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On the Powers of Companion Matrices via Linear Recursiveness.
Application to Power of Matrices

Mustapha RACHIDI

ABSTRACT: This paper concerns some explicit formulas for the entries of the powers of companion matrices
and diagonal matrices with companion matrix blocks. The development of such formulas is based on the
connection of the entries of the powers of the companion matrices and the recursive sequences of Fibonacci
type. Indeed, their associated fundamental Fibonacci system and fundamental sequence will play a central
role. Thus, several explicit formulas for these entries are established. In addition, the Frobenus decomposition
permits to apply the former results for outlining the matrix powers in the general setting. Ilustrative special
cases and examples are provided.
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1. Introduction

It is well known that the matrix functions, especially the matrix powers function, play a significant
role in many fields of pure and applied mathematics, engineering and applied sciences. Several methods
and algorithms have been developed for computing the usual matrix functions (see,for example, [4,8,9,10,
11,12,17,19,21]). Particularly, for computing the matrix powers A™ (n > r) various methods, techniques
and algorithms have been improved in the literature (see,for example, [8,9,10,11,12,13,14,17]). Recently,
it was shown in [5,6] that some properties of sequences defined by linear recurrence relations of constant
coefficients (see [15,18,20], for example) are used as a fundamental tools for computing the entries of the
companion matrix powers, as well as the matrix exponential, the matrix logarithm and matrix p — th
root. Such recursive sequences, known in the literature as as r-generalized Fibonacci sequences, appear
naturally in the computation of the matrix powers (see [2,5]). These sequences {v,},~, (of real or
complex numbers) are defined by specified initial conditions vy = @, v1 = @1, ,Up—1 = Qg (1 > 2)
and the linear recurrence relation of order r

Upt1 = a1Vp + -+ + QpUp_py1, for n>r—1, (1.1)
where the real (or complex) numbers aq, ag, - -+ , ar (a, # 0) are the coefficients (see, for example, [15,20]).
The (characteristic) polynomial P(z) = 2" — a12" "% — as2"~2 — ... — a,, whose (characteristic) roots A\

(1 <k < h) of multiplicities my (1 < k < h), plays a central role in the formulation of the general term
v, under the analytic Binet formula

h mk—l
Uy = Z Z zpnd | AL, (1.2)
f=0

k=1 =

where the scalars xj, y are furnished in terms of the initial data by solving the generalized Vandermonde
linear system: ZZ:1 (Z?:"al xk’fnf) T = ap, for 0 < n < r—1. In addition, the combinatorial

expression of {vp }n>0 is
vp = p(n,r)we + p(n — 1, r)wy + -+ pln—r+1,r)w,_q,

for every n > r, where ws = a,vs + -+ asv,—1 (0< s <r—1) and

(ko + -+ kp_y)!
o= Y ke 03)
k14+2ko+---+rkr=n—r 1 r

with p(r,r) =1 and p(n,r) =0if n <r —1 (see, for instance, [18,20] and references therein).

The purpose of this paper is to provide some explicit compact formulas for the entries a;s(n) (1 <
J,s < r) of the matrix powers A™ (n > 0), where A is a companion matrix or a diagonal matrix with
diagonal companion matrices blocks. Our approach is based on the close relationship between the entries
a;;(n) (1 <4,j <r)and the family of sequences {vﬁf)}nzo, indexed by s (1 < s <), of type (1.1) defined
by

(s) (1.4)

’uﬁfll = aow(f) + 4+ ar_lvfl‘i)rJrl, for n>r—1,
Up =0s—1,n forl<n<r.

The set {{v,(ls)}nzo, 1 < s < r} is the so-called the fundamental Fibonacci system. Properties of the

analytical Binet formulas and combinatorial expressions of the sequence {v,(f) tn>0, called the fundamental
sequence, will play a central role in this study.

This study is organized as follows. Some preliminary considerations on the fundamental Fibonacci
system and fundamental sequence related the sequences (1.1) are presented (Section 2). The entries az(;L)
(1 < 4,5 < r) of the powers A™, where A is a companion matrix or diagonal matrix with companion

matrices blocks, are provided in terms of the fundamental sequence (Section 3). For reason of clarity and
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conciseness, some properties of sequences (1.1) are applied for providing the combinatorial and analytical
expressions for the entries aE;L) (1 <4,5 <r) of powers A™ (n > 0), where A is a companion matrix
or a diagonal matrix with companion matrices blocks (Section 4). Two approaches for exhibiting some
explicit formulas for the entries of the preceding matrix powers are provided, using some recent results
of the literature concerning the scalars xy ; (Sections 5 and 6). In Section 7, we furnish an application
to the analytic matrix functions. Concluding remarks and perspectives are stated in Section 8. Finally,

illustrative examples and special cases are furnished.

2. Preliminary on the fundamental Fibonacci system
2.1. Combinatorial aspect

We denote by Ek(ai,as,...,a,) the K-vector space (K = R ot C) of sequences (1.1), where aq,
as, ..., a, are fixed coefficients. For every{v,},>o in Sﬂg) (a1,...,a,) of initial data «g, -+, @_1,

-

we can verify that v, = Zasv,(f), for every n > 0. Moreover, the fundamental Fibonacci system
s=1

{{vs)}nzo , 1 < s < r} represents a basis of the K-vector space EH({) (a1,...,a,), which is of finite

dimension r. In addition, it was shown in [3,5] that each sequence {vr(f)}nzo (1 < s < r) can be

expressed in terms of the fundamental sequence {v,(f)}nzo. More precisely, we have

(o) = Zar_t+1v7(1725+t_1, for every n > 0. (2.1)
t=1

We observe that Expression (2.1) also remains valid for s = r.

On the other side, it was proven in [18] that the sequence {wy,}n,>0 defined by w, = p(n + 1,r)
satisfies the linear recursive relation Expression (1.1). Moreover, since the sequence {wy,},>0 and the
fundamental sequence {vg)}nzo satisfy Expression (1.1) and own the same initial data, namely, w,, = v,&r)

for 0 < n < r—1, we derive that the combinatorial formula the fundamental sequence is v\ = p(n +

ki + -+ k)l . .
1,r) = Z %a’fl ---afr. Moreover, the former combinatorial form of the
ky+2kg+ - trkp=n—r+1 Lrrr b
fundamental sequence and Expression (2.1) imply that the combinatorial expression of every sequence

{uﬁf)}nzo (1<s<r)is

S
v(®) = Z ar_tr1p(n —s—+t,r), for every n >r. (2.2)
t=1

Given the close relationship between the powers of the companion matrices and the fundamental Fibonacci
system (1.4), the formulas (1.3) and (2.2) will allow us to obtain the combinatorial form for the entries
of the matrix powers of the companion matrices or diagonal matrices in blocks of companion matrices.

