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The generalized fixed point theorem in fuzzy metric spaces and its application to an
integral equation
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ABSTRACT: This paper presents a generalized fixed-point theorem in fuzzy metric spaces using an implicit
relation to unify different contraction types. Based on continuous t-norms, the result extends previous work
and includes corollaries demonstrating its generality. The approach simplifies analysis by eliminating separate
proofs for each contraction type, while an application to integral equations demonstrates its practical utility,
guaranteeing existence and uniqueness of solutions under specific conditions.
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1. Introduction

Fuzzy metric spaces, introduced by Kramosil and Michalek in 1994 [5], represent a significant ad-
vancement in the study of metric spaces. These spaces combine the flexibility of fuzzy sets and metric
spaces. Later George and Veeramani in 1994 [1] modified the definition and obtain a Hausdorff topology
for this kind of fuzzy metric spaces.

A key component of fuzzy metric spaces is the concept of a continuous ¢-norm. Recall that a binary
operation T : [0,1] x [0,1] — [0, 1] is called a continuous t-norm if it satisfies the following properties:

e Associativity and commutativity,

e Continuity,

e T'(a,1) =a for all a € [0,1],

e T(a,b) <T(c,d) whenever a < c and b < d.

Classic examples of continuous ¢-norms include:

e The product t-norm: Tp(a,b) =a- b,

e The minimum ¢-norm: Tinin(a, b) = min{a, b},

e The Lukasiewicz t-norm: T, (a,b) = max{a+b—1,0}.

Building on this foundation, the authors of [3] introduced the notion of an H-type t-norm. This is
defined using the operator T, : [0, 1] — [0, 1], where:

Ti(z) =T(x,2), Tpt1(x) =T (Tn(z),z), neN, zel0,1].
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A t-norm T is said to be of H-type if the family {7, (x)},en is equicontinuous at x = 1. While Tiyi,
serves as a simple example of an H-type t-norm, more complex examples can be found in [3].

Furthermore, Klement et al. [7] demonstrated that any ¢-norm T can be uniquely extended to an
n-ary operation. For (z1,...,2,) € [0,1]™, this extension is defined as:

T 2 =21, TN lmz—T(T 1xz7xn):T(:1c1,x2,...,xn).

Moreover, they proved that T can be extended to a countable infinite operation. For any sequence
(Zn)nen in [0,1], the value is given by:

T2 x; = lim Tt x;.
n— oo

The authors of [4] further established that for a sequence (2, )nen C [0,1] with lim =z, =1, and for an
n—oo

H-type t-norm T, the following holds:

3 o0 : o0
lim T;° x; = lim T2 xpys = 1.
n—oo n— oo

A fuzzy metric space is defined as a 3-tuple (X, M, T'), where:

e X is a non-empty set,

e T is a continuous t-norm,

e M is a fuzzy set on X x X x (0, 00).

The fuzzy metric M satisfies the following axioms for all z,y,z € X and t,u > 0:
) M(z,y,t) >0,

) M(z,y,t) =1 if and only if x = y,

) M(z,y,t) = M(y,z,t),

) M(z,z,t+u) > T (M(z,y,t), M(y, 2, u)),
) M(

SRS

(
(
(
(
( x,y,-) : (0,00) = (0,1] is continuous.

n [2] Grabiec proved that M (z,y,.) is nondecreasing for all z,y € X.
In 2004, the authors of [9] established that the fuzzy metric is a continuous function on X x X x (0, 00).
As explored in [6], it is often assumed that the fuzzy metric satisfies the additional property:

(Ms) : tll>ngo M(z,y,t) =1.

Using the property (Mg) the same authors obtained the following Lemma.
Lemma 1.1 If for some k € (0,1) and z,y € X,

M2 M (2 p). ¥>0 (1)

then x = y.

This paper introduces a generalized fixed-point theorem in fuzzy metric spaces, using an implicit
relation to unify different contraction types. The approach simplifies analysis by eliminating the need for
separate proofs for each contraction type.

