
Bol. Soc. Paran. Mat. (3s.) v. 2025 (43) : 1–13.
©SPM – E-ISSN-2175-1188 ISSN-0037-8712
SPM: www.spm.uem.br/bspm doi:10.5269/bspm.76296

On Conformable Fractional Differential Equations with Nonlocal-Impulsive Conditions

Mahacine Malouh, Mohamed Bouaouid∗ and M’hamed Elomari
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1. Introduction

In the work [1], researchers first defined the conformable fractional derivative. This innovation
prompted widespread investigation into such derivatives across numerous disciplines [2,3]. Fractional
differential equations involving these derivatives have become a major focus due to their extensive utility
in scientific and engineering contexts [4-7].

This article examines the solvability and control properties of integral solutions for impulsive con-
formable fractional differential equations under nondense conditions. Specifically, we analyze the following
initial value problem:


dγx(t)
dtγ = Ax(t) + f(t, x(t)), t ∈ [0, τ ], t ̸= t1, t2, . . . , tn, 0 < γ < 1,

x(0) = x0 + g(x),
x(t+i ) = x(t−i ) + hi(x(ti)), i = 1, 2, . . . , n,

(1.1)

where dγ(·)
dtγ is the conformable fractional derivative [1]. The relation x(0) = x0 + g(x) represents a

nonlocal condition [8], which arises in many real-world scenarios [9,10]. The jumps x(t+i ) = x(t−i ) +
hi(x(ti)) capture impulsive effects, where x(t+i ) and x(t−i ) are the right- and left-sided limits at t = ti.
Such conditions are vital for modeling sudden changes in dynamic systems [11-14].

The operator (A,D(A)) is closed and satisfies the Hille-Yosida condition in the Banach space (X, ∥·∥).
The domain D(A) may not be dense in X, and x0 ∈ D(A). The mappings f : [0, τ ] × X → X,
hi : X → D(A), and g : C → D(A) adhere to certain assumptions, where C consists of functions
x(·) : [0, τ ] → X that are piecewise continuous with existing one-sided limits at each ti. The space C is
Banach when equipped with ∥x∥C = supt∈[0,τ ] ∥x(t)∥. The norm in L(X) (the bounded linear operators
on X) is also denoted by ∥ · ∥.

The remainder of this work is structured as follows: Section 2 covers essential background on con-
formable derivatives and integrated semigroups. Section 3 establishes the core theoretical results.
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2. Preliminaries

This section outlines fundamental concepts regarding conformable fractional calculus and the theory
of integrated semigroups.

Definition 2.1 ( [1]) Given γ ∈]0, 1], the conformable fractional derivative of order γ for a function x(.)
at t > 0 is given by

dγx(t)

dtγ
= lim

ε−→0

x(t+ εt1−γ)− x(t)

ε
.

At t = 0, we use the following convention:

dγx(0)

dtγ
= lim

t−→0+

dγx(t)

dtγ
.

The corresponding fractional integral operator Iγ(.) is expressed as

Iγ(x)(t) =

∫ t

0

sγ−1x(s)ds.

Theorem 2.1 ( [1]) For any continuous function x(.) within the domain of Iγ(.), the following identity
holds:

dγ(Iγ(x)(t))

dtγ
= x(t).

Definition 2.2 ([2]) The fractional Laplace transform of degree γ ∈]0, 1] applied to x(.) is defined through

Lγ(x(t))(λ) :=

∫ +∞

0

tγ−1e−λ tγ

γ x(t)dt, λ > 0.

The next result establishes how fractional integration and Laplace transformation interact with con-
formable differentiation.

Proposition 2.1 ( [2]) For differentiable x(.), these fundamental relations apply:

Iγ
(
dγx(.)

dtγ

)
(t) = x(t)− x(0),

Lγ

(
dγx(t)

dtγ

)
(λ) = λLγ(x(t))(λ)− x(0).

Building on [3], we note the following properties:

Remark 2.1 For arbitrary functions x(.) and y(.), we observe:

Lγ

(
x

(
tγ

γ

))
(λ) = L1(x(t))(λ),

Lγ

(∫ t

0

sγ−1x

(
tγ − sγ

γ

)
y(s)ds

)
(λ) = L1(x(t))(λ)Lγ(y(t))(λ).

We now turn to key notions in integrated semigroup theory.

Definition 2.3 ( [15], [16]) An integrated semigroup comprises a family (S(t))t≥0 of bounded linear
operators on X characterized by:

1. Null initialization: S(0) = 0,

2. Strong continuity: t 7→ S(t) is continuous in the strong operator topology,
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3. Composition law: S(s)S(t) =
∫ s

0
(S(t+ τ)− S(τ))dτ holds for t, s ≥ 0.

