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IT-2 General Fuzzy Automata

Kh. Abolpour* and M. Shamsizadeh

ABSTRACT: This research is dedicated to the investigation and development of interval type-2 general fuzzy
automata (IT-2 GFA). It explores the connections between IT-2 general fuzzy automata and interval type-2
fuzzy regular grammars. The study also introduces and formalizes several operations on IT-2 fuzzy languages.
The results indicate that the class of I'T-2 fuzzy languages recognized by IT-2 general fuzzy automata is closed
under union, intersection, concatenation, and Kleene closure operations, but not under complementation. To
clarify the theoretical concepts and findings, the paper includes a number of illustrative examples
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1. Introduction

The concept of type-2 fuzzy sets was introduced by Lotfi Zadeh [22], who aimed to model and empha-
size the impact of uncertainty within fuzzy logic rule-based systems. In 2002, Jerry Mendel [10] noted
that the membership function of type-1 fuzzy sets is entirely crisp, which limits their ability to effectively
model certain ambiguities and uncertainties. In contrast, type-2 fuzzy sets can address such uncertainties
due to their fuzzy membership functions, which are three-dimensional. This additional dimension allows
for greater flexibility in modeling uncertainty compared to the two-dimensional membership functions
found in type-1 fuzzy sets. Despite their advantages, type-2 fuzzy sets can be challenging to apply, leading
to a preference for interval type-2 fuzzy sets in many practical applications, as they simplify computa-
tions [11]. Building on the theory of fuzzy sets, researchers such as Santos [13], Wee [18] and Wee and
Fu [19] have explored fuzzy automata and languages, contributing to a rich body of literature on the
subject parallel, classical algebraic foundations of automata theory are well documented by Holcombe
[4], which provide the theoretical background for later fuzzy generalizations. Further, Malik, Mordeson
and Sen [12] examined and developed the concept in more detail. Over the past few decades, numerous
studies have been conducted on fuzzy automata and languages, demonstrating their potential not only
for transforming classical automata into fuzzy automata but also for a wide array of applications. (cf.,
[1,2,5,6,8,9,14,15,16,17,21]). Accordingly, it has been found that fuzzy automata and fuzzy languages
have gained not only conversion of classical automata to fuzzy automata but also a wide range of ap-
plications [2]. Fuzzy automata and fuzzy languages have primarily been based on type-1 fuzzy sets or
specific lattice structures (cf., [5,6,9,21]). However, type-1 fuzzy sets often fall short in minimizing the
uncertainties present in models. Mendel [11] has highlighted the benefits of using interval type-2 fuzzy
sets in the context of computing with words, reinforcing their applicability. Additionally, Doostfatemeh
and Kremer [3] proposed the concept of general fuzzy automata to address the shortcomings in existing
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literature regarding applications that depend on fuzzy automata for modeling and assigning membership
values to active states. In their framework, a zero-weight transition does not necessarily imply no tran-
sition, which contrasts with traditional automata. More recently, Jing and Tang [7] have investigated
IT-2 fuzzy automata and languages, laying the groundwork for modeling non-classical computations. In
the current research, we provide a brief overview of studies conducted on interval type-2 (IT-2) general
fuzzy automata and languages. Furthermore, we present specific operations on IT-2 fuzzy languages,
demonstrating that these languages, defined by IT-2 general fuzzy automata, are closed under operations
such as union, intersection, concatenation, and Kleene closure. However, it is important to note that
they are not closed under the complement operation.

The motivation behind this research stems from the need to more effectively model and manage uncer-
tainty in fuzzy logic systems, particularly in the context of automata and formal languages. Traditional
type-1 fuzzy sets, while widely used, have inherent limitations due to their crisp membership functions,
which restrict their ability to capture and represent complex uncertainties and ambiguities present in
real-world applications. Type-2 fuzzy sets, introduced by Lotfi Zadeh, offer a more powerful framework
by allowing the membership function itself to be fuzzy, thus providing a three-dimensional representation
of uncertainty. However, the practical implementation of type-2 fuzzy sets is often hindered by their
computational complexity. To address this, interval type-2 fuzzy sets (IT-2 FS) have been proposed as
a computationally efficient alternative that retains much of the expressive power of general type-2 fuzzy
sets. In the field of formal languages and automata theory, most existing research has focused on models
based on type-1 fuzzy sets or specific lattice structures. These models, however, are often inadequate for
minimizing the uncertainties inherent in many practical systems. The concept of general fuzzy automata
(GFA) was introduced to overcome some of these limitations, allowing for more flexible state transitions
and membership assignments. Recent studies have begun to explore the integration of interval type-2
fuzzy sets into automata models, leading to the development of interval type-2 general fuzzy automata
(IT-2 GFA). This approach promises to enhance the modeling capabilities of fuzzy automata by more
accurately capturing the range of uncertainties encountered in computational processes. The primary
motivation of this research is to advance the theoretical foundation of IT-2 GFA and their associated lan-
guages, to investigate their algebraic properties, and to establish their relationships with interval type-2
fuzzy grammars. By doing so, the study aims to provide a robust framework for modeling, analyzing,
and processing information in systems characterized by high levels of uncertainty, thereby broadening
the practical applicability of fuzzy automata in various domains.

