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Function spaces under various operators

Kulchhum Khatun, Shyamapada Modak, Mosaddek Hossain* and Sukalyan Mistry

ABSTRACT: Various topologies on the function space YX will be determined through this paper. To do
this, application of generalized open sets will be discussed. Topological ideal is also an applicable part to
determine the topologies on YX. Topological group and the continuous functions will be helpful to determine
the topologies on Y (or C(X,Y)). This paper also discusses the huge changes of the topologies on YX by
the small displacement of the generalized open sets from the space Y.
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1. Introduction

The study of function spaces is a unique study for all over fields of mathematics and other pure
science subjects. The study of this field is growing so far through [4], [25], [28], etc. The paper further
considering the function space and discuss the situation of the space under various limit points as well
the * operator’s points in the field of ideal topological space. To do this, we consider the generalized
open sets and their properties from literature. After obtaining the situation of the function space via
local function [11,12] we may supposed to be characterized the Hayashi-Samuel space rigorously.

2. Preliminaries
General definition of point-open topology on Y is,
Definition 2.1 [25] Given a point x of the set X and an open set U of the topological space Y, let
S@,U) = {f e YX| f(a) € UY}.

The collection of all such sets S(z, U) forms a subbasis for a topology on Y. This topology is called the
point-open topology on YX.

In this paper, we shall discuss various new topologies on Y'X. For this, the following generalized open
sets are important tools:

Definition 2.2 A subset A of a topological space Y is said to be
1. semiopen [18] if A C Cl(In(A4));
2. preopen [19] if A C In(CI(A));

* Corresponding author.
2010 Mathematics Subject Classification: 54C35, 54A10, 22A05, 43A22.

Submitted April 14, 2025. Published September 01, 2025

Typeset by 85% style.
1 © Soc. Paran. de Mat.


www.spm.uem.br/bspm
http://dx.doi.org/10.5269/bspm.76373

2 K. KHATUN, S. MODAK, M. HOSSAIN AND S. MISTRY

3. B-open [9] or semi-preopen [2] if A C Cl(In(Cl(A)));
4. b-open [3] if A C In(CI(A))UCl(In(A));
where ‘In’ and ‘Cl’ denote the usual notion for interior and closure operators respectively.

We denote the collection of all semiopen sets, preopen sets, S-open sets and b-open sets in a topological
space Y as SO(Y), PO(Y), BO(Y) and BO(Y') respectively. These collections obey the relations, collec-
tion of open sets C PO(Y) C BO(Y) C BO(Y) and collection of open sets C SO(Y) C BO(Y') C SO(Y).
The complement of a semiopen (resp. preopen, S-open, b-open) set is addressed as a semi-closed (resp.
pre-closed, B-closed, b-closed) set. The intersection of all semi-closed (resp. pre-closed, S-closed, b-closed)
sets containing A is called semi-closure (resp. pre-closure, S-closure, b-closure) of A and is denoted as
sCI(A) (resp. pCI(A), BCI(A), bCI(A)). Also, the union of all semiopen (resp. preopen, S-open, b-open)
sets contained in A is called semi-interior (resp. pre-interior, S-interior, b-interior) of A and is denoted
as sIn(A) (resp. pIn(A), BIn(A), bIn(A)).

The following is one way to obtain weaker and stronger topologies on Y, and it is an introductory
result of the paper.

Lemma 2.1 Suppose o and o’ are two topologies on the set Y and o C ¢’. Then, the point-open topology
induced by o’ is finer than the point-open topology induced by o.

Note that, if ¢’ is strictly finer than o, then the point-open topology induced by ¢’ is strictly finer
than the point-open topology induced by o.

We concentrate on the topologies of the space YX through the various limit points and we know that
limit points of a set can be derived via ideal [1,17]. Following is a few words about the ideal.

An ideal T on a topological space (Y, o) is a collection of subsets of Y and satisfying the hereditary
property as well as the finite additivity property. The same was first introduced by Kuratowski [17] in
1933. The study of the local function (or generalization of limit points) is a remarkable part for the study
of various topological notions (recently it was determined, the * compactification [15]). It is formally
defined as:

A*={yeY | UnNA¢L U, € o(y)}, where o(y) is the collection of all open sets of (Y, o) containing
y. Associated set-valued set function [23] of the operator ()* is the operator ¢ [22,26] and it has been
introduced in the literature by the relation, ¥(A) =Y \ (Y \ A)*.

Throughout this paper, we denote that (Y, o,I) (or simply Iy ) is an ideal topological space. Further-
more, an ideal I on the topological space (Y, o) is called codense ideal [7] (or the ideal topological space
Iy is called Hayashi-Samuel space [6]) if INo = {0}. Sometimes this type of ideal is called ¢ boundary
ideal [10,27].

