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PMC-Graphs Derived from Cycles
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ABSTRACT: The graph G = (V, E) consists of p vertices and ¢ edges. Let

L, piseven
P= 2L, pisodd
2 p 1s odd,
and I' = {£1,+£2,...,+p}. Consider a function A : V — I that allocates unique labels from I' to the various

vertices of V' when p is even and allocates a unique labels in " to p — 1 vertices of V, repeating a label for
the remaining one vertex when p is odd. Then the labeling as mentioned above is called a pair mean cordial
labeling (PMC-labeling) if for every edge uv of G, there is a labeling M if A(u) 4+ A(v) is even and
M if A(u) + A(v) is odd such that |Sp, — SA§| < 1 where Sy, and SAf are denoted the number of
edges labelled with 1 and the number of edges not labelled with 1, respectively. A graph G that has a pair
mean cordial labeling is called a pair mean cordial graph (PMC-Graph). This research paper examines the
PMC-labeling behaviour of some graphs, like the pagoda graph, antiweb-gear graph, spherical graph, alternate
triangular cycle, alternate quadrilateral cycle, balloon of triangular snake and balloon of quadrilateral snake.

Key Words: pagoda graph, antiweb-gear graph, spherical graph, balloon of triangular snake and
balloon of quadrilateral snake.
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1. Introduction

In this research paper, we examine the finite, simple and undirected graph G only. The process of
assigning labels or integers to the vertices, edges or both based on certain conditions is known as graph
labeling. The first paper on graph labeling was introduced by Rosa in 1967 [20]. On a family of the
super edge-graceful trees were examined in [11]. Zeen El Deen [24] have investigated the edge -graceful
labeling for some cyclic-related graphs. Chartrand et al. [4] have studied the radio labelings of graphs.
On the radio antipodal geometric mean number of ladder related graphs were explored in [7]. Selvam
Avadayapppan and Sinthu [21] have investigated the new families of super mean graphs. Sugumaran
and Vishnu Prakash [22] worked on some new results of prime cordial labeling. Prime labelings on
graphs have investigated by Baskar Babujee [3]. On the total rainbow connection of the wheel related
graphs were examined in [10]. Melina and Salman [12] have computed the rainbow connection number
of spectrum graphs. Giridaran et al. [7] have studied on the radio antipodal geometric mean number of
ladder related graphs. H. U. Afzal [2] have worked on super edge-magicness of two special families of
graphs. Edge-magic labelings of wheel graphs have investigated by Y. Fukuchi [6]. Daoud and Mohamed
[5] have exmined the complexity of some families of cycle-related graphs.
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Rathod and Kanani [19] have investigated the Vj-cordial labeling of quadrilateral snakes. Lucas divisor
cordial labeling have derived by Sugumaran and Rajesh [23]. SD-Prime cordial labeling of alternate k-
polygonal snake of various types were studied in [15]. Patel et al. [14] have investigated the product
cordial labeling of extensions of barbell graph. Double divisor cordial labeling of graphs have examined by
Parthiban and Vishally Sharma [13]. Sum divisor cordial labeling in the context of duplication of graph
elements were explored in [1]. We adhere to different graph theoretic notations and terminology [8]. We
have introduced a new kind of labeling called PMC-labeling in [16] and the PMC-labeling behavior of
more kinds of snake related graphs have been explored in [17,18]. Terms that are not defined in this
paper are derived from Harary [9]. This research paper examines the PMC-labeling behaviour of some
graphs, like the pagoda graph, antiweb-gear graph, spherical graph, alternate triangular cycle, alternate
quadrilateral cycle, balloon of triangular snake and balloon of quadrilateral snake.

2. PMC Graph
Definition 2.1 The graph G = (V, E) consists of p vertices and q edges. Let

. .
£ piseven
p_{ P21 s odd
5=, pisodd,

and T = {£1,£2,...,£p}. Consider a function A : V — T that allocates unique labels from T to the
various vertices of V. when p is even and allocates a unique labels in I' to p — 1 vertices of V', repeating
a label for the remaining one vertex when p is odd. Then the labeling as mentioned above is called a pair
mean cordial labeling (PMC-labeling) if for every edge uv of G, there is a labeling w if A(u)+A(v)
is even and w if A(u) + A(v) is odd such that [Sy, — Sx¢| < 1 where Sa, and Sy are denoted
the number of edges labelled with 1 and the number of edges not labelled with 1, respectively. A graph G
that has a pair mean cordial labeling is called a pair mean cordial graph (PMC-Graph).

