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Existence of Solutions for Fuzzy Fractional Differential Equations under Caputo
Fractional Derivatives Approach

Khadija Elhakimy1, Ali El Mfadel∗,1,2 and Said Melliani1

abstract: This paper investigates the existence of solutions for a class of fuzzy differential equations with
nonlocal derivatives. By utilizing an extended version of Krasnosel’skii’s fixed point theorem within the context
of fuzzy metric spaces, we demonstrate that the problem has a fuzzy solution defined over a specified interval.
The approach includes analyzing the corresponding integral problem to which the theorem is applied. The
paper concludes with a discussion on potential physical applications.

Key Words:ψ−fractional integral, ψ−Caputo fractional derivative, fixed point, Carathéodory func-
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1. Introduction

Uncertainty quantification seeks to reduce ambiguities in mathematical, computational, and real-world
applications through rigorous quantitative analysis. Uncertainty emerges in models and measurements
as a result of multiple contributing factors, such as incomplete data, measurement errors, or inherent
randomness, and has significant implications in fields like quantum theory, engineering, and biology. For
instance, the Dirac equation has been analyzed under the generalized uncertainty principle [14], and a
generalized momentum operator incorporating the extended uncertainty principle has been developed
[11]. At the same time, nonlocal derivatives have gained prominence for their ability to model complex
phenomena in science and engineering, such as electromagnetic processes, diffusion in heterogeneous me-
dia, biological systems, and electrical circuits [4,17]. In 2010, Agarwal et al. [1] introduced the concept
of solutions to uncertain fractional differential equations (UFDEs) with nonlocal derivatives, combining
uncertainty and memory effects. This innovative approach has inspired the development of hybrid op-
erators that integrate the features of uncertain and arbitrary-order equations [4]. Recent research has
focused on UFDEs and and connected integro-differential systems, often employing Riemann-Liouville or
Caputo derivatives [2,19]. For example, Arshad and Lupulescu [6,5] established existence and uniqueness
results for UFDEs using the Riemann-Liouville derivative, providing a foundation for further exploration
in this area. A common strategy for studying differential problems involves transforming them into inte-
gral problems and applying fixed point theory. Results such as Banach and Krasnosel’skii theorems have
been widely used to analyze arbitrary-order differential equations [10,15]. For UFDEs, extending fixed
point theorems is crucial due to the unique properties of fuzzy sets and functions. Agarwal et al. [1]
generalized Schauder’s fixed point theorem to semilinear spaces, enabling the study of UFDEs. Similarly,
Krasnosel’skii-type results have been extended to semilinear Banach spaces and applied to UFDEs [18,16],
demonstrating the versatility of these tools in addressing uncertainty and memory effects. Throughout
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this work, we examine a class of nonlinear uncertain differential equations with nonlocal derivatives,
which are broader in scope than those studied in [16]. Using a Krasnosel’skii-type fixed point theorem
in fuzzy metric spaces, we prove the existence of at least one solution under specific conditions. Our
approach leverages the cone structure of the base space and H-differences, extending previous results
[26] to uncertain differential equations. This provides a more general framework than [16], which was
limited to compact mappings. By combining uncertainty quantification with nonlocal derivatives, our
results offer new insights into the analysis of complex systems and pave the way for further advancements
in this interdisciplinary field.
The motivation for this work stems from the need to address the limitations of existing methods in han-
dling uncertainty and nonlocal effects simultaneously. Traditional approaches often treat these aspects
separately, leading to incomplete or overly restrictive models. By integrating uncertainty quantification
with nonlocal derivatives, we provide a unified framework that captures the interplay between these two
critical features. This is particularly relevant in applications such as modeling heterogeneous materi-
als, where both uncertainty and memory effects play a significant role. For example, in the study of
multiexponential signal decay processes, the ability to account for uncertainty and nonlocal interactions
can lead to more accurate and robust predictions. Furthermore, our work contributes to the growing
body of literature on fuzzy differential equations by introducing a more flexible and general approach.
Unlike previous studies that rely on compact mappings, our framework accommodates a broader class of
operators, making it applicable to a wider range of problems. This flexibility is achieved by leveraging
the cone structure of the base space and H-differences, which allow for a more nuanced analysis of the
underlying dynamics. As a result, our findings not only extend existing theoretical results but also open
up new avenues for practical applications in fields such as physics, engineering, and biology.
This work closes the gap between uncertainty quantification and nonlocal derivatives, delivering a com-
prehensive framework for the analysis of complex systems. By proving the existence of solutions to a class
of nonlinear uncertain differential equations, we set the stage for future research. Our results stress the
importance of incorporating uncertainty and memory effects into mathematical models and demonstrate
the value of fixed point theory in overcoming these challenges. With the increasing demand for accurate
models, our approach paves the way for advancements in the study of uncertain differential equations
and their practical uses.
The remainder of this article is organized as follows: Section 2 introduces the ψ−fractional integral
and the ψ−Caputo derivative for fuzzy functions, along with some properties of the fractional integral
and derivative for fuzzy functions. Additionally, Section 3 establishes necessary comparison theorems in
real-valued differential equations using the ψ−Caputo fractional derivative to prove the existence and
uniqueness of the solution for the proposed problem . In Section 4, provides some several applications of
our results.