3. Function spaces via generalized open sets related operators

Before starting this section, we considered X as a set and Y as a topological space (or simply space).

Lemma 3.1 [16] Let Y be a topological space. Given a point x € X and a subset A € SO(Y) (resp.
PO(Y), BO(Y), BO(Y)), let

S(x, A) ={f € Y™ | f(z) € A}.
The sets S(x, A) form a subbasis for a topology on Y.

The topology generated by the above subbasis is called point-semiopen (resp. point-preopen,
point-3-open, point-b-open) topology on YX.

Theorem 3.1 [16] Suppose Y is a topological space. Then, the point-semiopen (resp. point-3-open,
point-b-open) topology on Y is finer than the point-open topology on YX.

Lemma 3.2 Given a point x € X and a subset A of the topological space Y, let
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S(x,sIn(A)) ={f € Y™ | f(x) € sIn(A)} (resp. S(z,pIn(A)) ={f € Y™ | f(z) € pIn(A)},
S(x,bIn(A)) ={f € YX | f(x) € bIn(A)}, S(z,BIn(A)) ={f € Y¥ | f(x) € BIn(A)}).

The sets S(x,sIn(A)) (resp. S(x,pIn(A)), S(x,bIn(A)), S(z,BIn(A))) form a subbasis for a topology
on YX.

Proof: Proof is obvious from the fact that sIn(Y") (or pIn(Y), bIn(Y), fIn(Y)) =Y. O

The topology generated by the above subbasis is called point-sIn topology (resp. point-pIn
topology, point-bIn topology, point-SIn topology) on YX.

As we know sC! (resp. pCl, bC1, BCI) is associated set-valued set function [23] with sIn (resp. pIn,
bIn, BIn), thus if we treat the sets S(x,sIn(A)) (resp. S(x,pIn(A)), S(z,bIn(A)), S(z,BIn(A)) ) by
(f € Y| f(x) € X\ sCUX \ A)} (resp. {f € YX| f(z) € X\ pCUX \ A)}, {f € YX| f(z)
X\BCUX \ A)}, {f € YX| f@) € X\ BCUX\ A)}) or {f € YX| f(z) ¢ sCUX \ A)} (resp.
{f € YX| f(2) ¢ pCUX \ M)}, {f € Y| fla) ¢ bCUX \ A)}), {f € VX[ f(2) ¢ ACUX \ A)}, then
we also reach the same topology.

Now, we state that ‘sCl’ (resp. ‘pCl’, ‘bCl’, ‘BCI’) operator makes independently a topology on Y X
by the following:

Lemma 3.3 Given a point x € X and a subset A of the topological space Y, let

S(a,sCI(A)) = {f € YX | f(2) € sCUA} (resp. S(a,pClUA)) = {f € VX | f(z) € pClUA)},
S(a,bCI(A)) = {f € YX | flx) € bCI(A)}, S(a, BCI(A)) = {f € YX | f(x) € BCUA))).

The sets S(x,sCl(A)) (resp. S(x,pCIl(A)), S(x,bCI(A), S(z,BCI(A)))) form a subbasis for a topology
onY™X,

The topology generated by the above subbasis is called point-sC! topology (resp. point-pCi
topology, point-bCl topology, point-3C! topology) on Y.

As sIn ~Y sCI (vesp. pIn ~Y pCl, bIn ~Y bCl, fIn ~¥ BCIL ) [23], thus one can rewrite the above
Lemma using ‘sIn’ (resp. ‘pIn’, ‘bIn’, ‘BIn’) operator.

The point-semiopen (resp. point-preopen, point-b-open, point- 5 open) topology and the point-sin
topology (resp. point-pIn topology, point-bIn topology, point-3In topology) on YX coincide. Again, it is
not always possible that for an basis element S(y1, kIn(A1))NS(y2, kIn(Asz))---NS(y;, kIn(A;)) there is
no basis element S(y1, kCl(A1)) N S(y2, kCl(A2)) - --NS(y;, kCI(A;)) in other topology on Y* such that
S(y1, kCl(A1))NS(y2, kCL(A2)) - - -NS(y;, kCI(A;)) C S(y1, kIn(A1))NS(y2, kIn(A2)) - - -NS(y;, kIn(A;))
and vice versa, where k € {s,p, b, 8}. In this point of view, point-sIn topology (resp. point-pIn topology,
point-bIn topology, point-SIn topology) and point-sC! topology (resp. point-pCl topology, point-bCl
topology, point-8C1 topology) are not comparable.

Lemma 3.4 Given a point x € X and a subset A of the topological space Y. Then, the sets
S(z,kIn(kCI(A))) = {f € YX | f(z) € kIn(kCI(A))}
form a subbasis for a topology on YX, where k € {s,p,b, B}.