A simple example of PMC-graph is shown in figure 1.

Figure 1: PMC-Graph

3. Preliminaries

In this section, we present a few fundamental definitions that are essential for the upcoming section.

Definition 3.1 [7] The pagoda graph PG,, is a ladder graph formed by adding a vertex vy in such a way
that it is adjacent to u,, and v,.

Definition 3.2 [21] The balloon of triangular snake BT, ,, is the graph obtained from C,, by identifying
an end vertex of the path in triangular snake T,, at a vertex of C,.

Definition 3.3 [21] The balloon of quadrilateral snake BQy, m is the graph obtained from C,, by identi-
fying an end vertex of the path in quadrilateral snake Q,, at a vertex of C,,.

Definition 3.4 [5] The spherical graph SP,, n > 1 is a connected graph Con + Ko with 2(2"~1 4+ 1)
vertices and 3(2™) edges.
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Figure 2: The spherical graph SPs

Definition 3.5 [10] The antiweb-gear graph AW G,,, n > 3 is a connected graph with the vertex set and
edge set, respectively, as follows V(AWG,,) = {vo,vi,u; | 1 <i <n} and E(AWG,) = {vovi, viu; | 1 <
i < n}U{vivigp1, Un U1, Uilhig1, UnU, UiVig1, Unvr | 1 <0 <n— 1},

Figure 3: The antiweb-gear graph AW G5

Definition 3.6 [2/] An alternate triangular cycle ATC,, is the graph obtained from an even cycle Ca, =
{v1,u1,v2,Ug, ... Un, U} by joining v; and u; to a new vertex w;. That is, every alternate edge of a cycle
is replaced by Cs.

Definition 3.7 [24] An alternate quadrilateral cycle AQC,, is the graph obtained from an even cycle
Caopn = {v1,u1,v2, U2, ...V, Un} by joining v; and u; to a new vertex w;. That is, every alternate edge of
a cycle is replaced by Cy.

4. Main Theorems

Theorem 4.1 The pagoda graph PG, is a PMC-graph for all n > 2.

Proof: Let us consider the pagoda graph PG, n > 2. Denote by V(PG,,) = {vg, u;,v; | 1 <i < n} and
E(PG,) = {uv; | 1 <1i < n}U{uitit1, ViVi+1, UnVo, unto | 1 <4 < m — 1} respectively, the vertex set
and edge set of the pagoda graph PG,,. Thus, PG, has 3n edges and 2n + 1 vertices. Let A(Vp) = 1.
We have consider two cases:

Case (i) : n =0 (mod 4)

We assign the vertices uy,ug, ... s Unta and ug, ug, ..., uz with labels 2,4, ..., "T‘"‘l and —2,—4,..., 5%
respectively. Then, designate the vertices u na s Unge s oo Uno1 with labels %*6', "7“3, ..., n respectively.
Fix the vertex u,, with label 1. Further, we designate the vertices vy, vs, ... s Untz and vg, vy, ..., vz with
labels —1,-3,..., ’”272 and 1,3,..., ”%FQ respectively. Next, designate the vertices Unga, Ungs, o5 Un
with labels %‘47 %‘6, ..., —n respectively.

Case (i7) : n =1 (mod 4)

Designate the vertices uq, us, . . . s Ungt and ug, Uy, . - . sUn_1 with labels 2,4, . .., "7% and —2,—4,..., %ﬂ
respectively. Further, designate the vertices tn+s, Ungs ooy U1 with labels "T'%, "T”, ..., respec-

tively. Fix the vertex wu, with label 1. More over, we designate the vertices V1, U3, Ul and
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V2,04, -+, Un1 with labels —1,-3,..., _”2_1 and 3,5,..., "7'“ respectively. Thus, designate the ver-
tices Ungs, Ungs, . s Un with labels _"2_37 _”2_5, ..., —n respectively.