2. Preliminaries

To define the central issue and key findings, it is necessary to introduce several critical concepts and
notations.For further elaboration, we direct readers to [7,9].

In this study, Y is used to denoteThe domain of fuzzy intervals. For an element z ∈ Y, the ζ-cuts are
given by:

[z]ζ := {t ∈ R | z(t) ≥ ζ}, for ζ ∈ (0, 1],

and
the support of z is expressed as:

[z]0 := {t ∈ R | z(t) > 0}.

We denote the ζ-cuts of z,

[z]ζ =
[
zζ , z̄ζ

]
,

will also be used.
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For any z1, z2 ∈ Y and a scalar λ ∈ R,the addition operation z1 + z2 and the scalar multiplication
operation λz1 are defined as:

[z1 + z2]
ζ = [z1]

ζ + [z2]
ζ , and [λz1]

ζ = λ[z1]
ζ ,

for all ζ ∈ [0, 1]. These definitions are based on the conventional operations of interval addition and
scalar multiplication for real intervals, respectively.

A metric D : Y × Y → R+ ∪ {0} can be introduced on the space Y, based on the Pompeiu-Hausdorff
distance between the ζ-cuts, defined as follows:

D(z1, z2) := sup
ζ∈[0,1]

dH
(
[z1]

ζ , [z2]
ζ
)

= sup
ζ∈[0,1]

max
{∣∣z1ζ − z2

ζ
∣∣ , ∣∣z̄1ζ − z̄2

ζ
∣∣} , z1, z2 ∈ Y.

Several interesting properties are satisfied by this distance, including translation invariance and pos-
itive homogeneity:

• D(z1 + r , z2 + r) = D(z1, z2), for any z1, z2, r ∈ Y.

• D(kz1, kz2) = |k|D(z1, z2), for any z1, z2 ∈ Y and k ∈ R.

• D(z1 + z2, z + s) ≤ D(z1, z) +D(z2, s), for any z1, z2, z, s ∈ Y.

• D(αz, γz) = |α− γ|D(z, 0̃), for any z ∈ Y and α, γ ≥ 0.

Moreover, (Y,D) forms a complete metric space.
Since Y does not possess the structure of a vector space, classical fixed-point theorems in Banach

spaces are not applicable in this setting. To address this limitation, we introduce the concept of a
semilinear Banach space, which provides a formal framework capable of encompassing the collection of
all fuzzy intervals. This approach is consistent with earlier work on semilinear spaces, as explored in [13].
We define E as a semilinear metric space if E is a semilinear space endowed with a metric d : E ×E → R+

that satisfies, for all x, r , γ ∈ E :

• d(ζ, r) = d(x+ γ, r + γ) (translation invariance),

• λd(x, r) = d(λx, λr), for λ ≥ 0 (positive homogeneity).

Let 0̃ represent the neutral element of E . The norm on E is defined as ∥z∥ := ⌈(z, 0̃). In semilinear metric
spaces, the operations of addition and scalar multiplication are continuous. When E is a complete metric
space, it is called a semilinear Banach space. For instance, Y cannot be a Banach space because it is not
a vector space. If x + r = γ + r implies x = γ for all x, r , γ ∈ E , then E is said to have the cancellation
property.