The topology generated by the above subbasis is called point-kIn-kCl topology on Y X, where
ke {s,p,b,5}.

Due to kInkCl ~Y kClkIn [23], we may rewrite the subbasis of the point-interior-closure topology
on Y using ‘kCI’ and ‘kIn’ operators.

Proposition 3.1 Suppose Y is a topological space. Then, the point-semiopen (resp. point-preopen,
point-b-open, point-B-open) topology on YX is finer than the point-sIn-sCl (resp. point-pIn-pCl, point-
bIn-bCl, point-BIn-BCI ) topology on YX.
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Proof: Let 3, and 3, be bases for point-sIn-sCl topology and point-semiopen topology on Y X respec-
tively. Let B = S(x1,sIn(sCIl(A1))) N S(x2, sIn(sCl(Az2))) N--- N S(xp, sIn(sCi(A,))) be a member of
Br and f € B. Then, f € S(x;,sIn(sCl(4;))), Vi =1,2,--- ,n. This implies that f € S(z;,U;) where
U, = sIn(sCl(A;)), Vi =1,2,---,n. So, f € S(x1,U1) N S(x2,Uz) N---N S(x,Up) = B € By, as
Uy, Uy, -+, U, are semi-open subsets of Y. Thus, for every f € B, 3 B’ € 3,» such that B’ C B. O

For converse of this proposition, we have:

Let BY = S(x1,U1) N S(z2,Uz) N --- N S(zp,Up) be a member of 5+ and g € Bj. Then, g €
S(xi,U;)) = g € S(x;, sIn(sClUUy))) (as U; C sCl(U;)) = U; C sIn(sCl(U;))), ¥V i=1,2, ---, n.
So, g € S(z1,sIn(sCl(U1))) N S(x2,sIn(sCl(Usz))) N --- N S(xp, sIn(sCl(Uy))) = By € Br. Thus, for
B} € ./, we have a Bj belongs to .. But, By C Bj is not true in general. For justification of this
statement we give following example:

Example 3.1 Let (Y,0) be a topological space, where Y = {a,b,c} and o = {0,Y,{c}}. Then, SO(Y) =
{AC Cl(In(A)) | ACY} =1{0,Y,{c},{a,c},{b,c}}. Therefore, {sIn(sCl(A)) | ACY} ={0Y
Thus, {sIn(sCIl(A)) | ACY} is not equal to SO(Y').

Lemma 3.5 Given a point x € X and a subset A of the topological space Y, let
S(z, kCl(kIn(A)) ={f e YX | f(z) € kCl(kIn(A))}.
The sets S(x, kCl(kIn(A))) form a subbasis for a topology on YX, where k € {s,p,b, 3}.

The topology generated by the above subbasis is called point-kCi-kIn topology
on YX where k € {s,p, b, 3}.

For the fact that, for a subset A of X, kInsCI(A) C (resp. D) kClsIn(A) is not true in general. Thus,
point-kIn-kC1 topology and point-kCi-kIn topology on Y are not comparable.

We learnt from [20], the collection of dense sets and the collection of semi-dense sets are equal.
Further, the collection of dense sets and collections of predense sets are not equal except for every
dense set D, In(D) # (. In this connection we have mentioned that the collection of all rationals Q
in the lower limit topology R; is a dense set but In(Q) = (. Furthermore, for X = {t1,t2,t3,%4},
T =10, X, {ts,ta}, {ta, t3, 84}, {t1,3,t4}}, {t1,t4} is a B as well as b-open set but does not contain any
non-empty open set. Therefore, the collection of 5 dense sets, b dense sets and dense sets are equal in
general.

Therefore, we have the following lemma:

Lemma 3.6 Let Y be a topological space. Given a point v € X and a subset A € D*(Y) (set of all k
dense sets in'Y ), let

S(x, A) ={f €Y | f(z) € A}.
The sets S(x, A) form a subbasis for a topology on YX, where k € {p,b, B}.
The topology generated by the above subbasis is called point-k dense topology on Y.

4. Role of ideals to make topologies on Y X

It is well known from [5,10,21,22] that ¢ is not an interior operator. The following Lemma shows
that this non-interior operator may also be an essential tool for obtaining topologies on YX.

Lemma 4.1 Let 1 be a codense ideal on the topological space Y. Given a point x € X and a subset A of
the topological space Y, let

Si(z, p(A*) = {f € Y* | f(z) € Y(A")}.
The sets Si(xz,1(A*)) form a subbasis for a topology on YX.
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Proof: Let f € YX. Then, f € Si(z,Y) = Si(z,¥(Y*)) C U Si(z:, ¥(AF)), where z; € X and A; are

subsets of Y. So, f € JSi(zs,1¥(A})). Thus, YX C | Si(xi,¥(A})). Hence, the sets Sy(x;, 1(A})) form

a subbasis for a topology on YX. a

The topology generated by the above subbasis is called point-i* topology on Y X.
Due to 1 ~Y %) [23], one can rewrite the subbasis of point-¢* topology on Y ¥ using *i-operator.
Relations between several topologies on YX with point-1* topology are followed by following:

Proposition 4.1 Suppose I is a codense ideal on the topological space Y. The point-open topology on
Y X is finer than the point-yx topology on Y.

