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ABSTRACT: In this paper, we study the asymptotic behavior as well as the global existence of the solution of
a dissipative wave equation. The exponential decay results of the energy are established via suitable Lyapunov
functionals in a bounded domain 2 of R™.
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1. Introduction

This paper is concerned with the existence and uniform decay rates of solutions of the viscoelastic
problem with nonlinear damping terms

g (t) — div(A(x) )+ fo (t — s)div(A (x)Vu(s)) ds + C(z)K(u) =0,
u—O on I'y x (0,00 (1.1)
auA fo (t—s) 8“cls:O on I'y x (0, ) :

u(x,0) = u’(); ut(x,O) =ul(zr) on Q,

where (2 is a bounded domain of R™ n > 1, with a smooth boundary I' = T’ UT';. Here, 'y and I'; are
closed and disjoint and A(x) = (a;;(x))1<i,j<n IS & symmetric matrix function, the coefficients a;; are
C* function in R", 80711 = szzl aij (x)g—;vj, v = (v1,V2,...,Vy) is the unit normal vector of I" oriented
towards the exterior of 2 and vy = A.v. We assume that the second order differential operator A satisfies

the uniform ellipticity condition

n

> a(@)GG > AY ¢ e 0= (i 6n) €RY, (1.2)

ij=1 i=1
where A > 0 is a positive constant. Let 2° € R” be an arbitrary point of R and we set
I(zg) = {z € T;m(z).v(z) > 0},

where m(z) = x — 2° for z € T.
Let w be a neighborhood of I" in 2 and consider o > 0 sufficiently small such that

Qo = {zo € Q;d(z0,T'(x0)) < a},
Ql = {,To S Q;d(.’lﬁo,r(l‘o)) < 2&},
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2 N. Mas1, M. MEDJDEN AND A. BENAISSA

where d(xg,'(zp)) is the distance between the point zy and the set I'(zp). The system is subjected
to a locally distributed visco-elastic effect controlled by a symmetric matrix positive-definite A(x) and
completed by friction damping C(z)K (ut) acting on a region w of Q, considering that the well-known
geometric control condition (w,Tp) is true and assuming that the relaxation function g is bounded by a
function which decreases to zero. We will prove that the solutions of the corresponding partial viscoelastic
model generally decrease.

Afterwards, we make some remarks about previous works in connection with problem (1.1).
When C(z) = 0 and A(x) is the Identity matrix of R™ problem (1.1) was studied by F-Cavalcanti et al
[3]. They proved the existence by means of the Faedo-Galerkin method and uniform decay rates of the
energy by making use of the multiplier technique combined with integral inequalities due to Komornik.
Now, for g = 0,C(z) = 0 and A(z) is the Identity matrix of R™, problem (1.1) was studied by M. Aassila
[1], G. Chen and H. Wong [11], I. Lasiecka and D. Tataru [7] and also by E. Zuazua [12].
In [4], Cavalcanti et al. proved exponential decay of solutions of the following viscoelastic nonlinear wave
equation with strong localized damping:

uy — Au+ f(x,t,u) + fg gt — T)Au(t)dr + a(x)uy =0 in Q x Ry,
u=20 onI'x Ry,
u(x,0) = u0(z), u(z,0) = ul(x) on .

The authors proved the global existence of weak solutions by a perturbed energy functional.
In [13], when the feedback term depends on the velocity in a linear way, Zuazua proved exponential decay
of the energy for the following problem

ue — Au+ au + f(u) + a(z)us = 0 in R™ x (0, 00)

with the damping term a(z)u; is effective in set R®\{z € R™ :| & |> R}. Very recently in [10], Tebou
proved the existence of global solution, as well as, the exponential stability result for a localized nonlinear
strong damping.

uge — Au+ a(z)g(Auy) =0 in Qx Ry,

u=20 onI'x Ry,

u(z,0) = u®(z), u(z,0) =u(z) on Q.

In [2] Cavalcanti et al. considered the wave equation with two types of locally distributed frictional
damping and a Kelvin-Voigt type damping.

uge — Au+ a(z)uy — div(b(z)Vuy) =0  in Q@ x Ry,
u=20 onI'x Ry,
u(x,0) = uo(z), u(z,0) = ul(x) on .

Using a combination of the multiplier techniques and the frequency domain method, they showed a
exponential stability of the dynamical system, provided that the coefficient of the Kelvin-Voigt damping
is smooth enough and satisfies a structural condition.

Recently in [9] Z. Sabbagh et al. proved the global existence of the solutions and exponential decay
results of the energy for the following problem

g + A%u — fg h(t — s)A%uds + a(z)g(u;) =0 in Q x Ry,

u:% =0 onI'x Ry,
u(x,0) = uo(z), u(z,0) = ul(r) on .

The exponential decay results of the energy are established via suitable Lyapunov functionals and for
existence they used the Faedo-Galerkin approximations together with some energy estimates.

2. Notation and Statement of Results

We consider the Hilbert space

V={veH'(Q):v=0 on Iy}



10

11
12

13

14

15

16

17

18

19

20

21

22

23
24
25

26

27

28

29

GENERAL DECAY FOR THE WAVE MODEL WITH NONLINEAR DISSIPATION AND A LOCALIZED MEMORY 3

and define the following

(u,v) = / w(z)o(z) dz, (u,v)r, = / u(z)v(z) dT,

)1 = [ @)z, o)1, = / fu(@) 2T, u(®)Fy, ) = / ju() P,

XTA(2)Y =< X.Y >4,

where X7 it is the transpose of the vector X and

< X.X >3=| X |4 forall X,Y € R".

(Vu, Vo), = /

Q
Let w be an open non-empty subset of Q2. First assume that C' and K satisfy the following conditions
(H1) The function C': 2 — R is a non-negative and bounded such that

3Cy > 0,C(z) > Cy a.e in Q
with C(x) € We°(Q) ’

< Vu(z).Vo(z) >4 dz, |[Vu)|} = /Q < Vu(z).Vu(z) >4 dz.

(H2) We assume that K € C*(R,R) is a non-decreasing globally Lipschitz function with K (0) = 0 and
there exist ¢y, co satisfuing .

als|SK(s)<cz|s|,
Ir,e3 > 0,3 < K'(s) < 71,Vs € R.