2.2. Analytical Binet aspect

For the fundamental sequence {vg)}nzo the analytic Binet formula (1.2) is given under the form

h mkfl

o) = Z Z a:,(:}nf [ (2.3)
f=0

k=1 =

where the )\, are the characteristic roots of multiplicities my, (respectively) and the scalars ;13,(:} are

obtained as the solution of the linear system 22:1 (Z}n:’“al m,(:)fnf) A =06,—1n (0<n<r—1). In

addition, by substituting Expression (2.3) in Expression (2.1) we show that the analytic Binet formula
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of each sequence {v,(f)}nzo (I<s<r-—1)is

h mp—1 S
o) = Z Z <Z ar—t41(n—s+1t— 1)”1?5“_1) x,(:} 2

k=1 | f=0 \t=1

for every n > r. And a straightforward computation permits us to write

h my—1
Z lz Q(s,k‘,u)n“] [ (2.4)
u=0

where

mip— 1

Q(s, k,u) Z (Z ay t+1( ) —s+t— 1)f—u,\]:s+t—1> l“;:)f (2.5)
f=u t=1

Generally, the (characteristic) roots of the polynomial P(z) = 2" —a;2" ! —- -+ —a, are not all simple.

Suppose that T'y = {k, my = 1} # 0 and T's = {k, my > 2} # 0, where mj, means the multiplicity of the

root A\x. Then, Expression (2.4) takes the form

mkfl
o =3 w00+ 3T ST 2l | g, (2.6)
kel kel f=0
mk—l
o) = Z (Zar D v 1) :vff)/\z—ﬁ— Z [Z Q(s,k,u)n“] [ (2.7)
kel'y t=1 kels u=0

where Q(s, k,u) is given by formula (2.5). When all the roots Ay (1 < k < r) are simple we have
Iy ={k, mp=1}={1,...,r} and I'y = {k, my > 2} = 0, which implies that

o) = fof))\z and v = Z (Z UREIED Vet 1) :v,(:)/\z.
k=1

As stated before, given the existence of a close relationship between the powers of the companion
matrices and the fundamental Fibonacci system (1.4) (see [2,3,5]), Expressions (2.4)-(2.5) will allow us
to give explicit analytic formulas for the entries of the powers of the companion or diagonal matrices in
companion matrix blocks.

3. Fundamental Fibonacci system and entries of the powers of the block square
companion matrix

The matrix formulation of the sequence defined by (1.1) is given by V,, 41 = AV, for every n > r—1,

where V,, is the vector column V,, = (v,,v 1, + ,Up_rs1) and A is the companion matrix
a; ag Ay
1 0 0 .. O
A =Alay, a2, ,a,] = o 1 0 .. 0f, (3.1)
0 0 1 0

Matrix formulation of sequences (1.1) has been considered in various papers of the literature, for example,
it was used in [2,5,18] for studying several properties of sequences (1.1). The closed connection between
the entries a;;(n) of the powers A™ = (a;;(n))1<i j<, of the companion matrix (3.1) and the fundamental
Fibonacci system (1.4), has been established in [3,5]. More precisely, the entries a;;(n) are given explicitly
in terms of the fundamental Fibonacci system. Using an iterative process we get the matrix equation
Voaro1 = A"V, 4, forn >r—1, where V,_1 =% (v,_1, ..., vg) is the vector column of the initial data.
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More precisely, the vector V,,,._1 can be written under the matrix form V,,,._y = M,,V,_;, where the
entries m;;(n) of the matrix M,, = A™ are stated under the form m;;(n) = véﬁr_ﬂfil)

[3,5]). In summary, we can formulate the following property.

(see more details in

Proposition 1 Let {{w(f)}nzo , 1 < s <r} be the fundamental Fibonacci system (1.4). Then, for every
n > 0, the entries of the powers A™ = (a;;(n))1<i,j<r are imparted under the form

r—j+1
r—j+1
ai]( )_U'ELJ,-T] z) Z Ay — t+1v7(~L )Z+]+t 2 (32)
t=1

As a consequence of Proposition 1, each sequence {a;;(n)}n>0 of the entries of the matrix powers A™ =
(aij(n))1<i,j<r is also a sequence of type (1.1), with some specific initial data.

Let us consider the diagonal matrix A = diag(Ai,As,...,A,;), where each block
A, = A[a(ld),...,ag)] (1 < d < m) is a companion matrix of characteristic polynomial Py(z) =

Z"d — agd)z”_l - .= ag). For reason of simplicity, and without loss of generality, we suppose in

the sequel that each matrix Ay (1 < d < m) is of order rq X rq with r4 > 2. We set

d—1
S1={(i,7), 1 <i,5 <r1} and Sy = {(3,7), Zrk+1<23<2rk} (3.3)
k=1 k=1

for 2 < d < m. The fundamental Fibonacci system associated to each companion matrix Ay (1 < d < m)
consists of the sequences {vnd’s)}nzo, with 1 < s < ry, given as follows

{g@ AP0 1 b D0 for -1, -

7(ld s) —55—1,n fOI'OSTLS’I“d—l.

Proposition 1 shows us that the entries a;; 4(n) of the matrix powers A% = (a;5.4(n))1<s j<r, are imparted

under the form a;; q(n) = vfﬁ;:f:ij H), for every n > 0. Then, using Expression (3.2) and Proposition 1

we can formulate the following proposition.
Proposition 2 Let A = diag(A1,As,...,A,,) € K”T be a diagonal matrix with companion matrices

blocks, where each companion matriz Ag = Aglay (d) ) Gy ), cee ﬁ‘j)] (d=1,...m) is of order rq X rq .
Then, for every n > 0, the entries of the powers A” = (a;;(n))1<i,j<r are expressed under the form

a;;(n) = AR (4,7) € Sq (1 <d<m), and a;(n)=0 eslwhere (3.5)

n+rq—1u
where the sequences {v,(ld’s)}nzo are given by (3.4), with 1 < s < rq.