Based on continuous t-norms (particularly H-type), the result extends previous work and is accom-
panied by corollaries demonstrating its generality. An application to an integral equation demonstrates
its practical utility, guaranteeing the existence and uniqueness of solutions under specific conditions.

In the rest of this paper, we will use the following notations: N = {1,2,3,...} and Ny = {0,1,2,3,...}.

The authors of [8] established the following key lemma:
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Lemma 1.2 Let (z,) be a sequence in a fuzzy metric space (X, M, T). If there exists k € (0,1) such that
t
M(zp, Tpy1,t) > M (xnl,mn, k) , t>0, neN,
and if the following condition holds:

1
lim T2, M (xg,xl, i) =1, pne(0,1), (1.2)
W

n—oo
then (z,,) is a Cauchy sequence.

2. Main results

We begin by stating assumptions about the implicit relation, which generalize the specific types of
contractions.
Let T be a continuous t-norm and k € (0,1). Consider a function ¢ : (0,1]° — R, defined as:

(t1,t2,t3,ta,t5,t6) = P k(t1, t2,t3,ta, b5, t6).
We impose the following conditions on ¢ :
(H1) ¢r1, is continuous with respect to ¢y, to, t4, t5, and ts.
(Hz2) ¢r.1 is nonincreasing in the variables ¢5 and tg.

(H3) There exists o € (0,1) such that: for all nondecreasing functions u,v : (0,00) — (0, 1], we have:

1.k (u(kt),v(t),u(t),v(t),T <u <;) v (;)) ,1) >0

or

b1 (u(kt)m(t),v(t),u(t), 1T <u (;) v (;))) >0

= u(at) > min{u(t),v(t)}.

(Hy) For all function u : (0,00) — (0, 1], we have

o (u(kt),u(t), 1,1, u(t),u(t)) >0 = u(kt) > u(t).

Example 2.1 ¢T7k(t1,t2,t3,t4,t5,t6) = tl — Il'lil’l{tg, t3, t4,t5,t6}, where T = Tmin (md k‘ (S (O, %)

Lemma 2.1 Let (X, M,T) be a fuzzy metric space, and let f,g: X — X be two mappings. Assume that
there exists k € (0,1) such that:

o1k (M(fz, gy, kt), M(z,y,t), M(fx,2,t), M(gy,y,t), M(fz,y,t), M(gy,2,t)) >0, V(z,y) € X>.
(2.1)
Furthermore, suppose that the conditions (Hs) and (Hs) hold. Then, if fx = x, it follows that gx = x,
and conversely.

Proof. Assume that fz =z. By (2.1), we have
o (M(fz, gz, kt), M(x,x,t), M(fz,z,t), M(gz,z,t), M(fz,z,t), M(gz,z,t)) > 0.

This simplifies to:
o1k (M(z, gz, kt), 1,1, M(gz, z,t),1, M(gx, x,t)) > 0.
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Using (H3), we deduce that:

t
¢T,k (M($,gl’7kt), ]-7 1,M(g$,$,t)7 13M (g&x, 2)) > 0.

Now, by wusing (Hs) with w(t) =  M(gx,z,t) and ov(t) = 1, we infer that
M(gzx,z,at) > min{M (gz,z,t),1} = M(gz,z,t), then from Lemma 1.1, it follows that gz = x.
The same reasoning applies if gz = x.

Theorem 2.1 Let (X, M,T) be a complete fuzzy metric space, and Let f,g : X — X be two mappings
satisfying (2.1) with ¢ry = (0,11 — R is a function satisfying the conditions (Hi),(Hz), and (Hs).
Assume that there exists xg € X such that:

1
lim 7.2 M (wo,fxo, W) =1, we(0,1). (2.2)

n—0o0

Then, f and g have a unique common fized point x € X.