(H3) The function g : R, — R, is in W21(0,00) N W1°°(0, c0) and satisfies
+oo
1—/ g(s)ds=1>0
0

and there exist 71,72, 73 positive constants such that g(0) > 0 and
)

—n1g(s) < ¢g'(s) < —nag(s) for all s >0,
0<g"(s) <nsg(t) for all s > 0.

The first equation below implies that

9(0)e™™* < g(s) < g(0)e™ .
Throughout this paper, we denote the operator defined by
t
(g 0 Va)a(t) :/ gt — s)/ | Vu(s) = Va(t) [} deds.
0 Q

To obtain the global existence for strong solutions, the following assumptions are made on the initial data
(A) assumption on the initial data
{u®,u'} € (VN H*(Q)).

The energy related to the problem (1.1) is given by
/|ut ) 2 dr+ = /|Vu % dz.
Define the modified energy as
1

B(t) = 5/Q et 2 do + % (1 - /Otg(s)ds> /Q | Vu(t) 1% de + %(g 0 V) a. (2.1)
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4 N. Mas1, M. MEDJDEN AND A. BENAISSA

Lemma 2.1 Let u be a solution to the problem (1.1), then the energy functional defined by (2.1) is a

non-increasing function for all t € Ry and satisfies

E'(t) < —/QC(.’JS)K(Ut(QZ))ut(.’L‘)diE — %(g o Vu)a(t) — %g(t)/Q | Vau(t) |4 da.

Proof: Multiplying the first equation by u;, integrating over €2 , using Green formula and the boundary

conditions, we get
d t
i {/ ut(x)d:c-F/ < Vu(s), Vu(t) >4 dx} —/ gt — s)/ < Vu(t), Vug(t) >4 daxds
dt |Jo " 0 Q
+/ C(z)K (ue(x))u(z)dz = 0.
Q
For the third term of the left hand side of the equation (2.2) we have

/0 g(t— S)/Q < Vu(s).Vug(t) > dads

= [ g(t- s)/ < Vue(t).Vu(s) — Vu(t) >4 deds + /Otg(t — s)/ < Vug(t).Vu(t) > dxds

0 + Q £ Q
d 1 d
=—1/ glt—s)— [ | Vu(s) — Vu(t) |} dzds + 7/ g(t — s)—/ | Vu(t) [4 deds
0o, dt Jo 2 Jo . dt Jo
1d
= f%% g(t — s)/ | Vu(s) — Vau(t) |4 deds + = — [ g(t — 5)/ | Vu(t) |4 dzds
. Jo Q X 2dt Jo 0
Jr% g/ (t— s)/ | Vu(s) — Vu(t) |?4 dxds — §g(t)/ | Vu(t) |?4 dx.
0 Q Q

Inserting (2.3) into (2.2), we obtain

B(t) - ;i[ / ) P da+ (1 / 9(s)ds) / | Vult) [3 d + 5(g 0 Vu)a(t)
— [ e

i 1 )
/QC ) K (ug(z))ug(x)dx + §(g o Vu)a(t) — §g(t)/9 | Vu(t) |% da.

Then from the assumptions (H;) and (Hs), we have

—/ C(z)K (ug(x))u(z)dz <0.
Q
By considering the assumption (H3) we obtain

%(g' o Vu)a(t) < —%2(9 o Vu)a(t) <O0.

Then E’(t) < 0 and consequently E(t) is a non-increasing functions. This completes the proof.

3. Well-Posedness of the Problem

Theorem 3.1 We assume that (Hy)-(Hs) and (A) hold.Then the problem (1.1) possesses a unique
strong solution u :  x (0;00) — R, such that u € L*(0,00;V), v € L*(0,00;V) and uv" €
L>(0,00; L2(Q)). Also, assuming that ||g(t)||1 is sufficiently small, the energy determined by the strong

solution u has the exponential decay rates.

Theorem 3.2 Let {u®;ul} € V x L%(Q) and assuming that(Hy)-(Hs) and (A) hold. Then (1.1) has

a unique weak solution u : 2 x (0;00) — R in the space C°([0,00); V) N C*([0, 00); L2()).
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3.1. Existence of solutions

In this section we prove the existence and regularity of solution to problem (1.1). We consider strong
solutions and then, using a density argument, we extend the same result for weak solution. we will
announce the variational formulation of the problem (1.1), then transform it to an equivalent problem
with a zero like initial value.

A variational formulation of problem (1.1) leads to the equation :

(uge (1), w) + (Vu(t), Vw)a — /0 g(t — s)(Vu(s), Vw) ads + (c(z) K (u),w) =0 (3.1)

for all w € V, by using the following change of variables v(z,t) = u(x,t) — ¥(x,t), where U(z,t) =
ul(x) + tul(z) for all (z,t) € Q x (0,00). We obtain the following equivalent problem

v (t) — div(A(z )+ fo (t — s)div(A(x)Vo(s)ds + C(x) K (v; + ul(x)) = H(t),
v—Oonle(Ooo) (3.2)
8uA g(t—s) aaljilds——m—&-fo ) 2L —ds on Ty x (0, 00), ’

v(z,0) = 0 ve(x,0) =0 on £,

where

H(t) = div(A(z)VI(t)) — /0 g(t — s)div(A(z)VU(s)ds
We put

ov t ov

If v is solution of (3.2) on [0,7]. Then u = v + ¥ is solution of (1.1).
Let (w;);en be a basis in V N H?(Q2) which is orthonormal in L?(2) and V,,, = vect{w;, wa, ..., w,, } and
let v,, () = Z;":l o (t)w; be the solution to the Cauchy problem.

(01 (£), w) + (Vo (t), Vw)a — [3 gt — 8)(Vom(s), V) ads

+(c(@) K (v, (1) + W' (1), w) = (H(t), w) + (Y (t), w)ry, (3-3)

for all w € V,,.

we can prove the existence of solution of the problem (3.3) with the standard methods in differential
equations on some interval [0,t,,]. Then, this solution can be extended to the closed interval [0,T] by
using the first estimate (3.10) below.

