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Blow-up phenomena for a pseudo-parabolic equation with variable exponents

Kaddour Mosbah and Saf Salim, Abita Rahmoune* and Abdelaziz Rahmoune

ABSTRACT: This study will concentrate on a class of pseudo-parabolic equations with variable exponents.
We will present a threshold result concerning the finite-time blow-up of solutions and introduce a new criterion
for blow-up. Furthermore, we will derive estimates for the lifespan of solutions and establish both upper and
lower bounds for the blow-up time.
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1. Introduction

In recent years, considerable mathematical effort has been dedicated to studying nonlinear wave
equations that involve a variable source nonlinearity term, along with (potentially strong) linear damping
effects, due to their extensive applications in physics, engineering, and material sciences. This paper
examines a second-order super-linear hyperbolic damped wave equation featuring a nonlinear source
term that models viscoelasticity.

Uy — Au— WAy + puy = |uP@ 20, (z,t) € Qx [0,T),
u=0, (z,t)€edNx]0,T), (1.1)
u(z,0) = up(x), w(x,0) =ui(r) =€,

where Q be a bounded domain in R™ (n > 1) with a smooth boundary 02, T' > 0, and the initial value
functions
up € Hy (), uy € L*(Q), (1.2)

w>0, p>—-wli, (1.3)

where \; is the first eigenvalue of the operator —A under homogeneous Dirichlet boundary conditions,
where —A stands for the Laplacian concerning the spatial variables. We are interested in the finite time
blow-up property, so employing the potential-well method and some inequality techniques, we prove the
blow-up in a finite time of weak solutions and obtain a new blow-up criterion. Meanwhile, the lifespan
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and upper- and lower-bound estimates of the blow-up time are also derived. The exponents p(.) is a
measurable function on € satisfying

2 < p; =ess gilnfp () <p(z) < py=ess supp (z) < oo, (1.4)
z€ z€eN
with )
7”2, for w > 0,
n— .
P2 < if n>3, ze

2n — 2

n , forw=0. (1.5)
n—2

or2<p <p(x)<pa<+oo if n=12 ze.

We also assume that p(.) satisfies the following Zhikov—Fan uniform local continuity condition. There
exists a constant M > 0 such that for all points x, y in  with 0 < |z — y| < %, we have the inequality

p(@) —p () < — 2

S, 1.6
flog e — o1 (16)

where M (r) satisfies
1
lim supM (r) In () =c < o0.
T

r—0t+

The dynamic properties of viscoelastic materials are of great importance and interest as they appear
in many applications in the natural sciences, for example, models of flows of electro-rheological fluids
or fluids with temperature-dependent viscosity, nonlinear viscoelasticity, filtration processes through a
porous media [20,21,22], and the processing of digital images [23,24,25], and can all be associated with
problem (1.1), more details on the subject can be found in [6,8,26] and the other references contained
therein. In the classical case of constant exponent (p(z) = constant = p), this equation has its origin in the
nonlinear vibration of an elastic string, where the source term u?~2u forces the negative-energy solutions
to explode in finite time. It’s known that several authors have looked at problem (1.1) concerning the
results of the global existence and blow-up of solutions, and a powerful technique for treating it is the
"potential well method,” which was founded by the first author Sattinger [5] in 1968 and later enhanced
by Liu and Zhao [2] by introducing the so-called family of potential wells which later became a significant
method for the study of nonlinear evolution equations and has also provided many interesting results,
in [17], [9] and [10], in which the authors discussed in a bounded domain of R™ the global existence
and the explosion results when the initial data are at different energy levels E(ug) < d, and E(ug) > d
respectively. In particular, they obtained the blow-up phenomena of solutions and a lower bound for the
blow-up time when the blow-up occurs if p and the initial value satisfies some conditions for w > 0 and
1> —wAy, where A is the first eigenvalue of the operator —A under homogeneous Dirichlet boundary
conditions. Additional papers on those damped wave equations can be found throughout the literature,
we’re forwarding readers interested in [11,16,12,18,13,14] and the references it contains. We mention that
the technique we adopted here for this equation is one generalized in the classical case, and the results
obtained add new information about the upper and lower bounds of the blow-up time.

2. Preliminaries

Let p: Q — [1,00] be a measurable function. LP()(Q) denotes the set of the real measurable functions
u on §2 such that

/ I\ ()P dz < oo for some A > 0.
Q

The variable-exponent space LP() (©) equipped with the Luxemburg-type norm

p(z)
[ull, ) =inf{ A >0, / dz <15,
Q

u ()
A
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is a Banach space. Throughout the paper, we use ||.||, to indicate the L?-norm for 1 < ¢ < +o0. H} (Q)
is the closure of C§°(£2) with respect to the following norm:

1
2

el gy = (el + 1973

For Q be a bounded domain of R™, p(.) C (1, 00) is a measurable function on Q satisfies (1.5) and (1.6),
we have

Lemma 1 (Sobolev-Poincaré inequality) ([1])For all u € HZ(S2), then the following embedding
H(Q) < LP2(Q) — LPO(Q) — LP (Q) — L*(Q),
are continuous, and we have
[u (@) oy < BIVu(®) 2, ull 2o, < BIVu(t) 2 (n>3),

A (2.1)
[w (@) lp, < Bl[Vu(t) ||z,

where B, B, and B are the optimal constant of the Sobolev embedding and [-llpc.) denotes the norm of
LPO)(Q), having the following propriety

min <||u (t)Hi},) u (@) g?))

for any u € LPO)(Q).