For clarity and illustrative purpose, let consider the special case of A = diag(A1, Az), such that A; =
A,y [a(ll),aél), cee E)] As, = A, [a(12),a(22), e a&z)] are the companion matrices, where agd) (1<ji<rg
are in K. Then, for every n > 0, the entries a;;(n) of of A™ are as

ai;(n) = vfli:‘z iH) for (4,5) € Sq, d=1,2, and a;;(n)=0 eslwhere (3.6)

Follows here an illustrative example of the preceding results.

1 0 1 0
of the fundamental Fibonacci system related to the companion matrices Aq (d =1, 2) are {v l’d)}n>0,
{0(2 d)}nzo, where Ufllﬂ) §d) (L) 4 g (d) (1 d , form > 1, with v(s 4 _ = ds_1,n forn =0, 1. Here, we

have agl) =2, aél)

Example 1 Let A = diag(A1, Az) be the 4x4, with Ay = <2 1) and Ay = (3 2) The two sequences

=1 and ag =3,a (2) = 2. Then, the matriz powers A" of the 2-diagonal block matrix
12 v(l 1) (22 v(2 1)

A are given by A" = diag(A1", A2"), where Ay" = | "{t ’(’1 | and A" = | Eh ’(2 | for
Uy’ Uy

every n > 0.
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Proposition 2 and Expression (3.6) show that throughout the properties of sequences (1.1), we can exhibit
some explicit formulas for the entries a;;(n) (1 <4, j <r) of the powers A", whose diagonal blocks are
companion matrices.

4. Combinatorial formula and analytic representation for the entries of the companion
matrix and diagonal matrix with companion matrices blocks

By considering the combinatorial formula and the analytic Binet representation of the fundamental
sequence, we provide in this section some formulas for the entries of the powers of a companion matrix
and a diagonal matrix with companion matrices blocks.

4.1. Combinatorial Formula for the entries of the companion matrix and the diagonal
matrix with companion matrices blocks

Proposition 1 shows that for a companion matrix (3.1), the entries a;;(n) of the powers A™ =
(@ij(n))i<ij<r are imparted under the form a;;(n) = virrj_t-l).

the following property.

In addition, Expression (2.2) implies

Proposition 3 The combinatorial formula for the entries a;;(n) are given by

r—j+1
a;;(n) = vitrjfil) = Z r—tr1p(n—i+j+t—1,r), for every n > 0. (4.1)
t=1

where the p(n,r) are as in Ezpression (1.3).

For a diagonal matrix with companion matrices blocks A = diag(A1, As,...,A,,), Proposition 2
and Expressions (3.5), (4.1) imply that the combinatorial formulas for the entries a;j 4(n) of each matrix
powers A7 is

rq—j+1

a;ja(n) = vﬁﬂg__zﬂ) = Z a@tﬂp(n —i4+j+t—1,rq), for every n > 0. (4.2)
t=1

By considering Expressions (3.6) and (4.2), we can start the following proposition concerning the combi-
natorial formulas for the entries of the powers A™, for a given matrix A = diag(A1, As,..., A,,).

Proposition 4 Let A = diag(A1,Asg, ..., A,,) be an element K™*", where each companion matriz Ay =
Ay [agd), agd), e ,a%)] is of order rqxrq. Then, for everyn > 0, the combinatorial formulas of the entries
a;j(n) of A™ the powers of the matriz A are given by

ra—j+1
a;j(n) = Z agi)_t+1p(n —i4+j+t—1,rq), when (i,j) € Sq, and a;j(n) =0 eslwhere
t=1

where the sets Sy are given by (3.3) and p(n,r) are as in Expression (1.3).

4.2. Analytic Binet formula for the entries of the companion matrix and the diagonal matrix
with matrix companion blocks

Let P(z) = 2" —a12" ' —...—a, = HZZI(Z—Ak)mk be the characteristic polynomial of the generalized
Fibonacci sequence (1.1), where my, is the multiplicity of the root Ag (1 < k < h). For the fundamental

sequence {v,(f) }n>0 of the fundamental Fibonacci system (1.4), the analytic Binet formula is given by (2.3).
Using the decomposition formula (2.1), it was shown in Expressions (2.4)-(2.5) that the analytic Binet

formula of the sequences {USLS)}nZO (1 <s<r—1) defined by (1.4), can be written under the form v{*) =
mkfl

h
Z [ Z Q(s, k,u)n“} 7, where Q(s, k,u) = Z?;";l (Z;‘;l ar—y1 (L) (—=s +t — 1)f_“)\,;5+t71) ml(:}
k=1

u=0
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Proposition 1 shows that the entries a;;(n) of the powers A™ = (a;;(n))1<i j<r are imparted under

the form a;;(n) = vfztrjj-l), for every m > 0. Therefore, a direct application of Expressions (2.4)-(2.5),

with n 4+ r — ¢ (instead of n) and s = r — j + 1, implies that we have

h mk—l
ai;(n) = v Y =37 [Z ﬂ<rj+1,k,u><n+ri>"] AT

k=1 L u=0

mr—1 /r—j+1
where Q(r—j+1,k, u) Z ( Z Ay t+1< ) r—l—j—l—t)f_“)\kTﬂH) x,(f} Taking into the formula

f=u =
(n+r—a)" :Z (?)(rl)“ Int, we have
1=0
mp—1 mp—1 [mp—1 u
Z Qr—j+ L ku(in+r—4)" = Z [ Z Q(r—j+ 1,e,u)(l>(r i)“ll nl.
u=0 1=0 L u=t
We write Q(r — j + 1, k, u) (7;) (r—i)"~ ka ! (Lj?f,u,l)xé }7 where the scalars ®(, j, f,u,l) are

r—j+1
given by ®(i, j, f, u,1) Z Ap—t41 i) (?) (r—3)" " (—r 47 + )77\, " Therefore, we get