Proof. Existence: According to Lemma 2.3, it is enough to establish that f or g has a fixed point.
Let g € X, xap41 = fxon, and Top42 = gTont1, n € Ny.
For each n € N, using the hypothesis (2.1), with = 2, and y = z3,_1, we get the following:

bk M (fxon, gTan—1,kt) , M (Ton, Tan—1,t) , M (fxon, Tan,t), >0
’ M (g$2n—17 Toan—1, t) , M (fx2na Ton—1, t) M (g$2n—1; Ton, t) =

This simplifies to:

¢T A M (:L'Qn—i-la Ton, kt) 7M (ZQna Toan—1, t) 9 M (xZn—O-la Ton, t) 9 >0
’ M (2on, Tan—1,t) , M (241, Tan—1,t) , M (T2n, Ton, t) )

Using (Hz), we deduce that:

¢Tk- M($2n+l7x2nakt)7M(m2n7x2n—17t)aM(x2n+17x2n7t)a > 0
’ M (33271; Toan—1, t) 7T(M(x2n+1a T2on, %)7 M(x2n7 Toan—1, %))7 1 =

By hypothesis (Hs), it follows that:

M (22n41, Ton, at) > min{M (241, T2n,t) , M (T2n, T2n—1,1)}. (2.3)
On the other hand, in the same way, by using (2.1), with x = x9,, and y = xa,+1, we obtain for each
n e Nol

¢Tk M(fx2nagx2n+lakt) 7M(I2nvx2n+1at) 7M(fx2n71'2n7t) ) >0
’ M (922n+1,T2ns1,t) , M (fron, Tons1,t) s M (9T2n41, Ton,t) ) =

This simplifies to:

b1k M (2on+1, Tant2, kt) , M (Ton, Tant1,t) s M (Tons1, Tan, t) , >0
' M (zon+42, Tont1,t) s M (Tang1, Tang1,t) , M (242, Ton,t) ) =

Using (H2), we deduce that:

¢T X M (x2n+1a T2n+2, kt) ) M (IQna T2n+1, t) ) M (IQn—Q—la T2n, t) ’ >0
’ M($2n+27x2n+1at) 717T(Mx2n+2;x2n+1a %)7M(1'2n+17x2na %) -7

By hypothesis (Hj), it follows that:

M ($2n+17x2n+2aat) Z I’l’lln{M (x2n,$2n+lat) 7M(x2n+1>$2n+27t)}' (24)
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We distinguish three cases:
Case 1: If, for some n, we have M (zo,, Ton—1,t) > M (x2541,Zan,t), then by (2.3) we have:

M (zon+41, Ton, at) > M (Ton41, Tan, t) ,

which, by Lemma 1.1, implies that o, = z2,4+1 = fz2,, and therefore xo, is a fixed point of f.
Case 2: If, for some n, we have M (xoy,, Topt1,t) > M (Tant1, Tonta,t), then by (2.4) we have:

M (zant1, Tant2, at) > M (Tont1, Tant2, t),

which, by Lemma 1.1, implies that 4,11 = 242 = gT2n+1, and hence o, 41 is a fixed point of g.
Case 3: For each n we have M (za,,Ton-1,t) < M (Xoni1,2Zan,t) and M (Zan, Toni1,t)
< M (2241, Tant2,t), then by (2.3) and (2.4) we have:

M (x2n+1ax2n; Oét) Z M ($2n7x2n—17t) ) vn S N

M (z2n41,Tany2,at) > M (T2,, T2nt1,t),  Vn € No.

Therefore,
M(zp, Tpy1,0t) > M(xp—1,2,,t), VneN.

From Lemma 1.2, we deduce that (z,,) is a Cauchy sequence. Since (X, M,T) is a complete space, then,
the sequence (z,) converges to some point z € X. Next, we show that

fr =1z =gz
According to (2.1), with y = x9,_1, we have:
o1 (M (fx,gron—1,kt), M (z,z2n-1,t) , M (fx,x,t),
M (gxon—1,2on—1,t), M (fx,xon_1,t), M (922n—_1,2,t)) > 0.
This simplifies to:
o1 (M (fz,xon, kt) , M (2, zon—1,t), M (fz,z,t), M (xon, Ton—1,t) , M (fr,x20-1,t) , M (220, x,1)) > 0.

Using (Hs), we deduce that:

> 0.