We denote ||.||q and ||.|| () to the usual L9(Q) norm and H*(2) norm, respectively.
2.1. Modified Potential Wells

We define the functional ) )
Ju:fVuzf/—up(m)dx,
(u) = S Vull QM@H

I0) = [Vl = [ e,
Q
We then have the subsequent lemma.

Lemma 2 For p(z) be (1.5)-(1.6) and u € Hi(2)\{0}. Let F : [0, +0c0) — R the Euler functional defined
by
A2 A\P(@)
F(A) =—||Vu 2—/7u”("‘c)dav7
)= G IvulP - [ 2

then, F keeps the following properties:
(i) limy_o+ F(A) =0 and limy_, 1o F(A\) = —o0.

(ii) There is at least one solution to the equation F'(X) = 0 on the interval [\, A2], where

1

A =min {p ()75 p ()75}, Ay = max {p ()75, p(u) 75 |, (2.2)

and
) fQ\Vu(x)de
P( )-* fﬂ‘u(x)|p(x)d$'

(iii) There exists a \* = A*(u) > 0 such that F(\) gets its mazimum at A = X*. Furthermore, we have
that 0 < A* <1, A* =1 and \* > 1 provided I(u) <0, I(u) =0 and I(u) > 0, respectively.
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Beweis. Since p(z) € C4(Q) = {p €C(Q): infp(x) > 2}, the assertion (i) is shown by the following:
€N

A2 1
F( S—/ Vu(z)2dz — min {AP1, AP2 /71”3 @) e,
W<y [ 9ut) pew) [ L)

and
2

A / 2 / 1
F) > — Vu(r)|*dx — max {\P1, \P? T () P@ de.
Wz [ Ve@) e | e
For (ii). We have
PO = [ [Vu@)Pdz = [ 30 u@)p@as,
Q Q

which implies that F’(\) lies in the following two inequalities
F'(\) > )\/ |Vu(z)?dz — max {AP*~1 AP2~ 1} / lu(z)[P@)dz,
a Q

and

F'(N) < >\/ \Vu(x)|2dx—min{/\plfl,)\m*l}/ lu(z)[P@ dz.
Q@ Q

Since p; > 2, we signify that F’()\) has at least one zero point X satisfying (2.2). So we get (ii). The
definition of A\* and the relation I(Au) = AF'(\) and

F'(A) < (A=arh / |Vu(z)|*dz + A2 I (u), for A € (0,1),
Q

and
PO > (A—Am—l)/ Vu(2)[2dz + AP~ I(u), for A € (1,00),
Q

lead to the last claim (iii). Completeness of the proof. m
2.2. Assumptions and main results

As J is the Fréchet-differentiable functional with derivative J’, let suppose that u # 0 is a critical
point of J, i.e., J'(u) = 0. Then necessarily u is contained in the set

N = {ue Hy(\{0} : I(u) = (J'(u),u) = 0},

so N is a natural constraint for the problem of finding nontrivial critical points of J, A is called the
Nehari manifold associated with the energy functional J. By Lemma 2 we know that A is not empty set.
It is clear that J(u) is coercive on . Set

d= ulél/{/J(u) (2.3)

Under the appropriate conditions, we have d is a positive finite number and is therefore well-defined. For
Eq4 is a constant given by

_P1—2 p2
p1 P2 —2
we define the modified stable and unstable sets as follows
W= {ue H}(Q): J(u) <Eq, I(u)>0}uU{0},
U={ueH)Q): J(u) <Eq, I(u) <0},

Eq d<d, (2.4)

Let consider the energy functional E : Hi (2) x L?(2) — R defined by

Lo+ Livwonz — [ L r@ de
B(t) =5 (O] + 5 IVu)I} - | —futpas, o

E (u, ue) () =5 e (B + I (u(0),
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then we have
E(t) = E (u, ut) (¢),

and testing (1.1) by u; we have E(t) is nonincreasing, i.e.,

T0(0) =~ [V )3~ e < 0 (26)
and
E(1) +/0 (wI9ue()IE + g e (1)]3) ds < F(0). (2.7)

3. Blow-up and bounds of blow-up time

In this section, we establish new bounds for the blow-up time of problem(1.1), considering two sets
of given data that satisfy specific conditions related to the variable exponent p(.) and the initial data wg.
Before stating our main results, without proof, we preferably give the following theorem of existence and
uniqueness, as well as the regularity:

Definition 3 A function u(x,t) is said to be a weak solution of problem (1.1) defined on the time interval
[0,T] , provide that u(z,t) € C°([0,T],Hg()) N C* ([0,T],L*()) N C?([0,T),H1(Q)), with u, €
L? ([07T], H} (Q)) whenever w > 0, if for every test-function n € HY(Q) and a.e. t € [0,T), the following
identity holds:

(uge (t),m) + / Vu(t).Vndz + w/ Vuy(t).Vndz
Q Q
(3.1)
b [ wetynde = [ u(®P 2u(e)da.
Q Q
Let us denote by Tinax > 0 is the maximal existence time of u(¢):

Tinax = sup {T > 0:u(.,t) exist on [0,T]} < oco.

We present the local existence of a solution to (1.1) without proof, which can be obtained using the
Faedo-Galerkin methods in conjunction with the fixed point theorem in Banach spaces.

Theorem 4 Assume that (1.4)-(1.6) hold. Then the problem (1.1) for given (ug,u1) € Hi(2) x L?(Q)
admits a unique local solution

u € C ([0, Trnax) ; Hy () , w € C ([0, Trmax) ; L*(€2)) N L7 ([0, Trax) ; Hy (2)) -

The proof of the main result necessitates the following lemma.
Establishing the following lemma is straightforward, so we will omit its proof here.