h mr—1 [mr—1mr—1

ai;(n Z Z Z Z@zgf,ul)\z lx,(:} nb| AL

k=1 =0 u=l
On the other side, we have

mr—1mp—1 r—j+1lmr—1mg—1

2 2 20 fw N = 2 Z Ria i, 9)e

u=l f=u u=
where Ry 1 ¢ . (4,7) = ar—t41 (Z) (?) (r—i)*H(—r —I—j—l—t)f_“/\,:iﬂH. In summary, we have the following
proposition.
Proposition 5 Let A be the companion matriz defined in (3.1) and P(z) = 2" —a;2" ' — ... —a, =
HZZI(Z — )™ its characteristic polynomial. Then, for every n > 0, the analytic formula for the entries
of the matriz powers A™ = (a;;(n))1<i,j<r s given by

me—1
aij(n):Z[Z A GG 1L E)n ‘| (4.3)

k=1

where

r—j+1lmir—1mp—1 u
AVGHER = 32 30 3 (D)) arer a0t e e

Especially, when the roots of P(z) are not all simple, we get

mi 1
aij(n) = > AV RN+ D lz ALy, 1, k)n ]Az, (4.5)

kel kely L 1=0
r—j+1 o
where Ag)(i,j, l,k) is as in (4.4) and Agr)(i,j, k)= Z ar_t+1/\,;1+j+tx§:), withTy =4k, mp =1} #0
t=1

and Ty = {k, my > 2} # 0.
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Let A = diag(A1, Ag,...,A,,;) be element of K"™*" and suppose that each companion matrix Ag =

A, [a(ld),a(zd),~~ ) $d ] (d =1,...m) is of order rq X 14, with r4 > 2. Let Py(z) = 2" — (d) 2r—
$‘j) = Zdzl( — )\(d)) " be the characteristic polynomial of the matrix Ag. Then, a dlrect application

of Proposition 5 allows us to calculate explicitly the analytic formulas of the entries a;;(n) (1 <4i,j <r)
of the powers A".

Proposition 6 Let A = diag(A1,As, ..., Ay,) in K™ be a given diagonal matriz with companion
matrices blocks, under the preceding data the entries a;;j(n) (1 < i,j < r) of the matriz powers A™ =
diag(AT, AL, ... AT take the form

aij(n) = a;ja(n), for (i,j) € Sq, 1<d<m, and a;;j(n) =0 elsewhere,

for every n > 0, where the sets Sq are given by (3.3) and

d
ha mi) 1

aiza(n) = ol I =570 ST AU G ket ()", (4.6)
k=1 =0

such that
ra i1 m® 1 m(® 1

ACD (G, 1K) = Z 3 Z ol K (fou )N T (4.7)
u=l

with K; ;(f,u,t) = (i) (?) (rg —i)" H(=rqg+j+t)/ 7

Suppose that the roots of Py(z) = 2™ (d) PAREES asi) = Z" 1 (z— )\,(Cd)) v the characteristic polyno-
mial of the matrix A4, are not all simple, and set I‘ ={k, m (d) =1} # 0 and I‘ ={k, m ) > 2} £ 0.

Then, using Expressions (2.6)-(2.7) we derive that the entries of the powers A™ = dlag(A’l‘, Ag, A
are under the form

aij(n) = a;ja(n), for (i,j) € S¢; 1<d<m, and a;;(n) = 0 elsewhere,

where the sets Sy4 are given by (3.3) and the entries a;;,4(n) are given under the form

(@
my —1
a;j,q(n Z A (ra) (2,7, k) (AL )) + Z Z Aérd)(i,j,l,k)nl ()\éd))”, (4.8)
kGF(ld) kGFéd) =0
with Agd)(i,j,l,k) is as in (4.7) and Agrd)(i,j, k) = Z agi),tﬂ(Aid))_lﬂﬂa:,(:d). If all the roots of
t=1
Py(z) = 2" — agd)zr’l . agd) are simple we have a;; q(n Z A(Td) (4,7, k d))

5. Some explicit analytic formulas for the entries of the powers of a diagonal matrix in
blocks of companion matrices: First Approach

In this section we are interested in a first approach for the analytic formulas for the entries of the
powers of the companion matrices and the diagonal matrices with companion matrices blocks, through
some explicit analytic expressions of the scalars x,(:) and :c( ), of Expressions (1.2) and (2.3), obtained
without solving the Vandermonde system (see, for instance, 2 ,3,5], and references therein).
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5.1. Case of simple eigenvalues

Suppose that the roots of P(z) = 2" —a2"~'—---—a,, the characteristic polynomial of the companion

matrix (3.1) are simple, which implies P(z) = [['_;(z — X;). It was established that the analytic Binet

form of the term vl = p(n+ 1,7) can be expressed in terms of the simple roots (see [2,3,5]). That is,

we have the lemma.

r

Lemma 1 (Rachidi et al.) Suppose that the roots Ai,..., A of characteristic polynomial P(z) = 2" —

a12" ' — ... —a,_12 — a, are simple. Then, we have

i 1
(r) =p(n+1,r) = ————— A\, for every n >, 5.1
=l ZP, kX_:lfl;Ik()\k_)‘f) e f = >

where P'(z) = 2C(2) and the p(n,r) are as in (1.3). In other terms, we have o) = Z x(r))\z, where

JoUCo IS 1
k P’ (k) fl;[k()\k—)\f)'

By considering Expressions (4.3)-(4.4), we can furnish the following property concerning the analytic
formula for entries of the powers of a companion matrix (3.1).

Proposition 7 Let A be the companion matriz defined in (3.1). Let P(2) = 2" —a12" ' — ... —a, =
[Tiei(z— k) be the characteristic polynomial of the generalized Fibonacci sequence (1.1), where the roots
A (1 <k <r)are all simple. Then, for every n > 0, the analytic formula for the entries a;;(n) of the
powers A" = (a;;(n))1<i j<r, s given by

rr r—j+1 /\—i+j+t
k AL (5.2)

aij(n) = Ar—t+1 = Ak
k=1k=1 t=1 fl;lk()"“ =)

Application of Proposition 7 to a diagonal matrix with companion matrices blocks
A = diag(A;, As, ..., A,,;) permits us to get the following proposition.