2. Preliminaries

In this section, we introduce and clarify several concepts related to type-2 fuzzy sets, interval type-2 (IT-
2) fuzzy sets, IT-2 fuzzy relations, and general fuzzy automata. We will derive and present key results
that will be essential for the discussions in the following sections. Throughout this study, we denote X
as a nonempty set, with I = [0, 1] representing the interval, and [I] = {[a,b] : a < b;a,b € I'} indicating
the collection of all closed intervals within I.

Definition 2.1 [10] A type-2 fuzzy set, denoted as A is characterized by a type-2 membership function
pi: X xJg =1, Va € X where J, C 1. This can be expressed as:

A= {((a,u), p z(a,u)) :a € B,u € J, C I},

with the condition that 0 < p z(a,u) < 1. Additionally, A can be represented as:

A= / / ii(asu)/(a,u), o C 1.
a€eX Jued,

where the double integral signifies the union over all permissible values of a and w. In cases where the
universe of discourse is discrete, the integral notation is replaced by the summation symbol > .

Definition 2.2 [11] A type-2 fuzzy set A is classified as an interval type-2 (IT-2) fuzzy set if its type-2
membership function meets the condition p 3(a,u) =1 for every a € ¥ and Vu € J, € 1. An IT-2 fuzzy
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set A can be represented in two forms:
1. As a set of ordered pairs:

A={((a,u),1):a €X,u e J,}

2. Using double integral notation:

Az/ / 1/(a,u),J, C 1.
aeX Jued,

Both forms indicate that the membership grade is consistently 1 for all pairs (a,u) that belong to the IT-2
fuzzy set A.

Definition 2.3 [10] LetN.fl be a type-2 fuzzy set defined over the set X.. For each element o’ € X, the
vertical slice p;(a’) of A represents the intersection of the two-dimensional plane defined by the azes

u € Jo and pz(a’,uw) with the three-dimensional type-2 membership function A. This can be erpressed
as:

/quEuﬂa:dw%j/J.hWleyQL
ue af

where the condition 0 < fu(u) < 1 holds. For an interval type-2 fuzzy set (IT-2 fuzzy set) A, pila=a u)
the vertical slice is characterized as:

uj(a’)zuj(a:a’,u)z/ 1/u, Jor C 1,
u€J

For convenience, we will denote this vertical slice simply as pi ; instead of p 3(a’),Va' € X. This vertical
slice functions as a type-1 fuzzy set, which is referred to as the secondary membership function. The
domain of this secondary membership function is known as the primary membership of a, which can also
be referred to as the secondary set. In relation to the wvertical slice, an IT-2 fuzzy set A can also be
represented as:

A={(a,pz(0):aex)

represents the primary membership of a.
In this study, we will denote the set of all IT-2 fuzzy sets over ¥ as IT — 2F ().
If both ¥ and J, are discrete, the IT-2 fuzzy set A € IT — 2F(X) can be represented as follows:

AZ[ZUU /ai[Zl/u

or equivalently as:

/a;

aey Luel, i=1 Lu€J,
S1 Si SN
— [Zl/ulk Jar + ...+ Zl/uik Jai+ ...+ Zl/uNk] /an,
k=1 k=1 k=1

where the symbol + denotes the union.

Throughout this study, we will consider both ¥ and J, as discrete. As noted in [16], the element a
can be discretized into N wvalues, and at each of these values, u can be discretized into S; values. The
discretization for each w;;, does not need to be uniform, but if they are the same across all u;, then we
have S1 =So =...= 8y = 5.

Definition 2.4 [7] An interval type-2 fuzzy grammar (IT-2 FG) is defined as a quadruple
G = (N,T,P,S), where:

1. N represents a finite set of nonterminal symbols,

2. T denotes a finite set of terminal symbols, with the condition that N N'T = ¢ (they are disjoint),

3. S8 € N is the starting nonterminal symbol,
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4. P is a finite collection of IT-2 fuzzy productions over N UT specified as P = {a % bla € (N U
TY*N(NUT)*,be (NUT)*}, where p is a mapping from (N UT)* x (NUT)* to IT —2F(T*), referred
to as the IT-2 fuzzy transition function.

In this context, p(a,b) represents the degree of membership indicating that the nonterminal a can be re-
placed by b, expressed as p(a,b) = p(a — b). For simplicity, the notation, a LNy often abbreviated to
a — b in the set P.

Definition 2.5 [7] Let the production a =2 b denote a derivation. If ¢ and d are elements of c,d €
(N UT)*, then we can derive cbd from cad, which we represent as

cad == cbd.
For a sequence a; € (N UT)*, fori=1,2,3,...,m and a;4+1 can be directly derived from a; for i =
1,2,3,...,m — 1, then ay is said to derive a,, in grammar G denoted as a; :Z> am - We can represent

the deriwation chain of a., from ay as follows:

: Pm-1
aléagpﬁzag,%... — G

In this context, we characterize p as the height of the intersection of the productions

p = height(pr NP2 NP3 N ... N Pp_1).

