remediable on [0,Θ].

Remark 4.2 We can have the property for some s̄ ∈ [0,Θ]

rank (V (s̄)) = rank (D(Θ)) ,

without having

rank
(
D(Θ)B0(Θ) D(Θ)B1(Θ) ... D(Θ)Bn−1(Θ)

)
= rank

(
D(Θ)

)
.

Example 4.1 We define A by

A(s) =

(
0 0
f(s) 0

)
,
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where

f(s) =

 0 if s ≤ 4
g(s− 5) if 4 ≤ s ≤ 6
0 if 6 ≤ s

g(s) =

 e
−1

1−s2 if |s| ≤ 1

0 if |s| ≥ 1.

Compute the resolvent of ż(s) = A(s)z(s). One has

Ψ(Θ, s̄) =

 1 0∫ Θ

s̄

f(r)dr 1

 .

We have p = 1, q = 1, Θ = 7 and

B(s) =

(
1
0

)
; D(s) =

(
0 h(s)

)
,

where
h(s) = f(s− 2),

hence

rank
(
D(Θ)B0(Θ) D(Θ)B1(Θ)

)
= rank

(
0 −h(Θ)f(Θ)

)
= rank

(
0 0

)
= 0 ̸= 1 = rank

(
D(Θ)

)
.

However

rank
(
D(Θ)Ψ(Θ, s̄)B0(s̄) D(Θ)Ψ(Θ, s̄)B1(s̄)

)
= rank

(
h(Θ)F (s̄) −h(Θ)f(s̄)

)
= rank

(
h(Θ)F (s̄) 0

)
.

For s̄ = 5, its rank is 1 = rank
(
D(Θ)

)
, therefore (2.1)+ (2.2) is remediable on [0,Θ]. ■

5. Remediability and controllability

We propose in this section the involvements between the notions of controllability and remediability,
we have the following proposition.

Proposition 5.1 i) If the system (2.5) is controllable on [0,Θ], then (2.1)+ (2.2) is remediable on
[0,Θ].

ii) The reciproque is false.

Proof: We suppose that the system (2.5) is controllable on [0,Θ] ⇐⇒ R(HΘ) = Rn, one has

R (D(Θ)HΘ) = R(D(Θ)),

then (2.1)+ (2.2) is remediable on [0,Θ].

Counter-example: In this case we consider the matrix A is defined by

A(s) =

(
s 0
0 s

)
∈ M2(R).

One has

Ψ(Θ, r) =

(
e

Θ2−r2

2 0

0 e
Θ2−r2

2

)
.



Remediability problem in linear time-varying systems with disturbances 15

We consider p = q = 1 and

B(s) =

(
1
0

)
; D(s) =

(
s 0

)
,

we have

Ψ(Θ, r)∗D(Θ)∗α =

(
e

Θ2−r2

2 0

0 e
Θ2−r2

2

)(
Θ
0

)
α

=

(
Θe

Θ2−r2

2 α
0

)
,

and

B(r)∗Ψ(Θ, r)∗D(Θ)∗α =
(
1 0

)( e
Θ2−r2

2 0

0 e
Θ2−r2

2

)(
Θ
0

)
α

= Θe
Θ2−r2

2 α,

then

∥ Ψ(Θ, .)∗D(Θ)∗α∥L2(0,Θ;Rn) ≤ γ ∥B(.)∗Ψ(Θ, .)∗D(Θ)∗α∥L2(0,Θ;Rp).

The inequality (3.1) is then true for γ = 1, therefore (2.1)+ (2.2) is remediable on [0,Θ]. We have for
any s̄ ∈ [0,Θ]

rank
(
B0(s̄) B1(s̄)

)
= rank

(
1 −s̄
0 0

)
= 1 < 2.

Then (2.5) is not controllable on [0,Θ]. 2

Remark 5.1 In the case (2.5) is controllable on [0,Θ], let us define ū ∈ L2(0,Θ;Rp) in the following way:

ū(r) = B(r)∗Ψ(Θ, r)∗∆(Θ)−1(−GΘK); r ∈ [0,Θ], (5.1)

and let z̄ ∈ C0(0,Θ;Rn) such that{
˙̄z(s) = A(s)z̄(s) +B(s)ū(s) +K(s) ; 0 < s < Θ
z̄(0) = z0,

(5.2)

the system (5.2) is augmented by the output equation

ȳ(s) = D(s)z̄(s) ; 0 < s < Θ. (5.3)

Then

z̄(Θ) = Ψ(Θ, 0)z0 +

∫ Θ

0

Ψ(Θ, r)B(r)B(r)∗Ψ(Θ, r)∗∆(Θ)−1(−GΘK)dr +GΘK

= Ψ(Θ, 0)z0.

One has
z̄(Θ)−Ψ(Θ, 0)z0 = 0. (5.4)

However, we have
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z̄(Θ) = Ψ(Θ, 0)z0 +HΘū+GΘK.

Consequently

D(Θ)HΘū+D(Θ)GΘK = 0,

then (2.1)+ (2.2) is remediable on [0,Θ].

Numerical example

Let us take n = 2 with

A(s) =

(
0 0
s 0

)
,

compute the resolvent of ż(s) = A(s)z(s).
One has

Ψ(Θ, s) =

(
1 0
Θ2−s2

2 1

)
.

We have p = 1, q = 2 and

B(s) =

(
1
0

)
; D(s) =

(
s 0
0 s

)
,

with the following disturbance

K(s) =

(
0
1

)
.

Using remark 5.1, one gets where Θ = 10

u(s) = 15Θ−2 − 45

2
Θ−4(Θ2 − s2).

The initial state is considered null z0 = 0, then y(0,0) = 0. Then

y(u,K)(s) =

 15Θ−1s− 15Θ−3s3

15

2

(
Θs− Θ−1s3

3

)
− 6Θ−3s5 + s2

 ,

y(0,K)(s) =

(
0
s2

)
.

We acquire the subsequent numerical results that exemplify the preceding developments. In figure 1
and 2, we provide the depiction of the observations y(0,K) and y(u,K).
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Figure 1 : Representation of y(u,K).
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Figure 2 : Representation of y(0,K).

And in figure 3, we give the representation of the optimal control u.
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Figure 3 : Representation of control u.

6. Conclusion

Remediability in linear perturbed systems is a critical aspect of control theory. It involves designing
control strategies that can effectively reject disturbances. We give necessary and sufficient conditions
for the compensation, and we investigate the possibility of eliminating the disturbance effect with an
appropriate choice of the control operator. We present a variety of situations and examples. In the
analytic case, remediability is studied. The paper also provides a comparison between controllability
and remediability. To demonstrate this in our paper, numerous examples are provided. This paper is
an extension of previous works on the remediability concept; however, more general situations require
further developments, such as the cases of nonlinear and stochastic systems.
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