Firstly we multiplying (3.3) by o/ (t), summing over j and noting that v,,(0) = 0, we obtain

53 Lo 13 + Vom@)15] + (e(2) K (v, (t) + V' (1)), v}, () =

(H(E) 0 (1) + 25 (0) 0 (), — OV (0) 0 (1)), — 9(O) V(D) .
3.4

o g "(t — 8)(Vum(s), Vo (t)) ads + %(fot g(t — 8)(Vun,(s), Vo (t)) ads)

+(c(@) K (v, () + 9'(2), ¥'(1)).-
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1 Having in mind (H;) and (H2) and using the inequality ab < a + nb?, for an arbitrary 7 > 0 and by
2 (3.4) we have

3 Uom @13 + [Vom@5] + Coeallvy, (1) + ()13

< (H), () + FE 0, vm(t)ry — V7(1), v (), — 9(0)[Vom(t)] 4
(3.5)
+N1(1) + ez vg, (8) + w3 + 4 (Jy 9(t = 5)(Vo(s), Vo (L)) ads)
HIVon ()4 fy =9/ (t = )| Vom(s)]| ads,
3 where Ny (n) = fQ V2dz.
4 Estimate for K1 =: \va ||A fo (t — 8)[|[Vum(s)]|ads. From the Cauchy-Schwartz inequality and
5 taking assumption (Hs) into accunt we obtain
Kl < mlVon(®lla fy 9t = )| Vom(s)] ads
< HIVon®IE + 5y 9t = )29t = )3 Von(s) | ads)’? (3.6)
t
< LV + 290000 fy 9t = ) Vom(s) [Ads.
6 Estimate for Ko =: —(Y”'(¢t), v (t))r,. Using the Cauchy-Schwartz inequality and having in mind (1.2)
7 we obtain )
K| < SIV'@IR, + 51Vem (D)3
8 (3.7)
2
< SIYVOIR, + szl Vem®)1,
9 where C' > 0 satisfies the following inequality ||v]|2 < ¢||Vv]|2 for all v € V.
10 Then, combining (3.5)—(3 7) we obtain
3 Ul O3 + [IVom@)%] + (Cocr —nea)Jor, (£) + ¥/ (213
2
< SIH®IZ+ 3lv, O3 + (% + 55 — 90D IVem ()%
(3.8)
2 ¢
HGIY @ONF, + Ni(n) + 3119l 210,000 Jo 9 = ) VUi (s) [ ds
¢
+ (Y (@), 0m()ro + £ (fy 9(t = 5)(Vo(s), Vo (1)) ads).
11 We integrate (3.8) over (0,t) and having in mind v,,(0) = v’(0) = 0 and
2 .
2 (Yo, < SNV, + LIVl we obtain
Lo D13 + IVom (0]IA] + (Cocr — nea) fy vk, (1) + 9 (7)|13dr
t 2
< L IE®BA + [§Glon (3 + (% + 55 — 9O Vom(D)|3)dr
¢
+ G Jo IV ()13, d7 + No(T,0) + 3191131 0,00 Sy V0 (5)[13ds (3.9)
2
SNV O, + HVom @13 + 2 1901210.00) 191l 2 (0.00) fy [V0m(5)[[3ds
0l Vom ()13,
13 where Ny(T,n) = fOT Ni(n)ds. Choosing n > 0 sufficiently small, using Gronwall’s lemma integral form
14 and from (3.8) and (3.9) we obtain

1 1 ¢
15 illvin(t)llg + §||va(t)lli +/0 o, (1) + ¥ (7)||3dT < N3, (3.10)



10

11

12

13

14
15

16

17
18

19

20

21

22

23
24

25
26

GENERAL DECAY FOR THE WAVE MODEL WITH NONLINEAR DISSIPATION AND A LOCALIZED MEMORY 7

where Nj is a positive constant independent of m € IN; A > 0 and ¢ € [0, 7]. From (3.10) and considering
assumptions (Hz) we obtain

/ [l (7) + W (7)|3dr < / [k(wh, (7) + W' () |2dr < Ny, (3.11)

where Ny is a positive constant independent of m € IN and ¢ € [0,T]. Then from the first estimate (3.10),
(3.11) and (H7) we obtain that the solution vy, exist globally in [0; +o00[ and

U 95 bounded in L*°(0,T;V), (3.12)
vl is bounded in L>(0,T; L*()), (3.13)
C(z)K (v), +u') is bounded in L*(Q x (0;T)) (3.14)

and then from the first estimate (3.10) and (3.11) we obtain that the solution vy, exist globally in [0; +o0]
and

Uy is bounded in L*(0,T; V), (3.15)
vl is bounded in L*(0,T; L*(R)), (3.16)
C(z)K(v), + u') is bounded in L*(Q x (0;T)). (3.17)

Then we using Aubin-Lion’s theorem there is a subsequence of {v,, },, that from now on we still represent
by the same notation, such as

Um — v strongly in L*(0,T; L*()). (3.18)

The second estimate
Now, we are going to estimate v/ (0) in the L?-norm. we Take w = v/, (0) in (3.3) and noticing that
vm(0) = 0., (0) =0 ,H(0) = div(A(x)Vul(z)) and Y (0) = —% we get

v

[ ()13 + (C(2) K (' (x), v, (0)) + (gs v (0))r, = (div(AVu®),v7,(0)). (3.19)

We assume that we have the compatibility condition

Ou' ()

=0 To. 3.20
81/A on o ( )

Then, considering the Cauchy-Schwartz inequality and taking assumptions (3.20), (H1) and (H2) in to
account, by (3.19), we obtain

[v7, (0)13 < [l div(AV®)|la]|v);, (0|2 + c2l|Cll oo () llwt [l2]|v7, (0) |2,
v (02 < [[div(AVE®) |2 + c2[|Cll o (o) llut 12, (3.21)
lvn (013 < N3,

where N5 is a positive constant that depends on the initial conditions.
We take the derivative of (3.3) and we multiplying by o (¢) and summing over j we infer that

3 arllom @13 + [IVon, (0115 = 9(0) (Vum(t), Vor,(t) 4
— fo (t — 8)(Vum(s), Vol (1) ads + (C(z) K'(v], (t) + u'(z)), v} (t)?) (3.22)