Case (iii) : n =2 (mod 4)

Also assign the vertices w1, us, ..., uz and ug, ug, . . ., Uny2 with labels 2,4, ..., "T“ and —2,—4,..., 7"2’2
respectively. So, designate the vertices Ungs, Unts, ..o Un with labels _”2_47 _"2_6, ..., —n respectively.
Also, we designate the vertices vy, vs,..., vz and vg, vy, ... s Untz with labels —1, -3, ..., 5* and 3,5, ...,
%*4 respectively. Hence, designate the vertices Untt, Ungss s Un—1 with labels "T*G, ”T*g, ...,N respec-

tively. Fix the vertex v,, with label 1.
Case (iv) : n =3 (mod 4)

Designate the vertices uq, us, . . . yUn_t and us, Uy, . . . s Ungs with labels 2,4, ..., "7“ and —2,—4,..., 7”271
respectively. Then, designate the vertices Unigs, Unis . .oy Un with labels _"2_37 _”2_57 ...,—n respec-
tively. So designate the vertices vy, vs, ... yUnct and v, vy, ... CEES) with labels —1,-3,..., %ﬂ and
3,5,..., "TH respectively. Therefore, designate the vertices Ungs, Unts, s Uno1 with labels %"5, "T'”, ceey

n respectively. Fix the vertex v, with label 1.
O

Table 1: PMC-labeling of the pagoda graph PG,,, n > 3.
Value of n Sag Sa,
3n

3n

( ; 32n+1 g—l
2 2
(mod 4) 32 3n
( ) 3n+1 3n—1
2 2

Example 4.1 Figure 4 illustrates the PMC-labeling of the pagoda graph PGg.

| ' !
— W o Ot T

I\JMAJ;C

Figure 4: PMC-labeling of the pagoda graph PGg

Theorem 4.2 The antiweb-gear graph AW G, is not PMC-graph for all n > 3.

Proof: Consider the antiweb-gear graph AWG,,. Let V(AWG,) = {vo,vi,u; | 1 < i < n} and
E(AWGn) = {’Uo’Ui,’Ui’LLZ' | 1 S 1 S n} @] {viviﬂ,vnvl,uiuiﬂ,unul,uiviﬂ,
upvy | 1 < i < n— 1} denote, respectively, the vertex set and edge set of the antiweb-gear graph
AWG,. Then, AWG,, has bn edges and 2n + 1 vertices. Suppose that the antiweb-gear graph AWG,,
is a PMC-graph. If the edge wv is given the label 1, the possible results are either A(u) + A(v) =1 or
A(u) + A(v) = 2. Thus, the maximum possible number of edges designated with a label 1 is 2n — 1.
Subsequently, the minimum number of edges that are not designated with a label 1 is 3n + 1. Therefore,
gAi — SAI >n+22>5>1, we get a contradiction.

O

Theorem 4.3 The spherical graph SP,, is not PMC-graph for alln > 1.
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Proof: Consider the spherical graph SP,, n > 1. Let V(SP,) = {ug,vp,v; | 1 <i < 2"} and E(SF,) =
{vovi, upv; | 1 <4 < 2"} U {vvi41, vp01,| 1 <4 < 2™ — 1} denote, respectively, the vertex set and edge
set of the spherical graph SP,. Thus, SP, has 3(2") edges and 2(2"~! + 1) vertices. Suppose that the
spherical graph SP, is a PMC-graph. Thus, the maximum possible number of edges designated with a
label 1 is 2n — 1. Subsequently, the minimum number of edges that are not designated with a label 1 is
3(2") — 2n + 1. Therefore, Sxe —Sa, > 3(2") —4n+2 >4 > 1, we get a contradiction.

O

Theorem 4.4 The alternate triangular cycle ATC,, is a PMC-graph for all n > 3.

Proof: Consider the alternate triangular cycle ATC,,, n > 3. Let V(ATC,,) = {u;,vi,w; | 1 < i < n}
and E(ATC),) = {viw;, vius, wiu;, u;vit1,upv; | 1 < i < n} denote, respectively, the vertex set and
edge set of the alternate triangular cycle ATC,. Then, ATC,, has 4n edges and 3n vertices. Define
A(wy—1) = 1. We designate the vertices uq, us, ..., u, and vy, vs,...,v, with labels —1,—2,..., —n and
2,3,...,n + 1 respectively. We have consider two cases:

Case (i) : n is odd

We designate the vertices wy,ws, ..., wy_o and wsg, Wy, . .., w,_3 with labels —n —1,—n —2,..., %
andn—+2,n+3,..., 3"2_1 respectively. Fix the vertex w, with label 1.