Definition 2.4 ( [16]) An integrated semigroup (S(t))t≥0 may satisfy:

1. Exponential boundedness: ∃M ≥ 0, ω ∈ R with ∥S(t)∥ ≤ Meωt for t ≥ 0.

2. Non-degeneracy: S(t)x = 0 ∀t ≥ 0 implies x = 0.

3. Local Lipschitz condition: For each b > 0, ∃L such that ∥S(t)− S(s)∥ ≤ L|t− s| when s, t ∈ [0, b].

Definition 2.5 ( [16]) An operator A generates an integrated semigroup if ∃ω ∈ R where ]ω,+∞[⊂ ρ(A),
and a strongly continuous, exponentially bounded family (S(t))t≥0 exists with:

1. S(0) = 0,

2. The resolvent representation: (λI −A)−1 = λ
∫ +∞
0

e−λtS(t)dt for λ > ω.

Proposition 2.2 ( [15]) For A generating (S(t))t≥0, these structural properties emerge:

1. Domain inclusion:
∫ t

0
S(s)x ds ∈ D(A) when x ∈ X, t > 0.

2. Preservation of domain: S(t)y ∈ D(A) for y ∈ D(A), t > 0.

3. Generator relation: S(t)x = A
∫ t

0
S(s)x ds+ tx when x ∈ X, t > 0.

4. Commutation: AS(t)y = S(t)Ay for y ∈ D(A), t > 0.

5. Reconstruction formula: S(t)y =
∫ t

0
S(s)Ay ds+ ty when y ∈ D(A), t > 0.

For x ∈ D(A), the mapping t 7→ S(t)x becomes continuously differentiable, inducing a semigroup Ṡ(t)
on D(A).

Definition 2.6 ( [18]) A linear operator A qualifies as a Hille-Yosida operator when ∃θ ≥ 0, ω ∈ R such
that:

1. Resolvent condition: ]ω,+∞[⊂ ρ(A),

2. Iterated resolvent estimate: ∥R(λ,A)n∥ ≤ θ
(λ−ω)n for n ∈ N, λ > ω (where R(λ,A) := (λ−A)−1)).

Theorem 2.2 ( [16]) These statements are equivalent:

1. A satisfies Hille-Yosida conditions.

2. A generates a locally Lipschitz continuous integrated semigroup.

We conclude with an essential limit property:

Remark 2.2 ( [19]) For all x ∈ D(A), lim
λ−→+∞

λ(λ−A)−1x = x.

3. Main results

3.1. Existence of integral solutions

We first prove the following lem.

Lemma 3.1 Let t ∈ [0, τ ], if
∫ t

0
sγ−1x(s)ds ∈ D(A) then by integration of equation (1.1) we obtain

x(t) = x0 + g(x) +
∑

0<ti<t

hi(x(ti)) +A

∫ t

0

sγ−1x(s)ds+

∫ t

0

sγ−1f(s, x(s))ds.
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Proof: For t ∈ [0, t1], we have

x(t) = x0 + g(x) +A

∫ t

0

sγ−1x(s)ds+

∫ t

0

sγ−1f(s, x(s))ds.

As in [13], we assume that the solution of equation (1.1) is such that at the point of discontinuity tk,
x(t−k ) = x(tk). Then, we get

x(t−1 ) = x0 + g(x) +A

∫ t1

0

sγ−1x(s)ds+

∫ t1

0

sγ−1f(s, x(s))ds.

For t ∈]t1, t2], we obtain

x(t) = x(t+1 ) +A

∫ t

t1

sγ−1x(s)ds+

∫ t

t1

sγ−1f(s, x(s))ds

= x(t−1 ) + h1(x(t1)) +A

∫ t

t1

sγ−1x(s)ds+

∫ t

t1

sγ−1f(s, x(s))ds.

We replace x(t−1 ) by its expression in the above equation, we get

x(t) = x0 + g(x) +A

∫ t1

0

sγ−1x(s)ds+

∫ t1

0

sγ−1f(s, x(s))ds

+ h1(x(t1)) +A

∫ t

t1

sγ−1x(s)ds+

∫ t

t1

sγ−1f(s, x(s))ds.

Through computation, we find

x(t) = x0 + g(x) + h1(x(t1)) +A

∫ t

0

sγ−1x(s)ds+

∫ t

0

sγ−1f(s, x(s))ds.

In particular, we have

x(t−2 ) = x0 + g(x) + h1(x(t1)) +A

∫ t2

0

sγ−1x(s)ds+

∫ t2

0

sγ−1f(s, x(s))ds.

Likewise, for t ∈]t2, t3], we have

x(t) = x(t+2 ) +A

∫ t

t2

sγ−1x(s)ds+

∫ t

t2

sγ−1f(s, x(s))ds

= x(t−2 ) + h2(x(t2)) +A

∫ t

t2

sγ−1x(s)ds+

∫ t

t2

sγ−1f(s, x(s))ds

= x0 + g(x) + h1(x(t1)) + h2(x(t2)) +A

∫ t

0

sγ−1x(s)ds+

∫ t

0

sγ−1f(s, x(s))ds.