= (H'(t),vm (1) + £ (), 05, ()r, — (Y (t), v, ()1,
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1 Estimate for k3 := ¢(0)(Vv,,(t), Vol (t)) a-
: Fs = 9(0) 5 (Vom(0), Vol ()4 ~ 9O V2l () (3.23)
3 Estimate for ky := fo (t — 3)(Vum(s), Vol (t)) ads.
ki = 4 09 (t=9)(Vom(s), Vo, (8) ads — g(0)(Vom(s), Vo, () 4
4 (3.24)
— [ g (t = 8)(Vum(s), Vi, (1)) ads.
5 Combining (3.22), (3.23) and (3.24) we have
3l @13 + [IVvn, )12 + 90 [ Ve, (0)11% + (C @)K (v, (1) +u' (), vy, (£)?)
= (H'(t),v; () + V'), 05, (O)ry — (V(), 05 (E)ry + 9(0) F (Vvm (1), Vor, (1)) a
(3.25)
+ Jo 9/t = 5)(Vom(s), Vor, (£) ads — g(0) (Vo (s), Vo, () a
— [5 9" (t — 8)(Vvm(s), Vol (1)) ads.
6 From the Cauchy-Schwartz inequality, employing the inequality ab < a + nb? and taking C' > 0 like
7 (3.7) and (H3), (1.2) into account, from (3.22)-(3.25) we obtain
3 v @13 + Vo @] + (9(0) = n(5 +2))IVer, (D115
H(O() K (v, (1) +ul (2)), v, (8)?) < I H @03 + 5l (D113 + £ (Y (), v (8))r,
(3.26)

2 0)? 2 t
+ S 19" O, + Zo-1Vom O3 + £l 0,00) Jy 9 = )| Vom(s)[3ds

+9(0) 5 (Vom (1), Vor, (1) a + 4 [3 /(¢ = 8)(Vom(s), Vol () ads.
8 We integrate (3.26) over (0,t), noting that v,,(0) = v'(0) = 0 and having in mind (3.21) we obtain

Hom @3+ 1Yo @13 + (900) =05 +2)) Jy 1Vor ()% ds

+ f5<c<x>f</<v;n<s> +ul(x)), vt (s)?)ds

$)I3ds + 3 [y llvgn ()lI3ds + (Y7(2), v, (£))r,

. (3.27)
’ 2 t
+S [y Y7 (9)13ds + L2 [1 Vo (s)[4ds
2 t
1912, 000y i 1T () s + 9(0)(Tom(2), Vi (8))
+f (t — 8)(Vum(s), Vv, (t)) ads.
9 Estimate for k5 := fo (t — 8)(Vom(s), Vul,(t)) ads. We use the Cauchy-Schwartz inequality, employing
10 the inequality ab < § a + nb?.
t
Lks | < m Jy L9t =s) [ IVom(s)all Vo, (t) ] ads
20t
< 5o Lot =s) [ IVom(s)llads)® +nl Vo, (8)[I% (3.28)

2 t
< llgllzr0,00) 19l Lo 0,00) Jo 1VOm(8)[5ds + +nl|Vor, ()]
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Estimate for ks := (Y'(t),v,(t))r, and k7 = g(0)(Vun,(t), Vv,,(t))a. We use the Cauchy-Schwartz

m

inequality, employing the inequality ab < ﬁaz + nb?, we get

2
| ko |< G 1Y ()l + §Vor, (1)l 4,
(3.29)

ke |< 99270 (4 Vo' (t
| k7 |< S [Vum ()]l a + nlVop, (t)]|a-

Then combining (3.27) (3.28) and (3.28), choosing n > 0 sufficiently small and using Grénwall’s lemma
we obtain the second estimate.

o (D13 + 1905, ()11 + fy 1V0),(5) 1 ds

(3.30)
+ Jo (C@) K (v, (5) + u' (2)), /7, (5)?)ds < N,
where Ng is a positive constant independent of m € IN and ¢ € [0,T]. We conclude that
v}, is bounded in L>=(0,T;V), (3.31)
vl is bounded in L>(0,T; L*(f2)). (3.32)

Then, applying Dunford-Petti’s theorem, we obtain from (3.13)-(3.14), (3.32) and (3.32), after replacing
the sequences v, by subsequence if necessary, that

U — v weak — star in L°°(0,T; H*(Q)), (3.33)
v, — v weak — star in L>(0,T;V), (3.34)
v — v weak — star in L>=(0,T; L*(2)). (3.35)

From (3.21) ,(3.30) and (3.10),(3.11) and we conclude that

vl is bounded in L*(0,T; H*(Q)), (3.36)
vl is bounded in L*(0,T; L*(Q)) (3.37)

and we using Aubin-Lion’s theorem there is a subsequence of {v,, },, that from now on we still represent
by the same notation, such as
v, — v strongly in L*(0,T; L*(Q)). (3.38)

m

From (3.21) and (3.30) we also have
vl — " weakly in L*(0,T; L*(Q)). (3.39)
It remain now to prove

I Jo C@)K (), (s) +ut (@) dwdt — [ [, C@) K (v/(s) + u () dadt a0
Yo € L2(0,T; L2(R)). '

Let us prove the convergence (3.40), to this end, it suffices to prove

C(x)K (v, (s) +u'(x)) — /O (x)K(V'(s) + u'(z)). (3.41)

Let m and n be positive integers with m > n, set V,,,, = vy, — v, the function Vi, satisfies

(Vi) = div(A(x)V Vi) + [ gt — 8)div(A(2)V Vinn (s))ds, v)
(3.42)
+(C(z) (K (v), + ul(x))) — K(v, + u*(z)),v) = 0.
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We take v =V, = and using Green’s formula, we obtain
[ Jo | V@) 2 dz+ 21— [ g(s)ds) [ | VVin |4 da+ 2(g 0 VVin)a(®)] .
+ Jo C@) (K (0], + u! (@) = K (v, + u! (@) Vude — 59" 0 VVinn)a(t)
t) Jo | VVin |4 dz = 0.

