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Fixed Point results in b-Metric Spaces Using Meir-Keeler Contraction with Application to
the Dynamic Behavior of a Multispan Uniform Continuous Beam

Surjeet Singh Chauhan(Gonder), Vishal Gupta∗ and Kanika Rana

abstract: In this paper, we establish some new fixed-point results in the framework of b-metric spaces
by utilizing Meir-Keeler type contractions. An illustrative example is provided to confirm the validity of the
established theorems. Furthermore, to demonstrate the applicability of our findings, the obtained results are
applied to solve a Volterra integral equation, which is used to analyze the dynamic behavior of a multispan
uniformly continuous beam. The presented solution highlights the practical relevance of our theoretical results
in mathematical modeling and engineering applications.
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1. Introduction

Metric fixed point theory is a broad field of study with numerous applications. Many nonlinear
problems in practical mathematics can be reduced for solving nonlinear functional equations, which can
be expressed in terms of locating the fixed points of a given nonlinear operator of an infinite dimensional
function space A into itself. One of the most renowned result in theory of fixed point is known as Banach
contraction theorem (BCP) which was introduced by Banach [3] in 1922. Assuming a complete metric
space A and H : A→ A satisfying the following conditions for 0 < δ < 1, such that for every ψ, ϕ ∈ A,

d(Hψ,Hϕ) ≤ δd(ψ, ϕ).

This result has been extended in different types of metric space, see [5,6,7,14,18,21,27,28]. Bakhtin [2]
generalised Banach’s contraction principle in 1989. In fact, he introduced the notion of a b-metric space
and generalize several fixed point theorems for contractive mappings in b-metric spaces. Czerwik [8] later
proved the results of b-metric space in 1993.

Definition 1.1 [8] Consider, A be a non-empty set and l ≥ 1 be a real number. A mapping bσ :
A×A→ [0,∞) is considered as b-metric if it fulfills the following conditions for each ψ, ϕ, ρ ∈ A:

1. bσ((ψ, ϕ) = 0 for each ψ = ϕ;

2. bσ(ψ, ϕ) = bσ(ϕ, ψ);

3. bσ(ψ, ρ) ≤ l[bσ(ψ, ϕ) + bσ(ϕ, ρ)].

The pair (A, bσ) is a b-metric space.

Example 1.1 [8]
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1. Consider, A := lp(R) with 0 < p < 1, where lp(R) = {{ψn} ⊂ Rst.
∑∞
n=1 | ψnp |<∞}.

Define bσ : A×A→ R+ as:

bσ(ψ, ϕ) = (
∑∞
n=1 | ψn − ϕn |p)

1
p ,

where ψ = {ψn};ϕ = {ϕn} (see [19,9] [4]). Then bσ is a b-metric space with coefficient l = 2
1
p .

2. Let A := Lp[0, 1] be the space of all real functions ψ(t), t ∈ [0, 1] such that all real functions

ψ(t), t ∈ [0, 1] for which
∫ 1

0
| ψ(t) |p <∞ with 0 < p < 1.

Define d : X ×X → R+ as:

bσ(ψ, ϕ) = (
∫ 1

0
| ψ(t)− ϕ(t) |p dt)

1
p ,

then bσ is a b-metric space.

Definition 1.2 [20] Let (A, bσ) be a b-metric space. A sequence {ψn} in A is:

1. Cauchy iff bσ(ψn, ψm) → 0 as n,m→ ∞;

2. Convergent iff there exist ψ ∈ A such that d(ψn, ψ) → 0 as n→ ∞ and limn→∞ ψn = x;

3. complete if every Cauchy sequence is convergent.

In 1969, Meir-Keeler [26] obtained a new and generalised version of BCP known as Meir-Keeler
contraction, which contributes the below definition;

Definition 1.3 [26] Let A be a complete metric space and let h : A→ A fulfills the below conditions:

Given ϵ > 0, there exists δ > 0 for which

ϵ ≤ d(ψ, ϕ) < ϵ+ δimpliesd(hψ, hϕ) < ϵ. (1.1)

Then, h has a unique fixed point ζ. Moreover, for any ψ ∈ A,

limn→∞h
nψ = ζ, (1.2)

where, hnψ is the nth iteration of h at a point ψ.
The related results have been modified in a different manner, see [1,10,11,12,13,14,15,16,17,22,23,24,

25,29].

2. Main Result

First we will define the following lemma.

Lemma 2.1 Consider (A, bσ) be a complete b-metric space with l ≥ 1 and let h, g : A → A be two
self-maps such that h(ψ) ⊆ g(ψ). If ϕn = hψn = gψn+1 and ϕn ̸= ϕn+1 for every n ∈ N satisfies

bσ(ϕn, ϕn+1) < λbσ(ϕn−1, ϕn)

for all n ∈ N , where λ ∈ (0, 1), then ϕn ̸= ϕm, whenever n ̸= m.