By applying the same process repeatedly, we arrive at the proof of the lemma. 2

In light of the above lemma, we now introduce the following definition.

Definition 3.1 A function x ∈ C is an integral solution of equation (1.1) if∫ t

0

sγ−1x(s)ds ∈ D(A), t ∈ [0, τ ], (3.1)

x(t) = x0 + g(x) +
∑

0<ti<t

hi(x(ti)) +A

∫ t

0

sγ−1x(s)ds+

∫ t

0

sγ−1f(s, x(s))ds, t ∈ [0, τ ]. (3.2)
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Remark 3.1 ( [3]) We have the following equality

x(t) = lim
ε−→0

1

ε

∫ t+εt1−γ

t

sγ−1x(s)ds ∈ D(A).

Lemma 3.2 The integral solution of equation (1.1) satisfied

x(t) = Ṡ(
tγ

γ
)[x0 + g(x)] +

∑
0<ti<t

Ṡ(
tγ − tγi

γ
)hi(x(ti))

+ lim
λ−→+∞

∫ t

0

sγ−1Ṡ(
tγ − sγ

γ
)λ(λ−A)−1f(s, x(s))ds,

where (S(t))t≥0 represents the integrated semigroup generated by the operator A.

Proof: Under fractional Laplace transform and remark (2.1), equation (3.2) becomes

Lγ(x(t))(λ) =
1

λ
[x0 + g(x) +

∑
0<ti<t

hi(x(ti)) +ALγ(x(t))(λ) + Lγ(f(t, x(t)))(λ)].

Consequently, one has

Lγ(x(t))(λ) = (λ−A)−1[x0 + g(x) +
∑

0<ti<t

hi(x(ti))] + (λ−A)−1Lγ(f(t, x(t)))(λ).

Using the inverse fractional Laplace transform in conjunction with remark (2.1), we get

x(t) = Ṡ(
tγ

γ
)[x0 + g(x)] +

∑
0<ti<t

Ṡ(
tγ − tγi

γ
)hi(x(ti))

+
dγ

dtγ

∫ t

0

sγ−1S(
tγ − sγ

γ
)f(s, x(s))ds,

Next combining remark (2.2) and remark (3.1), we obtain the following Duhamel formula

x(t) = Ṡ(
tγ

γ
)[x0 + g(x)] +

∑
0<ti<t

Ṡ(
tγ − tγi

γ
)hi(x(ti))

+ lim
λ−→+∞

∫ t

0

sγ−1Ṡ(
tγ − sγ

γ
)λ(λ−A)−1f(s, x(s))ds.

2

Prior to establishing the existence of integral solutions, we formulate the following fundamental hy-
potheses:

(A1) The nonlinear mapping f(t, ·) : X → X is jointly continuous and satisfies the local growth condition:
for every r > 0, there exists µr ∈ L∞([0, τ ],R+) such that

sup
∥x∥≤r

∥f(t, x)∥ ≤ µr(t), ∀t ∈ [0, τ ].

(A2) For each fixed x ∈ X, the temporal mapping f(·, x) : [0, τ ] → X is continuous.

(A3) The nonlocal function g : C → X is Lipschitz continuous with constant L2 > 0, i.e.,

∥g(y)− g(x)∥ ≤ L2∥y − x∥c, ∀x, y ∈ C.
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(A4) The impulse functions hi : X → X satisfy the uniform Lipschitz condition with constants Ci > 0:

∥hi(y(ti))− hi(x(ti))∥ ≤ Ci∥y − x∥c, ∀x, y ∈ C, i = 1, . . . , n.

Theorem 3.1 If (Ṡ(t))t>0 is compact and (A1)− (A4) are satisfied, then equation (1.1) has at least one
integral solution, provided only that

(L2 +

n∑
i=1

Ci) sup
t∈[0,τ ]

|Ṡ( t
γ

γ
)| < 1.

Proof: Let Br = {x ∈ C, | x |c≤ r}, where

r ≥
sup

t∈[0,τ ]

|Ṡ( t
γ

γ
)|[∥ x0 ∥ + ∥ g(0) ∥ +

n∑
i=1

∥ hi(0) ∥ +θ
τγ

γ
| µr |L∞([0,τ ],R+)]

1− (L2 +

n∑
i=1

Ci) sup
t∈[0,τ ]

|Ṡ( t
γ

γ
)|

.

For x ∈ Br and t ∈ [0, τ ] define the operators Γ1 and Γ2 by:

Γ1(x)(t) = Ṡ(
tγ

γ
)[x0 + g(x)] +

∑
0<ti<t

Ṡ(
tγ − tγi

γ
)hi(x(ti)),

Γ2(x)(t) = lim
λ−→+∞

∫ t

0

sγ−1Ṡ(
tγ − sγ

γ
)λ(λ−A)−1f(s, x(s))ds.