Lemma 5 Allow (1.2)-(1.6) to apply. Let u(t) := u(x,t) be a local solution to problem (1.1). Then the
following assertions hold:

(i) If there is a time to € [0, Tmax) such that u (to) € W and E (o) < d, then u(t) stays within the set W
for all t € [to, Timax)-

(ii) If there is a time to € [0, Tmax) such that u (to) € U and E (to) < d, then u(t) stays within the set U
for allt € [to, Tmax)-
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3.1. Blow-up under the first condition

Now, we will present our main theorems.

Let
=9 2(py —n(p1=2))
o = B(1+lo )
_1P2+p1—2 .
C2 27 1#(172#'»2)!161’ q = q, 2:1727
p2 —1
_ +p—2 —
g = 201222 op0) 4 1)) ¢y + 227LL Q) + 2E(0),
p2_1 p2—1
and
3p2 — 4 2n
@ o= o 2<p<p@)<pp <, n>2
b2 n—1
2n — 2
@@ = pz—lvil<p1§p(x)§p2§ , >3
- n—2
and for any a: 1 < a < 2,
p1—1la _ (p1—Da
Cy = 22(9‘11(‘121)2%@_&40( 1p2pll<o‘71)7
«
o — 1 (2-Da (Pizl)a
cg = Qﬁa*ﬁa Cy 71 E ,
«
o = 2ADastTa e O L ot ()T 20
o 2w 2

are some positive constants that will appear later in the proof.
Let us start with a simple proposition which defines the maximal solution and existence time

Proposition 6 Let  be a bounded domain in R™ (n > 1) with a smooth boundary 0S). Assume that
problem (1.1) possesses for each ug € HE () a unique (classical HE (2)-) solution u on the interval [0, T,
where T = T(ug) > 0. Then there exists Tyax = Tmax(uo) € (T, 00] with the following properties.

i The solution u can be continued (in a unique way) to a classical H} (Q)-solution on the interval [0, Tyax)-

ii If Tiax < 00, then u cannot be continued to a classical H (Q)-solution on [0,7) for any 7 > Tax-
We call u the mazimal (classical H} (2)-) solution starting from ug and Tmax its maximal existence
time.

iii Assume further that T can be chosen uniform for ug in bounded sets of H} (). Then

; T = li L) = .
either Tmax = +00 or t—>17r“fn1aX|‘u(t)||H°(Q) +00

Definition 7 [?, Definition 16.3b.]Assume that problem (1.1) is well posed in HE () and that ug €
H} (Q). We say that the solution of (1.1) is global if Tinax = 00. We say that blow-up occurs for problem
(1.1) (or, more precisely, finite time blow-up in the H (Q)-norm) if

Thax < 00 and t_l}le w2 ) = oo

max

Note that, under the assumptions of proposition 6(%ii), blow-up is equivalent to the condition Tyax < 00.
Our blow-up result for the first condition is stated as follows

Theorem 8 Assume (1.2)-(1.6) apply. Suppose further that (ug,u1) € HE(Q)x L*() with up € U,
Jo uourdz > 0 and E(0) < Eq, where E(0) is given by (2.4). Then the solution u(t) to (1.1) blows up in
finite time in the measure ¢ (t) and the following estimates hold:
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(1) . . X
n (z)
Tm(xZ/ ———— where (0 :/ —— Juo [P dz,
¢ o(0) C2n9 +2n+c3 #(0) op(x) ol
and
2n — 2
2<p1<p(@)<pp<—F >3
n—2
(ii)
,Tmax Z/ (p1—1a (p2a—Da ’
»(0) 0577171(&*1) + cgM 2(a=1) 4+ cg
where ) ) )
_ = 2 - 2 p(x) d
P0) = 5 I+ 51Vl + | s ol
and 5
2<p<pe)<p <5, n=3.

Remark 9 It is noticed that if p(.) is a constant function, then Eq = d and this theorem becomes more
general of [9, Theorem 2.1.][11, Theorem 2.1.] [10, Theorem 1.2.].

3.2. Proof of Theorem 8

The following two lemmas are essential for proving the first main statement.

Lemma 10 [//Suppose that a positive, twice-differentiable function ¢ (t) satisfies on t > 0 the inequality
"o —(1+a)() >0, a>0.

If
©(0) >0, and ¥'(0) > 0,

then, then there exists t; € (0, a‘;ﬁ%)) such that

p(t) = o0 ast — t1.

Lemma 11 Let (ug,u1) € H}(Q) x L*(Q) with ug € U. Then we have

1 1
d< < - ) IVu(®)3,  for t € [0, Timax) -
2 po

Beweis. Because of ug € U, according to Lemma 5 u(t) € U for t € [0, Tiya,) and thus I(u(t)) < 0. By
Lemma 2 there exists A* € (0,1) such that I (A*u) =0, i.e.

/Q )P u()| P @da = (A)? (| Vu(t)|3.