Case (ii) : n is even

Let A(w;) = —n — 1 Also, designate the vertices ws,ws, ..., w,—3 and wg, wy, ..., w,—3 with labels
-n—2,-n-3,..., _5’” and n+3,n+4,..., 37” respectively. Fix the vertex w,, with label n 4+ 2. In all
cases, Spe = 2n = Sy, . O

Example 4.2 Figure 5 illustrates the PMC-labeling of the alternate triangular cycle ATCs.

-6

Figure 5: PMC-labeling of the alternate triangular cycle ATCs

Theorem 4.5 The alternate quadrilateral cycle AQC,, is a PMC-graph for all n > 3.

Proof: Consider the alternate quadrilateral cycle AQC,,, n > 3. Let V(AQC,,) = {u;,v;,w; |1 <i<n}
and E(AQC,) = {v,w;, viu;, wiu;, wiviy1, upvr | 1 < i < n} denote, respectively, the vertex set and edge
set of the alternate quadrilateral cycle AQC,,. Then, AQC,, has 5n edges and 4n vertices. We designate
the vertices uy,ug,...,u, and vy,vs,...,v, with labels —1,—-2,...,—n and 2,3,...,n 4+ 1 respectively.
We have consider two cases:

Case (i) : n is odd

Now, we designate the vertices 1,3, ..., Zr+1 and y1,¥2, ..., Yn+1 with labels —-n—1,—n—2,..., %
2 2
and n+2,n+3,..., 3"—;3 respectively. Then, designate the vertices Tngs,Ynis and Tngs,Ynis with

labels _33_3, _33_5 and 3”2"‘5, 3’L2+7 respectively. Thus, designate the vertices £ n+7,yntr and T nto, Ynto
2 2 2 2

with labels *372“7, *372“9 and ‘5"; = 3”; T respectively. Proceeding like this, until designate the vertices
Tn—1,Yn—1 and ,, y, with labels —2n+1, —2n and 2n, 1 respectively when n =1 (mod 4) and designate

the vertices z,_1,Yyn—1 and z,,y, with labels 2n — 1,2n and —2n, 1 respectively when n = 3 (mod 4).
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Case (i7) : n is even

Now, we designate the vertices z1, zs, ... s Tng2 and y1, Y2, ... s Yniz with labels —n—1,—n—2, ..., =30=2

2
and n+2,n+3, ..., 3244 regpectively. Then, designate the vertices Tngd, Ynpa and Lo, Ynio with labels

2
—3n—4 —3n—6 3n+6 3n+8 3 3 : .
5, —5— and 5=, = respectively. Thus, designate the vertices © nis, Ynis and x nt10, Yniio with

labels _32_8, _3"2_10 and 3”'2*'107 3”‘2"12 respectively. Proceeding like this, until designate the vertices
Tn—1,Yn—1 and z,, y, with labels 2n — 1,2n and —2n, 1 respectively when n =0 (mod 4) and designate
the vertices x,_1,Yn—1 and z,,y, with labels —2n 4+ 1, —2n and 2n, 1 respectively when n = 2 (mod 4).

O

Table 2: PMC-labeling of the alternate quadrilateral cycle AQC,,, n > 3.
Value of . Sp¢ Sa,
n is odd 5n2+1 577,2—1

i s5n s5n
n 1S even 5 5

Example 4.3 Figure 6 illustrates the PMC-labeling of the alternate quadrilateral cycle AQCs.

Figure 6: PMC-labeling of the alternate quadrilateral cycle AQCj5

Theorem 4.6 The balloon of triangular snake BT, ,,, is a PMC-graph for alln >4 and m > 2.

j < m—1} and E(BTym) = {vivit1, 001, 0pur, vpwr | 1 < i < n—1} U {ujujpr, ujwipr |1 <5 <
m — 2} U{w,u; | 1 < i < m — 1} denote, respectively, the vertex set and edge set of the balloon of
triangular snake BT, . Then, BT, ,, has n 4+ 3m — 3 edges and n + 2m — 2 vertices. We have consider
three cases:

Case (i):n=4

Subcase (i) : m is odd

Note that BTy ,, has 3m + 1 edges and 2m + 2 vertices. We designate the vertices vy, v2,v3,v4 and

Proof: Consider the balloon of triangular snake BT, ,,. Let V(BT ) = {v;,uj,w; | 1 <i<n&l <