We integrate (3.43) over (0,t) and having in mind V,,,,,(0) = V,/,,,(0) = 0 we obtain

IV + (1= J3 9()d8) [V Viun @)% + (9 0 VVon) a(t) = [y (9 0 VVinn) a(s)ds
+2 [ [, C(@) (K (v], + ul(2))) — K (v, + u!(2))V,, dxds
+ 3 9V Vimn ()3 = [Vin ()13 + 1V Vo (O) 13-
Using (H2), we obtain
es fy Jo Cla) vy, — vy, P dads < [ [, Ca)(K (v, +u'(2))) = K(v), + ! (2))Vyp, drds
LT[ Cla) | K(v), +ul(z))) — K (v +ul(x) |2 dads

< T [ C@) (K (v, + ut(2))) — K (v, + ub () V, dads

ST fo Ca) | K (v, + 1l (@))) — K(y +ul(2) |2 deds < 72 [ [, C(a) | v), — ¢/ |2 dads.

(3.43)

(3.44)

(3.45)

Now, combining the convergence (3.33)-(3.35) with (3.44) and (3.45), give us that the sequences (v/Cv’,, )

and (vVCg(v!, +u")),, are Cauchy sequence in L*(0,T; L?(Q)).
Frome (3.35), we obtain

VCuv,, — VCuv in L*(0,T; L*(Q)).

(3.46)

Then we take y = v in the inequality (3.45) and letting go to infinity we derive (3.41) and we are done.

4. Uniform Decay

In this section, we use multiplier techniques to show that the energy required to solve the problem

(1.1) decreases exponentially.
(H4) We consider 9 € C§°(R") such that

0<()<1
P(x)=1,in Q/Q1,
P(r) =0 ,in Qo.

For an arbitrary e, define the perturbed energy
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p(t) = Jl + J27
where J1 =: 2 [, uy(2)h.Vz(z)de, Jo =: 0 [ u(x)z(x)de and 6 €]n — 2;n],

h = map, where m(xz) = & — o and ¢ is defined in (H4),

(4.2)
2(t fo (t — s)u(s)ds,
Vz(t) fo (t — 5)Vu(s)ds.
We put
(Vu(t) / < Vu(z,t).Vo(z,t) >4 dz,
Q
IV = (Vu(t).Vu)a = [ | V(o0 de
Proposition 4.1 : There exists § > 0 such that
| E.(t) — E(t) |< edE(t).
Proof: Estimate for J; := 2 [, us(t)h" . Vz(t)dz.
From the Cauchy-Schwartz mequahty and 2ab < a? + b? and having in mind (1.2), we obtain
[l <2 g [we®) | 220 [ i) 52 (1) | da
< 2R(o)|us(t)2(fy, V() V(x)dr)}
(4.3)

IN

2562 s (1)l fo < Va0).V2(0) >4 o)’

IN

R
G [llue ()3 + [V2(0)]3]
where

R(zg) = max |z —2° | .
e

Estimate for Jo := 0 [, u¢(t)z(t)dz , from the Cauchy-Schwartz inequality and Considering (1.2) we have

| B < 0 llu(@®)I3+ S f,, Va()T V(t)da]

IN

IN

O ue ()2 + & fo < V2(£).V2(t) >4 da] (4.4)

IN

Omax(1, 5) (3w ()3 + 3V2(t)|[Ada],

where we used ¢ > 0 such that ||v[j2 < ¢||Vo||z for all v € V.
From (4.2), (4.3) and (4.4), we get
¢ 1 1
ox (1.5)) |Gl + 5191 (45)

ot 1= (5
IV0IF = 19uOl% =2 [ ot = 5)(Vuo).Vu(0) ads

We find that :

(4.6)
Ll - s) ( /0 gt — T)(vu(s).vu(T))AdT)> ds.
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On the right side of the equatlon we make estimations for certain terms.
Now, estimate for J3 = —2 fo (t—s)(Vu(s).Vu(t))ads, considering the Cauchy-Schwartz inequality and
2ab < a? + b2, we obtain

| Js | < 2[5 g(t = 5)IVu(®) |4l Vu(s)||ads
< IVu®IZ + (Jy 9(t = 5)|Vu(s) | ads)?
< IVa®I + (Jy 9t = )7 g(t = )7 [ Vu(s)| ads) (4.7)
< IVu@A + 19l 000 Jo 90 = 8)(IVuls) = Vau(t)lLa + [|Va(t)] 4)2ds
< [Vu®)E + 2090 n0.00) Jo 9 = ) (IVuls) = Va(@)[[3 + [IVa(®)[3)ds.

Considering ||g]|z, (0,00) < 1, we get
| J5 < 3lIVu®) % +2(g 0 V) a(?). (4.8)
Estimate for Jy = fot t—s fo (t — 7)(Vu(s).Vu(r)) adT))ds.

[ Jal < (Jy 9(t = 9)[Vu(s)| ads)?

IN

201100, Jo 9t = 5)([Vu(s) = Tult) [ + [Vu(®)|)ds (19)

< 2(g 0 Vu)a(t) +2[Vu(t)|%.

Using (4.8), (4.9) and (H3) in (4.6) and replace everything on (4.5)

o) | < (52 4 0max(1, ) [l (013 + 10071 (51 =[5 g(s)ds) | Vu(®)][3)

+8(5(g 0 Vu(t)) a(t))] (4.10)

< (B 4 max(1, ) (101! +9)E(H).

The proof is now complete. O

Proposition 4.2 Choosing ||g||L1(0,00) sufficiently small. Then, there exists a positive constant 6y = 01(€)
such that EL(t) < =61 E(t).