Thanks to A* < 1 we derive from the definition of d that

)2 #\P()
d< 3 0vutt) = PPl - [ St peas

A*)? 1 e .
O Ivui - o [ 7 utp=da
b2 Jo

< B p12) W) Va3 +

(-5 ) Ivue

IN

—_

1 *
T (u(t)

(N}

IA
=
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This finishes the proof. m

Proof of Theorem 8. By contradiction we suppose that u(t) exists globally and define the function

t
6(t) =[lu(t)| +w / IVu(s)|3ds
t
‘o / lu(s)[3ds + (T — t) [luo ]2 +w(T — £) [ Vuo |2, t € [0,7].
0
Then we have

2

0'(t) u(t)uy(t)dz + wl|Vu(t) 13 — w [ Vaol3 + ullu(s)II3 — plluol3

d

t t
d
2 [ u(tyuy(t)dz +w / L us)2ds + p / L ju(s) 2
o ds o ds

S 5— 55—

2 [ u(t)u(t)de + 2w /Ot/QVut(s)Vu(s)dxds +2u /Ot/ﬂut(s)u(s)dxds,

and

0" (t) =2 /Q w(t)ug (£)da + 2 [Jug (8)]|* + 2w /Q Vue () Vu(t)dz + 2u /Q u(t)u(t)da.

By using (1.1), we deduce from (3.4) that
0" (t) = 2 |ur(t)l; — 2(|Vu(t)]3 + 2/Q [u(t)[" da.

It follows from (3.2), (3.3) and (3.5) that

(0 (t))*
~200) [0l ~ Va1 + [ u(P ]

_ p1z-2 (2/Qu(t)ut(t)dx + 2w /Ot /Q Vu(s)Vu(s)dads

+2,u/0t/9ut(s)u(s)dxds>2
=208 [ Iuu(®1 - IFu(1E + [ utoPaa]
(1 +2) [1(t) = (606) = (T = &) Vo> = (T = 1) o]}

(I +o [ 1B+ [ ustsyi3as)]

where 7 : [0, 7] — R is the function given by

0" (1(1) -2

6) = (ol + o [ IVl + [ |u<s>|3ds) (Iut(t)||§+w [ 1vuizas

b [ ) s

— (/ﬂu(t)ut(t)dx—l—w/ot A Vut(s)Vu(s)dxds—|—u/0t/gut(s)u(s)dxds> .

2

(3.2)

(3.3)

(3.5)

(3.7)
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Using the Cauchy-Schwarz inequality, we have

([ wmtoae) < ol i
(W/t/vu (s)Vuls >dxd8)2<w /tIIVu ||2ds/t||Vu (s)I2ds,
([ [ tmtoraads) < [ 1utoas [ to3as,

and
t
w/u(t)ut(t)dw </ /Vut(s)Vu(s)d:cds)
Q 0 Q
t ) 3 ¢ 3
< ()]l (/ ||Vuts|2ds> ||utt|2</ ||Vus||§ds)
1 2
< (o)} ||Vu 2 ds + Lo (1) ||Vu )I3ds,
and
/ dx(// dxds)
< ullu(®)z < / ut<s>|§ds) (0l ( / ||u<s>|§ds>
]. 2 ¢ 2 ]- 2 ! 2
< gula®IB [ T 3as + gl [ luts)Bas
and

(e L) [

¢ ¢ 3
< (/ ||uts||§ds) (/ Ju(s |5ds) ( / Vutsn;ds) (/ ||Vus||§ds)
< uw/ u(s)|2d /nw $)2ds + uw/ Jue(s)]2 ds /||Vu )|2ds.

By (3.7)-(3.9), we obtain
n(t) >0, Vtel0,T].

From (3.6) and (3.12) we find that

p1+2
4

0" (H)0(t) — (O'(t)” > 0(t)C (L),

where ((t) is given by
C0) == Jaa0)1 = 2ATu(0)[ +2 [ fule)da

— 1+ 2w [ IV ds— mn 2 [ (o)l

(3.8)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)
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Next we estimate ((t), (3.14) yields
qwz—pwmumé—wvmwﬁ+2[Qmwwﬂm
t 5 t
—@y+mw/\Ww@Myu—un+mu/Nmm@ﬁw
i e
1
> _ 9, E(t 2 =2 — Ju(t)|P®
>~ 2 B() + [ Vu(D) 21 | o putr) PO
t
—MVMﬂﬁ+2/hMW“Hx—@r+%w/IWm@M?M
Q 0
t
—un+mﬂ/nm@w%&
e
From (2.7) we have that
t 2 2
()2 = 2B + 2 [ (@)} + s t)]3) ds
0
t t
-%m+%w/HVm@@d&%m+%u/HMSM%S
i e

_ P i P@de _ L
+QL(1 M@)|@ dz + (p1 — 2) [ Vu(®)|2

> 20 |(3 - & ) IV} - £0)]

1

+(p1—2) /Ot (w [V (s)||5 + Hut(t)||§) ds + 2/Q (1 = ;&) lu(t)|P™® da.

On the other hand, since uy € U, by virtue of Lemma 11 we have

i< (5 o ) Ivucl

2 p2

And by assuming E(0) < E; we get

1
Sl 11

E(0) < ﬁd<(2—)|vwm@
5~ Y41

If we combine (3.16) and (3.18) we get

From (3.13) and (3.19), we arrive at

2

L2 0/0)° 2 p0(0)

0" (£)0(t)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

From the continuity of 6 and (3.17) we imply that there is a positive constant ¢ such that 6(¢) > ¢ for

t € [0,7]. Thus, (3.20) yields
_mt2

@0 = ep.

0" (t)0(t)

(3.21)

Now, in this case we show that T' cannot be infinite, and therefore there is no weak solution all the time.

From Lemma 10, it follows that there exists a 0 < t; < 400 such that 6(¢t) — co as t — t1, where

2 2
[uoll3 + #T [Juollz + wT'[[Vuoll3

0<t; <
' (p1 —2) [ uourde

< +o00,
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that there is T* < t1 such that

t t
lim [u(t)]3 + / IVu(s)|3ds + / Ju(s)|3ds = +oo.
t—T* 0 0

This contradicts to our assumption. With this the proof is complete. m

3.3. Lower bound of the blow-up time

n > 3.

