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Picture Fuzzy Normed Linear Operators
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ABSTRACT: Picture fuzzy set (PFS) is an instantaneous extension of Intuitionstic Fuzzy (IF) sets. In this
article, we have introduced an idea of PF norm of a linear operator from a PFNL space to another PFNL
space and also defined two varieties (strong and weak) of Picture Fuzzy-Normal Linear (PFNL) Bounded
Operators. Also various types of continuity, i.e. strong continuity, week continuity, sequential continuity etc.
of PFNL operators are discussed, and their relationships are studied subsequently. This study also examines
the relation between continuity and boundedness of a PFNL operator. Finally, a result on fixed point theory
in PFNL space is addressed.
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1. Introduction

Setting a set value for the distance between two points is not a precise concept in real measurements.
In many cases, the inexactness is modeled by taking the average of multiple measurements or an interval.
Therefore, in these situations, the idea of a fuzzy standard seems more appropriate than a crisp norm,
and as a result, the idea of fuzzy metric spaces [1] is developed. In 1992, Felbin [2] introduced fuzzy
normed linear spaces (FNLSs) based on the work on fuzzy metric space. In 1993, he also addressed
the completion of FNLSs and demonstrated that any fuzzy normed linear space with limited dimensions
must be complete [3,4]. Later, several researchers studied on FNLSs and published some high-quality
research articles [5,6,7,8]. Another fuzzy norm on a linear space was defined by Bag and Samanta [9].
Furthermore, they examined the characteristics of fuzzy normed linear spaces with finite dimensions and
presented a decomposition theorem of fuzzy norms into a family of crisp norms. This work showed the
path for several methods of FN space research. Intuitionistic FNLS, Neutrosophic NLS, n-FNLS and
other advances [10,11,12,13,14,15,16,17,18,19,20] of FNLS have resulted from their publication. Also,
the notions of norm and inner product on fuzzy linear spaces over fuzzy fields were first presented by
Santhosh and Ramakrishnan [21].

In 2013, Cuong and Kreinovich [22] introduced the idea of neutral membership into the IFS theory
and presented us with a lovely new notion of a set called a picture fuzzy set (PFS). It goes without saying
that PFS is a generalization of IFS and other existence set theoretic structures [23,24,25,26,27]. As time
passed, a number of researchers became interested in the theory of PFS and many kinds of research were
conducted on it [28,29,30,31,32]. Undoubtedly PFNLS is a far more generalized idea than the other
previously exist set structure. In 2024, we first studied the PFNL space (PFNLS) for the first time [33].
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In that article, we introduced the idea of a PFNL Operator with the help of PF norm and discussed some
important properties of PFNL operators along with examples.

1.1. Scope and Objective of the Present Investigation

This article introduces the concept of boundedness of a linear operator from one PFNLS to another
PFNLS and defines two varieties (strong and weak) of PFNL bounded linear operators. A study of
some elegant outcomes has been attempted in this structure using the PF norm. Also, several types of
continuity of PFNL operators are addressed. In addition, the relationship between the PF boundedness
and the PF continuity is also examined. Our manuscript is organized as follows: In Section 3 some
preliminaries regarding PFNLS are given, and a suitable example is provided for better understanding.
In Section 4 continuity in PFNLS is addressed. various types of continuity, i.e. strong continuity, week
continuity, sequential continuity etc. are discussed with a great extent. In Section 5, we have studied
some ideas on PF boundedness. Here we have studied the relation between continuity and boundedness
of a PFNL operator. In the next section, a result on fixed point theory in PFNL space is presented.
Finally Section 7 concludes our article.

1.1.1. Preliminaries on PFNLS. We ask our readers to first read the concept of t-norm say, ‘®’ and
t-co-norm say ‘o’; in order to realize PFNLS. Information about ¢ norm and ¢ co-norm can be found in
any standard article, such as [16], because PFS is an ongoing evolution of F'S and IFS. In 2013, Cuong
et al. released the initial concept of PFS, a novel theory, in [22]. This section recapitulates the idea of
PFNLS based on PFS theory, which was discussed in [33]. In addition, we have provided an example of
PFEFNLS for smooth understanding of this article.