For a fixed a > 0, the space C(I = [0, a],Y) consists of all continuous fuzzy interval-valued functions
defined on the compact interval I. This space is a semilinear space and possesses the cancellation property.
In addition, the metric

h0(z1, z2) := max
t∈I

D(z1(t), z2(t)), z1, z2 ∈ C(I,Y),

endows this space with a complete structure [9], making it an example of a semilinear Banach space.
The elements of Y are not required to be continuous in the membership degree ζ. By focusing on the

subset of fuzzy intervals z ∈ Y for which the mapping ζ 7→ [z]ζ is continuous on [0, 1] (with respect to the
Pompeiu-Hausdorff metric on compact intervals), we introduce the space Yc. Equipped with the metric
D, the space (Yc,D) forms a complete metric space [25].

Definition 1 [25] A subset X ⊆ Yc is said to be compact-supported if there exists a compact set N ⊆ R
such that [z]0 ⊆ N for every z ∈ X .
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Definition 2 [25] For X ⊆ Yc, if for every ε > 0, there exists δ > 0 satisfying

|ζ − ζ0| < δ ⇒ D
(
[z]ζ , [z]ζ0

)
< ε, ∀z ∈ X ,

then X is termed level-equicontinuous at ζ0 ∈ [0, 1].

We say that X is level-equicontinuous on [0, 1] if the property outlined in Definition 2 is satisfied for
all ζ ∈ [0, 1].

Theorem 1 [25] A subset X ⊆ Yc with compact support is relatively compact in (Yc,D) if and only if
it satisfies level-equicontinuity on [0, 1].

Next, we revisit the extension of the well-known Schauder fixed point theorem to semilinear spaces,
as discussed in [3].

Theorem 2 Consider a semilinear Banach space E with the cancellation property, and let N be a
nonempty, bounded, closed, and convex subset of E. If P : N → N is a compact mapping, then P
guarantees the existence of at least one fixed point in N .

In [18], Long et al. proposed a generalization of the Krasnosel’skii fixed point theorem for semilinear
Banach spaces. Here, we establish an analogous result for fuzzy spaces, using a proof that incorporates
H-differences and differs somewhat from the original approach.

Theorem 3 [8] (Fixed point result of Krasnosel’skii type for fuzzy metric spaces)
Assume G is a nonempty, closed, and convex subset of C (I,Yc). Suppose Q1 and Q2 map G into N and
satisfy:

(1) Q1 is continuous and compact,

(2) Q2 is a contraction mapping,

(3) Q1z +Q2y ∈ G for all z, y ∈ G.

Then, there exists y ∈ G such that Q1y +Q2y = y, proving that Q1 +Q2 has a fixed point in G.

Proof: Let y ∈ G be an arbitrarily fixed element. We define a self-mapping Q : G → G as follows:

x→ Q(x) := Q1y +Q2x,

We verify that Q satisfies the conditions of a contraction mapping

h0(Q(x),Q(z)) = h0(Q1y +Q2x,Q1y +Q2z)

= h0(Q2x,Q2z) ≤ κh0(x, z),

with 0 ≤ κ < 1 and G being a complete metric space, we examine the equation z = Q1y + Q2z.
This leads to the conclusion that a unique solution exists in G. For a fixed y, let Φ(y) ∈ G be the
unique solution of this equation, i.e., Φ(y) = Q1y +Q2Φ(y). This implies (I ⊖Q2)Φ(y) = Q1y. Hence,
I ⊖Q2 : Φ(G) → C (I,Yc) exists, and Q1(G) ⊆ (I ⊖Q2)(Φ(G)). We demonstrate its injectivity so that

(I ⊖Q2)
−1 : (I ⊖Q2)(Φ(G)) → Φ(G),

exists, which implies Φ(y) = (I ⊖Q2)
−1Q1y.