Uy, Uz, ..., Upy—1 With labels 2, —1,3, -2 and —3,—4,...,—m — 1 respectively. Then, designate the ver-
tices wi,wa, ..., Wm-1 and Wmts, Wm+s, ..., wy_1 with labels 4,5,...,"‘T+5 and mT”,mT"‘g,...,m—k 1
2 2 2

respectively. Fix the vertex Umis with label 1. Hence, SAg = % = SA1~
Subcase (i) : m is even
We designate labels to the vertices v;,uj, 1 <4 <4&1 < j < m—1 asin subcase (i). Then, designate the

vertices wi, wa, ... s Wm—2 and Wmt2, Wmta oy Win—1 with labels 4,5, ..., mTH and %, @, coo,m+1
respectively. Fix the vertex uzm with label 1. Hence, SAE = w and Sy, = 377”

Case (i) : n > 5 and n is odd

We also designate the vertices vy, v9, v3,v4 and vs, vy, ..., v, with labels 2, —1,3, -2 and —3, —4, ..., 7"2’1
respectively. Next, designate the vertices vg, vg, ..., v,—1 with labels 4,5,. .., ”7“ respectively. Fix the
vertices U, _1, w1, Wy,_1 with labels 1, ”%r?’, 1.

Subcase (i) : m is odd

Further, designate the vertices uy, us, . . . yUm_s and Um 1, Umids ooy U2 with labels ”42'57 ”;‘77 ey "'gm

and =", *”*2"“2, ceey *"73””3 respectively. Then designate the vertices ws, ws, . . . ; Wm 1 and W,
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Wmss, ..., Wp—o with labels =2=3 == —n=mt2 anq nbmt2 ntmtd | nd2me3 pegpectively.

2
Subcase (i) : m is even
Let us now designate the vertices uy,uo,. .. JUm—z and Uz, Umiz, ... U2 with labels 2 147
ntmtl and =negnel —nomed | one2mdd pegpectively.  Designate the vertices wa,ws, ..., wz and
Wm+2,Wm+4,

2 2
Co. W2 With labels ==3 =n=8 —nomdl apd ndmdS ndmdd | nd2med pegpectively.
Case (iii) : n > 6 and n is even
We designate the vertices v1,v2,v3,v4 and vs,vr,...,v,—1 with labels 2,-1,3,-2 and -3,—4,..., 5"
respectively. Next, designate the vertices vg,vs, ..., v, with labels 4,5,..., "'2"2 respectively. Fix the
vertices U,,_1, w1, Wy,—1 with labels 1, ”T'H)’, 1.
Subcase (i) : m is odd
Next, designate the vertices w1, us, - . ., Uy,—1 with labels *”2*2, *"2*4, ..., =n=2mE2 pegpectively. So, des-
ignate the vertices W1, W2, ..., Wm+1 and Wm+5 , Wm+7,...,Wn—1 with labels ’I’LTJr47 %%7 ceey MTW and

2 2 2

n+m+4+5 ndm-+7
2 ’ 2 )"

n+2m-—2
. 0

respectively. Fix the vertex w mis with label 1.

Subcase (i) : m is even

Now, designate the labels to the vertices u;, 1 < i < m — 1 as in subcase (i) of case (iii). Thus,

designate the vertices wy,ws, ..., w= and Wi, Wmngs .- oy Wi 1 with labels "TH "7% "*Tm” and

n+m+4 n+m-+46 n+2m-—2
2 2 o 2

3 yoeeey

respectively. Fix the vertex w mi2 with label 1. a

ey

Table 3: PMC-labeling of the balloon of triangular snake BT, p,, n > 4&m > 2.
Value of n and m Sae Sa,
n & m are odd "+32m_2 "+3£”_4
n is odd & m is even "+3£"_3 "+3;”_3
nis even & m is odd 1E3m=3 ni+3m=3

2 2
n & m are even nt3m—2  ntdm-—4
2 2

Example 4.4 Figure 7 illustrates the PMC-labeling of the balloon of triangular snake BTy 5.

Figure 7: PMC-labeling of the balloon of triangular snake BTy 5

Theorem 4.7 The balloon of triangular snake BT3 , is a PMC-graph only for all m > 3.

Proof: Consider the balloon of triangular snake BT5 ,,,, m > 3. Then, BT3 ,, has 3m edges and 2m + 1
vertices. We have consider two cases:

Case (i) : m =2

Suppose that the balloon of triangular snake BTj,, is a PMC-graph. Hence, the maximum possible
number of edges designated with a label 1 is 2. Subsequently, the minimum number of edges that are not
designated with a label 1 is 4. Therefore, SAf - SAI > 2 > 1, this is a contradiction.