Proposition 8 Under the data of Proposition 6 suppose that for every d (1 < d <'m) the characteristic
polynomial Py(z) = 2™ — agd)z“l —. ag) =1Li(z— )\,(cd)) of the matriz Ay are simple. Then, for

every n > 0, the entries a;;(n) (1 <i,j S r) of the powers A™ = diag(AY}, AL, ..., Al take the form
aij(n) = a;j.a(n), for (i,7) € Sq, 1<d<m, and a;;j(n) =0 elsewhere,

rq

ry—itl (d (ADy =ittt d
wtee gt = 8 [l i o
frk F 4

5.2. Case of multiple eigenvalues

Suppose that the roots \; (1 < i < h) of the characteristic polynomial P(z) = 2" —a;2" 1 -+ —a, =

H?zl(z — A)™i are all of multiplicity m; > 2 (1 < ¢ < h). For every m, > 2 we set Ez[f] ={(n1,...,mp) €
NL ong 4 e 1+ Neg1 + -+ np =me —p—1}. In [6, Section 4.1] the following expression was
considered

o)
YL =0 T | (5.3)

Ag — A)atms
el 1Sg¢e§z( g~ Ae)

for 0 < p<me—1and 1 < e < h. The analytic formula of the fundamental solution v( ") related to
the fundamental Fibonacci system (1.4), can be expressed in terms of the roots A; (1 < i < h) of the
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polynomial P(z) = 2" —a;2"~! —--- — a,, by considering Expression (5.3) of the 'yée] (AMy---5An). Result

n

h me—1
of [7, Theorem 2.2] implies that we have v{") = Z ( Z (k

) NOISVS ,,Ah)> A" forall n > r. And
p=0

P
=nn—1)---(n—p+1) = Z s(p, q)n?, where the s(p, q) are the Stirling numbers of the
q=0

h me—1 /me—1
N N Ay oaahs A
first kind, we get 'U,ST) = E < E ( E s(q,p)W> np> Ar, for every n > r. In summary,

e=1 \ p=0 q=p
we have the following result.

Lemma 2 The analytic expression of the fundamental solution v,(f) is given by the following formula

h me—1
vﬁl’“) = Z < Z xg;np> AL, for every n > r, where

e=1 p=0

me—1 [e]
, A, )
e = Y sl p) Ml (5.4)
q=p

such that the s(q,p) are the Stirling numbers of the first kind and the vq ()\1, ..., Ap) are given by (5.3).

Combining Proposition 5 and Lemma 2 we can formulate the following proposition.

Proposition 9 Let A be the companion matriz defined in (3.1) and P(z) = 2" —a12" 1 — ... —a, =

szl(z — i)™ its characteristic polynomial. Then, for every n > 0, the analytic formula for the entries
of the powers A™ = (a;;(n))1<s,j<r, s given by

h mkfl
aij(n) =Y [ > AL k)nl] AR, (5.5)

k=1

where
r—j+lmr—1mgp—1

s —q—i+j
A (i 51 k) = Z Z > Li g (fou )y O, M)A (5.6)

a=f

mp — 1
with L; j k(f, u,t) Z Ar— t+1( ) (?) (r—da)" Y —r+j+t)" and 'y([]k] are as in 5.3.

More generally, suppose that the roots of the polynomial P(z) = 2" —a;2" '~ -—a, = Zil (z—)\fcd))mid)

are not all simple and set I'y = {k, my = 1} # 0 and T's = {k, my > 2} # 0. Similarly to (4.8), the
the combination of Expression (5.2) and Expressions (5.5)-(5.6) permit to get the analytic formula of the
entries of the powers A™ = (a;;(n))1<i,j<r under the form

r—j+1 )\—H-j—i-t mp—1
azj Z Z Ar—t+1 737 7y 3y Z [ Z A(T)(ivjala k)nl] )‘Za (57)
kel t=1 f;ék: kel —

where A (i, 4,1, k) is given as in (5.6).

In the general setting, for a matrix A = diag(A1,As,...,A},) suppose that some roots of the
polynomial Py(z) = 2" (d) 27—~ afai) = sz (z /\(d))mk are not all simple, and set
ng) = {k, m(d) 1} # 0, F(d) = {k, mkd > 2} # 0. Then, by applying the formula (5.7) to the
entries of AY the powers of the matrix Ay, we can formulate the following property.
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Proposition 10 Under the preceding data, the entries a;j(n) of the powers A = diag(A1,As, ..., Ay,)
are given by

aij(n) = aija(n), for (i,j) € Sq, 1<d<m, and a;j(n) =0 elsewhere,
for every n > 0, where the sets Sq are given by (3.3) and

(rq)
my “ =1
ai;a(n) = Z Ag’rd)(i7j7 k)()\gcrd))n + Z Z Agﬂd)(@j,l, k)nl ()\](Cm))n7
ker{"@ kerya | =0

—itj+tt
Ak

with A (i, §, k) = S2ra 7 glr) and AUV (i,4,1,k) is as in (5.6).

F#k s

Especially, we have the following corollary.

Corollary 1 Under the data od Proposition 10, suppose that the roots of each characteristic polynomial
Py(z) = 2" —agd)z’”_l —.. .—aS.ﬁ), where 1 < d < m, are simple. Then, for everyn > 0, the entries aij(n)
of the powers A™ of the diagonal square matric A = diag(A1,As, ..., A,,) with diagonal companion
matrices blocks are

ra ra=j+1 (ra) AT ADyn o
— _ Lt T r ) e 5 5 €Sy 1 S d S m,
aiy(n) = k=1 | 2ut=1 ra tfl;lk(ki-, D50, (A )5 for (i,7) € Sa
0, eslwhere.

6. Some explicit analytic formulas for the entries of the powers of a diagonal matrix with
diagonal companion matrices blocks: Second Approach

In this section we are interested in a second approach for the analytic formulas for the entries of the
powers of the companion matrices, and the diagonal matrices with diagonal companion matrices blocks,
(r) )

k

by establishing some explicit analytic expression for the scalars z, ’ and xg -

6.1. The derivative formula for the entries of the powers of a diagonal matrix in blocks of
companion matrices

Let A\r (1 <k < h) be the roots of the polynomial P(z) = 2" —a;2"~! —--- — a,, of multiplicities m,
ma,..., mp, (respectively). Using the divided difference method and Newton interpolation techniques, it
was proved in [2, Theorem 3.1] that fundamental sequence o) = p(n+1,7) can be formulated as follows