We now demonstrate that I ⊖Q2 : Φ(G) → C (I,Yc) is continuous.
Let ẑ, z̄ ∈ G be fixed, and consider Φ(ẑ),Φ(z̄) ∈ Φ(G). Then, we

h0(Φ(ẑ),Φ(z̄)) = h0((I ⊖Q2)Φ(ẑ) +Q2Φ(ẑ), (I ⊖Q2)Φ(z̄) +Q2Φ(z̄)),

≤ h0((I ⊖Q2)Φ(ẑ), (I ⊖Q2)Φ(z̄)) + h0(Q2Φ(ẑ),Q2Φ(z̄)),

≤ h0((I ⊖Q2)Φ(ẑ), (I ⊖Q2)Φ(z̄)) + κh0(Φ(ẑ),Φ(z̄)).
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since Q2 is a contraction.
Hence,

h0((I ⊖Q2)Φ(ẑ), (I ⊖Q2)Φ(z̄)) ≥ (1− κ)h0(Φ(ẑ),Φ(z̄)). (2.1)

From the inequality (2.1), it follows that I ⊖Q2 is injective on Φ(G).
Therefore, I ⊖Q2 is bijective and continuous from Φ(G) to (I ⊖Q2)(Φ(G)).
This confirms that (I ⊖ Q2)

−1 exists as a mapping from (I ⊖ Q2)(Φ(G)) to Φ(G). Moreover, from the
inequality (2.1), (I ⊖Q2)

−1 is continuous on (I ⊖Q2)(Φ(G)).
As a result, we have

h0
(
(I ⊖Q2)

−1(I ⊖Q2)Φ(ẑ), (I ⊖Q2)
−1(I ⊖Q2)Φ(z̄)

)
= h0(Φ(ẑ),Φ(z̄)),

≤ 1

1− κ
h0((I ⊖Q2)Φ(ẑ), (I ⊖Q2)Φ(z̄)).

Given that Φ(y) = (I ⊖Q2)
−1Q1y and, by hypothesis, (I ⊖Q2)

−1Q1 is continuous and compact, we
invoke Theorem 2 to deduce that Φ has a fixed point r0 in G, which satisfies Φ (r0) = r0. Since, Φ (r0) is
the unique solution to z = Q1r0 +Q2z, then, we have r0 = Q1r0 +Q2r0. 2

Definition 3 [3] For t ∈ (0, a) and z ∈ E, the fuzzy ψ-Riemann-Liouville fractional integral of order
β > 0 of z, is defined by

Iβ,ψz(t) = 1

Γ(β)

∫ t

0

ψ′(s)Hβ−1
t,s z(s)ds,

under the assumption that the integral on the right is well-defined for the interval (0, a).
Where E := C((0, a],Y) ∩ L1((0, a],Y) and Ht,s = ψ(t)− ψ(s).

Definition 4 [3] For z ∈ E . If the function t 7→
∫ t
0
ψ′(s)H−β

t,s z(s) ds is Hukuhara differentiable on (0, a],
then the fuzzy ψ-Riemann-Liouville fractional (arbitrary order) derivative of order β ∈ (0, 1) of z at t is
defined by

Dβ,ψz(t) =
1

Γ(1− β)

d

dt

∫ t

0

ψ′(s)H−β
t,s z(s)ds,

which, by assumption, is a fuzzy interval. Dβ,ψz(t) ∈ Y.

3. Main results

In the following section, we examine a class of uncertain differential equations characterized by non-
local dynamics, represented through fractional (arbitrary-order) operators,

Dβ,ψz = W(t, z) + Z(t, z), (3.1)

With the derivation order 0 < β < 1, the fuzzy function W : I × Yc → Yc is both continuous and
compact, and Z : I× Yc → Yc satisfies

D(Z(t, z1),Z(t, z2)) ≤ LD(z1, z2), z1, z2 ∈ Yc, for all L ≥ 0. (3.2)

In the following, we revisit the concept of a solution to equation (3.1).

Definition 5 [16] We say that the fuzzy function z ∈ E is a solution to (3.1) if:

(i) The function z admits a fractional derivative Dβ,ψz on (0, a], which is continuous.

(ii) Dβ,ψz(t) = W(t, z(t)) + Z(t, z(t)), ∀t ∈ (0, a].

The remark that follows introduces a method for determining solutions to equation (3.1) via the
solution of a related integral equation of arbitrary order.
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Remark 1 [16]Consider z ∈ C (I,Yc) as a solution to the following fuzzy arbitrary-order integral equa-
tion:

z(t) = Iβ,ψ(W(t, z(t)) + Z(t, z(t))),

and that W(·, z(·)),Z(·, z(·)) ∈ E.
Therefore, z is a solution to the nonlocal uncertain differential equation (3.1).