Case (i7) : m >3

We designate the vertices vy, vg, v3 with labels 2, —1, 3 respectively. Let A(upy,—1) =1 and A(vy,—1) = 1.
Consider the following two subcases arises
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Subcase (i) : m is odd

Let us now designate the vertices uq, uo, ... s Um=s and Um_1, Vmts .oy U —2 with labels 4,5, ..., %"’3

and 7"5’3, *"575 ,...,—m respectively. Then designate the vertices wy,wo, ... s W1 and Wmtt, Wmgts,
.y Wm—o with labels —2,—-3,.. . _”3_1 and ’”T“LE’, mT”, ..., m respectively.

Subcase (ii) : m is even

Also we designate the vertices uy,us, ... s Um—2 and Um,Umiz, .o U2 with labels 4,5,..., mT"'Q and

’";’2 , ’"5’4, ..., —mrespectively. Moreover, designate the vertices wy,wz, ..., w= and Wtz , Wit

Wy, —o with labels —2, —3,.. ., ‘";‘2 and %, %, ..., m respectively. O

Table 4: PMC-labeling of the balloon of triangular snake BT3 ,,, m > 2.
Value of m SAE Sa,

m is odd SmEl 37"2_1
m is even 377" 377"

Theorem 4.8 The balloon of quadrilateral snake BQy, v, is a PMC-graph for alln > 3 and m > 2.

Proof: Consider the balloon of quadrilateral snake BQp ., n > 3 and m > 2. Let V(BQ,m) =
{vi,ujozjy; |1 < i < n&l < j<m-—1} and E(BQnm) = {vivig1, 0001, 00u1, 021 | 1 < @ <
n—1}U{ujujtr,uy41 | 1 <j<m—2}U{z,y;,yu; | 1 <i<m— 1} denote, respectively, the vertex
set and edge set of the balloon of quadrilateral snake BQy, . Thus, BQy »m has n +4m — 4 edges and
n + 3m — 3 vertices. We have consider four cases:

Case (i) :n=3

We designate the vertices vy, vs,v3 with labels 2, —1,3 respectively. Let A(u,—1) = 1. Consider the
following two subcases arises

Subcase (i) : m is odd

In this case, designate the vertices wy,us,...,Um_o and us,uy,...,U,_3 with labels ’%”5, %ﬂ, ey

% and ”+9 ”215, ceey "+3£”_6 respectively. Then, we designate the vertices x1,x3,...,Zm_o and

L2, T4y

Tm—3 with labels *”2*1, —5 T —n— S””S and ”+7, ”J;m, cee "*‘S;" 8 respectively. Fix the vertex

ZTm—1 With label =n=3m+6 Thereafter we de&gnate the vertices y1,y3,...,Ym—2 and Y2, Ya, - -, Ym—1

with labels ==2 =n=9  =n=3m+b apq =n=5 —nll  —n=dmtd pegpectively.

Subcase (ii) : m is even

More over, designate the vertices u1, us, . .., up—3 and ug, Uy, . . . , Up,—2 With labels 22 2l - ntsdm=1

and —”;9, ”*215, ceey ”H”;"*S respectively. Alfo, we designate the vert}ces T1, T3, - xm_l and To, T4y ..,

Ty—o with labels =21 =n=T —n=3mid apnq ndl ndld o nddme5 respectively So designate the
: : —n—3 —n—9 —n—3m+3 n 5 —n—11

vert1§esg¥1,y3,....,ym_1 and Y2, Y4, - - -, Ym—2 With labels =%==, === .., 5 and s T

% respectively.

Case (i1) : n =4

Let us now designate the vertices vy, v, vs,vq4 with labels 2, —1,3, —2 respectively. Let A(y;,—1) = 1.
Consider the following two subcases arises

Subcase (i) : m is odd

Let A(uy) = ”T%. We also designate the vertices wug,ug,...,Un_1 and us,us,...,u,_o with labels

=6 —nol12 | onedmdd apd —n=8 onold —n=3m+7 respectively. Then designate the vertices
T1,%3,...,Lm_o and Xo, Tq,...,Tym_1 With labels "—"‘4, "+10,.