Definition 2.6 Let G = (N, T, P, S) represent an interval type-2 fuzzy grammar (IT-2 FG). The IT-2
fuzzy language L(G) generated by G is defined as:

L(G,w) = height{p : S =g>* wjw e T}

In this expression, IT — 2F(T*) denotes the collection of all interval type-2 fuzzy sets over the set of
terminal strings T*. Here, L(G,w) captures the height of the productions leading from the starting
symbol S to any string w in the terminal set T, highlighting the fuzzy nature of the language generated
by the grammar.

Definition 2.7 [3] A fuzzy set pg defined on a set Q (discrete or continuous), has been a function
mapping each element of Q to a unique element of the interval [0,1].

pg :Q —[0,1]

Thenthe fuzzy power set of Q identified as P(Q) is the set of all fuzzy subsets pg, which can be charac-
terized on the set Q.

P(Q) = {nqlug : Q = [0,1]}
Definition 2.8 [3] A general fuzzy automaton (GFA) is defined as:
F = (Q727R7 ZangaFlaF2)a

where

(1) Q is a finite set of states, Q@ = {q1,q2,---,qn},

(2) ¥ is a finite set of input symbols, denoted as X = {a1,az2,...,am},

(8) R is the set of fuzzy start states, where R C P(Q),

(4) Z is a finite set of output symbols, expressed as Z = {by,ba,... by},

(5) w is the output function defined as w: Q — Z,

(6) 6 is the augmented transition function represented as 6 : (Q x [0,1]) x ¥ x Q — [0,1].

(7) Fy is the membership assignment function defined as Fy : [0,1] x [0,1] — [0,1] This function takes
two parameters, p and §, where p is the membership value of a predecessor state and & is the weight of a
transition.
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In this framework, the transition from state g; to state ¢; upon receiving input as is expressed as:

1 (g5) = day (a0, 1 (90)) 45) = 0((qis 1 (a0)) ar, 45) = Fi (1 (4:), 0y (020 5))-

This equation indicates that the membership value (mv) of state ¢; at time ¢ + 1 is calculated using
the function Fi, which incorporates the membership value of state ¢; at time ¢ and the weight of the

transition. The function Fj(u,d) can take various forms, such as max{u,d}, min{u,d}, pto or other

related mathematical functions. As indicated in the formulas, each fuzzy transition is associated with a
membership value (mv) within the unit interval [0, 1], which we refer to as the weight of the transition.
The transition from the current state ¢; to the next state g; upon input ay is denoted as 44, (¢i, ¢k, g;),
simplified to d, (gi, g;). This notation encompasses both the transition and its weight. When 6,4, (¢;, ¢;)
is referenced, it pertains to the weight of the transition while also indicating the transition itself. The
set of all transitions in a general fuzzy automaton F is denoted as A - In contexts where the subscript
is understood, we simplify this to A.

(8) Fy : [0,1]* — [0, 1], is called multi-membership resolution function. The multi-membership resolution
function ascertains the multi-membership active states and assigns a single membership value to them.
We let Qqct(t;) be the set of all active state at time ¢;, V; > 0. We have Qquct(to) = R and Qact(t;) =
{(q, 1% (q))|13¢ € Quaet(ti—1),3a € 2,8.(¢'sq) € A}, Vi > 1. Given that Que(t;) is a fuzzy set, to
demonstrate that a state ¢ belongs to Qquct(t;) and T is a subset of Quct(t;), we should demonstrate it
as: ¢ € Domain(Qqct(t;)) and T C Domain(Qact(t;)); hereafter, we simply denote them by: g € Quce(t;)
and T' C Qqct (tz)

Definition 2.9 [3] The successor set of a state g, on input symbol a, denoted as Qsuce(qm,ax), is the
set of all states q; which will be accomplished through transitions 04, (gm, q;),

qucc(Qm7ak) = {QJ|6U«I€ (qm’qj) € A}

Correspondingly, we can characterize the predecessor set of a state set as follows:

Qpred(qma ak) = {ija;C (qjv Qm) S A}
3. Language of IT-2 General Fuzzy Automata
In the following section, we propose and clarify the concept of IT-2 general fuzzy automata, establishing
their relationship with IT-2 fuzzy languages.
Definition 3.1 Let F = (Q, %, R, 6, Z,w, Fy, Fy) be a general fuzzy automaton. An IT-2 fuzzy set Quet(t)
of Q is defined as follows:

Qact(t) = {(Qma,u't(Qm))'El(JZ S Qact(t - l)aak’ S Zan S qucc(qiaak)}

or, as the following:

Qi) = [ 0o fan = [ /
Gm €EQsuce(qi,ar) GmE€Qsucc(qi,ar) |J e,

am

1//1] /m,

where Jg,, C I has been the primary membership of g, .

In this study, IT-2 F(Q) will indicate the set of all IT-2 fuzzy sets in Q.
If both @ and Jg,, are discrete Qqc(t) € IT — 2F(Q) can be stated as follows:

Qact(t) - Z Z 1/:u /QTTL

Im €Qsuce(girar) | HEJqm

n

Z Z 1p| /g

i=1 | p€Jg,;
My M; M.,
= [Zl/ulk /a1 + ..+ Zl/ﬂik /i + ...+ Zl/ﬂnk] /Gn,
k=1 k=1 k=1
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where + denotes the union.
All through the present study, we regard both @ and J, as discrete.