Here, we introduce the critical tools that will allow us to prove the main existence results.
Let Ih := [0,h], where h ≤ a, and τ0 > 0 be such that

M := sup
{
D(0̃,W(t, z)) | t ∈ Ih,D(z, 0̃) ≤ τ0

}
< +∞.

Observe that h can be chosen small enough to ensure that

Mhβ

Γ(β + 1)
≤ τ0.

We define the set as follows

Y :=
{
z ∈ C (Ih,Yc) | D(0̃, z(t)) ≤ τ0, for all t ∈ Ih, and z(0) = 0̃

}
.

It is easy to verify that Y ⊆ C (Ih,Yc) is bounded, closed, and convex. Recall also that C (Ih,Yc) is
a semilinear Banach space. On Y, we define two mappings related to W and Z.

The first mapping, O : Y → C (Ih,Yc), is defined by:

(Oz)(t) = 1

Γ(β)

∫ t

0

ψ′(s)Hβ−1
t,s W(s, z(s))ds, for t ∈ Ih (3.3)

To facilitate the procedure, we establish notation that addresses the constraints on the function f ,
which is involved in the nonlinearity of the equation.

The condition (H) is introduced for the function W ∈ C (I× Yc,Yc), which requires the following
constraint:
for all pair of points (t, z1), (t, z2) ∈ I× C (I,Yc), the following inequality is satisfied:

D(W(t, z1(t)),W(t, z2(t))) ≤ P(t)e (h0(z1, z2)) , (3.4)

where e is a continuous function on [0,∞) such that e(0) = 0, and P : I → R+ fulfills Iβ,ψP(t) < B for
any t ∈ I.

Lemma 1 Assume that W satisfies condition (H) on I× Ec. Then, the following statements hold:

(i) O is well-defined on C (Ih,Yc).

(ii) O is continuous on C (Ih,Yc).

Proof: First, we establish that the mapping O is well-defined. By definition, it follows directly that
(Oz)(0) = 0̃ for every z ∈ Y. Next, for a fixed z ∈ Y, we prove that Oz ∈ C (Ih,Yc).

We also establish that Oz is uniformly continuous on the interval Ih. Let t, t
′ ∈ Ih be fixed, satisfying
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t < t′. For these points, we infer that

D ((Oz)(t), (Oz) (t′))

=
1

Γ(β)
D

(∫ t

0

ψ′(s)Hβ−1
t,s W(s, z(s))ds,

∫ t′

0

ψ′(s)Hβ−1
t′,s W(s, z(s))ds

)
,

=
1

Γ(β)
D

(∫ t

0

ψ′(s)Hβ−1
t,s W(s, z(s))ds,

∫ t

0

ψ′(s)Hβ−1
t′,s W(s, z(s))ds

+

∫ t′

t

ψ′(s)Hβ−1
t′,s W(s, z(s))ds

)
,

≤ 1

Γ(β)

[
D

(∫ t

0

ψ′(s)Hβ−1
t,s W(s, z(s))ds,

∫ t

0

ψ′(s)Hβ−1
t′,s W(s, z(s))ds

)
+D

(∫ t′

t

ψ′(s)Hβ−1
t′,s W(s, z(s))ds, 0̃

)]
,

≤ 1

Γ(β)

[∫ t

0

D
(
ψ′(s)Hβ−1

t,s W(s, z(s)), ψ′(s)Hβ−1
t′,s W(s, z(s))

)
ds

+

∫ t′

t

ψ′(s)Hβ−1
t′,s D(W(s, z(s)), 0̃)ds

]
,

≤ M

Γ(β)

[∫ t

0

∣∣∣ψ′(s)Hβ−1
t,s − ψ′(s)Hβ−1

t′,s

∣∣∣ ds+ ∫ t′

t

ψ′(s)Hβ−1
t′,s ds

]
,

≤ M

Γ(β + 1)

(
2Hβ

t′,t +Hβ
t,0 −Hβ

t′,0

)
,

≤ 2M

Γ(β + 1)
Hβ
t′,t.