Definition 1.1. [33] Suppose U is a linear space over R. A picture fuzzy subset
A={((a,7); P(a,7),Q(ct,7), R(cx, 7)) : (o, 7) € U x RT}

is called a PF norm on U w.r.t. continuous t-norm ® and t-co-norm o respectively if the following holds:
Pla,m) + Q(a,r) + R(a,7) <1 Y(a,7) € U x RT.
Pla,r) >
Pla,r) =1 iff a=0.
P(ka,r) = P(a %) ke R\ {0}.

(e) Pla,r)© P(B,s) < Pla+p,r+s).

(f) P(a,.) is non-decreasing mapping of R and Tlg](f)lo Pa,r)=1.
(8) Q1) >0.

(h) Q(a,7) =0 if and only if a = 0.

(i) Q(ka,r) = Q(a, 17) , k € R\ {0}

(1) Qla,r)oQ(B,5) > Qo+ B, + 5).

(k) Q(as.) is non-increasing function of R* and lim Q(a,r) = 0.
(1) R(ay7) > 0.
(m) R(a,r) =0 4ff x =0.

(n) R(ka,r) = R(« %) ke R\ {0}.

(0) R(a,r)oR(B,5) 2 R(a+fB,r+5).
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(p) R(a,.) is a non-increasing mapping of R and ILm (a,7) = 0.
T oo

Here, (U, A, ®,0) is called a PFNLS. We will denote (U, A, ®,0) by (U, A) throughout this article.

Example 1.2. Suppose U = (R, ||.||) is NLS with ||.|| = |z| ¥V € R. Considering a1 ® az = min{a,as}
and ajoay = max{ay,as} V ai,as € [0, 1] we take P(a,r) = e Qla,r) = %,R(a,r) = @, c>0.

Let A= {(a,r); P(ar,7),Q(cv,7), R(ev,7)}. Clearly (U, A, ®,0) is a PENLS.
2. Continuity in PFNLS
In this section we will study various types of continuity of an operator over PFNLS.

Definition 2.1. Suppose (W, Aw,®,0) and (Z, Az, ®,0) are two PFNLSs. A mapping T : (W, Ay, ®,0)
— (Z,Az,0,0) is said to be PF continuous at wg € W if for allw € W for each u > 0,m € (0,1), v >
0,n € (0,1) s.t.

P(S(w) — T(wo),m) > (1 — 1), Qz(T(w) — Two),m) < p, Rz (S(w) — Tluo),m) < p
whenever
Py (w —wp,n) > (1 —v), Qw(w — wg,n) < v, Ry (w —wg,n) <v

Definition 2.2. Suppose (W, Ay, ®,0) and (Z, Az, ®,0) are two PFNLSs. A mapping ¥ : (W, Aw,®,0)
—(Z,Az,®,0) is said to be

e strongly PF continuous at wg € W if for allw € W for each p > 03 v > 0 s.t.

Pz (Z(w) — F(wp), 1) > Pw(w — wp, v),
Qz(T(w) — (wo), 1) < Qw (w — wo, v),
Rz (% (w) — F(wo), 1) < Ry (w — wo, V).

e weakly PF continuous at wg € W if for allw € W for each p >0, m € (0,1) Iv > 0 s.L.

Py (w — wo,v) > m — Pz(T(w) — T(wo), 1)
Qw (w — wg,v) <m — Qz(%T(w) — T(wo), 1)
Ry (w — wp,v) <m — Rz(T(w) — F(wo), )

Definition 2.3. Suppose (W, Aw,®,0) and (Z, Az, ®,0) are two PFNLSs. A mapping T : (W, Ay, ®,0)
— (Z,Az,0,0) is said to be sequentially PF continuous at wg € W if for any sequence {w,} in W
satisfying wy, — wo implies that T(wy) — T(wo) i.e.

IANIA IV S
3 3 3

lim Py (w, —wp,m) =1— le Pz (Z(wy) — F(wp),m) =1

n—oo
lgn QW(wn - w07m> =0— h%m QZ((Z(wn) - ‘z(wO)am) =0
ILm Ry (wy, —wo,m) =0 — li_>m Rz(%(wy) — F(wo), m) =0,

where m > 0.