Proof: Let 3, and (B, be bases for point-1)* topology and point-open topology on YX respectively.
Let B = Si(z1,%(A7)) N Si(za,¥(A5) N - N Sp(zy, (AL)) be a member of 5, and f € B. Then,
f e Si(xi,v(AF)), Vi=1,2,--- ,n. This implies that f € S(x;,U;) where U; = ¥(A}) (as for each i,
P(AF) is open [10,22]),Vi=1,2,---,n. So, f € S(x1,U1) N S(x2,Uz) N ---N S(xp,Un) = B’ € B as
Ui, Us,- -+, U, are open subsets of Y. Thus, for each f € B, 3 B’ € 3, such that B’ C B. O

For the converse of this proposition we give the following example:

Example 4.1 Let X = {a,b} and (Y, ) be a topological space, where Y = {1,2,3}, o0 = {0,Y, {3}, {1, 3},
{2,3}} and I={0,{1}}. All possible functions from X to Y are defined by

Jila) = 1, i) = 2 fola) = 1, fo0) = 3 fsla) = 2, fs(0) = 3; fala) = 2, s(®) = 1; fo(a) =
3, f5(b) =1 fﬁ(a) =3, fﬁ(b) =2; f7((1) =1, f7(b) =1 f8(a) =2, fS(b) =2; f9(a) =3, fg(b) =3.
Then, a basis of the point-y* topology T on Y is B, = {0, YX}.

A basis of the point-open topology 7' on Y is By = {0, Y X {fo}, {f2, fo}s {f3, fo}, {fs: fo}, {fe, fo}
{f2, f3, fo}s {fs, fo, fo}s {f1, f2, fos fots {f2, f5, frs fo}s A f3s fa, f5. fo}o A f3, feu f5. fo}s { f1, fo. f5: fos f: fo}

{f13f27f3af67.f87.f9}’{anf37f4af5af77f9}7{f3af47f57f67f87f9}}'
Here, fg € {fo} € B but there exists no By € B, such that fo € By C {fo}. Thus, T is not finer than 7’.

Example 4.2 Let (Y,0,1) be an ideal topological space, where Y = {1,2,3}, o = {0,Y, {3}, {1, 3},
{2,3}} and 1={0,{1}}. Then, {(A*)| ACY}={0,Y}. In this ezample, we see that {)(A*)| AC
Y}#o0onY.

Proposition 4.2 Suppose 1 is a codense ideal on the topological space Y. Given a point x € X and a
subset A of the topological space Y, let

Si(@, (W(A)") ={f e YX| f(z) € (Y(A))*}.
The sets Si(z, (¥(A))*) form a subbasis for a topology on YX.
Proof: Let f € YX. Then, f € Si(x,Y) = Si(z, (¥(Y))*) (as I is a codense ideal)C U St(ws, (¥(4:))7),
where z; € X and A; are subsets of Y. So, f € UJSi(z;, (¥(4;))"). Thus, YX C LZ_JSH(xi,(z/J(Ai))*).
Hence, the sets Sp(x;, (1(A;))*) form a subbasis for ; topology on YX. l O
The topology generated by the above subbasis is called point-*1) topology on Y X.

Theorem 4.1 Let I be an ideal on the topological space Y. Given a point x € X, let

Si(x, A) ={f € Y* | f(z) € Cl(y(A))}.
The sets Si(z, A) form a subbasis for a topology on Y.

For our next discussion, we will call the topology obtained in the Theorem 4.1 as point-Li) topology
on VX,
Following is the comparison of point-Li) topology on Y with earlier topologies on YX.
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Remark 4.1 Suppose I is an ideal on the topological space Y. Then, the point-Li topology on Y X and
the point-open topology on YX are not comparable.