Thus, D ((Oz)(t), (Oz) (t′)) → 0 as |t− t′| → 0, proving that Oz is continuous on Ih for z ∈ Y.
Additionally, we have

D((Oz)(t), 0̃) ≤ 1

Γ(β)

∫ t

0

D
(
ψ′(s)Hβ−1

t,s W(s, z(s)), 0̃
)
ds,

≤ Mhβ

Γ(β + 1)
,

≤ τ0,

for all t ∈ Ih.
As a result, O is a self-mapping O : Y → Y. We now prove that O is continuous. Let zn, z ∈ Y,
n = 1, 2, . . ., such that zn

n→+∞−−−−−→ z in C (I,Yc), i.e., h0 (zn, z) −→
n→∞

0. It follows that, for any t ∈ I, we

deduce that
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h0 (Ozn,Oz)
= sup

t∈J
D ((Ozn) (t), (Oz)(t)) ,

= sup
t∈Ih

D

(
1

Γ(β)

∫ t

0

ψ′(s)Hβ−1
t,s W (s, zn(s)) ds,

1

Γ(β)

∫ t

0

ψ′(s)Hβ−1
t,s W(s, z(s))ds

)
,

≤ 1

Γ(β)
sup
t∈Ih

∫ t

0

ψ′(s)Hβ−1
t,s D (W (s, zn(s)) ,W(s, z(s))) ds,

≤ 1

Γ(β)
sup
t∈Ih

∫ t

0

ψ′(s)Hβ−1
t,s P(s)e (h0 (zn, z)) ds,

≤ sup
t∈Ih

Iβ,ψP(t)e (h0 (zn, z)) .

Under the conditions of (H), e(0) = 0 and e is continuous on [0,∞), ensuring e(r) −→
r→0+

0. Since

h0 (zn, z) −→
n→∞

0 and Iβ,ψP(t) < B, we conclude that Ozn → Oz as n → ∞, which shows that O is

continuous. 2

Theorem 4 Let β ∈ (0, 1) be fixed, and assume that the fuzzy function W : I× Yc → Yc is continuous
and compact, satisfying (H). Suppose further that Z : I×Yc → Yc satisfies (3.2). Under these conditions,
the uncertain differential equation of nonlocal type (3.1) admits at least one solution on the interval Ih,
which is continuous, where h is a positive number such that h < a.

Proof: Using Remark 1, we are led to the study of the uncertain integral equation

z(t) =
1

Γ(β)

∫ t

0

ψ′(s)Hβ−1
t,s W(s, z(s))ds+

1

Γ(β)

∫ t

0

ψ′(s)Hβ−1
t,s Z(s, z(s))ds,

2

Through Lemma 1, the mapping O, defined by Eq. (3.3), is properly defined, and its continuity on
C (Ih,Yc) is verified. Next, we demonstrate that O is a compact mapping. Fix an arbitrary z ∈ Y, and
let t, t′ ∈ Ih with t ≤ t′. Then

D ((Oz)(t), (Oz) (t′))

=
1

Γ(β)
D

(∫ t

0

ψ′(s)Hβ−1
t,s W(s, z(s))ds,

∫ t′

0

ψ′(s)Hβ−1
t′,s W(s, z(s))ds

)
,

≤ 1

Γ(β)
D

(∫ t

0

ψ′(s)Hβ−1
t,s W(s, z(s))ds,

∫ t

0

ψ′(s)Hβ−1
t′,s W(s, z(s))ds

)
,

+
1

Γ(β)
D

(∫ t

0

ψ′(s)Hβ−1
t′,s W(s, z(s))ds,

∫ t′

0

ψ′(s)Hβ−1
t′,s W(s, z(s))ds

)
,

≤ M

Γ(β + 1)

(
Hβ
t,0 −Hβ

t′,0 + 2Hβ
t′,t

)
.

This shows that O(Y) is equicontinuous in C (Ih,Yc). Next, to show the relative compactness of
O(Y)(t) in Yc, we use Theorem 1, hence, equivalently, we show that O(Y)(t) is compact-supported and
level-equicontinuous in Yc.