Theorem 2.4. Suppose (W, Aw,®,0) and (Z,Az,®,0) are two PFNLSs and ¥ : (W, Aw,®,0) —
(Z,Az,0,0) is a linear operator. If T is strongly PF continuous at a point wy € W, then ¥ is strongly
PF continuous at W.

Proof. Since ¥ is strongly PF continuous at wy € W, thus for every g > 0,3v > 0 s.t. w € W one can
have Pz (% (w) — % (wp), 1) > Pw(w — wg,v). Taking any u € W and replacing w by w + wg — u we have,
Pz(Z(w+ wo —u) — F(wo), pt) > Py (w+ wg — u — wy, v)
— Py(T(w) — S(u), 1) = Py (w — u,)
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In a parallel way we can say

QZ(‘I(U)) - T(“)aﬂ) < QW(w - u, V)v
RZ(‘Z(w) - S(u)a ;U') < RW(w - u, V)'

Since u is arbitrary, it implies that ¥ is strongly fuzzy continuous on W. .

The above result also holds for weak PF continuity, sequentially PF continuity of a linear operator
T (W, Aw,®,0) = (Z,Az,©,0). Thus, we have the following results:

Theorem 2.5. Suppose (W, Aw,®,0) and (Z,Az,®,0) are two PFNLSs and ¥ : (W, Aw,®,0) —
(Z,Az,0,0) is a linear operator. If T is weakly PF continuous at a point wog € W, then T is weakly PF
continuous at W.

Theorem 2.6. Suppose (W, Aw,®,0) and (Z,Az,®,0) are two PFNLSs and ¥ : (W, Aw,®,0) —
(Z,Az,0,0) is a linear operator. If T is sequentially PF continuous at a point wy € W, then T is
sequentially PF continuous at W.

The proof for weakly PF continuous and sequential PF continuous cases are quite similar to the
strongly PF continuous case and hence we are omitting it.

Theorem 2.7. Suppose (W, Aw,®,0) and (Z,Az,®,0) are two PFNLSs and T : (W, Aw,®,0) —
(Z,Az,0,0) is a linear operator. Then strong continuity of ¥ implies sequential continuity of T at a
point wy € W.

Proof. Suppose {w,,} is a convergent sequence that converges to wy € W. Since ¥ is strongly continuous,
then for all w € W, for each > 03 v > 0, we have

PZ(S(U‘)) - ‘Z(wo),,u) Z PW(’[U - U}(),l/),
Qz(T(w) — T(wo), p) <

A
O
=
g

|
g
e
S

Pz (%(wn) — T(wo), ) = Pw (wn — wo,v)
QZ(s(wn) —(E('LU()) ) < Q ( _w071/)7
Rz (%(wy) — F(wo), 1) < Ry (wy, — wp, v).
which clearly implies that T(w,) — T(wo) i.e. ¥ is sequentially convergent. .

However, the converse is not true, i.e. sequential continuity in a PFNLS does not imply strong
continuity. Our following example demonstrates this.

Example 2.8. Suppose S = (R, ||z||,®,0) is a PFNLS, where ||z|| = |z],a © b = mln{a b},aob =
max{a,b} V a,b € [0,1]. We define the functions P;,Q;, R;;i =1,2: S x R* —[0,1] b

r r

P (z,r)= ——, Poy(z,r)= ————,w>0
(1) T+ |x| () r 4 w|z|
|| |z
T, T) = , z,r)=—"—w>0
Ql( ) T—‘r‘l‘l QQ( ) ’I"+IU|£L'|

Ri(z,r) = @7 Ry(z,7) = %,w >0
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It is clear that (S, Ag,,®,0), i = 1,2 are PFNLSs. Suppose g : (S, Ag,,®,0) — (S, Ag,,®,0) is a
5

mapping defined as g(s) = 1157 Vs € S. Suppose 5o € S and {sn} be a sequence in S such that s, — so
in (S, Ag,,®,0). Then one can easily verify that V r > 0,

lim Py (sp —so,7) =1, lim Q1(sp — s0,7) =0, lim Ry(s, — so,7) =0
n—0o0 n— o0 n—0o0

Now we calculate Py(g(sn)—9(50),7), Q2(9(sn)—9(s0),7), R2(g(sn)—9(s0), 7). In every term of Q2(g(sn)—

9(80),7), Ra(g(sn)—g(s0),r) there is a term (s, —so) in the numerator that becomes zero as n tends to co.