Example 4.3 Let X = {a,b} and (Y, o) be a topological space, where Y = {1,2,3}, o = {0,Y, {2}, {3},
{2,3}} and I={0,{2}}. All possible functions from X to Y are defined by

fl(a) = 13 fl(b) = 27' f2(a) = 17 f2(b) = 37. f3(a’) = 27 f3(b) = 3; f4(a) = 27 f4(b) = 1; f5(a) =
3, f5(b) =1; fe(a) =3, fe(b) = 2; fr(a) =1, fr(b) =1; fs(a) =2, fs(b) =2; fo(a) =3, fo(b)=3.
Then, a basis of the point-open topology 7 on Y X is B, = {0, Y X {f3},{fe}, {fs}, {fo}, {f3, fa}: {fs, fol,
{fo. fs}, A fs, fok A fss fu, fs s s fos fo}o {f1s foo fs}o {f2, f3, fo b {f3. fo, f3, fo}, A fs: fa, f5, fe, [, fo},
{f1, f2, f3, fo, fs, fo} }-

A basis Of the pomt-Lw tOpOlOgy 7' on YX 18 67" = {YX,{flaf47f77f8}a{flaf27f3af47f77f8}a

{flaf47f57f67f77f8}}'
Here, f5 € {f3} € B but there exists no B’ € B,/ such that f5 € B' C {fs}. Thus, 7' is not finer than 7.

Again, f1 € {f1, fa, f7, fs} € B+ but there exists no B € B, such that f1 € B C {f1, fu, f7, fs}. Thus, T
is not finer than 7'.
Hence, point-open topology and point-Li topology of YX are not comparable.

Remark 4.2 Suppose 1 is an ideal on the topological space Y. Then, the point-Li topology on YX and
the point-y) topology [16] on YX are not comparable.

Example 4.4 We consider Example 4.3. Then, {(A): ACY} ={Y,{2},{2,3}} and {Cl(y»(4)) : A C
Y} ={Y,{1,2}}.

A basis of the point-ip topology 7 on Y™ is B = {Y X {fs}, {fs, fs}, {fe, fs}, {f1, fo: fa}, { fs: fu, [s},
{f3af67f8af9}7{fl7f27f3af67f8af9}a{f3af47f5af67f87f9}}'

A basis Of the pOmt‘Iﬂ/’ tOpOlOgy T/ on YX 18 BT' = {YX’{flvf47.f7a.f8}’{f17f27f3af47f77f8}a

{flaf47f5af67f7af8}}'
Here, fs € {fs} € B but there exists no B' € B,/ such that fs € B' C {fs}. Thus, 7' is not finer than 7.

Again, f1 € {f1, fa, 7, fs} € B+ but there exists no B € (3, such that f1 € B C {f1, fu, fz, fs}. Thus, T
is not finer than 7'.
Hence, the point-i) topology and the point-Li) topology of Y are not comparable.

Remark 4.3 Suppose I is a codense ideal on the topological space Y. Then, the point-Lip topology on
YX and the point-ipx topology on Y are not comparable.

Example 4.5 We consider Example 4.3 with T = {0, {1}}. Then, {(A*): A C Y} = {0,Y,{2},{3}}
and {CI(H(A) - A C Y} = {0.Y,{1,2}, {1,3}}

A basis of the point-Lip topology 7 on YX is B = {0,YX, {fzh, {fu, fr}, Ues Frbs U S s i},
{flaf27f7}’{f4’f57f7}7{f17f47f7?f8}7{f27f37f47f7}7{f1’f5af67f7}7{f2’f57f77f9}’{fl’f27f3’f4af77f8}7
{1, fas fs, fo, fro fo by Lf1s fas £, foo Jos S} A f2s f3, fas f55 fr, fo )}

A basis of the point-ipx topology ™' on YX is B = {0, Y X {fs}, {fs}, {fs}, {fo}, {f1, fo, f3}, {fos f3, fo},

{f3, fa, s} {5, fe, fo}}-
Here, f; € {f7} € B but there exists no B’ € B,/ such that f; € B' C {f;}. Thus, 7' is not finer than 7.

Again, f5 € {f3} € B but there exists no B € B, such that f3 € B C {fs}. Thus, T is not finer than 7'.
Hence, point-Lp topology and point-ipx topology on YX are not comparable.

Theorem 4.2 Let I is a codense ideal on the topological space Y. Given a point x € X and a subset A
of the topological space Y, let

Sila, Tn(A%)) = {f € YX | f(z) € In(A%)}.
The sets Si(z, A) form a subbasis for a topology on Y.
Proof: Let f € YX. Then, f € Si(z,Y) = Si(z, In(Y*) C U Si(x;, In(A})), where x; € X and A; C Y.
So, f € US(z;, In(A})). Thus, YX C |J Si(wi, In(A7)). Hence, the sets Sp(x;, In(A})) form a subbasis

for a topology on YX. O
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The topology generated by the above subbasis is called point-In* topology on Y X.

For a codense ideal space Y, the collection of dense sets and the collection of dense sets in the x
topology of Y are equal. Thus, the topology defined by the dense sets is equal to the topology defined
by the dense sets of the % topology of Y.

5. x function spaces

We have seen that function space can also be derived from the operators, closure, interior and their
mixed operators. If we replace the closure operator with % operator and interior with ¢ operator, then
we can get the similar topologies of the section 3. To do this, we go through the generalized open sets
defined by the * operator. These are fi-set [14], I-open set [13], b*-set [24] and almost I-open set [8].