(mp—1)
# A
o) = p(n+1,r) = Z W, for every n > r, (6.1)
p=1
with p(r,r) =1, p(n,r) =0 for 0 <n <r—1and f,,41(z) = - x , where flgfc72+1(x)
I PREEPORE
b=1, b#p

means the derivative of order k of the function fp,+1. Especially, when the roots A, (1 < p < r) are
simple, Expression (6.1) takes the form

r (mp—1) r
, Spmir " (M) A
o = pln+1,r) =Y ’E%J:— DY - (i o (6.2)
p=1 —
b=1, b#p b ’

p=1

We can observe that Expression (6.2) is nothing else but Expression (5.1) of Lemma 1. On the other
side, the combinatorial formula for the entries of the powers A™ of the companion matrix A are given by
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r—j+1
formula (4.1), namely, a;;(n) = vﬁf_s_rjtl) Z ar_ty1p(n—i+j+t—1,r), for every n > 0. Therefore,
t=1
Expression (6.1) shows that
r—j+1 h r=i+l f(m”fl) (Ap)
+i+t—1Ap
SOTS PRSI TR b SR - R
t=1 p=1 t=1
for every n > r. When all the roots of the polynomial P(z) = 2" —a;2"~! —- .- —a, are simple Expression
(6.2) is given by
r r—j+1 —i4j+t

ar—t+1/\ n
aij(n)=> Y ——L——n (6.4)
== T (=)
b=1, b#p

Mor generally, suppose that some roots of the polynomial P(z) = 2" — a;2"~! — -+ — a, are not all

simple and suppose that Ty = {k, m; = 1} # 0 and Ty = {k, mp > 2} # 0, where m; means
the multiplicity of Agz. Then, the superposition of Expressions (6.3) and (6.4), allows us to obtain the
derivative analytic formulas for the entries a;;(n) of the powers A™ = (a;;(n))1<s,j<r. More precisely, we
have the proposition.

Proposition 11 Under the preceding data, suppose that some roots A\, of the characteristic polynomial
P(2) = 2" —a12" "' — -+ — a, of the sequence (1.1) are not all simple. Then, the analytic derivative
formula for the entries a;;(n) (1 <1i,j <r) of the powers A™ of the companion matriz A given by (3.1),
in terms of the derivative form is

r—j+1 /\ itj+t r—j+1 f(mp—l . 1(/\ )
ai;(n Z Z PP A )\n+ Z Z Ay g 220 1+Jt Al , (6.5)
pel; t=1 f#p pely t=1 Mp :

for every n > r, where T'y = {k, my = 1} and T'y = {k, my > 2} are no empty sets.

In the general setting, for a diagonal matrix A = diag(Aq, Aa,... 7Am) with companion matrices blocks,
suppose that some roots of the characteristic polynomial Py(z) = 2" (d) 2l - ag) = Z‘l 1(z—

)\,(Cd)) i of the matrix Ay are not all simple. We set I‘(d = {k, m =1} # 0 and I‘(d = {k, m(d) >
2} # 0. Then, Proposition 11, namely, Expression (6.5), allows us to get the following corollary

Corollary 2 Under the preceding data, we show that the entries a;j(n) of the matrix powers A™ =
diag(AT, AL, ..., A") are given by

aij(n) = aija(n), for (i,j) € Sa, 1<d<m, and a;j(n) =0 elsewhere,

for every n > r, where the sets Sy are given by (3.3) and

o (de ]+1)
aija(n) = v, 1,0

) (d)
rg—j+1 —itq 7, i+1 (m —1) (d)
S Y i () TSt et
— ardftﬁ»l H ()\(d> _ )\(d ) Z’ + A 41 (m(d) _ 1)! ’ .
per(® = PIR%: f per(® =1 P
for every n > r, where ng) = {k, m,(cd) =1} and F = {k, m ) > 2} are no empty sets.

6.2. From the derivative formula to the analytic expression of the entries of the powers of
a diagonal matrix with companion matrices blocks

To achieve the analytic formula of the entries of the powers of a companion matrix (3.1) or a di-
agonal matrix with diagonal companion matrices blocks, we need to compute the explicit formula of
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n

the derivative of order m, — 1 (for m, > 2) of the function fp,+1(z) = ~ z . To reach
[[ (=)™
k=1, k#p
this goal, we will proceed in two steps. First, let f, g two functions admitting derivatives of order

m

m > 1 on a non-empty subset of R. It is well known that we have (fg)(m) = Z (ZL) f(d) g(m=d) (gen-

d=0
eralized Leibniz’s rule). Application of this former formula to f, n4+1(z) = ¢n(2)Hp(x), where ¢,(z) =
1 m =
2" and Hy,(x) = . , allows us to obtain flgnll(a@) = Z <73> qﬁld)(m)ngm_d)(x) =
[T (&= )™ d=0

k=1, k#p
m

Z <Tg> (n)dz"*dH]gm*d)(x), for every n > r, where (n)g = n(n —1)---(n —d +1). It is well known

d=0

that we have (n)y = Zi:o s(d, h)n", where the s(d,h) are the Stirling numbers of the first kind, we
d

m
derive flgﬁll(x) = Z (3) s(d, h)nh> ngm*‘i)(x)x"*d. for every n > r. Now with the aid of
d=0 h=0

m d m m
the identity Zsz,h = Zz,zd’h, for a bi-indexed sequence {zgp}n>0, We obtain flgTL)Jrl(:E) =

d=0 h=0 h=0d=h

Z (Z s(d, h) (Z) H},m—@ (m)x_d> n"g™. Thus, for z = \; and m = m; — 1, we arrive to get
h=0 \d=h

mp—1 /mp—1
mp—1 my — 1 My, —d— — n
fpnid V) = 37 ( > s(d,m( " )H; o ”(Apnpd> Ay, (6.7)

h=0 d=h

for every n > r.
Second, for improving Expression (6.7) we need the explicit form of the m—th derivative of the function

l
i ai ; (m) _ m (k1)
H,(z). To this aim, we use the following known formula (f1-f2--- fi))'"™ = Z (kl - kz) H Tt
kit kg =m k=1
m m! . . .
where =————and f;: I - R (1 <1< h), where I is an interval of R, are n times
ki ... K kilko!- - k!

differentiable, and f(*) means the derivative of order s of the function f (see, for instance, [1,16]). Let us

apply the above formulas to the function H)(z), written under the form H,(x) = =

9=1, g#p
h I h o
3 — _ —Mmyg (k) — Sg
H fo(x), with fg(x) = (x—Ag)~™s. Thus, we get H," (z) = Z (51 Sh) H [y (x), where
9=1, g#p gg’] 9=1,g#p
(mg + 59— 1)!

el = {(s1, 52,0 50) € NI 1o sy 1bsppate sy, = b} and £(*0)(x) = (=1)*
Ag)~Ma7 % for every g (1 < g # p < h). Therefore, we derive the following lemma.
Lemma 3 For every k > 1 and 1 < p < s, we have,

O D S I et o o) e (63)

.. DPh
ep

Summarizing, using Expressions (6.1) and (6.7)-(6.8) we can formulate the lemma.