Thus, li_)m Q2(9(sn) —g(s0),r) =0, li_>m Rs(g(sn) —g(s0),r) = 0. In a parallel manner, it is seen that 3
n oo n o

also a term (s, —so) in denominator in Pa(g(s,)—g(so),r) . As aresult, we get lim P»(g(s,)—g(so),r) =
n—oo

1 and hence g is sequentially convergent on S. On the other hand, assume g is strongly continuous in §
i.e. Vsg € S and for each r > 0 such that,

Pi(s —s0,t) < Pa(g(sn) —
Q1(s — s0,t) > Q2(g(sn) — g(s0),7),
Ri(s = s0,t) > Ra(g(sn) — g(s0),7)-

Now
Py((g(sn) —g(s0),7) = Pi(s— s0,1)
r t
— - - >
e
1
—t < Ly (,so)
w s
Now

1
= inf h <,So> > ﬂ’
seS S

wt

where h is a polynomial in s, s # so with degree < 1. Thus, 2= = 0. Since w,r > 0, it implies that ¢ = 0
which is a contradiction to the fact t > 0. So, g is not strongly continuous.

Theorem 2.9. Suppose (W, Aw,®,0) and (Z,Az,®,0) are two PFNLSs and T : (W, Aw,®,0)—
(Z,Az,®,0) is a linear operator. Then continuity of T implies sequential continuity of T and vice-versa
at a point wyg € W.

Proof. Suppose that ¥ is continuous at wg € W and {w,, } is a convergent sequence that converges to wq
in W. Then for all w € W, for each u € (0,1) and » > 0, v € (0,1) and m > 0 such that,

Py (w —wg,m) > (1 —v) = Pz(T(w) — T(wp),r) > (1 — p),
Qw(w—wy,m) <v=Qz(%(w) —F(wp),r) < 1,
Ry (w —wp,m) <v= Rz(T(w) —F(wp),r) < p

Since {w,} — wo, thus 3 ng € N such that,
PW(wn - w07m> > (1 - V)?QW(wn - ’lU(),m) <v, RW(wn - w07m) <v
Hence,

PZ(‘I(wn) - ‘I(wo)ﬂ“) > (1 - M)v
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which clearly shows that ¥ is sequentially continuous at wg € W. Conversely suppose that ¥ is sequen-
tially continuous at wy € W and if possible ¥ is not continuous at wg i.e. 3 p € (0,1) and r > 0 such
that for any v € (0,1) and m > 0 such that
Py (w —wo,m) > (1 =v) = Pz(T(w) = F(wo),r) < (1 - p),
Qw(w —wy,m) <v=Qz(%(w) —F(wp),r) > 1,
Ry (w — wp,m) < v = Rz(T(w) — F(wo),r) > i

So, forl/zl—ﬁ,m: #7 p € N, 3w, such that
1 1
Py (w, — wo, ]m) > p—— but Pz(T(wp) — T(wo),r) < (1 — p),
1 1
Qw (wp — wo, }m) <1l- il but Qz(T(wp) — T(wo),7) = p,
1
Ry (wp, — wo, m) <1l- p—— but Rz(T(wp) — T(wo),r) > p.

Considering m > 0, 3 pg s.t. ﬁ <mVY p > pg, we have

lim Py (wp — wg,m) = 1;

n—oo
lim Qw (w, — wo,m) = 0,
n—oo
lim Ry (w, —we,m) =0
n—oo

this lead to w, — wy, although

Pz(T(wp) = F(wo),r) < (1—p),
Qz(T(wp) — F(wo),r) = n,
Rz(T(wp) = F(wo),r) = p
i.e. T(wp) does not converge T(wp) which gives a contradiction. Therefore, the result follows. .

3. PFN bounded operator

Throughout this section, we will discuss the idea of boundedness and isometry property of PFNL
operators between PFNLSs. Also we will study some relationships between different types of PFNL
bounded operators.