Claim 1: Prove that Γ1 is a contraction operator on Br.

For x, y ∈ C, we have

Γ(y)(t)− Γ(x)(t) = Ṡ(
tγ

γ
)[g(y)− g(x)]

+
∑

0<ti<t

Ṡ(
tγ − tγi

γ
)[hi(y(ti))− hi(x(ti))].

Accordingly, we obtain

∥ Γ(y)(t)− Γ(x)(t) ∥ ≤ sup
t∈[0,τ ]

|Ṡ( t
γ

γ
)| ∥ g(y)− g(x) ∥

+ sup
t∈[0,τ ]

|Ṡ( t
γ

γ
)|

∑
0<ti<t

∥ hi(y(ti))− hi(x(ti)) ∥ .

Using assumptions (A3) and (A4), we get

∥ Γ(y)(t)− Γ(x)(t) ∥≤ (L2 +

n∑
i=1

Ci) sup
t∈[0,τ ]

|Ṡ( t
γ

γ
)| | y − x |c .

Taking the supremum, we obtain

| Γ(y)− Γ(x) |c≤ (L2 +

n∑
i=1

Ci) sup
t∈[0,τ ]

|Ṡ( t
γ

γ
)| | y − x |c .

Hence, Γ1 is a contraction operator on Br.
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Claim 2: Prove that Γ2 is continuous.

Let (xn) ⊂ Br such that xn −→ x in Br. We have

Γ2(xn)(t)− Γ2(x)(t) = lim
λ−→+∞

∫ t

0

sγ−1Ṡ(
tγ − sγ

γ
)λ(λ−A)−1[f(s, xn(s))− f(s, x(s))]ds.

By using that limλ→+∞ | λ(λ−A)−1 |≤ θ, we obtain

| Γ2(xn)− Γ2(x) |c≤ θ sup
t∈[0,τ ]

|Ṡ( t
γ

γ
)|
∫ τ

0

sγ−1 ∥ f(s, xn(s))− f(s, x(s)) ∥ ds.

According to assumption (A1), we get

∥ sγ−1[f(s, xn(s))− f(s, x(s))] ∥≤ 2µr(s)s
γ−1 and f(s, xn(s)) −→ f(s, x(s)) as n −→ +∞.

Hence, the Lebesgue dominated convergence theorem ensures that

lim
n−→+∞

| Γ2(xn)− Γ2(x) |c= 0.

Claim 3: Prove that Γ2 is compact.

Firstly: We prove that the set {Γ2(x)(t), x ∈ Br} is relatively compact in X.
To do so, for some fixed t ∈]0, τ [. Let ε ∈]0, t[, x ∈ Br and define the operator Γε

2 by

Γε
2(x)(t) = lim

λ−→+∞

∫ (tγ−εγ)
1
γ

0

sγ−1Ṡ(
tγ − sγ

γ
)λ(λ−A)−1f(s, x(s))ds.

We can writ Γε
2 as follows

Γε
2(x)(t) = Ṡ(

εγ

γ
) lim
λ−→+∞

∫ (tγ−εγ)
1
γ

0

sγ−1Ṡ(
tγ − sγ − εγ

γ
)λ(λ−A)−1f(s, x(s))ds.

Since, the compactness of (Ṡ(t))t>0 proves that the set {Γε
2(x)(t), x ∈ Br} is relatively compact in X.

By using a computation combined with assumption (A5), we get

∥ Γε
2(x)(t)− Γ2(x)(t) ∥≤ θ | µr |L∞([0,τ ],R+) sup

t∈[0,τ ]

|Ṡ( t
γ

γ
)|ε

γ

γ
.

This proves that the set {Γ2(x)(t), x ∈ Br} is relatively compact in X.
For t = 0, the set {Γ2(x)(0), x ∈ Br} is compact. Hence, the set {Γ2(x)(t), x ∈ Br} is relatively compact
in X for all t ∈ [0, τ ].
Secondly: We prove that Γ2(Br) is equicontinuous.
For t1, t2 ∈]0, τ ] such that t1 < t2, we have

Γ2(x)(t2)− Γ2(x)(t1) = lim
λ−→+∞

∫ t1

0

sγ−1[Ṡ(
tγ2 − sγ

γ
)− Ṡ(

tγ1 − sγ

γ
)]λ(λ−A)−1f(s, x(s))ds

+ lim
λ−→+∞

∫ t2

t1

sγ−1Ṡ(
tγ2 − sγ

γ
)λ(λ−A)−1f(s, x(s))ds

= [Ṡ(
tγ2 − tγ1

γ
)− I)] lim

λ−→+∞

∫ t1

0

sγ−1Ṡ(
tγ1 − sγ

γ
)λ(λ−A)−1f(s, x(s))ds

+ lim
λ−→+∞

∫ t2

t1

sγ−1Ṡ(
tγ2 − sγ

γ
)λ(λ−A)−1f(s, x(s))ds.
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Using a computation and assumption (A1), we get

∥ Γ2(x)(t2)− Γ2(x)(t1) ∥≤
θ sup
t∈[0,τ ]

|Ṡ( t
γ

γ
)| | µr |L∞([0,τ ],R+)

γ
[(tγ2 − tγ1) + τγ | Ṡ( t

γ
2 − tγ1
γ

)− I |].