For the ideal topological space Ix, a subset A of X is said to be fi-set (resp. I-open set, b*-set, almost
I-open set) if A C (InA)* (resp. A C (In(A*)), A C (InA)* U In(A*), A C Cl(InA")).

The collection of these sets are respectively denoted as f1O(Ix), IO(Ix), B*O(Ix) and ATIO(Ix).

For the function space Y, sets S(z, A) = {f € YX| f(z) € kO(Iy)}, where k € {f1,1, B*, AT} do not
form a topology on Y% in general. Because Y is not a member of kO(Iy'). Due to the above question,
we shall try to find way to determine the topologies on Y through kO(Iy ).

The condition Y* = Y gives some topologies on Y. This condition is a characterization of the
condition INY = {@}. Thatis, Y* =Y < 1InNnY = {0}.

Lemma 5.1 For the ideal topological space Ly, the sets &(x, A) = {f € Y| f(z) € A € kO(Iy)} form a
subbasis for a topology on YX, where INT = {0} and k € {f1,1, B*, AT}.

One can called these topologies along with the set YX by * function spaces. That is, for k = f, we
may supposed that YX is a xf space.

Next, we shall try to find out the converse part of the Lemma 5.1.

Suppose the sets &(z, A) = {f € YX| f(x) € A € IO(Iy)} form a subbasis for a topology on Y.
Then, for f € YX, there exists at least one (x, A) such that f € &(z,A). That is, f(z) € A €
I0(Iy) = f(z) € In(A*). Thus, there exists an open set Uy, € o(f(x),Y) such that Uy, C A*.
Then, for t € Uy(,), for all V; € o(t,Y), Vi N A ¢ 1. Hence, Up,y NV, NA ¢ 1= Uy ¢ 1. This does
not mean that TN o = {#}. Thus, we have:

Theorem 5.1 Let Iy be an ideal topological space and the sets £(x, A) = {f € YX| f(z) € A € 10(Iy)}
form a subbasis for a topology on YX. Then, for each f € Y, there exists an open set Upzy € o(f(x),Y)
such that Ug(yy ¢ 1.

Next, we suppose that the sets &(z, 4) = {f € YX| f(z) € A € fiO(Ily)} form a subbasis for a
topology on YX. Then, for f € Y, there exists at least one &(x, A) such that f € &(x, A). That
is, f(z) € A € fiO(ly) = f(z) € (InA)*. Thus, for all open sets U,y € o(f(z),Y) such that
Uf(x) NInA ¢l

Thus, for all open sets Uy () € o(f(2),Y), Ug(yy ¢ I. This does not mean that IN o = {0}. Thus, we
have:

Theorem 5.2 Let Iy be an ideal topological space and the sets £(z, A) = {f € YX| f(z) € A € fiO(1y)}
form a subbasis for a topology on YX. Then, INo = {0}.

Next, we suppose that the sets &(z, 4) = {f € YX| f(z) € A € B*O(Iy)} form a subbasis for a
topology on YX. Then, for f € YX, there exists at least one &(z, A) such that f € £(x, A). That is,
fx)e Ae B*O(Iy) = f(z) € In(A*) U (In(A))*.

1. If f(z) € In(A*), then we get the Theorem 5.1.

2. If f(x) € (InA)*, then we get the Theorem 5.2.
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3. If f(x) € In(A*)N (InA)*. Thus, there exists an open set U,y € o(f(z),Y) such that Uy, C A*
and for all open sets Vi,) € o(f(x),Y) such that Vi) N InA ¢ 1. This gives that for all Vy(,) €
o(f(z),Y), Vi) ¢ L. Therefore, INo = {0}.

Thus, we get the following result.

Theorem 5.3 Let Iy be an ideal topological space and the sets £(x, A) = {f € YX| f(z) € A€ B*O(Iy)}
form a subbasis for a topology on YX. Then, INo = {(}.

Now, we suppose that the sets &(z,A) = {f € Y¥| f(z) € A € AIO(Iy)} form a subbasis for a
topology on YX. Then, for f € YX, there exists at least one &(z, A) such that f € &(x, A). That is,
f(x) € A € AIO(ly) = f(z) € Cl(In(A*)). Thus, for all open sets Us,) € o(f(x),Y) such that
Ufe) NIn(A*) # 0. Let t € Upyy NIn(A*), then t € Up(,) and there exists an open set V; € o(t,Y) such
that V; C A*. Therefore, for all open set W; containing ¢ such that W; N A ¢ 1. Therefore, for all open
sets Up(y) € 0(f(x),Y), Usz) ¢ I and hence INo = {0}.

Thus, we get the following result.