"+3;”_5 and %~ 4 _"2_10, e, = gm-s-s respectively. Fix the Vertex y1 with label = §_2. Therefore,
designate the Vertlces Y2,Y4s - Ym—3 and Y3, Ys, . . ., Ym—2 with labels 2F8 ndld - nkIm=T gpq ndl2
nbls L, IS pegpectively.

Subcase (i7) : m is even

More over, we designate the vertices w1, us, ..., Un_1 and ug, uq, ..., U;,_o with labels _”2_2, _"2_8, ceey
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_"_§m+4 —= 6 —n-12 —n=3m+6 regpectively. Then, designate the vertices x1, xs, . .., Zm_3 and

and , e, 2
T2y Ty y T2 Wlth labels "'2*'4 "';1 e ”+3§” 8 and = _4, _”2_10, cee _"_g"“'s respectively. Fix the

vertex x,,—1 with label %. A551gn the vertices y1,43,...,¥m—3 and Yo, Y4, - .., Ym—_o with labels

nf6 ntla | nddmeG ang nf8 ndld o nddmed pegpectively.

Case (ii) : n > 5 and n is odd

We designate the vertices vy, wvq,vs, vy with labels 2, —1,3, —2 respectively. Then, designate the ver-

tices vy, v7,...,v, and vg,vs,...,V,_1 with labels —3,—4,..., _"2_1 and 4,5, ... ”'H respectively. Let

A(tum—1) =1 and A(zy) = ”TJFS Consider the following two subcases arises

Subcase (i) : m is odd

Furthermore, we designate the vertices uy, us, ..., wm—2 and ug, ua, .. ., Uy,—3 with labels 22 2t

w and "+9, "'515 ey "+3m_6 respectlvely Hence designate the labels to the vertlces 25,2<j<
— 1yj, 1<j<m-1,asin case( ) of subcase (i).

Subcase (#4) : m is even

In this case, we designate the vertices uy,us, ..., Uy,_3 and us, uq, . . ., Um—_o With labels "*5 "*11 ey

n3meT and 242, ndls | nd3me3 pegpectively. Hence designate the labels to the vertlces xj, 2 <j<

m—1y;, 1 <j<m—1, as in case(i) of subcase (ii).

Case (iv) : n > 5 and n is even

Also, designate the vertices vy, v, v3,v4 With labels 2, —1,3, —2 respectively. Then, designate the ver-
tices vs,v7,...,v,—1 and v, vs,...,vp—2 With labels —3,—4,..., 5* and 4,5,...,%r2 respectively. Let
A(tm—1) = 1. Consider the following two subcases arises

Subcase (i) : m is odd

More over, designate the vertices uy, us, . .., Upm_2 and usg, Uy, . . . , Up,—3 With labels "+6 "+127 ey ”+3;”_3
and ";‘8 "214, . "+3;”_7 respectively. Hence designate the labels to the vertices xj, 1<j<m-—1,as
in case(ii) of bubcabe (i). Thus, designate the vertices y1,¥3,.-.,Ym—2 and Yo, Y4, - - ., Ym—1 with labels

=2 ono8 | =neSmil gnd =n=6 =nl2 o =ne3mtS pegpectively.

Subcase (ii) : m is even
Then, designate the vertices ui,us, ..., Un—3 and ug, s, ..., Un—2 With labels 2F8 ndl2 - nt3m=0

and ”*8  ntld o nddmed peghectively. Hence, designate the labels to the vertices zj, 1 <j<m-—2,
as in case(u) of subcabe (ii). Fix the vertex z,,_; with label =2=3m+6 = Therefore, designate the ver-
tices y1,93, ..., Ym—1 and Yo, Y4, ..., Ym_o with labels _"2_2, _"2_8, ey _”_g’m'“l and _”2_6, _"2_12, ceey
W respectively. O

Example 4.5 Figure 8 illustrates the PMC-labeling of the balloon of quadrilateral snake BQe 4.

Figure 8: PMC-labeling of the balloon of balloon of quadrilateral snake BQ¢ 4

5. Conclusion

In this research paper, the PMC-labeling behaviour of some graphs, like the pagoda graph, antiweb-
gear graph, alternate triangular cycle, alternate quadrilateral cycle, balloon of triangular snake and
balloon of quadrilateral snake has been investigated. In the future, the determination of PMC-labeling
of different graph families is an open problem.
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