Lemma 4 (see [3]) Let \; (1 < i < s) be the roots of the characteristic polynomial P(z) = 2" —ay2" "1 —
- — a, of multiplicities my, ma,..., mg, respectively. Suppose that for every root \; the associated
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multiplicity m; > 2 (1 < i < s). Then, the analytic formula of the fundamental sequence is given as
follows

h mp— mp—1

mp —1 my—f— — n
Yy S s (T e e )
p=1 9=0 =g

for every n > r, where s(f, g) are the Stirling numbers of the first kind and the ngk) (z) are as in (6.8).

When all the roots A\;(1 < i < r) are simple, Expression (6.9) implies that, for every n > r, we have

T An
o) = Z — . Taking into account Expressions (6.5)- (6.6), we show that Expression (6.9)
p=1 IT (A=)
k=1, k#p
can permit us to provide another analytic formula for the entries a;;(n) (1 < 4,j < r) of the powers of
the companion matrix (3.1) and a diagonal matrix A = diag(A1, Aa,..., A,;) with companion matrices
r—j+1
blocks. That is, Expression (3.2) shows that a;;(n) = vfletl = Z ar_t+1vgrzi+j+t72, and using
t=1
h mp—1
Expression (6.5) we have U7(1rf)i+j+t72 = Z Z O(g,p)(n —i+j+t—2)9\), where
p=1 ¢g=0
mp—1 1
mp — mp—f— r—i—j—t—
000 = Gy 2 ra) (" YDy
g
Following the identity (n —i + j + ¢ — 2)7 Z < ) —i+j+t—2)9"" we derive that we have
1=0
h mp—1
vsn)lﬂﬂ 5 = Z Z Ql)p)t(i,j)nl)\z, where
p=1 [=0
mp—1mp—1 g (mp—l)
Qpt(i,5) Z Z s(fog)(—i+j+t— Q)g—szgmp—f—l)(Ap))\;wﬁt—f—z.

g=l f=g

h ,
In addition, Expression (2.2) shows that a;;(n) = E Zm‘rl :;f“ Ar— 41 e (i, 7, )0 AT In sum-
mary, we have the following proposition.

Proposition 12 Under the preceding data, suppose that roots A, (1 < p < h) of multiplicities m,
(1 < p < h), of the polynomial P(z) = 2" — a;2"~! — -+ — a, are not all simple. Then, the analytic
formula for the entries a;;j(n) (1 <4i,j <r) of the powers A™ of the companion matriz A given by (3.1),
in terms of the roots A, (1 <p <h), is

r—j+1 )\ i+j+t mp—1lr—j+1

aij(n) =Y > ar T >\"+ ST D ar 1 Qupa(i fn' AL,

pely t=1 f#) pEly 1=0 t=1

for every n > r, where I'y = {k, my = 1} and T's = {k, my, > 2} are no empty sets and

mp—1 mp—l mpfl)

letZJ ZZ
g=l f=

s(f.g)(—i+j+t—2)9 I\ T2 {me =T (3 ), (6.10)

where s(f,g) are the Stirling numbers of the first kind and ngk)(x) is given by (6.8).
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For a diagonal matrix A = diag(A1, As,...,A,,) with companion matrices blocks, we suppose that the
roots of the characteristic polynomial P;(z) = 2" — agd) 2l — - ag) = Zd:l(z - /\,(Cd))ml(«d) are not

all simple, and set ng) = {k, m,(cd) =1} #0, Féd) = {k, m,(cd) > 2} # ). Hence, the formula (6.5) can be
applied for computing the entries a;;4(n) of the powers A7} of each companion matrix Ay (1 < d < m).
Therefore, Propositions 11 and 12 allow us to have the following corollary.

Corollary 3 Under the preceding data, suppose that the sets ng) = {k, m,(cd) =1}, Féd) = {k, m,(cd) > 2}
are no empty and consider the set Sy are given by (3.3). Then, for every n > r, the entries a;;(n) of the
matriz powers A" = diag(AY, A%, ..., Al) are given by

aij(n) = a;j.a(n), for (i,j) € Sq, 1 <d<m, and a;j(n) =0 elsewhere,

. o H\" m{ -1 ry—j+1 (d a . . AH\"
with aiza(n) = ,cpw Aalisd) (MW7) + Sero i L ol 000, ! (AY) ", where

.. —j+1 (d ittt d) ;. . . . .
Ng(i,5) =S54’ afqd)_tﬂm and Ql(’p)’t(z,j,t) is as in (6.10).
f#p

7. Application: Some formulas of power of matrices

The results of the preceding sections can be used as another approach for studying some standard
matrix functions such as the powers of matrices and power series matrix functions. In this section, we
consider the matrix power function F(A), where Let F(z) = 2".

For a given matrix M € K"*" the Frobenius decomposition shows that it is similar to a diagonal matrix
A = diag(A1,As, ..., A,,) with companion matrices block, where Ay = [a(ld), e ,ag)] (1<d<m)is
a companion matrix of order r4 x r4 (1 < 7, < -+ < r1) for more details (see, for example, [10,11]).
Therefore, there exists an invertible matrix P € K"*" such that M = P.diag(Ai, As,.. .,Am).P_l.
Hence, for every n > 0, the powers M™ of the matrix M are given by M™ = P.diag(AT,AY,..., A").P~L.
This former expression shows that the linear, the combinatorial and the analytic properties elaborated
in the preceding sections will allow us to establish other properties of the powers of every square matrix.