Now, we will prove our main result.

Theorem 2.1 Suppose (A, bσ) be a b-metric space with l > 1 and let h, g : A→ A be two self-maps such
that h(ψ) ⊆ g(ψ), and one of the subset of A is complete. Consider the following conditions, holds for
each ϵ > 0 there exists δ > 0 for which,

ϵ ≤ bσ(gψ, gϕ) < ϵ+ δ implies lbσ(hψ, hϕ) < ϵ and hψ = hϕ whenever gψ = gϕ. (2.1)

Then h and g have a unique point of coincidence, say ω ∈ A. Moreover, if h and g are weakly compatible,
then they have a unique common fixed point in A
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Proof: By using (2.1) for all ψ, ϕ ∈ A and gψ ̸= gϕ,

lbσ(hψ, hϕ) < bσ(gψ, gϕ). (2.2)

Consider, ψ0 ∈ A be an arbitrary point, since h(A) ⊆ g(A), choose sequence {ψn} and {ϕn} in A such
that ϕn = fψn = gψn+1, n = 0, 1, 2, ...
if ϕn+1 = ϕn for some n = p ∈ N , then gϕp+1 = ϕp = yp+1 = hψp+1, so h and g have a common
coincidence point. Therefore, we consider ϕn+1 ̸= ϕn for each n ∈ N .
Using (2.2) and taking ψ = ψn+1, ϕ = ϕn, we get,

lbσ(ϕn, ϕn+1) < bσ(ϕn−1, ϕn). (2.3)

Since, l > 1, {bσ(ϕn, ϕn+1)} is a decreasing sequence, therefore

lim
n→∞

bσ(ϕn, ϕn+1) = 0. (2.4)

By using (2.3) and(2.1), we get ϕn ̸= ϕm, for n ̸= m
Now using (2.2) and taking ψ = ψn+k, ϕ = ϕm+k, we get

lkbσ(ϕn+k, ϕm+k) < bσ(ϕn, ϕm). (2.5)

Next, to show {ϕn} is a Cauchy. For any ϵ > 0, choose N such that, n ≥ N , for which

bσ(ϕn+1, ϕn) ≤
ϵ− ϵ

l

1+l

Put K(ϕN , ϵ) = {ϕ ∈ {ϕn} : bσ(ϕ, ϕN ) ≤ ϵ}.
Now, define Q : {ϕn} → {ϕn} by Q(ϕn) = ϕn+1. If ϕm ∈ K(ϕN , ϵ) with m > N , then ϕm ̸= ϕN ,

bσ(Q
2ϕm, ϕN ) ≤ l

(
bσ(Q

2ϕm, Q
2ϕN ) + bσ(Q

2ϕN , ϕN )
)

= l
(
bσ(ϕm+2, ϕN+2) + bσ(ϕN+2, ϕN )

)
≤ l

(
bσ(ϕm+2, ϕN+2) + bσ(ϕN+2, ϕN+1) + bσ(ϕN+1, ϕN )

)
≤ l

(
1

l2
bσ(ϕm, ϕN ) +

(
1

l
+ 1

)
bσ(ϕN+1, ϕN )

)
=

1

l
bσ(ϕm, ϕN ) + l

(
1

l
+ 1

)
bσ(ϕN+1, ϕN )

≤ ϵ

l
+ (1 + l) ·

ϵ− ϵ
l

1 + l
= ϵ.

That is, Q2 maps K(ϕN , ϵ) into itself. Since, ϕN+1 ∈ K(ϕN , ϵ), then, ϕN+2 ∈ K(ϕN , ϵ).
Therefore, using (2.5) and triangular inequality,

bσ(ϕN , ϕN+2) ≤ l(bσ(ϕN , ϕN+1) + bσ(ϕN+1, ϕN+2))

≤ lbσ((
ϵ− ϵ

l

1+l ) + (1 + l)
ϵ− ϵ

l

1+l )).

Therefore, bσ(ϕN , ϕN+2) ≤ ϵ( 2l
2−l−1
l(l+1) ).

Put ϵ′ = ϵ( 2l
2−l−1
l(l+1) ).

For n > m > N , since, ϕn, ϕm ∈ K(ϕN , ϵ), we have

bσ(ϕn, ϕm) ≤ lbσ(ϕn, ϕN ) + bσ(ϕN , ϕm)

≤ lbσ(ϕn, ϕn+1) + bσ(ϕn+1, ϕN ) + bσ(ϕN , ϕm)) ≤ l(
ϵ− ϵ

l

1+l + ϵ′ + ϵ′) ≤ −4l2+3l−1
l(l+1) ϵ.