Definition 3.1. Suppose (W, Ay, ®,0) and (Z,Az,®,0) are two PFNLSs and T : (W, Aw,®, 0)
— (Z,Az,0,0) is a linear operator. Then ¥ is called strongly PFN bounded if there exists a non-zero
constant real number r such that for each w € W and V¥V s > 0,

Pz(Z(w),s) > Pw(rw,s),

Qs(T(w)s) < Qulrw,s),
<

Rz (%(w),s) Ry (rw, s).

It is quite clear that the zero operators and the identity operators are, by definition, a strongly PFN
bounded operator.

Example 3.2. Suppose U = (R,||.||) is a normed linear space with ||.|| = |z| V & € R. Considering
a1 @ az = min{ay, a2} and a1 o az = max{ay, a2} ¥V a1,as € [0,1] we take P(a,t) = m,@(a,t) =

clof R(a,t) = ld ¢ >0, my is fized real number. We take A = {(a,1); P, 1), Qv t), R(cx, 1) }.

t+cla|’ t

Clearly (U, A,®,0) is a PFNLS. Now, we choose Pj(a,t) = W,Ql(a,t) = ol Ri(a,t) =

t+clal?
%, ¢ > 0 where ma is a fized real number and my > my. We take B = {(a, t); P1(a,t), Q1(a, t), Ri(a, t)}.
Clearly (U, B,®,0) is also a PFNLS. Now we consider a linear operator T : (U, A,®,0) — (U, B,®,0)
gien by T(x) =rx, r € R\ {0}. Clearly T is a strongly PFN bounded operator.
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Definition 3.3. Suppose (W, Aw,®,0) and (Z,Az,®,0) are two PFNLSs and ¥ : (W, Aw,®,0) —
(Z,Az,0,0) is a linear operator. Then T is called weakly PFN bounded if for u € (0,1) there exists a
non zero constant real number r such that for each w € W and s > 0,

Pz(rw,s) >1—pu = Pw(Z(w),s)>1—ypu,
QZ(rwv S) Spo= QW(‘Z(w)’ s) <
Rz(rw,s) <p = Rw(%(w),s) <p,

Definition 3.4. Suppose (W, Aw,®,0) and (Z,Az,®,0) are two PFNLSs and T : (W, Aw,®,0) —
(Z,Az,0,0) is a linear operator. Then T : W — Z is called PFNL isometry if for each w € W,s > 0
such that

Pz (%(w),s) = Pw(w,s),
Qz(T(w),s) = Qw(w,s),
Rz(%(w),s) = Rw(w,s).

Theorem 3.5. Suppose (W, Aw,®,0) and (Z,Az,®,0) are two PFNLSs and T : (W, Aw,®,0) —
(Z,Az,0,0) is a linear operator. If T is strongly PF continuous at a point wg € W, then ¥ is strongly
PF bounded.

Proof. Firstly, suppose that ¥ is strongly PF-bounded. Then there exists a constant r # 0, r € R such
that for each w € W and V s > 0,

Pz(%(w), s)
— Py(T(w) — T(0), s)
= Pz(%(w) = %(0),n) > Pw(w—0,v)

S

\Y
By
S
-
kS
N

Y
iy
=
g
\
ol
S| ®

where we assume s = i, 2 = v. In a parallel way we can see

Qz(T(w) — Z(0), ) < Qw (w = 0),v),
Rz (%(w) —%(0), 1) < Ry (w —0),v).

It is clear that ¥ is strongly PF continuous at 0, hence ¥ is strongly PF continuous in W. On the other
hand, consider ¥ to be strongly PF continuous on W. Using the continuity property of T at 0 we have
for p=1,3v >0,V w e W such that

Pz(T(w) = %(0),1) = Py (w —0,v).

Now for w = 0, the case is trivial, and hence we have omitted it. Suppose that w # 0 and r > 0.
Assuming u = % then one can have,

1
Pz(‘l—(’UJ),S) = Pz(ST(U),S) = PZ(‘I(UL 1) > PW(U7V) = Pw(%,l/) = PV[/(’LU’/‘, S)aWhere ; =r
In a parallel way we can show that

Qz(T(w),r) < Qw(wr,s)
Rz (%(w),r) < Ry (wr, s).

Hence, the result follows. .