(b M(fx,l'gn,kt),M(ZL’,ZCQn_l,t),M(fZE,IIZ,t),
Tk M (x2n7$2n—17t) aT (M (fl‘vxa %) 7M (l',SCQn_l, %)) 7M($27L7x7t)

Taking limits as n — oo and using (Hy), we get:

¢T,k (M(fx,kat)a]-vM(fxax7t)v]-aM(fxax7;> a1> ZO

Now, by applying (Hs), with w(t) = M(fz,x,t), and v(t) = 1, we see that M(fz,z,at) >
min {M(fz,z,t),1)} = M (fz,z,t), it follows from Lemma 1.1 that fz = x, and from Lemma 2.1,
x = gx. That is, x is a common fixed point of f and g.

Unicity: Suppose that there exists y € X, another common fixed point of f and g. Then, we have:

(bT,k (M(fx,gy,kt),M(J;,y,t),M(fx,x,t),M(gy,y,t),M(fx,y,t),M(gy,x,t)) > 0.

This simplifies to:
¢T,k (M(J?, Y, kt)v M(xa Y, t)v 1a la M(.T, Y, t)a M(Z/) z, t)) 2 0.

Applying (Hy), we obtain M (z,y, kt) > M (z,y,t). Then, by Lemma 2.1, z = y.
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Corollary 2.1 Let (X, M,T) be a complete fuzzy metric space, and let f,g: X — X be two mappings.
Assume that there exists k € (0,1) such that for all z,y € X:

M(fz, gy, kt) = M(z,y,1),
and the condition (2.2) is satisfied. Then, f and g have a unique common fized point x € X.
Proof. Apply Theorem 2.1, with
O k(ti, o, ta, ta, ts, tg) = t1 — to.
Example 2.2 Let X = [0,1], and M : X x X x (0,00) — (0,1] by:

t

M(z,y,t) = Pyl

Then (X, M,T,) is a complete fuzzy metric. Define f,g: X — X by fo =gz = %x, z € X. We have
t
M(famgy,t) Z M <xayvk) )

where 0 < k = % < 1. Since Z; (1 — m) < o0, for all zg € X. Therefore, all conditions of
Corollary 2.1 is fulfilled, then, } and g have a unique common fixed point in X .

Remark 2.1 By taking f = g in Corollary 2.1, we obtain the Banach fixed-point theorem in the setting
of a fuzzy metric space.

Corollary 2.2 Let (X, M,T) be a complete fuzzy metric space, and let f,g: X — X be two mappings.
Assume that there exists k € (0,1) such that for all z,y € X:

M(fz, gy, kt) > min{M (z,y,t), M(fz,z,t), M(gy,y.1)},
and the condition (2.2) is satisfied. Then, f and g have a unique common fized point x € X.
Proof. Apply Theorem 2.1, with
o1k (t1, b, ts, ta, b5, t6) = t1 — min{ta, t3, 4}
The following Corollary generalizes Theorem 2 in [8].

Corollary 2.3 Let (X, M, T = Tynin) be a complete fuzzy metric space , and let f,g : X — X be two
mappings. Assume that there exists k € (O, %) such that for all x,y € X:

M(fz,gy, kt) 2 min{M (z,y,t), M(fz,z,t), M(gy,y,t), M(fz,y,t), M(gy,z,t)},
and the condition (2.2) is satisfied. Then, f and g have a unique common fized point x € X .
Proof. Apply Theorem 2.1, with

dr.k(t1, 2, 3, ta, t5, t6) = t1 — min{ta, t3,ta, t5, t6 }.