Definition 3.2 The footprint of uncertainty for a type-2 fuzzy set UQact(t), of a T-2 fuzzy set Quct(t)
is defined as:

UQact(t) - U qu.

Am E€Qact(t)

Let UQquet(t) = Jy,, for all gm € Qact(t). Consequently, a type-2 fuzzy set Qquci(t) can be represented as:

ac t) = ms t m ms t m)):
Quact(t) //(mw(qm})eUQm(t)u(q 15 (@m))/ (@ms 1 (Gm))

For a given type-2 fuzzy set Qquct(t), there exist two type-1 membership functions that serve as the bounds
of UQuact(t): the lower membership function, denoted as p corresponds to the lower bound, while the upper
membership function, denoted as i corresponds to the upper bound of UQuct(t). For Quct(t) € IT —2F(Q)
and qm € Qsuce(qi, ax), the membership function ut(qy,) is an interval type-1 fuzzy set on I. Therefore, we
have: UQqct(t)(gm) = [(qm), B(gm)], where p(gm) and f(qm) represent the lower and upper membership
functions, respectively, both of which are type-1 fuzzy sets. Consequently, the membership grade of each
element in the type-2 fuzzy set is expressed as the interval [u(qm), B(gm)].

Thus, any Qaet(t) € IT — 2F(Q) can also be characterized as:

Qact(t) = 1/UQact(t)-

Definition 3.3 Let Quct(t), Quet(t + 1) € IT — 2F(Q). Then
1) the union of IT-2 fuzzy sets Qact(t), Qact(t + 1) is

Qact(t) U Qact(t + 1) = 1/[&((1) \ /L(p); ,L_L(Q) N ﬂ(p)]a

where p € qucc(Q7a) forp,q€Q, a€X;
2) the intersection of IT-2 fuzzy sets Qauct(t), Qact(t + 1) is

Qact(t) n Qact(t + 1) = 1/[&((]) A ,U(p), :L_l’(q) A ﬂ(p)]a

where p € Qsucc(q; a) forp,q € Q, a € X;
3) the complement of IT-2 fuzzy set Quct(t) is

act(t) = 1/[1 = p(q), 1 — p(q)],

for any q € Quct(t);
4) the scale product of a and IT-2 fuzzy set Qqet(t) is

@.Qact(t) = 1/[a A plq), & A fi(q)],

for any q € Quet(t), where a = 1/[a, @], [, @] € [0, 1] signifies the set of all closed subintervals of [0, 1].
5) the height of IT-2 fuzzy set Quet(t) is

height(Qact (1)) = 1/[VeQue () IM(@); VaeQue, (1) F(a)]-

Example 3.1 Consider the GFA in Fig. 1, it has been indicated as F= (Q,E,R, 6, Z,w, Fy, F,), where
Q = {q0,q1, 92} has been the set of states, & = {a, b} has been the set of all input alphabet, R = {(g0, 1)},
Z =0 and w has not been applicable. We verify operation of the GFA in Example 3.1 upon input "aba”.
If we select Fy(p,6) = 8, Fo() = ' (qm) = Ay (F1L (1 (i), 6(¢i, ak, qm)), then we achieve (Table 1):
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1 (q0) =1,

1 (1) = Fi (1" (q0), (g0, a, 1)) = 0(qo, a,q1) = 0.2,

12 (q0) = Fr(p"* (q1),0(q1,b,q0)) = 6(q1,b,q0) = 0.6,

12 (q2) = Fi(p" (q1),6(q1,b,q2)) = 6(q1,b, q2) = 0.4,

12 (q0) = F1(p"* (g2), 0(q2, a, q0)) = 6(q2, a,qo) = 0.3,

1" (q1) = F1(1"(q0), (g0, @, q1)), F1 (1" (g2),6(q2, a, q1))
=6(qo,a,q1) AN 6(g2,a,q1) =0.2A 0.1 =0.1.

By the Definition 3.1, we have an IT-2 fuzzy subset Quct(t;) of Q for any i > 0 as follows:
Qact(tO) = {(qu 1)}; Qact(tl) = {(qla 02)}7 Qact(tQ) = {(Q27 04)}3 Qact(ti’)) = {(qoa 03)7 (qla 01)}7

or, as the following:

Qact(to) = 1/1/q0, Qact(t1) = 1/0.2/q1, Qact(t2) = 1/0.6/q0 +1/0.4/q2, Qact(t3) = 1/0.3/qo +1/0.1/q;.
Then

UQact(to) = 1/1/qo +1/0.6/q0 +1/0.3/qo = [0.3,1],

UQaet(t) =1/0.2/¢1 +1/0.1/q1 = [0.1,0.2],

UQact(t2) = 1/1/qo +1/0.6/q0 +1/0.4/qo = [0.4,1],

UQact(ts) =1/1/q0 +1/0.6/q0 + 1/0.1/¢1 + 1/0.2/¢1 = [0.1,1].

wogy) =1

Figure 1: The GFA of Example 3.1

Table 1: Active states and their membership values (mv) at different times in Example 3.1
time to tl t2 t3
input A a b a

Qact(ti) | 00 | @1 | 90— qQo—q1
mv 1 102|06—04]03-0.1
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According to Definition 3.3, then we have:

Qact(t1) U Quer(t2) = 1/[0.1 v 0.4,0.2 v 1] = 1/[0.4, 1],
Quet(t1) N Quer(ta) = 1/[0.1 7 0.4,02 A1) = 1/[0.1,0.2],
¢ (t1)=1/[1-0.1,1—-0.2] = 1/[0.9,0.8],
1/[0.3,0.4].Qqet (ts) = 1/[0.3 A 0.1,0.4 A 1] = 1/]0.1,0.4].