This implies that Γ2(x), x ∈ Br are equicontinuous at t ∈ [0, τ ]. Consequently, the ArzelÃ -Ascoli
theorem establishes that the operator Γ2 is compact. Finally, by applying the Krasnoselskii fixed-point
theorem, we infer that the operator Γ1+Γ2 has at least one fixed point in C, which is the integral solution
of equation (1.1). 2

3.2. Controllability of integral solutions

Here, we will examine the controllability of the integral solution of the equation. (1.1). Precisely, we
shall be concerned with the controllability of integral solution of the following Cauchy problem

dγy(t)
dtγ = Ay(t) + f(t, y(t)) +Bu(t), t ∈ [0, τ ], t ̸= t1, t2, ..., tn, 0 < γ < 1,

y(0) = y0 + g(y),

y(t+i ) = y(t−i ) + hi(y(ti)), i = 1, 2, ..., n,

(3.3)

where B is a bounded linear operator from U into X with U is a Banach space, the control function u is
an element of L2([0, τ ], U).

Lemma 3.3 The integral solution of equation (3.3) satisfied the following Duhamel formula

y(t) = Ṡ(
tγ

γ
)[y0 + g(y)] +

∑
0<ti<t

Ṡ(
tγ − tγi

γ
)hi(y(ti))

+ lim
λ−→+∞

∫ t

0

sγ−1Ṡ(
tγ − sγ

γ
)λ(λ−A)−1(f(s, y(s)) +Bu(t))ds.

Definition 3.2 The Cauchy problem (3.3) is said to be controllable on [0, τ ], if for every y1 ∈ X there
is exists a control u ∈ L2([0, τ ], U) such that the integral solution y(.) of (3.3) satisfies y(τ) = y1.

In the sequel, we will employ the following fundamental assumptions:

(B1) The nonlinear mapping f : [0, τ ]×X → X is continuous and satisfies:

• Linear growth condition: ∃L > 0 such that ∥f(t, y)∥ ≤ L∥y∥ for all t ∈ [0, τ ], y ∈ X.

• Uniform Lipschitz condition: ∃K > 0 such that ∥f(t, y)−f(t, x)∥ ≤ K∥y−x∥ for all t ∈ [0, τ ],
x, y ∈ X.

(B2) For each fixed y ∈ X, the temporal mapping f(·, y) : [0, τ ] → X is continuous.

(B3) The nonlocal operator g : C([0, τ ];X) → X is continuous.

(B4) The functional g satisfies:

∥g(y)∥ ≤ M∥y∥C ,
∥g(y)− g(x)∥ ≤ N∥y − x∥C ,

for some constants M,N > 0 and all x, y ∈ C([0, τ ];X).
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(B5) For each i ∈ {1, . . . , n}, the impulse functions hi : X → X satisfies:

∥hi(y(ti))∥ ≤ di∥y∥C ,
∥hi(y(ti))− hi(x(ti))∥ ≤ ci∥y − x∥C ,

with constants di, ci > 0 and all x, y ∈ C([0, τ ];X).

(B6) The linear controllability operator W : L2([0, τ ];U) → X defined by

Wu := lim
λ→∞

∫ τ

0

sγ−1Ṡ
(

τγ−sγ

γ

)
λ(λ−A)−1Bu(s) ds

has a bounded pseudo-inverse W̃−1 : X → L2([0, τ ];U)/ kerW with:

• ∥B∥L(U,X) ≤ R1,

• ∥W̃−1∥L(X,L2/ kerW ) ≤ R2,

for positive constants R1, R2 > 0.

Theorem 3.2 Assume that (B1)−(B6) hold, then Cauchy problem (3.3) is controllable on [0, τ ], provided
that

sup
t∈[0,τ ]

|Ṡ( t
γ

γ
)|(1 +R1R2θ

τγ

γ
sup

t∈[0,τ ]

|Ṡ(τ
γ

γ
)|)max(M +

n∑
i=1

di + θ
τγ

γ
L,N +

n∑
i=1

ci + θ
τγ

γ
K) < 1.