1. 2<p1§p( )<p S
Let

n27

o(t) = /Q i)m(t) P@ dy

p(x
Then, applying Young’s inequality

:/ |u (t) \p(””)_Quutdxg/ \u(t)|2p1—2dx+/ |u(t)\2pz—2dx+/ |ug (8)]? da
Q Q

p2 pll Pl / |’U, |2p2 de

/|u (t) |?P2~ de—i—/ lug (8)) dz

:p — D1 ‘Q|+p2 +p1 /|u(t)\2p2_2dx+/ |ut (t)|2dx
P2 — p2—1 Jo Q

1
(3.22)

Let u be the solution of (1.1). Then,

lu (£) [P dr = / () P@d + / () P@) da
Q Q Q2
> [ s [ popars [ pop (3.23)
92 Qo
= [ [ o pde > g - 0,
where
O = {z € Q/|u(z,t)] < 1}, Qo = {z € Q/|u(x,t)| > 1}.

We distinguish two cases to estimate the second term on the right side of the inequality (3.22) is
as follows:

Case 1:2<p; <p(x)<py <2

Let @ = 2py — 2, = n(p1 — 2) and applying Holder’s inequality and the embedding inequality
(2.1), we have
e = [ a0
Q Q

<(/ |u<t>|“dm)i‘e ([ 1o

for 0 = % what that satisfies

n—2

a(1—6)(n—2)

= dx) ! ,

af@+a(1—0)(n72) _1
I 2n
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A simple calculation shows

9: — 2n
a(n—2) n ’
z 2n (n272 'u’)
b 25 —a 2 2 2
—a="2n2 =—, 04(1—9)” =1-=,
! T 2n n

and then we have
o (8 < () 12 o () 152 = e 0 1 e (2) [,
< B2 (1 +19] 2 ) [l (t )le IV (t) [I5
< e (lu (@) 5 + 1V (t) 1)

q1
<o ( [ 1@ P+ 101+ 190 ||§) ,
Q

(3.24)

3p1 —4

with q1 = D1

Case 2.% <p1 <px) <ps < 27?__22, n > 3. According to the lines of the inequality in proof
(3.24), we deduce

q2
o < max (%) ([ @ poa )1 1va@g) @)
Q
with g2 = p1 — 1. Referring to (2.5) and definitions E(t), we have
1
Va1 + s 01 <2 [ P @de + 260) = 20(0) +260. (320
Q

If we combine (3.22)-(3.26), we get

¢ 0) 2B o)+ P2 [ -t [ 07 o
2 — Q
+ — —
prtpm—2 <<p2 +2) o(t) + 2B(0) + Q) + ZZ=LL 0] + 200(t) + 2E(0)
p2—1 p2—1
Thus . 9
(1) <2 P2TPL TSy 4 2) ()7 + 200(2)
p2—1
+pr—2 (3.27)
+ 207 e (2B(0) + [2)7 + 5 [92] 4 2E(0),
p2—1 P2 —
Therefore
@' (t) < cap(t)? + 2¢(t) + cs,
Applying the fact that
lim [ |u(t) [P?dz = +o0. (3.28)

t—=T* Jq
According to (3.27) and (3.28), we obtain

/°° dn <
o) C2N +2n+ez

Thus, we obtain a lower bound for the blow-up time.
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2.2<p1 <p(x)<p2 <25 n>3

Define ) . )
2 2 p(z)
t) = — t — t _— t dz.
o(0) = 5 (Ol + S IVaIE + | (P ar

Then

)

= / Vu(t) Vg (t)dz + / g () ug (t)da + / () [P =20t uy (t)de. (3.29)
Q Q Q

Multiply Eq. (1.1) by u; and integrating over 2, we have

/Qut( Vg (t )dxf/ut( YAu(t )derw/Qut( YAu(t)da — /|ut ))? da

+ [ O 2ule)(e)da

(3.30)
—/QVu(t).Vut(t)d:r—w/Q|Vut(t)| dx—/,L/Q|ut(t)| dz
w(®) PP 2 (#)u, x.
+ [ -2u(eyu o3
Combining (3.30) with (3.29) gives
o't < —w /Q [V (t)]* da + /Q () [P@ =20 (t)uy (t)da. (3.31)

Making use of (3.23), from the Holder and Sobolev inequalities and the fact that

max ([ () [lp,; u (£) llp.) < cx [[Vuld)lly
from 1 < a < 2, the second term on the right-hand side of (3.31) has been estimated as follows
2/ Ju ()P Jug (1) da SQ/ (lu(@) P~ + ()P 71) fue(t)] da
Q Q
(p1—Da (p2—Da

< caflu(®) flp." +C4HU()II;D;H + e (8) 115, + [ue (@) 115,

(p1—

P1(Ot 1) (po—Da Lpg%)a
(|Q +/ \u |P(€I3 ) +eqch O 1 ||vu( )||2

+ llue (@) (15, + [l (@) [I5,

(p1—Da (pp—De « o
< e (871070 46 0 (1) 27D + [lugll, + [luellp, + c7,

(3.32)
where ¢, = 25T~ a- a1 "a Also the Sobolev inequality applied in the second term on the right
side of (3.32) to get

llue (8) [, + llue (£) [I5, < 2¢2 [Vue(®)]ly
where ¢, = ¢(Q,n) is the optimal constant. Using Young inequality, we have
2
llur (8) 115, + llue () 15, < wl[Vue(®)l; + cs-
Inserting this inequality in (3.32) yields
1 (P1—Da (pa=Da
Iu YPE T ug ()] dz < w|Vug (8)][3 + csp (1) 71D + o (1) 20 +e7 + cs.