Furthermore, pu(qo)
a(gs) = 1.

0.3, ﬁ(‘i()) =1, H(ljl) = 0.1, ﬁ(qu) = 0.2, :U‘(q~2) = 04, ﬁ(qZ) =1, H(qé) = 0.1,

Definition 3.4 An interval type-2 general fuzzy automaton (IT-2 GFA) has been ten-tuple
F[T = (Q7 Z, (j()7 Z, 5IT> (SIT,(Z}, ij, Fl, FQ), where

Q: has been a set of all IT-2 fuzzy subsets Quct(ti) of Q, for any i > 0. For simply we show that IT-2
fuzzy subset Quer(t:) by @;

> : has been a finite set of input alphabet;

qo: has been an IT-2 fuzzy subset Qqct(to), recognized as the IT-2 fuzzy set of initial states;

Z: has been a finite set of output alphabet, in which Z has been a power set of Z;

817 Q x X — Q: has been the next state map characterized by Orr(Gi,a) = Git1, such that §17(g;, a) has
been an IT-2 fuzzy subset of QQ, and it may be considered as the possibility distribution of the states that
the automaton in state q; and with input a can enter;

S QxEXQ — [0,1]: is the transition function which has been applied to map a state (current state)
into another state (next state) upon an input alphabet, assigning a value in the fuzzy interval [0,1] as
follows:

orr(Giva, 4j) = (1(@i) v (@) A (@) Vv 1(g5));

@: is mapping from Q into Z. Formally, & is identified as follows:

&
O
N

@ = |  wl:

i €Quact(ti)

Gs: has been an IT-2 fuzzy subset of Q, distinguished as the IT-2 fuzzy set of final states.

Example 3.2 Consider the general fuzzy automaton in Example 3.1. By the Definition 3./ we have the
IT-2 GFA in Fig. 2, where Q = {qo,¢1,G2,43}, = = {a,b}, §o = 1/1/q0, Z = 0 and & has not been
applicable.

(1(go) vV p(@1)) A (7(qo) V (1))
= (0.3V0.1) A (1V0.2)
0.3A1=0.3,

(@) v p(G2)) A (B(G1) vV 7(G2))
=(0.1v0.4)A(0.2V1)
0.4AN1=0.4,

(1(g2) Vv p(ds)) A (B(q2) V 1i(d3))
= (04V0.1)A(1V1)
=04N1=0.4.

S((jo’ a, ql)

5(@17 b, 62)

5(627 a, 63)
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phe(g,) =1 q,0.3

o~ a, 0.4

Figure 2: The IT-2 GFA of Example 3.2

Definition 3.5 The mv of a string w € ¥* indicated as u(w), has been the maximum membership value
among all its derivations, in which the mv of a derivation has been the minimum transition weight encoun-
tered in that derivation. Bearing in mind that w contains n derivations, and w = a1asy ... AAk+1 - - - Cm,
and that the ith derivation of w is:

deTi(U}) = Cﬁgdil cee (jikﬁjik_,_l cee qimv
where G;, € Go, the mv of der;(w) has been calculated as:
p(deri(w)) = Min{drr(Giy, a1, @i )s - - 017 (Giry 1 5 s @i )
and the general formula to calculate the mv of w will be:
plw) = \/{p(ders(w)y = \/{ N {01 (Gix_, ar, G )}
i=1 i=1 k=1

Definition 3.6 Let Fp = (Q,E,(jo,Z,dIT,ng,cD,(jf,Fl,Fg) be an IT-2 general fuzzy automaton. An
IT-2 Fuzzy set ¥* of X is identified as follows:

IT - 2F(3X") = {(w, p(w))|w € ¥*)}.
The footprint of uncertainty, indicated by UIT — 2F(X*), of a T-2 fuzzy set X* has been stated by

UIT - 2F(3%) = | Ju.
wex*

Definition 3.7 An IT-2 fuzzy language 7 € I'T — 2F(X*) is regarded to be recognizeed by an IT-2 GFA
FIT = (Q7 Z7 607 Z751T751T7(’D5 qf7 F17F2)} iffor any w exr

Y(w) = 1/[\/{360(%) A (W) A g (@i ) dios i € QY /{4, (o) A (W) A Tig, (i o i € QY-

Definition 3.8 The active state set of aninput string w is the I1T-2 fuzzy set of all active states, after
string w has entered the IT-2 GFA