Proof: By using hypothesis (B5) for an arbitrary function y(.), we can define a control uy(.) as follows

uy(.) = W̃−1
(
y1 − Ṡ(

τγ

γ
)[y0 + g(y)]−

∑
0<ti<τ

Ṡ(
τγ − tγi

γ
)hi(y(ti))

− lim
λ−→+∞

∫ τ

0

sγ−1Ṡ(
τγ − sγ

γ
)λ(λ−A)−1f(s, y(s))ds

)
(.). (3.4)

For this control, we define the operator Ψ : C −→ C by

Ψ(y)(t) = Ṡ(
tγ

γ
)[y0 + g(y)] +

∑
0<ti<t

Ṡ(
tγ − tγi

γ
)hi(y(ti))

+ lim
λ−→+∞

∫ t

0

sγ−1Ṡ(
tγ − sγ

γ
)λ(λ−A)−1

(
f(s, y(s)) +Buy(s)

)
ds.

We also introduce for a radius r > 0 the ball Br := {y ∈ C, ∥ y ∥c≤ r} and we denote by |.| the norm
in the space L(X) of bounded operators defined from X into itself.
We will demonstrate that the operator Ψ has a fixed point, which is a integral solution of the control
problem (3.3). To do so, we will give the proof in two steps.

Step 1: Prove that there exists a radius δ > 0 such that Ψ : Bδ −→ Bδ.

For x ∈ C and t ∈ [0, τ ], we have

Ψ(y)(t) = Ṡ(
tγ

γ
)[y0 + g(y)] +

∑
0<ti<t

Ṡ(
tγ − tγi

γ
)hi(y(ti))

+ lim
λ−→+∞

∫ t

0

sγ−1Ṡ(
tγ − sγ

γ
)λ(λ−A)−1

(
f(s, y(s)) +Buy(s)

)
ds.



10 M.MALOUH

Then one has

∥ Ψ(y)(t) ∥ ≤ sup
t∈[0,τ ]

|Ṡ( t
γ

γ
)|[∥ y0 + g(y) +

∑
0<ti<t

hi(y(ti)) ∥

+ lim
λ−→+∞

| λ(λ−A)−1 |
∫ t

0

sγ−1 ∥ f(s, y(s)) +Buy(s) ∥ ds].

By using hypothesis (B1), (B5) and (B6),and using the fact that limλ→+∞ | λ(λ−A)−1 |≤ θ we obtain

∥ Ψ(y)(t) ∥ ≤ sup
t∈[0,τ ]

|Ṡ( t
γ

γ
)|[∥ y0 ∥ +M ∥ y ∥c +

n∑
i=1

di ∥ y ∥c +θ(L ∥ y ∥c +R1 ∥ uy ∥2)
∫ τ

0

sγ−1ds]

≤ sup
t∈[0,τ ]

|Ṡ( t
γ

γ
)|[∥ y0 ∥ +M ∥ y ∥c +

n∑
i=1

di ∥ y ∥c +θ(L ∥ y ∥c +R1 ∥ uy ∥2)
τγ

γ
]. (∗)

On the other hand, we known that

uy = W̃−1
(
y1 − Ṡ(

τγ

γ
)[y0 + g(y)]−

∑
0<ti<τ

Ṡ(
τγ − tγi

γ
)hi(y(ti))

− lim
λ−→+∞

∫ τ

0

sγ−1Ṡ(
τγ − sγ

γ
)λ(λ−A)−1f(s, y(s))ds

)
.

In view of assumptions (B1), (B5) and (B6), we obtain

∥ uy ∥2 ≤ R2 ∥ y1 − Ṡ(
τγ

γ
)[y0 + g(y)]−

∑
0<ti<τ

Ṡ(
τγ − tγi

γ
)hi(y(ti))

− lim
λ−→+∞

∫ τ

0

sγ−1Ṡ(
τγ − sγ

γ
)λ(λ−A)−1f(s, y(s))ds ∥

≤ R2[∥ y1 ∥ + sup
t∈[0,τ ]

|Ṡ( t
γ

γ
)|(∥ y0 + g(y) +

∑
0<ti<t

hi(y(ti)) ∥

+ lim
λ→+∞

| λ(λ−A)−1 |
∫ τ

0

sγ−1 ∥ f(s, y(s)) ∥ ds)]

≤ R2[∥ y1 ∥ + sup
t∈[0,τ ]

|Ṡ( t
γ

γ
)|(∥ y0 ∥ +M ∥ y ∥c +

n∑
i=1

di ∥ y ∥c +θL ∥ y ∥c
∫ τ

0

sγ−1ds]

≤ R2[∥ y1 ∥ + sup
t∈[0,τ ]

|Ṡ( t
γ

γ
)|(∥ y0 ∥ +M ∥ y ∥c +

n∑
i=1

di ∥ y ∥c +θL ∥ y ∥c
τγ

γ
]

≤ R2[∥ y1 ∥ + sup
t∈[0,τ ]

|Ṡ( t
γ

γ
)|(∥ y0 ∥ +(M +

n∑
i=1

di + θL
τγ

γ
) ∥ y ∥c].