This inequality together with (3.31) implies that

(p1—Da (p2—Da

¢'(t) < esp ()70 +cop (1) 27D + o, (3.33)
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where cg = ¢7 + cg. Then,

de < dt.

(p1—Da (p2—Da —

C5p (t)m(afl) —|—cﬁ(p (t) 2(a—1) +c9

Taking into account the fact that

lim / lu (1) [P dar = +oc. (3.34)
Q

t—T*
And then, from (3.33) and (3.34), we obtain

oo d

/ il < T*.

(p1—Da (pa—Da -
©(0) cs1 1(a=1) cen 2(a=1) 4 cg

3.4. Blow-up under the second condition

For our result, we need to consider the following functions

a(t) = [[Vu(t)]2, (3.35)

and for ¢ (positive small) and N is precise positive constants to be picked later,

1
A(t) == H7P(t) + 6/ u(z, t)ug(z, t)dr + isw/ |Vu(z, t)[*de + eNEqt, t€[0,T), (3.36)
Q Q
and )
p(t) = —/ |u (t) |P2da. (3.37)
P2 Jao

Let B, a1, ag, ¢, and Eq be positive auxiliary constants satisfying

T Y2 — 7
Cx :max((?B)pl 7(23)1)2), B:C:Z Bl; o = 7B1 2
p21 ; (3.38)
a(0) =ag = |[Vugl,, Ei1=[(=——]a%
0 =a0= [Vl Bi= (5 )t

Our blow-up result for the second condition is stated as follows
Theorem 12 Assuming that p(.) satisfy conditions (1.4)-(1.6). Then the local solution of problem (1.1)

under boundary conditions satisfying E(0) <FE1, |Vuo|| > a1 blows up in finite time T™*, which provide
the following estimates

Hoe d 1-
/ sk T] P1 S T* S 7?’
e cr (0 +0" % 4+ +1) BILAT (0)
where 5
p1—
0<pB< , 3.39
pl (339)
and &, 01, 62 are defined in (3.71), (3.62), (3.67), respectively.
3.5. Proof of Theorem 12
The proof relies on the following lemmas.
Lemma 13 [19]/Let h: [0,400) — R be defined by
1 Blﬂz
h(t) :=h(a)=-a® — —L-ar 4
(t)i=h(a) = ya* - o, (3.40)

then h has the following properties:
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(1) h is increasing for 0 < a < a and decreasing for o > ay,

(ii) lim A(a) = —o00 and h(a1) =E4,

a>Foo
it B(1) > h(a(r),

where a(t) is given in (3.35), oy and Ey are given in (3.38).
Beweis. h(«) is continuous and differentiable in [0, +00),

> 0, o€ (0,0[1)
<0, a€(ag,+0),

W(a)=oa(l- Bf2ap2_2(t)) {

which means that
h(«) is strictly increasing in (0, 1),

o . (3.41)
h(«) is strictly decreasing in (a7, +00).
Then (i) follows. Since ps — 2 > 0, we have liIJIr1 h(a) = —oo. A simple computation yields to
a—r+00
h(a1) =F1. Then (ii) holds valid.
By Lemma 1

uw(®)|P@dz < max ] ||ul?, ||lul/??
/QI O de < max {Jull?y ), ul?? ) }
¢4 Max Vu(t)|?dx , V() 2de
: <</{lwzzl}| " ) </{nw|zzl}| " ) > (8.42)
=& u(t)|?da Cx u(t)|*da pz.
- (/{|W|2>1}|v <t>|d> <o [ wutopar)

Using (2.5) and Lemma 1, we have

1
B(1) > 5 IVu(t)[ - / ()P da

1 1
> LIVu(Ol - - B, (/ vu(tar)”
Bl

> §HVu(t)||§ - u(®)llz’
L BY gy —
- S (t) — ol (t) = h(a(t)).

Then (iii) holds true. m

Lemma 14 Assuming the conditions in Theorem 12 are fulfilled, there is a positive constant cg > o
such that
a(t) > az > ag, t>0; (3.43)

o(u) = Bi*ay?, (3.44)

where oy, By and E; are given in (3.38).

Beweis. Since E(0) <F; and h(a) is a continuous function, there exist ay and ag with of < a1 < as
such that h (o) = h (a2) =FE(0) which join with Lemma 13 give

h(co) < E(0) = h (az). (3.45)
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From Lemma 13(i), we infer that
(675} > Qag, (346)
o0 (3.43) holds for t = 0.
Now we prove (3.43), we proceed by contradiction and assume there exists t* > 0 such that « (t*) < s,
then we distinguish two cases,
Case 1. If of, < a (t*) < ag, we know through Lemma 13 and (3.41) that

h(a(t?)) > E(0) > E(t%),

which contradicts Lemma 13(iii).
Case 2. If a (t*) < ab, then a (t*) < o} < as. Setting A(t) = a(t) — 223%2, then A(t) is a continuous
function, A (t*) < 0 and by applying (3.46) A(0) > 0. Hence, there exists ty € (0,¢*) such that A (¢g) = 0,

that means « (tg) = arg%, which signifies

h(a(to)) > E(0) > E (to) .