Thus, {ϕn} is a Cauchy. Since, g(A) or h(A) is complete, h(A) ⊆ g(A), then {ϕn} converges to some
point ω in g(A). Thus, there exist a point ρ ∈ A such that gρ = ω. To prove hρ = gρ, consider that
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hρ ̸= gρ.
By using triangular inequality, (2.2) and (2.4),

bσ(hρ, gρ) ≤ l
(
bσ(hρ, hψn) + bσ(hψn, gρ)

)
≤ l

(
1

l
bσ(hρ, hψn+1) + bσ(hψn+1, hψn) + bσ(hψn, gρ)

)
≤ l

(
1

l
bσ(gρ, gψn+1) + bσ(hψn, hψn+1) + bσ(hψn+1, gρ)

)
= bσ(gρ, ϕn) + l bσ(ϕn, ϕn+1) + l bσ(ϕn+1, gρ).

putting n→ ∞, we have

bσ(hρ, gρ) ≤ 0,

which gives rise to a contradiction. Thus, gρ = ω.
Next to show that the point of coincidence of h and g is unique.
Suppose u ̸= ω be the another coincidence point, so there exist a ∈ A such that ha = ga = µ.
Then,

bσ(ω, µ) = bσ(hρ, ha) <
1
l bσ(gρ, ga) =

1
l bσ(ω, µ),

here, contradiction arises. Thus, h and g have a unique point of coincidence and if h and g are weakly
compatible, it is easy to prove that ω is the unique common fixed point. 2

Example 2.1 Let R = {0, 2}, S = { 1
n ∈ N}, and A = {R

⋃
S}. Define d : A×A→ [0,∞) as follows:

bσ(x, y) =


0, if ψ = ϕ,

1, if ψ ̸= ϕ and {ψ, ϕ} ⊂ R or {ψ, ϕ} ⊂ S,

|ψ − ϕ|2, if ψ ∈ R and ϕ ∈ S.

(2.6)

Then, (A, bσ) is a complete b-metric space with l = 2 Now, define

h(ψ) =

{
5 if ψ ∈ R

⋃
S,

5 + ψ−5
6 if ψ ∈ T

(2.7)

and
g(ψ) =

{
5 if ψ ∈ R

⋃
S, (2.8)

then for ϵ > 0, choose δ = ϵ. As all the conditions of the above theorem are satisfied. Therefore, unique
point of coincidence found in h and g.

3. Application

Consider the integral equations

ψ(t) =

∫ b

a

p(t, s, ψ(s)ds, s ∈ I = [a, b] (3.1)

and

ϕ(t) =

∫ b

a

p(t, s, ϕ(s)ds, s ∈ I = [a, b], (3.2)

where p : I × I × R → R be a given function.
Now for ψ ∈ A, define,

∥ψ∥∞ = maxs∈I | ψ | .
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Define, bρ(ψ, ϕ) as follows;

bρ(ψ, ϕ) =| ψ − ϕ |2= maxs∈I | ψ(s)− ϕ(s) |2 .

Now, consider the following assumptions;

1. ψ ≤ ϕ, then
p(t, s, ψ(s)ds ≤ p(t, s, ϕ(s)dss ∈ I = [a, b].

2. for all ψ, ϕ ∈ A with ψ ≤ ϕ for all s ∈

| p(t, s, ψ(s)ds− p(t, s, ϕ(s)ds |≤ ∥ψ − ϕ∥.

3. there exist a continuous function ψ0 : I → R such that

ψ0(t) =

∫ b

a

p(t, s, ψ0(s)ds, s ∈ I = [a, b].

Then, the Volterra equations (3.1) (3.2) have a solution using Theorem 2.1.

The issue of the dynamic behaviour of a multispan uniform continuous beam supported arbitrarily
on its edges arises in the dynamics of bridges, highways, railways, runways, missiles, aircrafts,
and other structures. The Volterra integral equations, which are consistent deformation equations
corresponding to each redundant force, are solved to produce redundant forces that are located
in the positions of the Volterra integral equations, which are multispan structures replaced by
single-span beams loaded with specific moving loads.

4. Conclusion

By using Meir-Keeler contraction, new results in fixed point theory in setting of b-metric space have
been proved. Further, an example is also provided. Moreover, by taking more than two self-maps, this
result can further be modified to give new results in metric fixed point theory. Further a solution to
Volterra Integral equation is also provided as an applications which can be used further to study the
dynamic behaviour of a multispan uniform continuous beam.

Acknowledgments

Author would like to thank all the reviewers for their valuable suggestions.

References

1. Anjana, Mani, N., Megha, P. and Shukla, R. On pair of compatible mappings and coincidence point theorems in b-metric
spaces. Int. J. Anal.Appl., 22 (2024), 176, 1–18.

2. Bakhtin, I. A., The contraction mapping in almost metric spaces, Funct. Ana. Gos. Ped. Inst. Unianowsk, 30, 26–37,
(1989).

3. Banach, Stefan, Sur les opérations dans les ensembles abstraits et leur application aux équations intégrales, Fund.
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