Theorem 3.6. Suppose (W, Ay ,®,0) and (Z,Az,®,0) are two PFNLSs and ¥ : (W, Aw,®,0) —
(Z,Az,0,0) is a linear operator. If T is weakly PF continuous at a point wg € W, then T is weakly PF
bounded.
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We have omitted the proof, since it is quite similar to the proof of the Theorem 4.5.

Theorem 3.7. Suppose (W, Aw,®,0) and (Z,Az,®,0) are two PFNLSs and T : (W, Aw,®,0) —
(Z,Az,0,0) is a linear operator. If ¥ is PFN strongly bounded, then it is PFN weakly bounded.

Proof. Suppose ¥ is PFN strongly bounded. Then there exists a nonzero constant real number r such
that for each w € W and V s > 0,

Pz(¥(w),s) = Pw(rw,s),
QZ(S(’LU)’S) < QW(rwvs)a
Rz(%(w),s) < Rw(rw,s).

Since Py (rw, s), Qw (rw, s), Rw (rw, s) € [0,1], we obtain that for any 0 < p < 1 s.t.

PZ({I(U}))S) > Pw(T‘U),S) > 17,“’7
QZ(T(’LU)) 8) < QW(T’LU’ S) < s
Rz(%F(w),s) < Rw(rw,s)< pu.
Clearly ¥ is PFN weakly bounded. .

Theorem 3.8. Suppose (W, Aw,®,0) and (Z,Az,®,0) are two PFNLSs and T : (W, Aw,®,0) —
(Z,Az,®,0) is a linear operator. If T is PFN strongly bounded if and only if T is continuous.

Proof. Suppose T is PFN strongly bounded. Then for a nonzero real constant r such that for every
s >0,V we W, we have

Pz (%(w),s) > Pw(rw,s) = Py(w, i) = Py (w,t),

|7
Qz(T(w),s) < Qw<rw,s>:Qw<w,%>:@w<w,t>,
Rz(T(w),s) < Rw(rw,s):Rw(w,%):RW(w,t),

where ¢t = 7 > 0. Suppose wog € W, u € (0,1),5 > 0 and p = v. Also suppose that
Py (w —wo) > (1 —p), Qw(w —wo) < p, Ry (w —wp) < p

Then clearly we have,

Pz(¥(w) = %(wo)) = 1-p,
Qz(T(w) = F(wo)) < p,
Rz(%(w) = F(wo)) < p.

Hence ¥ is continuous. On the other hand, let us assume that ¥ is continuous on (W, Ay, ®, o). Then from
the definition of continuity, ¥ is continuous at 0 and we have Vw e W0 < p<landr > 0,30 <v <1
and t > 0 we have,

Puvw—0,6) > (1 - ) = Po((S(w) — (TO),r) > 1-p
Qw(w—0,t) <v=Qz((T(w) — (T(0),r) < n
Ry (w—0,t) <v= Rz(T(w) — T(wp),7) < p

Now for any v € (0,1) such that,

PW(kwaT) > (1 - I/),Qw(kwﬂ”) < V7RW(kw7T) <v
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Thus,

I
b°
=
B
=
v

(17’/)7

Rw(waﬁ) — Ry (w,r) < v

By assuming ¢t = ﬁ, we obtain that

Py (w,t) 2 (1-v)= Pz((T(w),r) = 1-p
Qw(w,t) <v=Qz(T(w),r) < u
Ry (w,t) <v= Rz((Z(w),r) < .
Hence, the result follows. .

Consider the set of all strongly PF bounded linear operators from a PFNLS (W, Ay, ®,0) to
(Z,Az,©,0) as §(W, Z). We now show that F(W, Z) is a PFL space.

Theorem 3.9. F(W, Z) is a PFL space.
Proof. Suppose T,,%, € §(W,Z) and w € W. Since ¥,,%, are strongly PF bounded, we have

Pz(Ti(w),s) > Pw(rw,s),
QZ(Ti(w)ws) < QW(Tiwvs)v
Rz (%i(w),s) < Rw(ryw,s), i=1,2.