This contradicts to Lemma 13(iii), hence (3.43) follows.
By (2.5), we have

1 1
Livu2 <Be) + - / fu(t)P@de,
2 » Ja

which give

1 p(x 1 2 1 2
- [ 1Pz = ZITuo)1 - B >3 Va3~ )

1 BP2
2505 —h(o2) = p-af,
then the second inequality in (3.44) holds. m
Let
H(t) = E; — E(¢t) for t > 0. (3.47)

The following lemma hold.

Lemma 15 [7/Under the assumptions of Theorem 12, if 0 <E(0) <E;, the functional H(t) defined in
(3.47) satisfies the following estimates:

1 1
0 < H(0) < H(¢ g/—utp(@dxg—gu,tzo. 3.48
(0) <H(®) Qp(x)|()| PR (3.48)
Beweis. Lemma 1 guarantees that H(¢) does not decrease in ¢t. Thus
H(t) > H(0) = E; — E(0) >0, ¢ > 0. (3.49)

By (3.38) and Lemma 14, we have
1 1
i - |5IVul + 3 ||ut||2]

— By~ |5l + 5070

1
< E1 — *OéQ(t) S El —

9 1
D) o =

% fp—zoz% <0,
for all ¢ € [0,T), which gives
1 S T,
1(0) =1 — (G193 + 5 lul?)
+/ L@ de < / L@ de < L o(u).
ap() ~Jap(z) n
(3.48) follows from (3.49) and (3.50).

(3.50)
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Lemma 16 [27]Assume that the conditions in Theorem 12 hold, then there exists a positive constant C
such that
[Vu(t)|3 < colu(t)). (3.51)

for allt €[0,T).

Beweis. By Lemma 14 and as > a1, we have

— 1 —
o(u) > Biak? > Biak* a2 = p—B% P22

b2
which combining with (3.38) imply
1 1
E, < B2 < - ) u). 3.52
LSBT (o ) o) (3.52)
combining (3.47), (3.52) and the definition of H(t), we have
1 1 1 N
FIVUOI = B = 5 i + [ —lul o
_pp2 (1 1 1 1
< BIPE (L o ) ot - HO) - 5l + ol
P1\2 P2 2 P1
.11 , X (3.53)
- Bl—P22(>+> u) — H(t) — Ll
(B2 2 (3= L)+ 1) o)~ 10) - 5 el
1 1 1
< (B2 (—) —|—) u).
_(1 m\2 7 m) ) o™
Then the desired result, with ¢ = B}szg—f (1 - p% + p% .
Based on the above Lemmas, the proof of Theorem 12 is shown as follows
Proof of Theorem 12 . Case 1. If 0 <FE(0) <E, then by differentiating (3.36), we get
At)=(1-pHPHOH'(t) + gw/ Vue(s)Vu(t)dz + 5/ (uf + wuy) dz + NE;.
Q Q
Integrating by parts on , recalling Eq (1.1), we obtain
A'() = (1= BYH (OB (1) + € Juel; — e Vu(b)[3
(3.54)
—au/ u(t)u(t)de + 5/ lu(t)|P@dz + eNE,
Q Q
By combining (3.47) and (2.5) in (3.54)
A'(t) = (1= BYH (OB (1) + € luel; — el Vu(®)]3
—ep / wruda + epy (H(t) = Ex) + Tt w3 + Sl Va3 + eNEy
“ (3.55)

> (1= H PO @) += (2 1) el + (B = 1) el ()3

+e(N — p1)E; +ep1 H(t) — f—:p/ upude
Q

From Holder inequality, for a large enough constant § > 1 which to be determined later, the last term
on the right-hand side of (3.55), by using (2.6) can be estimated as follows

U U x Ll B w(t)|?dz 2H A Ut 2 x
p [ @l s <J5 [ OO Pds+ 200 [ )

<& [ WOhoR + R0 .

(3.56)
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Joining (3.55) with (3.56) gives

N@) = [(1-8) = eN]HPOH') +e (B +1) )3

1 (3.57)
+ (5 — 1) el Vu(t)|3 +e(N —p1)E1 +epiH(t) — sx2Hﬁ(t)/ |u(t)]?da.
Q
When 0 < H(t) < 1, according to (3.50), we have
[ uPr e < [ s = Jull < e ul?,
Q Q
2 2
p2 P1
<cj max (/ |u|p($)dx> ,(/ |u|p(z)dx)
Q Q
2-p2 2-p1
<c; max </ |u|p(:‘”)dx) ’ , </ |u|p(:‘”)dx) " / lulP@ da
Q Q Q
2-p2 2-p1
<c; max ((le(O)) 2, (pH (0) 7 ) / luP@) dz = c2/ |u|P@ dz.
Q Q
When H(t) > 1, we have
Hf’(t)/ |u|?dz
Q
2 2
p1 Pr1
< ¢;HP (t) max (/ u|p("”)dx> ,(/ |u|p($)dfc)
Q Q
1 B B 5
<c <) </ u|p(w)dx> max </ |u|p(w)dx> ,
b1 Q Q
2
r1
(/ |up(w)dx>
Q
1\7? o R4
<c max |ulP*) da )
1 Q
48
1
</ |up(’”)da?> ) / JulP@ dz
Q Q
<t (0) [ [ul"@da.
Q
Combine the two cases, we have
HP (t) / lu?dz < c3 / luP@dg, (3.58)
Q Q
where )
P2 —
= (141015 ),
2-p2 2-p1
Co = €1 Max ((le (0)) P2, (pH(0)) ™ ) )
C3 = Co (1 —I—HB (0)) .
Combining (3.57) and (3.58) yields
AW 2 [(1=8) = N HPOH(0) +e (B + 1) el
(3.59)

v (B = 1) VU@ + 2V = pB + eple) = ey [ JufPd
Q
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clearly, we have
a
2 (H(t) — E1) + a||Vu(®) |2 + a w2 > p—gg(u), a>0. (3.60)

For 0 < a < B — 1,by (3.60) we rewriting (3.59) as follows

A = [(1-8) =N HP O (1) + (5 +1-a) flud}

e (B —1-a) [Vu@)3

+E(N — (p1 — 20,))E1 +e (pl — 2&) H(t)

2
+e (a - )\gQC;;) o(u).
P2

In this matter, we pick A and IV large enough so that
2

1= —a—)\§2c;3 > 0,
b2

N — (p1 —2a) > 0.