By replacing this estimate in (∗), we get

∥ Ψ(y)(t) ∥ ≤ sup
t∈[0,τ ]

|Ṡ( t
γ

γ
)|[∥ y0 ∥ +M ∥ y ∥c +

n∑
i=1

di ∥ y ∥c +θ(L ∥ y ∥c +R1R2[∥ y1 ∥

+ sup
t∈[0,τ ]

|Ṡ( t
γ

γ
)|(∥ y0 ∥ +(M +

n∑
i=1

di + θL
τγ

γ
) ∥ y ∥c]

)τγ
γ
].

Separating the terms that contain the expression ∥ y ∥c, one has

∥ Ψ(y)(t) ∥ ≤ sup
t∈[0,τ ]

|Ṡ( t
γ

γ
)|
[
M +

n∑
i=1

di + θL
τγ

γ
+ θR1R2

τγ

γ
sup

t∈[0,τ ]

|Ṡ( t
γ

γ
)|(M +

n∑
i=1

di + θL
τγ

γ
)
]
∥ y ∥c

+ sup
t∈[0,τ ]

|Ṡ( t
γ

γ
)|
[
∥ y0 ∥ +θ

τγ

γ
R1R2 ∥ y1 ∥ +θ

τγ

γ
R1R2 sup

t∈[0,τ ]

|Ṡ( t
γ

γ
)| ∥ y0 ∥

]
.
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By applying a straightforward factorization, we obtain

∥ Ψ(y)(t) ∥ ≤ sup
t∈[0,τ ]

|Ṡ( t
γ

γ
)|(M +

n∑
i=1

di + θL
τγ

γ
)
[
1 + θR1R2

τγ

γ
sup

t∈[0,τ ]

|Ṡ( t
γ

γ
)|
]
∥ y ∥c

+ sup
t∈[0,τ ]

|Ṡ( t
γ

γ
)|
[
(1 + θ

τγ

γ
R1R2 sup

t∈[0,τ ]

|Ṡ( t
γ

γ
)|) ∥ y0 ∥ +θ

τγ

γ
R1R2 ∥ y1 ∥

]
.

Hence, it suffices to consider δ as a solution in r of the following inequality

sup
t∈[0,τ ]

|Ṡ( t
γ

γ
)|(M +

n∑
i=1

di + θL
τγ

γ
)
[
1 + θR1R2

τγ

γ
sup

t∈[0,τ ]

|Ṡ( t
γ

γ
)|
]
r

+ sup
t∈[0,τ ]

|Ṡ( t
γ

γ
)|
[
(1 + θ

τγ

γ
R1R2 sup

t∈[0,τ ]

|Ṡ( t
γ

γ
)|) ∥ y0 ∥ +θ

τγ

γ
R1R2 ∥ y1 ∥

]
≤ r.

Precisely, we can choose δ such that

δ ≥
sup

t∈[0,τ ]

|Ṡ( t
γ

γ
)|
[
(1 + θ

τγ

γ
R1R2 sup

t∈[0,τ ]

|Ṡ( t
γ

γ
)|) ∥ y0 ∥ +θ

τγ

γ
R1R2 ∥ y1 ∥

]
1− sup

t∈[0,τ ]

|Ṡ( t
γ

γ
)|(M +

n∑
i=1

di + θL
τγ

γ
)
[
1 + θR1R2

τγ

γ
sup

t∈[0,τ ]

|Ṡ( t
γ

γ
)|
] .

Step 2: We show that Ψ is a contraction operator on Bδ.
For y, x ∈ C, we have

Ψ(y)(t)−Ψ(x)(t) = Ṡ(
tγ

γ
)[g(y)− g(x)] +

∑
0<ti<t

Ṡ(
tγ − tγi

γ
)[hi(y(ti))− hi(x(ti))]

+ lim
λ−→+∞

∫ t

0

sγ−1Ṡ(
tγ − sγ

γ
)λ(λ−A)−1

(
f(s, y(s))− f(s, x(s)) +B(uy − ux)(s)

)
ds.

According to (B1), (B5) and (B6), we obtain

∥ Ψ(y)(t)−Ψ(x)(t) ∥≤ sup
t∈[0,τ ]

|Ṡ( t
γ

γ
)|[∥ g(y)− g(x) ∥ +

∑
0<ti<t

∥ hi(y(ti))− hi(x(ti)) ∥

+ θ

∫ t

0

sγ−1 ∥ f(s, y(s))− f(s, x(s)) +B(uy − ux)(s) ∥ ds]

≤ sup
t∈[0,τ ]

|Ṡ( t
γ

γ
)|[N ∥ y − x ∥c +

n∑
i=1

ci ∥ y − x ∥c +θ(K | y − x ∥c +R1 ∥ uy − ux ∥2)
∫ t

0

sγ−1ds]