Now for any two scaler v, and Vw € W we have,

Pz(7%, +6%.)(w),s) = Pz((7%:(w)) + 0%, (w), s)

> min {P2(T.(yw), 3). Po(T:(00). 3) |

> min {P2(T,(yw), 3). P2(T:(00). 3) |

> min{ P (T, (ri7w), 5), P (Ta(radu), )}

> min { Py (5, 0), 575, AT, 550 )

2[r17/| " 2|r20]

Suppose r = max{2|r17|, 2r2|6|} + 1. Then we have,

S S S
) P (T (w), ——) Y > Py(w, D).
) (a5 b > R )

Considering all above we have V w € W,Vs € R, 3 r > 0 such that

Pz (v, +0%,)(w), s) > Pw(rw,s)

min {PW (T, (w)

Similarly we can show that
Qz((v%, +0%,)(w),s) < Qw (rw, s)
Rz (v, +0%,)(w), s) < Rw (rw, s).
Hence, the result follows. ]

Now we consider the set of all weakly PF bounded linear operators from a PFNLS (W, Ay, ®,0) to
(Z,Az,0,0) as §' (W, Z). Likewise, as in a previous manner, one can easily show that §'(W, Z) is a PF
linear space.
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4. Results on Fixed Point Theory

Definition 4.1. A function ¥ : (W, Aw,®,0) = (Z,Az,®,0) is said to be PFN Lipschitzian on W if
3k > 0 such that
s

Pz(%(w1) — T(wz),s) > PW(wl—w%%),
Qz(T(wr) = Twa).s) < Quwlws —wy, 7).
Ry (S(wr) — F(ws),s) < RW(wl—wQ,%).

Vs>0,YVw; € Wii=1,2. T is said to be PEN contraction if k < 1.
It is clear that a PFN contraction mapping ¥ is always PFN continuous.
Definition 4.2. A PFN Banach Space (PFNBS) is a complete PFN linear space.

Theorem 4.3. Suppose (W, Aw,®,0) is a PFNBS and T : (W, Aw,®,0) — (Z,Az,®,0) be a PFN
contraction, then T has a unique fized point.

Proof. Suppose w € W, then {¥"(w)} is a Cauchy sequence. Now for s > 0 and m € N\ {0}, we have,
)
m s
)< € QT () w2
s s

S

Py (T (w) — T"(w), s) > Pz(T"" Hw) — T H(w), . > Pz (T (w) — w, k—n)

v

Qz(T" M (w) = T (w), ) < Qz(T" 7 (w) — TN (w),

IN

5
k
5
k

Rz (T (w) — T"(w), s) < Rz (T Hw) — T H(w), %) <. < Rz(T(w) — w, k—n)
As 0 <k <1, we have lim ;5 = oo. Then for n — oo
n—oo
Py (T (w) — T(w), 5) = Py (T™(w) — w, kin) -1

QZ(‘IR—HR(U}) —T(w),s) =Qz(T"(w) —w, k.in) =0
Rz(sn-l-m(w) —3"(w),s) = Rz(T"(w) — w, k.in) =0

Since W is complete, thus, {¥"(w)} is a convergent sequence. So, there exists z € W such that
lim T%(w) = 2. Hence, we have, z = lim T""!(w) = T(2). To examine the uniqueness, consider
n— oo n—roo

wy,wy € W,wy # we such that w; = T(w;),i =1,2. Then J¢ >0
Pz(wy —wa,¢) =p<1,Qz(w; —wsa,¢c) =q>0,Rz(wy —wa,c)=r>0.

Then Vn € N\ {0} we obtain

p = Pz(w; —ws,c¢) = Pz (T (wy) — T (w2),c) > Pz(w; — wa, i) — 1,

kn
c
q=Qz(w1 —wz,c) = Qz(T"(w1) —T"(wz),c) < Qz(wi — wo, kj) — 0,
r = Ry(wi —ws,c) = Ry (T (w1) = T (w3),0) < Ry(wy = wy, 1) =0,
which gives a contradiction. Hence we are done. .

5. Conclusion

In this article, the continuity and boundedness properties of the PFNL operators are discussed. In
addition, some properties related to continuous and bounded operators in PFNL space are discussed. All
these concepts are illustrated with examples. Also we have studied some interesting relationship theorem
between the PF continuity and PF boundedness of an operator on PFNLS. An application regarding
fixed point theory has been studied in this article. In the future, we will study the concept of PF n-NLS
and PF inner product space.
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