Qact(w) = {(Giy, , NG, ) Gio iy - - - G Girss - - - i € Dater(w)},

where Dger(w) is the set of all derivations of string w. We demonstrate that the IT-2 fuzzy set Qaet(w)
by G- For any w € ¥*, the degree to which w is identified by IT-2 GFA Fir is

,C(F[T, U)) = hez’ght(qw n (jf)
An IT-2 fuzzy language L(Fip) € IT — 2F(X*) accepted by Frp is distinguished as:
E(F]T)(’w) = E(F[T, U)), Yw € X%,
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Theorem 3.1 Let G = (N, T, P,S) be an IT-2 fuzzy regular grammar, then there will be an IT-2 GFA
Frr = (Q,%,G0, Z, 017,617, @, dr, F1, Fy), where Q = >1/[1, 1]/N U gz, =T,40 = 1/[1,1]/S. ¢ =
1/[1,1]/8 + La(N) /ay -

p(A—aB), A BEN
6(1/[1,1]/A,a,1/[1,1]/B) ={ p(A = a), AeN,B=gq;

0, otherwise
Z =0 and & is not applicable.

Proof. For any a, 8 € (NUT)*,p(av — B) = height{p : o Ny B}. We will present that L£(Fir)(w) =
L(G)(w). Let w € Vi there will be two cases for w.

i) If w= A, then L(Fr7)(A) = L(G)(A).

i) If w# A, let w=ajas...a,. where a; € T fori=1,2,...,n.

IfsS :p>* w there will be some derivation of w with the form
S % a1A1

% 0,10,2142

Pn:—; aias ... anflAnfl

2 aqas .. G,
where A;_1 %aiAi €Pfori=1,2,...,nand Ag=S5. A, =a, withp=p;Np2N...Np,.
Through the definition of ¢, of IT-2 GFA Fjr. we get

(jw(Qf) QSIT(l/D) 1]/5,@1, 1/[17 1]/A1) A
A SIT(l/[L 1]/14”,1, Qs Qf) =p1NpaN...0Ppy, =p.

Therefore, L(Frr)(w) = height(Gw N dy) = Guw(ds) > p. Accordingly, we have illustrated that £(G)(w) C
L(Frr)(w) for any w € ¥*. that is L(G) € L(Frr).

On the other hand, if £L(Fr7)(w) = Gu(dr) 2 or7(1/[1, 1]/8,a1,1/[1,1]/ A1 YASrr(1/[1,1]/A1, a9, 1/[1,1]/
Ag) Ao AN (1/[1,1] /A1, an, ) for any 1/[1,1]/A4; € Q. let

Srr(1/[1,1)/8, a1,1/[1,1] /A1) = p1,
SIT(I/[L 1]/141, as, 1/[1, 1]/142) = po,

SIT(l/[la 1/An—1,an, 1/[1,1]/An) = pn,

and let
p=p1NpaN...NPy,,

subsequently, there will be corresponding derivation S :p>* w. That it demonstrates that if p C
L(Frr)(w), then p C L(G)(w) , then L(Frr) C L(G). Consequently, L(F;r) = L(G), that is IT-2
fuzzy languages can be recognizeed by IT-2 general Fuzzy automata. ([l

Theorem 3.2 Let Frp = (Q,Z,qb,Z,éIT,SIT,oD,dﬁFl?FQ) be an IT-2 GFA, then there will be an IT-2
regular grammar G = (N, T, P,S) such that L(G) = L(Fr7).
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Proof. We can propose an IT-2 regular grammar G = (N, T, P, S), in which T = 3, N = U1 Qqct(ti),
S = go.The production rules in P has been recognized as follows:

1) For each 51T((ji,a7(jj) # 0 then ¢; R ag; € P such that p; = SIT(qi,a,qj);

2)If 617 (Gi, a, ;) # 0 and Gf(q;) # 0, then ¢; P2 4 c P, such that py = heightqjeé(én(éji,a, 4;)Ndr(d5));
3) If 677 (Gir a,G;) # 0 and Go(Gi) # 0, then gy =2 ag; € P. such that p3 = drr(Gi, a, §;);

4) If 6rr(Gi,a,4;) # 0. Go(di) # 0 and §r(g;) # 0 , then ¢ L4 € P, such that
Pg = heightqjeé((slT(di7a7 QJ) N ij(dj))

We will illustrate that £(G) = L(Fir). Let w € T*, then there will be two cases for w.

i) If w = A, then L(G)(w) = p(q0 = N) = L(Frr)(w).

ii) when w # A. let w = ajas...a,. where a; € T for i = 1,2,...,n. If go BN w, there must be some
derivation of w, having the form

P1
qo = a1q1

P2
= 410242

pn—l
— 4102 ...0p—1qn—1

p
= a1a3...0, = W,

where ¢;_1 RN a;qi € Pfori=1,2,...,nand g = S. ¢, = a, with p =p;NpaN...Np,. Based on the
definition of P. we recognized that

L(Frr)(w) = height(Gu(do) N dr)
D height(drr(Go, a1, @) A drr(Gr, az, G2) A - ..
A S17(Gn—1, @ny Gn) N G (Gn))
=P Npan...Npy=p.