We now establish the relative compactness of O(Y)(t) in Yc by invoking Theorem 1. This is equivalent
to proving that O(Y)(t) is compact-supported and level-equicontinuous in Yc.

v =
1

Γ(β)

∫ t

0

ψ′(s)Hβ−1
t,s W(s, x(s))ds, for some x ∈ Y.
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By assumption, W is a compact mapping, which implies that W (Ih × Y) is relatively compact in Yc.
According to Theorem 1, W (Ih × Y) is level-equicontinuous. Thus, for every ε > 0, there exists δ > 0
such that

D
(
[W(s, x(s))]ζ1 , [W(s, x(s))]ζ2

)
<

Γ(β + 1)ε

2hβ
,∀(s, x) ∈ Ih × Y,

provided |ζ1 − ζ2| < δ. Following the approach in [3], for |ζ1 − ζ2| < δ, we conclude that

D
(
[µ]ζ1 , [µ]ζ2

)
= D

(
[O(x)(t)]ζ1 , [O(x)(t)]ζ2

)
,

≤ 1

Γ(β)
D

([∫ t

0

ψ′(s)Hβ−1
t,s W(s, x(s))ds

]ζ1
,

[∫ t

0

ψ′(s)Hβ−1
t,s W(s, x(s))ds

]ζ2)
,

≤ 1

Γ(β)

∫ t

0

ψ′(s)Hβ−1
t,s D

(
[W(s, x(s))]ζ1 , [W(s, x(s))]ζ2

)
ds,

≤ ε.

Therefore, O(Y)(t) is level-equicontinuous in Yc. Due to the relative compactness of W (Ih × Y), we
can assert the existence of a compact set X ⊂ Rn with [W(s, x(s))]0 ⊆ X for all (s, x) ∈ Ih × Y. Thus,
we conclude that[

1

Γ(β)

∫ t

0

ψ′(s)Hβ−1
t,s W(s, x(s))ds

]0
=

1

Γ(β)

∫ t

0

ψ′(s)Hβ−1
t,s [W(s, x(s))]0ds

⊆ M

Γ(β)

∫ t

0

ψ′(s)Hβ−1
t,s ds =

MHβ
t,0

Γ(β + 1)
.

As a result, O(Y)(t) is compact-supported as a subset of Yc. Applying the Arzelà-Ascoli theorem,

we deduce the relative compactness of O(Y) in C (Ih,Yc). Additionally, we define the mapping Õ : Y →
C (Ih,Yc) as follows:

(Õz)(t) = 1

Γ(β)

∫ t

0

ψ′(s)Hβ−1
t,s Z(s, z(s))ds, t ∈ Ih. (3.5)

Therefore,

D((Õz1)(t), (Õz2)(t)) ≤
1

Γ(β)

∫ t

0

ψ′(s)Hβ−1
t,s D(Z(s, z1(s)),Z(s, z2(s)))ds,

≤ L

Γ(β)

∫ t

0

ψ′(s)Hβ−1
t,s D(z1(s), z2(s))ds,

≤
LHβ

t,0

Γ(β + 1)
h0(z1, z2),

≤ Lhβ

Γ(β + 1)
h0(z1, z2).

Thus, if h is small enough such that Lhβ < Γ(β + 1), the mapping Õ is contractive.

From Theorem 3, the mapping O + Õ has at least one fixed point in Y. It follows that there exists at
least one continuous fuzzy solution z to (3.1) on Ih, for some 0 < h ≤ a.

Remark 2 The compactness requirement In W in Theorem 4 can be relaxed. Assume W (Ih × F ) is

level-equicontinuous, P is bounded on Ih, and there exists r0 ∈ Yc such that ∪t∈Ih [W (t, r0)]
0
is bounded.

Let B be a bounded set in Ih × F , and assume W is bounded in Yc. We now examine the relative
compactness of W(B) ⊆ W (Ih × F ).
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When t ∈ Ih and r ∈ F , it is deduced that

D
(
[W(t, r)]0, [W (t, r0)]

0
)
≤ sup
ζ∈[0,1]

D
(
[W(t, r)]ζ , [W (t, r0)]

ζ
)
,

= D (W(t, r),W (t, r0)) ,

≤ P(t)e (h0 (Cr ,Cr0)) ,

where we define the auxiliary constant function for each z ∈ Yc, as follows:

Cz : Ih → Yc,
t→ Cz(t) := z.

Since W is bounded and r ∈ F , then D (r , r0) is bounded and, thus, h0 (Cr ,Cr0) is bounded. On the
other hand, since e is continuous, then w (h0 (Cr ,Cr0)) is bounded.By assumption, P is bounded on Ih,

which implies thatD
(
[W(t, r)]0, [W (t, r0)]

0
)
is bounded for all r ∈ F .