≤ sup
t∈[0,τ ]

|Ṡ( t
γ

γ
)|[N ∥ y − x ∥c +

n∑
i=1

ci ∥ y − x ∥c +θ
τγ

γ
(K ∥ y − x ∥c +R1 ∥ uy − ux ∥2)]. (∗∗)

On the other hand, we know that

uy − ux = W̃−1
(
− Ṡ(

τγ

γ
)[g(y)− g(x)]−

∑
0<ti<τ

Ṡ(
τγ − tγi

γ
)[hi(y(ti))− hi(x(ti))]

− lim
λ−→+∞

∫ τ

0

sγ−1Ṡ(
τγ − sγ

γ
)λ(λ−A)−1(f(s, y(s))− f(s, x(s)))ds

)
.

Then one has

∥ uy − ux ∥2 ≤ R2 sup
t∈[0,τ ]

|Ṡ( t
γ

γ
)|[∥ g(y)− g(x) ∥ +

∑
0<ti<t

∥ hi(y(ti))− hi(x(ti)) ∥

+ θ

∫ τ

0

sγ−1 ∥ f(s, y(s))− f(s, x(s))) ∥ ds]

≤ R2 sup
t∈[0,τ ]

|Ṡ( t
γ

γ
)|[N +

n∑
i=1

ci + θK
τγ

γ
] ∥ y − x ∥c .
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By replacing this estimate in (∗∗), we obtain

∥ Ψ(y)(t)−Ψ(x)(t) ∥≤ sup
t∈[0,τ ]

|Ṡ( t
γ

γ
)|[N ∥ y − x ∥c +

n∑
i=1

ci ∥ y − x ∥c +θ
τγ

γ
(K ∥ y − x ∥c

+R1R2 sup
t∈[0,τ ]

|Ṡ( t
γ

γ
)|(N +

n∑
i=1

ci + θK
τγ

γ
) ∥ y − x ∥c)]

≤ sup
t∈[0,τ ]

|Ṡ( t
γ

γ
)|[N +

n∑
i=1

ci + θ
τγ

γ
K + θ

τγ

γ
R1R2 sup

t∈[0,τ ]

|Ṡ( t
γ

γ
)|(N +

n∑
i=1

ci + θK
τγ

γ
)] ∥ y − x ∥c

≤ sup
t∈[0,τ ]

|Ṡ( t
γ

γ
)|(N +

n∑
i=1

ci + θ
τγ

γ
K)[1 + θ

τγ

γ
R1R2 sup

t∈[0,τ ]

|Ṡ( t
γ

γ
)|] ∥ y − x ∥c .

Taking the supremum, we get

∥ Ψ(y)(t)−Ψ(x)(t) ∥≤ sup
t∈[0,τ ]

|Ṡ( t
γ

γ
)|(N +

n∑
i=1

ci + θ
τγ

γ
K)[1 + θ

τγ

γ
R1R2 sup

t∈[0,τ ]

|Ṡ( t
γ

γ
)|] ∥ y − x ∥c .

Since sup
t∈[0,τ ]

|Ṡ( t
γ

γ
)|(N +

n∑
i=1

ci+ θ
τγ

γ
K)[1+ θ

τγ

γ
R1R2 sup

t∈[0,τ ]

|Ṡ( t
γ

γ
)|] < 1, then Ψ is a contraction operator

on Bδ. Hence, there exists a unique element yδ(.) ∈ Bδ such that Ψ(yδ)(t) = yδ(t) for all t ∈ [0, τ ].
It remains to show that the integral solution yδ is controllable. To this end, we have

yδ(τ) = Ψ(yδ)(τ)

:= Ṡ(
τγ

γ
)[y0 + g(yδ)] +

∑
0<ti<τ

Ṡ(
τγ − tγi

γ
)hi(yδ(ti))

+ lim
λ−→+∞

∫ τ

0

sγ−1Ṡ(
τγ − sγ

γ
)λ(λ−A)−1

(
f(s, yδ(s)) +Buyδ (s)

)
ds

= Ṡ(
τγ

γ
)[y0 + g(yδ)] + lim

λ−→+∞

∫ τ

0

sγ−1Ṡ(
τγ − sγ

γ
)λ(λ−A)−1f(s, yδ(s))ds+

∑
0<ti<τ

Ṡ(
τγ − tγi

γ
)hi(yδ(ti))

+ lim
λ−→+∞

∫ τ

0

sγ−1Ṡ(
τγ − sγ

γ
)λ(λ−A)−1Buyδ (s)ds

= −W (yδ) + y1 + lim
λ−→+∞

∫ τ

0

sγ−1Ṡ(
τγ − sγ

γ
)λ(λ−A)−1Buyδ (s)ds

= −W (yδ) + y1 +W (yδ)

= y1.

Thus Cauchy problem (3.3) is controllable on [0, τ ]. 2
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