Example 2.3 Let (X = [0,1], M, Tpnin) be a complete fuzzy metric space with M (x,y,t) = m We
define f,g: X — X by fx =3, and gv = §, © € X. In this case, we have
M(fr.at)= — Mgy,y,1) = —— M(fa,00.6) = —
L, Ty0) = 7% 7 99, 9,0) = 71 T, 9Y,0) = 1% g
e T T

for all x,y € X. We prove that:
M(fx,gy, kt) > min{M (z,y,t), M(fz,z,t), M(gy,y,t), M(fz,y,t), M(gy,z,t)}

holds for each x,y € X, where k = %
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1. Ifx < %, then
T _y|_y_¢z l(g_)<1 RN T
376 "6 3 3l *)s3W-2)=3-al
Which implies that:
t t
t+ |2 —Y T t+ iy —a

Consequently, we obtain:

t
M(fxagyvt) 2 M (5157:% k)

o)}

t t t
zmin{M<xayak_>aM(fxax7k)3M<gyay7k>aM(f‘r7yak
2. If x> %, we have M(gy, x,t) = - L i Then
6£L'
z y x y 1 Y 1 Yy 1 Y
[ EHCR |
3 6 3 6 3 2 3 6 3 6
Which implies that:
t t
T y Z 1|y :
t+§—% " t+3]§ -2
Consequently, we obtain:
t
M(fxagyvt)ZM gyaxaE
>mind M (2, L) 0 (foe, L) 0 Yo (fey b)) 4
— min x? y7 k ) x7z7 k 9 gy’ y? k 7 z?y? k/’ ) gy7$7 k N

Since k = % € (O, %), and the condition (2.2) is satisfied (because Tynin is of H-type). Therefore, all
conditions of Corollary 2.3 are satisfied, then, f and g have a unique common fixed point in X.

Corollary 2.4 Let (X,M,T > T,) be a complete fuzzy metric space, and let f,g : X — X be two

mappings. Assume that there exists k € (0, %) such that for all x,y € X:

M(fz, gy, kt) > min {M(x,ynf)» M(fz,z,t), M(gy,y,t), vV M(fz,y,t), \/M(gy,x,t)} :

and the condition (2.2) is satisfied. Then, f and g have a unique common fized point x € X.

Proof. Apply Theorem 2.1, with

o1k (t1, ta, ts, ta, b5, t) =ty — min {t2, 3,14, V15, v/t6 } -

3. Application

Consider X = C([a,b],R), where a,b € R and a < b the space of all continuous functions defined on

I =a,b], and define M : X x X x (0,00) = R by

telo,1

M(z,y,t)=e

sup 1o(0)=y(0)]
forall z,y € X, t>0.

t
)

Then (X, M, T,) is a complete fuzzy metric space.
Now consider the integral equation:

b
z(u) = )\/ flu,v,z(v))dv+g(u), foralluel, and z € X,

(3.1)
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where f: I x I x R — R is a continuous function, g : I — R, and A > 0.
For the above integral equation, define the operator F' : X — X by

b
Fz(u) = )\/ flu,v,z(v))dv+g(u), wuel.

Our hypotheses are as follows:
(A) There exists a continuous function 5 : I x I — (0,00) such that

|f(u,v,7) — fu,v, )| < n(u,v)|r —r'|, for all u,v € I, and r,7" € R.
(B)

b 1
sup/ n(u,v)dv < —.
ucl A

Under assumptions (A) and (B), the integral equation (3.1) has a unique solution in X.
It is clear that any fixed point of the operator F is a solution of (3.1). By conditions (A) and (B),
we have:

sup |Fa(u) - Fy(u)] < sup / M (a0, 2(0)) — Af (0, ()] do

u€la,b] u€la,b]

<X sup / 0w, 0)](v) — y(v)] do

u€la,b]

b
<X sup / n(uv)dv sup [z(v) — y(o)

w€la,b] v€Ela,b]

=k sup |z(v) —y(v),

vEla,b]
where k = A sup f[f n(u,v) dv.
u€la,b]
Consequently, we obtain:
sup | Fa(u)=Fy () kosup Je()=y(o)]
w€la,b] v€Ela,b]
e [ >e T
That is
t
M (Fz, Fy,t) > M (xy k) :
— sup |zo—Fzolu®
Since 0 < k < 1, and the condition (2.2) is satisfied, indeed Y [ 1 —e u€lat is convergent,

i>1
for all xg € X. Thus, all the conditions of Corollary 2.1 are satisfied with, ' = f = g. Then F has a
unique fixed point in X, which implies that the integral equation (3.1) has a unique solution in X.
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