Recall that Expression (3.2) shows that the entries of the powers Aq"™ = (a;5,4(n))1<i,j<r are imparted
under the form

rqa—j+1
_ (dra—j+1) _ } : (dra)
aijvd(n) - vn—i—rd—i - aTd—t+1vn—i+j+t—27 (71)
t=1

for every m > 0, where the set of sequences {Uﬁfl’rd78+1)}n20 (1 < s < ry) represents the fundamental

Fibonacci system associated with the companion matrix A4 and {vy(ld’rd)}nzo is its related fundamental
sequence. Without lost of generality, we suppose in this section that 2 < d < m and we set P =
(mij)i<ij<r and P~1 = (b;j)1<i j<r. Therefore, for every n > 0 and 1 < i < r, the entries of the the

Td
matrix product P.A™ = (¢;;(n))1<i j<r are given by ¢;;(n) = Z mikag;,a(n), for rq—1 +1<j <rq
k=rq_1+1
and 1 < d < m, where dg = 0. A straightforward computation shows that the entries h;;(n) (1 <14, j <r)
of the matrix powers M" = P.diag(A},A%,..., A").P~! are as

rq
hij(n) = Z Z MikGkp a(n) | bpj, for rg—1 +1<j<rgand 1 <d<m, (7.2)
p=1 | k=rg_1+1

for every n > 0 and 1 < ¢ < r, where dy = 0. Taking into account Expressions (7.1)-(7.2) the entries
hij(n) (1 <14, j <r) of the matrix powers M™ = P.diag(A},A%,...,A”).P~! we can be expressed in
terms of the family of fundamental Fibonacci systems {{véd’s)}nzo , 1 <s<rys} (1 <d<m)associated

to the companion matrices Agq (2 < rp, < --- < rp) and their fundamental sequences {v,(Ld’Td)}nZO. More
precisely, we get the following results.
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Proposition 13 Let M be an element of K"*", whose Frobenius decomposition is under the form M =
P.diag(A1,Ag, ..., A,,) P, with companion matrices blocks Ay = [a(ld), e a&d | of order rq x 4, such
that 2 <1y, < --- <1y, Set P = (myj)i<ij<r and P71 = (bjj)1<i j<r. Then, for every n > 0, the entries

hij(n) (1 <4, j <r) of the matrix powers M" are given by

T4
d,rg—p+1 .
hijn) = | 30 mawl & by forray + 1< j < g, (7.3)
p=1 | k=rq_1+1

for every 1 < i <r, with1l <d <m and dy = 0, where {v(d T SH)}nZO (1 < s < rq) represents the
fundamental Fibonacci system associated with the companion matrix Aq (1 < d < m). Moreover, for
every n > 0, the expression the entries h;j(n) (1 < i,j < r) in terms of the fundamental sequences

{v(d ”)}nzo related to the companion matrices Aq (1 < d <m) is as follows

r Td r1—p+1

d d, ,
hij(n) = Z Z Z mikaid),tﬂvﬁbﬁi)_kﬂﬁ_l bpj, forrg_1+1<j<rq, (7.4)
p=1 | k=rq_1+1 t=1

for every 1 <i <r, where 1 < d <m and with dy = 0.

Expressions (7.2), (7.3) and (7.4), will play a central role for establishing the combinatorial and analytical
formulas for the entries h;;(n) of the matrix powers M™, of a given square matrix M € K™*". Indeed,
the combinatorial expression of the entries h;;(n) can be obtained from results of Subsection 4.1. That
is, Expression (4.2) combined with Expression (7.3) allow us to get the following result.

Proposition 14 Under the data of Proposition 13, for every 1 <i <7, with 1 < d < m and dy =0, the
combinatorial expression of the entries h;;(n) of the matriz power M™ are as

n) =Y Oup(n)by;, forra_1+1<j<rg (7.5)

where Opy(n) = Zk g4l Z” Pl mikaid_)H_lp(n +rqg—k+p+t—1,r), such that p(n,rg) =

kit k) @ |
“M%k!)(ag ))kl - (a{ D)k

k14+2ko+-+rk,=n—rg

For the analytic formula of the entries of the matrix powers M™ = P.diag(A?, A%, ..., A").P~! Ex-
pressions (7.3)-(7.4) combined with results of Subsection 4.2 and Sections 5-6 will permit us to derive
several analytical formulas of the entries h;;(n) (1 <4, j <r).

Suppose that each companion matrix Ay = Agfa; (d) agd), cee f«d)] (d= m) is of order rq X rq,
with g > 2. Let Py(z) = 2™ agd) 2rl— . ﬁij) = Z‘i (2= ( )™ i be the characteristic polynomial
of the matrix A . Following Proposition 6, namely, Expressions ( .6)-(4.7), and formula (7.2) we get the
result.

Proposition 15 Under the data of Proposition 13, for every 1 <i <7, with 1 < d < m and dy =0, the
analytical expression of the entries h;j(n) of the matriz power M™ are given by

r T4
hij(n) = Z Z Mikrp,d(n) | bpj, forra—1+1 <7 <rq, (7.6)
p=1 | k=rq_1+1
hq mgd)—l
where app a(n) = Un(i_:fi Z;CH Z Z ACD (ke p. 1, s)nt | (A such that the scalars A7) (k, p, 1, s)
s=1| 1=0

rq—p+1 mg‘” -1 mgd) -1

are as follows AT (k,p,l,s) = Z Z Z aij),tHKk,p(f,u,t)()\gd))*k”“xifjc),
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with K; ;(f,u,t) = (f) (1;) (ra — )" H(—=rg +j+ )/ and x.% are the scalars of the analytic Bi-
u :
net formula of the fundamental sequence {v%d’rd)}nzo (see formula (2.3)).

More analytic formulas for the matrix powers can be established with the aid of results of [2,6,7]. In
addition the knowledge of the matrices P and P! allows us to obtain the explicit formula for the entries
hij(n) of the matrix powers M".

8. Concluding remarks and perspective

In this study we had established some compact formulas for the powers of the companion matrix and a
diagonal matrix A = diag(A1, As,...,A,,) with companion matrices blocks. More precisely, the entries
of the powers of these type of matrices are exhibited in terms of linear and combinatorial representations,
as well as in terms of analytic formulas. In addition, we had provided some applications for computing
the matrix powers in the general setting. The results of this study are not known in the literature under
this form.

Based on the results of the present paper, the next step is to study some known matrix functions,
which admit an analytical development in series. Finally, our approach can also be considered for studying
some topics in the additive number theory. Some preliminary results have already been established on
these this topic.
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