Therefore, there exists η > 0 satisfying

D
(
[W(t, r)]0, [W (t, r0)]

0
)
≤ η,∀t ∈ Ih,∀r ∈ F. (3.6)

Denote W(t, r) =: p, and W (t, r0) =: µ.
With these assumptions, we can confirm the existence of

B > 0 with
[W (t, r0)]

0
=
[
µ0, µ̄0

]
⊆ [−B,B].

So, by (3.6), we have

D
(
[p]0, [µ]0

)
= max

{∣∣p0 − µ0
∣∣ , ∣∣p̄0 − µ̄0

∣∣} ≤ η.

Then,
∣∣p0 − µ0

∣∣ ≤ η and
∣∣p̄0 − µ̄0

∣∣ ≤ η.
Thus, we conclude that

p0 ∈
[
µ0 − η, µ0 + η

]
⊆ [−B − η,B + η],

p̄0 ∈
[
µ̄0 − η, µ̄0 + η

]
⊆ [−B − η,B + η].

Hence,
[W(t, r)]0 = [p]0 ⊆ [−B − η,B + η],∀t ∈ Ih,∀r ∈ F.

Consequently, there exists a compact set η0 := [−B − η,B + η] such that [W (Ih × F )]
0 ⊆ η0.

Remark 3 Under the assumption that e is nondecreasing and the inequality

D(W(t, z1),W(t, z2)) ≤ P(t)e(D(z1, z2)), for every t ∈ I, z1, z2 ∈ Yc, (3.7)

The previous results remain valid. As observed in [26] for the classical case, if P(t) = θ, with θ > 0
a constant, then inequality (3.7) reduces to the Osgood condition. Specifically, if P(t) = θ with θ > 0
and e(D(z1, z2)) = D(z1, z2), meaning e is the identity, then inequality (3.7) represents the Lipschitzian
nature of W in the second variable.

4. Applications in physics

The use of arbitrary-order calculus in physical problems has been widely emphasized in the literature.
As a specific illustration of the article’s results, we focus on the model introduced in [20], which connects
nuclear magnetic resonance to the Bloch equation, a first-order system employed for material modeling.
By extending this model to the fractional domain, it becomes possible to analyze heterogeneous materials,
providing significant advantages for studying multiexponential signal decay processes. In particular, [20]
employs a ψ-Caputo fractional derivative to describe a single-spin system in a static magnetic field at
resonance.
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We now analyze a ψ-Riemann-Liouville-type equation incorporating uncertainty, given by:
Dβ,ψEz(t) = γ1−βt (A0 ⊖A1Ez(t)),

Dβ,ψEx(t) = γ1−βt (B0Ey(t)⊖B1Ex(t)),

Dβ,ψEy(t) = γ1−βt ((−B0)Ex(t)⊖B1Ey(t)),

(4.1)

In this setting, Ex(t), Ey(t), and Ez(t) characterize the system’s magnetization coordinates, and A0, A1,
B0, B1 are suitable (uncertain) constants linked to the equilibrium magnetization, spin-lattice relaxation
time, spin-spin relaxation time, and resonant frequency. The parameter γt > 0 is introduced to ensure
consistency with dimensionality, as described in [12].

The first equation in this system fits within the framework being studied. Similarly, comparable
results can be obtained for the space C(I,Y × Y × Y) with necessary adjustments. This allows problem
(4.1) to be expressed as a higher-dimensional extension of problem (3.1). by choosing W ≡ 0 and

Z (t, z1, z2, z3) = γ1−βt (B0z2 ⊖B1z1, (−B0) z1 ⊖B1z2, A0 ⊖A1z3) ,

provided Z is well-defined and adheres to the specified conditions.

5. Conclusion

In conclusion, this paper explored the existence of solutions for a class of fuzzy differential equations
with nonlocal derivatives. By applying an extended version of Krasnosel’skii’s fixed point theorem within
the framework of fuzzy metric spaces, we demonstrated that the problem has a fuzzy solution defined
over a specific interval. The approach allowed us to analyze the corresponding integral problem to which
the theorem was applied. Finally, this study opens the door to potential applications in physical fields,
where fuzzy differential equations could provide more suitable models for uncertain or imprecise systems.
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