Theorem 5.4 Let Iy be an ideal topological space and the sets £(x, A) = {f € YX| f(z) € A € AIO(Iy)}
form a subbasis for a topology on YX. Then, INo = {0}.

We learnt from [16], the sets £(z, A) = {f € Y| f(x) € Cl(A)} form a subbasis for a topology on
YX. If we replace the closure operator with the local function then we get following:

Lemma 5.2 For the ideal topological space Iy, the sets &(x, A) = {f € YX| f(z) € A*} form a subbasis
for a topology on YX, where 1N o = {0}.

For the converse of the Lemma, we suppose that the sets £(x, A) = {f € YX| f(z) € A*} form a
subbasis for a topology on YX. Then, for f € Y, there exists at least one &(z, A) such that f € &(z, A).
That is, f(x) € A*. Thus, for all Us,) € o(f(2),Y), Upay N A ¢ I. Thus, INo = {0}. Thus, we have
the following Theorem:

Theorem 5.5 Let Iy be an ideal topological space. Then, the sets &(x, A) = {f € YX| f(z) € A*} form
a subbasis for a topology on YX if and only if INo = {(}.

If we replace the operators ‘Interior’ and ‘Closure’ with the operators ‘¢p’ and * and their mixed
operators in the above Theorems, then we have also reached various topologies on YX. Actually, for
obtaining the topologies on Y, our aim will be, can functional value cover the set Y? The answer will
be the following operators:

($(A)” € ((Y)" CY; (¥(A7) € (0(Y7)) € V5 ((A%))" CY; Cl(y(Y)) S Y5 Int((¢(Y))") €Y.

Therefore, following sets form topologies on YX.

Lemma 5.3 Let Iy be an ideal topological space and 1 does not contain non-empty open sets. Then,

1. the sets &(x, A) = {f € YX| f(z) € (¢¥(A))*} form a subbasis for a topology (called point-+i
topology) on Y X [Proposition 4.2].

2. the sets &(z, A) = {f € YX| f(x) € (¥(A*)} form a subbasis for a topology (called point-i)x
topology) on Y [Lemma 4.1].

3. the sets £E(x, A) = {f € YX| f(z) € (¥ (A%)) U (¥(A))*} form a subbasis for a topology (called
point-*x¥ topology ) on YX.

4. the sets £(x, A) = {f € YX| f(z) € (W(A*))*} form a subbasis for a topology (called point-+¥"
topology) on YX.

5. the sets £(z,A) = {f € YX| f(x) € Cl(x(A))} form a subbasis for a topology (called point-L
topology) on Y X [Theorem 4.1].
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6. the sets &(z, A) = {f € YX| f(z) € In((v(A))*)} form a subbasis for a topology (called point-Ini)*
topology) on YX.

e Since (Y (A))* # (¥(A*)), (¥(A))* not subset of (¢»(A*)) and (¢»(A*)) not subset of ((A)) , point-
*1) topology and point-* topology are not comparable.

e Due to the relations, (¢(A4))* C (¥(A))* U (¢(A*)) and (¢(A4*)) C (v(A))* U (¢(A*)), point-p**¥
topology is finer than both the point-*t topology and point-y* topology.

e Due to In(¢(A))* C (¢v(A))* C Cl(y(A)), point-p topology is finer than point-Iny* topology and
point-L1) topology is finer than point-*1) topology. However, N7 = {(}} <= point-L topology
and point-x1) topology coincide.

Now, the question is, Does the sets £(x, A) = {f € Y¥| f(x) € A*} form a subbasis for a topology on
Y without meeting the condition TN ¢ = {()} ? In this purpose, we will find a subset A of Y such that
A* =Y. If we consider an I-dense set A in Iy, then A* =Y that is for all f and each x € X, f(z) € A*
implies for all Us(,) € o(f(2),Y), Upy N A ¢ L If the sets {(z,A) = {f € Y| f(z) € A*} form a
subbasis for a topology on Y X, then from above that 1N A = {()}. Again, if we consider that *-dense in
itself set in Iy, and the sets &(z, A) = {f € YX| f(z) € A*} constitute a subbasis for a topology on Y,
then again we reach the condition INo = {0}.

6. Conclusion

In this paper, it is emphasized that how the non-closure and non-interior operators can made several
topologies on Y. Their mixed operators are also took a role in this regard. But, local function and
1-operator are not the interior and closure operator, but they participated to discuss topologies on YX.
It is mentionable that these operators followed the nature of associated set-valued set function [23].

References
. Al-omari, A. and Noiri, T., Local closure functions in ideal topological spaces, Novi Sad J. Math. 12(2), 139-149, (2013).
. Andrijevic, D., Semi-preopen sets, Mat. Vesnik 38, 24-32, (1986).
. Andrijevic, D., On b-open sets, Mat. Vesnik 48, 59-64, (1996).