Proof: We take the derivative of p(t) given in (4.2) with respect to ¢ and injecting us(t) = div(AVz(t))—
c(x)K (u(t)) in p’(t) we obtain the following result

pl(t) = 2 [,div(AVz(t))hT Vz(t)dr — 2 [ c(x) K (ue(t))hT Vz(t)de + 2 [ ug(t)hT .V 2z (t)da

+0 [, div(AVz(t))z(t)dz — 0 [ c(x) K (u(t))z(t)dz 4 0 [o, u ()2 (t)d. (4.11)

Next, we will evaluate some terms on the right-hand side of the equality(4.11).
Estimate for Iy := 0 [, u(t)z(t)dx, substituting z(t) in I; we get

= we(£)%dx — w (t)u(t)dr — t/—s u (t)u(s)dx)ds. .
flfe/ﬂ (1)2d eg<o>/ﬂ (Hyu(t)d o/0g<t )(/Q (tyu(s)de)d (4.12)
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Estimate for I := 2 [, div(AVz(t))hT.Vz(t)dx. Using Green formulas we deduce

0 oz(t
I, = —22/ ”a (£) 5 (e agﬁk))dx
+2 a‘% (t )hT vZ( )dr

B y) O 02 (4.13)
= Z / Za” Bx 83:1 Oz (t))dz

i,k=1 J

0z T 0z 0 0z
/a )W . Vz(t dezz/ ”ax )axk(axi(t))hkdz,

i,k=1

where BV (t) =< Vz(z,t).v >4 and v represents the unit normal vector pointing towards the exterior of

Q.

For the last term Io1 = — Y0 ) [o (D07 aij255 Oz (t))%(g—;(t))hkdx we have
52 )T
I, = *22 8$;€ )P AV z(t)hydx
0z
= —22/ < V(%(t)).Vz(t) >4 hydx (4.14)
k
— —Z/ 2, (< Vz(t).Vz(t) > a)hpdx + Z ()T By Vz(t)hidz,

where By(z) is a matrix (%ai,j)lgi,jgn ,then we have

o 6hk 0z -
I = 22 / g () Gt (0
—i—Z/ Va(t (A)Vz(t)hidz (4.15)
+ [ 22 (1207 V2 (t dp—z/ 5 (< V2(0).V2(1) > a)hda.

For the term I = — Y, [, Tgk(< Vz(t).Vz(t) > a)hrdz, we use the Green formula to obtain

Ly = [, <Vz(t).Vz(t) >4 div(h)dz — [, < Vz(t).Vz(t) >4 h" .vdp
Jo V(1) 14 div(h)dx — [ | Vz(t) [3 BT vdrp. (4.16)
Inserting (4.16) in (4.15) we obtain
8hk 82
= -2 a; t))d
L2 Zkzl/ ]8x )axl 890;.3( ))de
+ 2 2hT Vz(t)dr + fQ | Vz(t) |4 div(h)dx (4.17)
0
— [ | V2(t) 4 AT vdr + Z )T(9 (A)Vz(t)hydz.
Q Tk
Estimate for I3 := 2 fQ ug(t)hTVzi(t)dw. Use the Green formula and note that u; = 0 on T’
= — [ u(t)*div(h)dz — 2g(0) [, u(t)h" Vu(t)dz
(4.18)

-2 fot g (t — s) [ us()hT Vu(s)dads.
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Estimate for Iy := 0 [, div(Vz(t)" A)z(t)dx. we use the Green formula and we notice that z =0 on I

I = —G/QVz(t)TAVz(t)dx = —0[Vz(t)]

Estimate for I5 := — [, c(x) K (u(t))2h" Vz(t)dx

= —26‘/ K (u(t))hT Vu(t)de + 29/ (t— s)(/ c(x) K (ug(t))hT Vu(s)dzr)ds.

Q

Estimate for I := —0 [, ¢(x) K (u4(t))z(t)dz.

o= 6 / Bz + 0 / (t - 8)( / 2)K (g () u(s)dz)ds.

Then, combining (4.11)-(4.20) we arrive at

) = 2y / g, O G O+ [ oW 0

81/A
i,k=1
. 2 T a T

—|—/Q | Vz(t) |4 dw(h)dx—/F | Vz(t) |4 h Vdr—i-;/ﬂamk(A)Vz(t) Vz(t)hidx
_ / (@)K (uy (£))2h T Vu(t)da + / gt — )( / (@)K (1 ()20 Vu(s)dz)ds

Q 0 Q :
— utZiv T — Uy TTu(t) — “(t—s Uy TV u(s)dzds

[ wtPdivmiz —290) [ w0 <2 [ gt =) [ wipTvuerd
0| V2(t)|4 — 6 / (@) K (ua(£))2hT Vu(t)da

+9/ (t - 8)( / 2K (g (£)) 20 Vau(s)dz) ds—9/ e () u(t)dz

+9/ (t - 8)( / 2K (s () u(s)dz) ds—f—e/ut 24z — 0g(0 /Qut
—9/0 gt =) /Qut( Yu(s)dz)ds.

Observe that since z = 0 on I' we have 88 g—yk which implies
2 0z 0z - 0z Oz 0z
4 = E i‘f*zg Vi v = (7 )%tr(A),
| Va(t) [ ijzlajaxj ox; ; ,_lajﬁul/j 81/V (8u) r(4)
0z
RT'Vz(t) = —h"
Vz(t) oy v,
0z T = 0z = 0z 0z
(@) = O Ay =" aa—vi= Y ayo-vivi = o—tr(A),
5'1/,4( ) Vz(t)" Av ijzlajaxjy Z4j:1ajayy]y £ r(A)

where tr(A) is the trace of the matrix A defined below, then we have

20 8uA( )20V z(t)dp — [ | Vz(t) |5 W vdp

fF/F(xo) o) mvir(A dF+fr(;c) 55)*mTvtr(A)dr <0,

(4.19)

(4.20)

(4.21)