As a result, we have demonstrated that £(G,w) C L(Frr,w) for any w € X*, that is £(G) C L(Frr).
On the contrary, if

L(Frr)(w) = height(Guw (o) N dr)
= height(d17(do, a1, G1) A drr(di, az, G2) A - ..
A S17(Gn—1, Gns Gn) N G (Gn)
D height(drr(Go, a1, @) A Srr(Gi, az, G2) A - ..
A heighty 500 (Gn-1,n, Gn) N 47 (Gn))-

For any g1, G2, - -, Gn € Q- let height(drr(qo, a1, 1) ASrr(Gr, az, §2) A - - Aheighty 500 (Gn—1,an -Gn) N

dr(Gn) =p1Np2N...Np, = p. subsequently, there will be corresponding derivation g =2 w. Hence, it
is demonstrated that if p C £(Frr)(w), then p C £(G)(w), that is L(Frr)(w) € L(G)(w) for any w € ¥*,
that is L(Frr) € £(G). Therefore £(G) = L(F;r), that is the languages accepted by IT-2 general fuzzy
automata are I'T-2 regular languages. ([l
Subsequently, in view of Theorem 3.1 and 3.2, there are two corollaries as follows:

Corollary 3.1 IT-2 fuzzy regular grammars are said to be equivalent to IT-2 general fuzzy automata.

Corollary 3.2 IT-2 general fuzzy automata are said to be equivalent to IT-2 fuzzy regular grammars.
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4. Closure properties of IT-2 fuzzy language by IT-2 general fuzzy automata

An IT-2 fuzzy language £ has been an IT- 2 fuzzy subset of ¥* which has been characterized in Definition
3.6. The closure properties of IT-2 languages which have been identified by IT-2 general fuzzy automata
are studied and elucidated in this section.

Definition 4.1 Let £1,Lq € IT — 2F(X*). Then for any w € ¥*,
1) the union of L1 and Ls, indicated by L1 U Lo, characterized as

1
g () V i, (), Fig, () V fig, (w)

LiULy =

b

2) the intersection of L1 and Lo, indicated by L£1 N Lo, characterized as

1

R G T A s, ()., () Ao, (0]

)

3) the complement of L1, indicated by LS, characterized as

1
1 fig, (). 1~ gy (w)]

L5 =

4) the concatenation of L1 and Lo, indicated by L1.La, characterized as

1

5 N i, 0, 2,1 VNG () ey DT

in which w = xy,
5) the Kleene closure of L, indicated by L*, characterized as

=U£i:£0U51U..., where

Theorem 4.1 Let Fyr and Forr be two IT-2 GFAs. Then there will be an IT-2 GFA Frr such that
£(F]T) = E(FHT) U E(FQIT).

Proof. Let [,(FHT) and E(FQIT) be the IT-2 fuzzy languages accepted by IT-2 GFAs Fir = (Ql7 Y, dot, Z,
511T7511TaW1aQIfaF17F2) and Forr = (Qz,Z oz, Z, 0a17, 0217, 02, o g, F1, Fa) respectively. Then we de-
fine an IT-2 GFA Fyp = (Q S, o, Z, 017, 017, @, dr, F1, F) as follows:

Q=Q1UQ2, where Q1NQ>=0;

i S1r(Gia)  if G € Qu,
orr(Gi,a) = HT(? ) . ({ Ql
) if @€ Qo
i our(@iya, @) if @,q; € Q1,
Sr7(Gis a,Gj) = § 0217 (Gina, @) if i, G5 € Q2,
1/0,0] otherwise;

0(G) = quEQl wi(g:) if G € 6:217
Ugcq, w2(ai) if @ € Q2,
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~ /~ q ~i if ~i S ) 9
q7(qi) = Dy@) 1 G € O
G2r(q;) if G € Qa.

Consequently, for any w € X%,

L(Frp,w) = height[G, N dr]
= height[{q1w N qif} V {G2w N G2 }]
= height[qiw N q17] V height[Gaw N Goy]
= L(Fyir,w) V L(Farr,w).

Therefore, E(FIT) = E(FIIT) U E(FQ]T). ([l

Theorem 4.2 Let Fyr and Fyrr be two IT-2 GFAs. Subsequently, there will be an IT-2 GFA Frr such
that

ﬁ(FIT) = E(FHT) n L(FQIT).

Proof. Let L(Fyr7) and E(FQIT) be the IT-2 fuzzy languages accepted by IT-2 GFAs Firr = (Q1,%, Go1, Z,
511T7511T;W1,Q1f,F17F2) and Foyr = (sz o2+ Z, 0217, 0217, @2, Gy, F1, ) respectively. Then we de-
fine an IT-2 GFA Fyp = (Q Y. Go. Z, 811, 017, @, dr, F1, F2) as follows:

Q = Q1 x Qs (direct product of Q; and Q5 );

do = (qo1, Go2);
6((4i»5), a) = (6117(Gis
orr((di, ;) a a, (g, q;)

a),
=d1;
w(i,q5) = U Wl(%’)) U U wa(qj) | 3

q;€Q2

d2r7(qj,0));
(Q’La 3q’L) A 52]T(QJ7a qj)

VQZ

qr = qur N Gaf-
Thus, for any w € ¥*,

L(Frp, w) = height|qy, N q4r]
= height[qiw N qiy N G2w N Goy]
= height[qiw N q17] A height[Gaw N G2y]
= L(Firr,w) A L(Farr,w).