B~ W N -

. Arhangel’skii, A. and Tkachenko, M., Topological groups and related structures, Springer Science and Business Media,
2008.

5. Bandyopadhyay, C. and Modak, S., A new topology via ¢-operator, Proc. Nat. Acad. Sci. India 76(A)(IV), 317-320,
(2006).

6. Dontchev, J., Idealization of Ganster-Reilly decomposition theorems, arXiv:math/9901017v1 [math.GN], 5 Jan 1999.
7. Dontchev, J., Ganster, M. and Rose, D., Ideal resolvability, Topol. Appl. 93, 1-16, (1999).

8. El-Monsef, M. E. A., Mahmoud, R. A. and Nasef, A. A., Almost-I-openness and almost-1 continuity, J. Egypt. Math.
Soc. 7(2) (1999), 191-200.

9. El-Monsef, M. E. A., El-Deeb, S. N. and Mahmoud, R. A., 8-open sets and (B-continuous mappings, Bull. Fac. Sci.
Assiut Univ. 12, 77-90, (1983).

10. Hamlett, T. R. and Jankovié, D., Ideals in topological spaces and the set operator 1, Bull. U. M. 1. 7(4-B), 863-874,
(1990).

11. Hashimoto, H., On the x-topology and its applications, Fundam. Math. 156, 5-10, (1976).
12. Jankovié, D. and Hamlett, T. R., New topologies from old via ideals, Amer. Math. Monthly 97(4), 295-310, (1990).
13. Jankovié, D. and Hamlett, T. R., Compatible extensions of ideals, Boll. U.M.I. 7(6-B), 453-465, (1992).

14. Keskin, A., Noiri, T. and Yuksel, S., f; -sets and decomposition of R;C-continuity, Acta Math. Hungar. 104, 307-313,
(2004).

15. Khatun, K., Al-omari, A. and Modak, S., Compactification on *-topology, Poincare Journal of Analysis & Applications
10(2), 349-358, (2023).

16. Khatun, K. and Modak, S., Topologies on the function space YX with values in a topological group, Ural Mathematical
Journal 11(1), 77-93, (2025).

17. Kuratowski, K., Topology I, Warszawa, 1933.



10

18.

19.

20.
21.

22.
23.

24.

25.
26.
27.

28.

K. KHATUN, S. MODAK, M. HOSSAIN AND S. MISTRY

Levine, N., Semi-open sets and semi-continuity in topological spaces, The American Mathematical Monthly 70(1),
36-41, (1963).

Mashhour, A. S., El-Monsef, M. E. A. and El-Deeb, S. N., On precontinuous and week precontinuous mappings, Proc.
Math. Phys. Soc. Egypt. 53, 47-53, (1982).

Modak, S., Remarks on dense set, International Mathematical Forum 6(44), 2153-2158, (2011).

Modak, S., Some new topologies on ideal topological spaces, Proc. Natl. Acad. Sci., India, Sect. A Phys. Sci. 82(3),
233-243, (2012).

Modak, S. and Bandyopadhyay, C., A note on -operator, Bull. Malays. Math. Sci. Soc. 30(1), 43-48, (2007).

Modak, S. and Selim, Sk., Set operator and associated functions, Commun. Fac. Sci. Univ. Ank. Ser. A1 Math. Stat.
70(1), 456-467, (2021).

Modak, S., Selim, Sk. and Islam, Md. M., Sets and functions in terms of local function, Al-Qadisiyah Journal of Pure
Science 27(1), 91-102, (2022).

Munkres, J. R., Topology, Second FEdition, Prentice Hall, Inc., 2000.
Natkaniec, T., On I-continuity and I-semicontinuity points, Math. Slovaca 36(3), 297-312, (1986).

Newcomb, R. L., Topologies which are compact modulo an ideal, Ph.D. Dissertation, Univ. of Cal. at Santa Barbara
(1967).

Tyagi, B. K. and Luthra, S., Open-point and bi-point open topologies on continuous functions between topological
(spaces) groups, Mat. Vesnik 74(1), 56-70, (2022).

Kulchhum Khatun,
Department of Mathematics,

University of Gour Banga,
India.
E-mail address: kulchhumkhatun123@gmail.com

and

Shyamapada Modak,
Department of Mathematics,

University of Gour Banga,
India.
E-mail address: spmodak2000@yahoo.co.in

and

Mosaddek Hossain,
Department of Mathematics,

Raiganj University,
India.
E-mail address: mosaddekugb@gmail.com

and

Sukalyan Mistry,

Department of Mathematics,

Alipurduar University,
India.

E-mail address: sukalyan.mistry@gmail.com



	Introduction
	Preliminaries
	Function spaces via generalized open sets related operators
	Role of ideals to make topologies on YX
	* function spaces
	Conclusion