(4.22)
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1 where m(xz) = & — xg, after that we substituting 8h’“( ) in 222 ot Jo OO i1 i gj (t))‘?ﬁ’f aa;k (t))dx
2 and having in mind (H4) we have
- —~ 0z, Ohy 0z
-2 i t t))d
Z_/Q@ e ) G e ()
- _2/ V()T AVA(t )dx+2/ V) 12 dx—/ |Va(t) [ vda
1 Q1 (423)
- / V()T AVYV 2(t) T mdx
Q
_ _2/ V()T AVYV () 'mda — 2] V=(t)] 4 + 2/ (1— )| V() |3 da
Q Q1
3 and we substituting div(h) = ny + m* Ve in [, | Vz(t) |4 div(h)dz and — [, us(t)*div(h)dz we have
fQ | V2(t) |3 div(h)dr = n||Vz(t)|% +an1 (1 =) | Vz(t) |4 dz
4 (4.24)
+ Jo, | V2(?) 1% VoI mdx
5 and
— JouPdiv(h)de = —nlu(t)l3+n [y (6 — Du(t)ds
6 (4.25)
- le/Qo VT mu, (t)2dz.
7 Then, from (4.21)-(4.25) and after some computation, we conclude that
Pt < (n=2=0)Va@®)% + 0 —m)u(®)IZ + (n—2) [, @ —1) | Vz(t) 5 do
+ Jo, | V2(t) 5 Ve mdz +n [, (1 —)u(t)*de
+> / Vz(x,t)Ti(A)Vz(t)hkda:—Q / V()T AVYV 2(t) ' mdz
Q Oxy, Q
— Jar/a0 Vol muy(t)?de — (14 0) [, c(x) K (uy(t)2hT Vu(t)ds (4.26)
H(L40) [y g(t — ) ([, cl@) K (uy(t))2h Vu(s)dz)ds
—29(0) o, ue(t)RT Vu(t) da:72fg g (t s) fo ue(t)hT Vu(s)dzds
—0 [, c(@) K (uy(t))u(t)dz + 6 fot g(t — 5)(fq c(x) K (u(t))u(s)dx)ds
—0g(0) [, ue(t)u(t)dz — 0 f $)(Jq ue(t)u(s)dz)ds.
8 Putting in mind (1.2) and by using the the Cauchy—Schwartz inequality the following identity I; =
9 -2 [, V2T AVYVz(t)T'mdz, we obtain
|| < 2[4 (V2T AV2)2 (VYT AVY)2 (V2T V2)2 (mTm)z de
< 2 [, < Va(t).Va(t) >3 A% < Vz(t).Vz(t) >3] VO [a| m |2 dz (4.27)
< %g“maxmeﬁ | V9 [a [y, | Va(t) |a da.
10 Estimate for Iy = le | Vz(t) |4 VTmdz. Analogously like (4.27) we have

1 | Is| < R§$°)mx\v¢ |A/ | V2(t) |4 da. (4.28)
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Then let k1 = mm{Q( —n+2),2(n —0)} be a positive constant. Having in mind (4.6) and adding and
subtracting & fo (s)ds||Vu(t)||% + 5 (g 0 Vu) a(t) to obtain —k; E(t) from (4.26)-(4.28), with supposing
without loss of generality that g(0) < 1, we infer

Pt < —kE®) =% []g(s)ds|Vu(®)l3 + 5 (g 0 Vu)a(t)
+4 fot g(t — )| Vu(s) || al| Vu(t) | ads +2( [ g(t — 5)||Vu(s)| ads)?
+2 ) maxyeeq | VA [a fg, | V() [% do
—29(0) [, ue(t)RT Vu(t) x—QfOtgl s) [o ue(O)hTVu(s)dxds

—09(0) [, us(tyu(t)dz — 0 [} g (t — 8)( [y us(t)u(s)dz)ds

—(1+0) [, () K (ug (1)) 20T Vu(t)da (4.29)
=0 Jo (@)K (w(t)u(t)de + (1+6) [5 g(t = )(fo (@)K (u(£) 217 Vu(s)dz)ds
+0 [y 9(t = 5)(Jo c(@) K (us(1))u(s)d)ds

+3 maxveen | Vo [a R(20) [y, 0, w(t)?d +2n o uy(t)?de

n T 6
+k§::1 /Q Va(t) a—xk(A)Vz(t)hkdx.

Next, we analyze some terms on the right hand side in the above the inequality.
Estimate for Fy := 4 fo (t— s)||Vu( NallVu(t)]| ads. Considering Cauchy-Schwartz inequality and also
employing the inequality ab < § a + nb?, for an arbitrary n > 0, we obtain

| Fy |

IN

AL Va5 +1(fy o(t — 5)|Vu(s)| ads)?]
< Va3 + mllglle .00 fy 9t — )IIVuls)|3ds

(4.30)
< HVu®)|3 +8n(g 0 Vu)alt) + an(fy g(s)ds)[|Vu(t)|}

< LIVu()| + 16nE() + 4n( [y 9(s)ds) | Vu(t)|I3,

where we used ||g[/1(0,00) < 1.
Estimate for Fy := Z(fg g(t — 5)||[Vu(s)| ads)?. Considering Cauchy-Schwartz inequality it holds that

| F5 |

IA

t
2llgllz20,00) Jo 9(t = 8)[[Vu(s)|%ds

< A(g o Vu)a(t) + 4| Vu(®)]%,

(4.31)

where in the last inequality we used ||g[/11(0,00) < 1.
Estimate for Fg := Ai maxyzeq | Vi [a R(zo) le | Vz(z,t) |4 d.

Setting Cy = A3 maxvzeq R(zo) | V¢ |a and taking (4.6) into account, we obtain, as in (4.30) and
2
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(4.31), the estimate

| Fs| < Ca [IIVu(t)Hi +2 [y g(t = )| Vu(s) | al| Va(t) [ ads + (fy g(t = )| Vu(s)| ads)?
< Ca [IIVU(t)IIi + 35 I Va2 + 4n(fy 9(s)ds) [ Vu(®)|% +4(g 0 Vu)a(t)
(4.32)
+4[Vu(t)[14]
< Cals+ ) V@) + 4Can(fy 9(s)ds)|[Vu(®)[[3 +4Calg 0 Vu) a(t).
Estimate for Fy := —2¢(0 fQ u(t)hT Vu(t)dz. Analogously we have done before, we arrive at
| Fr | < 29(0) [;, | we(t) | (BTR)Z (Vau(t)TVu(t)) 2 dz
< 2 o lwlt) | (TR < Vu(t), Vu(t) > 2 dy
(4.33)
< 90 {nnutu)n% + 25 R 2 Vu(t) 3]
< H9OE® + S rgO R Tuld).
Estimate for Fg := —2 fo (t—s fQ ug(t)hT Vu(s)dzds. Analogously we have done before and taking
the assumption (H3) into account and we used 2ab < %a2 + nb?, we arrive at
| Fs| < ZR(z0) o |9 (t—s) | [|Vu(s)|allu(t)]2ds
< FmR(wo) fy | g(t = s) | [Vuls)l|ads]ur (1) (4.34)
< MB(t) + ZniR(20)*(g 0 Vu) a(t) + 5ni R(zo)?|[Vu(t)][.
Estimate for Fy := —0g(0 fQ us(t)u(t)dx. Using ab < 4 a®+nb? also having in mind Poincare inequality,
we have
c20?
| By |< 20B(t) + ——[IVu(®)]4, (4.35)
4\n
where ¢ > 0 and satisfies ||v]|2 < ¢||Vv]|2.
Estimate for Fyg := —0 fg g (t — 8) ([ ue(t)u(s)dz)ds.
’ 292
| Fio| < A%fot [ g (t = 5) | lue(®)|2lIVu(®) ]| ads + G5 IVul®)|%
< 2B(t) + ST ([T g(t — )| Vu(s)l|ads)? (4.36)
c c20?
< 2nE(t) + "EA “(g 0 Vu)alt) + "EM, IVu(t)]%-
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Estimate for Fi1 := —2(1 +0) [, c(z) K (us(t))h" Vu(t)dz. From Cauchy-Schwartz inequality also using
Mean value theorem and having in mind (H2), we get