Accordingly, E(F]T) = £(F1]T).£(F2[T). O

Theorem 4.3 Let Fiip and Farp be two IT-2 GFAs. Therefore, there will be an IT-2 GFA Fir such
that
L(Frp) = L(Fyr).L(Farr).

Proof. Let E(FHT) and ﬁ(FQlTl be the IT-2 fuzzy languages accepted by IT-2 GFAs Fir = (Ql, 2, o1, 2,
o1, d1rr, @1, Qug, F1, Fo) and Forr = (Q2, %, Go2, Z, S217, 6217, W2, G2, F1, F2) respectively. Then we de-
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fine an IT-2 GFA Frr = (Q, %, do, Z,§1T,51T,d),tjf,F1,F2) as follows:
Q=Q1UQs, where Q1 N Q=10
do = Go1 U Go2;

Srr(di a) = ourr(Gi,a)  if g € C:?l,
e dorr(Gisa)  if Gi € Qo;

\/{/\{(ElfT((jiaa,qj)a§2IT((jiaaaqj)}}7(ji,(jj € 6:2
VAN O117(Gis @, 45), 0217 (Gis ay G5) } 5 Gis G5 € Q2
(dz) _ qute wl((h) if g; € C?l,

Ug e, w2(q) i ¢ € Qo;
dr = qir-Gay-

SIT(qiv a, Cj]) = {

w

Hence, for any w € ¥*,

E(F]T, w) height[(fw N ‘if]

/' [height{Guu, N Gis} A height{Gow, N Gos}]

W=wiwsz

\/ [E(FIITa wl)uc(Fz[T,wg)].

w=wi W

Therefore, L'(FIT) = ,C(Z:_'HT).,C(FQIT). (0 The results can be easily proved by utilizing Theorems 4.1
and 4.3.

Theorem 4.4 Let FUT and FQIT be two IT-2 GFAs. Then
L(Fii7) = L(Forr)*.

Definition 4.2 Let Fir be an IT-2 GFA and o = 1/[a, ), where [, @] € [0,1], set of all closed subin-
tervals of [0,1]. Then a « -IT-2 fuzzy language recognized by Frr with parameter a has been characterized
as:

L(Frp,a) ={w: Lz (w) 2a,weX"}.

Theorem 4.5 Let Frr be an IT-2 GFA and ﬁ(FIT, ) a a -IT-2 fuzzy language recognized by Fir. Then
L(Frr,a) has not been closed under IT-2 fuzzy complement.

Proof. Let Fir be an IT-2 GFA and [,(]:"IT, a) a a -IT-2 fuzzy language accepted by Frr. Then we have
£(F[T,a1) ) E(F[T,CYQ) if @1 < ay. That is K(FIT,a) is non-increasing for «. On the other hand, if
a1 < as, then L'C(F[T, a1) C [,C(FIT, as) and thus, CC(FIT, «) is said to be non-decreasing, and therefore
a contradiction appears. O

5. Conclusions

In this study, we have introduced and developed the theory of interval type-2 general fuzzy automata
(IT-2 GFA) and explored their relationship with interval type-2 fuzzy regular grammars. We have rigor-
ously defined the structure and operational semantics of IT-2 GFA, and demonstrated how these automata
can be used to recognize interval type-2 fuzzy languages. Our results show that the class of IT-2 fuzzy
languages recognized by IT-2 GFA is closed under the operations of union, intersection, concatenation,
and Kleene closure, but not under complement. Several illustrative examples were provided to clarify the
concepts and validate the theoretical results.

There are several promising directions for future research based on the findings of this paper:
1. Minimization and Equivalence Algorithms: Developing efficient algorithms for the minimization of
IT-2 GFA and investigating the equivalence problem for these automata could significantly enhance their
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practical applicability.

2. Extension to Nondeterministic and Probabilistic Models: Extending the IT-2 GFA framework to
encompass nondeterministic or probabilistic transitions may offer greater modeling power for real-world
systems characterized by multiple sources of uncertainty.

3. Learning and Identification of IT-2 GFA: Investigating learning algorithms for IT-2 GFA from data,
including grammatical inference and state identification methods, could open new avenues in machine
learning and pattern recognition.

4. Applications in Natural Language Processing and Control Systems: Applying IT-2 GFA to fields such
as natural language processing, speech recognition, and fuzzy control systems could demonstrate their
effectiveness in handling complex uncertainties inherent in these domains.

5. Complexity Analysis and Optimization: Analyzing the computational complexity of basic operations
on IT-2 GFA and developing optimization techniques for state reduction and transition simplification
would be valuable for large-scale implementations.

6. Integration with Other Fuzzy Models: Exploring the integration of IT-2 GFA with other fuzzy models,
such as fuzzy Petri nets or fuzzy Turing machines, could further enrich the theoretical landscape and
practical utility of fuzzy computation.
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