| Fu| < 17320 R(0) S IVu(®) L allell %o (fo (o) K (u (1)) *da)
< 17O R(ag) [ Vu(t) | all Ol 1K l1% f ey (8K (u (1)) da) 3 (4.37)

=

< UHERECKR@onE () + 17 E A CxR(o) fo clayun (K (u(®)da,

where ||K’||§<> = maxcg | K'(t) | and Cx = ||CH§OT%, 7 is the constant defined in (H2).
Estimate for Fio := —0 [, ¢(x) K (us (2, t))u(z, t)dr. Analogously like (4.37) we have

I=30Ckc zéecKc/
Fio | ———nE@) + ——— [ c(@)u(t)K(u())dx. 4.38
| Fia | B0 + o | el o) (1.33)
Estimate for Fi5:=2(1+6) fgg t—s fQ c(z) K (u(t))hT Vu(s)dz)ds. Analogously like (4.37) we have
[Pig| < 2 (([g(t = ) Vu(s) L ads)? +n fo @)K (ue(1)*d
(140) R(zo) (1+6) R(xo) 2
< = N S .
< DR (g o Y (1) + LRI T (4.39)

2R Gy [ () (§K (e (1) da

Estimate for Fj4 := Hfotg(t — 5)( o, ¢(z) K (us(t))u(s)dx)ds. Analogously like (4.37) and (4.39) we have

| Fia| < -%r(g 0 Vu)a(t) + o[ V()|
Az nA2
(4.40)
+ LSk [ elw)un () K (uy(£))da
Estimate for Fis := 2n [, u(t)’dz + %maxzeg | Vi [a] m(z) |2 fQ1/Q0 ug(t)?d.
1
| Fi5 |< (2n+ 3, nax | Vi |al m |2)/Qut(t)2dx. (4.41)
Then estimate for [, u¢(t)*dz using (H2) and (H1) we have :
1
/ J(t)2de < ( / c(x)K(ut(t))ut(t)da:> .
Q C()CQ N
Using Cauchy-Schwartz inequality, we get:
1 1
| Fi5 |< (2n+ — max | Vb |a] m(x) |2)( )/ () K (ug(t))ug (t)d. (4.42)
Av (7002 [¢)
Estimate for Fig := > ,_; [, Vz(t (A)Vz( Yhrdz. We have
X752 dzn (A)X = Z?:l a%k(aii)xzz + Zl<i<j§n a%k(aij)%ﬂj
< Xk a%k(aii)x?i + Xicicj<n %(aij)(x? +a3)
< mazi<icnl| 52 (i) | 1oo X T X (4.43)
gl ()l oo (0 — DXTX + (0 — 1)XTX)
< 2|2 Al XTAX.
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R(x
| Fis | < (,\O) LAl 12 V203

(4.44)

< e Allss 2 (4(g 0 Vu)a(t) + 6] Vu(t)|%),

where | | 2 Alloe b= (S0 12 A2} and |2 Allao = maxyseq maxi<hj<n | 22ak;(z) | Combining
(4.30)-(4.44) we obtain

’

pt) < —[ki—nM]E®{) — [27 k — 4n(1 + Ca)] [y g(s)ds||Vu(t)|[% + Mi(n)(g 0 V) a(t)

(4.45)
+Mo()[Vu(t) |5 + Ma(n) [q c(@)u(t) K (u(t))da,
where
1 _125(146) I=30CKc
M = 2204+ 2" 24¢(0) +1 22" COxR(z) + ——=—1,
n 9(0) e K R(z0) 20} n
02 (1+60)R ,
M(n) = 2*11@1+4+4CA+(A77)*126§R($0)2+(mc) +( +1) (x°)+(ac)(ma)fl
2An Az (2n)
R(.Z‘()) 0
+4 | HaxAHoo |2,
-1 -1 11 2 -1,2R 0 nic’e?
Ma(n) = n"+4+Ca5+(27) ") + (2nA2) " g(0) R(z0)” + (2A) " n7 R(wo )+K+ o
1+0)R(z cl R
UrDFlzo) | 0 R0 1) 2 gy,
AE(2n) A%
02 2(1+6)R(zo) I720CKke _122(1+0)
M. = K+ 4 Crn + N —CgR(x
3(n) N 1 KN PEINE VR (zo)
1 1
+(2n+ — A lnax | Vb [a| m(x )Iz)(cocQ)

Choosing 1 > 0 sufficiently small such that
ko = k1 — 1’]M > 0 and 271]61 — 477(1 + CA) > 0.
From (2.4),(4.1) ,(4.45) and considering the assumption (H2), we obtain

E(t) = E(0)+e )
< —ehaB(t) — 27 — My ()] (g 0 Vu)a(t) — [279(0) — eMo(n)] [Vu(d)]}  (4.46)
—(1 = eMs(n)) [ cla)ur(t)K (ug(t))da
Choosing € > 0 small enough such that

27y —eMi(n) >0, 271g(0) — eMs(n) > 0 and 1 — eM3(n) > 0
and from the propositions 1 we deduce

E.(t) < —eky(ed + 1) E(t). (4.47)
Hence, we deduce the exponential rate of decay. O
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