Once N and A are fixed (i.e. 1), since H(0) + 3ew [, [Vuo|?da > 0, we choose & small enough so that

1
(1—8)—eX? >0, and A(0) = H'#(0) + 8/ uourde + JEw |Vuo 2dx > 0. (3.61)
Q Q

Then, there is a constant d; satisfying

0<51Smin{&flfa,'yl,pl—Qa}, (3.62)
2
and

A1) > b [l + ()3 + HE) + o(w)] (363)

which derived by combining with (3.61)

A(t) > A(0) >0, Vt € [0,T).

p2(1-5)
Now, picking € > 0 such that € < T(NlEl)ﬁ (%) ’ , recalling Lemma (14) and then, we have

P2 NE1
< — . .
) NE < g o) (3.64)

Q2

eNELT| ™7 < (
aq

Applying Holder’s and Young’s inequalities, using the embedding LP()(Q) < L?(Q), we see that

1
FE=c]
‘ / uupde
Q

=7 |, | T=F
< lully™ [luells

Pl

—2 _1 _1
< (14 19) 75 ul 57 llugl) 57

2 —2
gm(mm+wmﬁ) (565

2 T3 T5m5s
< cy [Jug][; + camax / |ulP@ da , / uP@da
Q Q

guwﬂ+%/WM@m,
Q
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where
py—2
Cy = (]_ + |Q|)P1(1—B)
s = camax { (prH(0)) 7507 (pyH(0)) =}

Employing (3.36), (3.64), (3.65), and Cauchy-Schwarz’s inequality,

/ uug(x, t)dx
Q

_1
1 -8

ATB (t) < <91/(1=P)+ (H(t)+€115

teTr (NElT)l—lrf)

(3.66)
<0y |H(®) + lusll3 + o(w)]
where J5 is a positive constant, such that
NE
5y =2V max (1,677 ¢y, 05 + ——ns | - (3.67)
B2
Combine (3.64), (3.65), with (3.63), income
01, 1
A'(t) > AT (t), for all £ > 0, (3.68)
2
We conclude with a simple integration of (3.68) over (0,t) that
B 1
AT (1) > — PRt (3.69)
Alfﬁ (O) - mit
Hence, A(t) blows up in a finite time 7',
T<— ! _[;8
B5-AT7(0)
Since A(0) > 0, (3.69) shows that lim;_,7+ A(t) = co, where T* = 1=5
ﬁrlAiﬁ( )
Case 2. In the case E(0) < 0. If you set H(t) = —E(¢) in Lemma (16), we get a similar result as in

Lemma (16). Before 0 < —E(0) = H(0) < H(¢) and H(t) < pilg(u). If we take N =0 in (3.36) and apply
the same reasoning as in part Case 1, we can get our result. m
3.6. Lower bound of the blow-up time

Beweis. It comes from (3.37)

_ /Q Ju (1) [P~ uyde < /Q fu (1) 272~ 2de + /Q g (1)) da. (3.70)

We need to estimate the first term on the right-hand side of the above inequality. for that, we examine
the following five cases.
Case.1l. n < 3. Exploiting the embedding inequality, we have

p2—1
| u () Prtde < B2 Va 0) 577 < B (llw () 13 + /Q Ju () |p2dx> '

Case.2. n > 3,
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a 2 < py < ;75,. Exploiting Holder’s and embedding inequalities, we have
/ lu (t) |?P2~2dx :/ lu (t) |?P2~*ude
Q Q
1-2
< </ lu (1) |(p22)”dx) </ lu (t) |7~ 2dm)
Q
2(p2—2)
2_ 2 D)
< |0 e (t) 220, (/ Ju (t |p2dz>
2(p2—2)
2 2 _ (pz pa
< Bi|Q|" v o) 13 Iu ) [P2da
3po—4
(p
< Biloft %" (wwwﬁ+/maww@
Q
b =
2n—npo+4po
2py—2 2y — 2P =) 9 2n—npy+2pg+2
lu ()2 de < B2|Q| " 2r=rmeafzme® | [V (t) |3+ [ Ju(t)[Pds :
Q Q
c 277_722 < p2 < ;75, n > 3. Holder’s and embedding inequalities have allowed us to

/|u \2”2 2dx*/ | (¢ |2 p2=1) 4y
(pa—1)(n—2)
n—(pa—1)(n—2) n n
su1p2n(/ﬂm<w%12dx)

n—(p2— ) 2(pa—1
<1 u (1) 3%

n—(py—1)(n—2)
o

2(p2—1 2(pa—1
<B;"»7 V|| HVuum;m )

2(pa—1) | 2=lp2=D(n=2) 9 p2—1
<B;"UQ T (||Vu @5 +/ u (¢) |p2dx) .
Q

Therefore, in every case, we find

/Q\u(t)|2p2_2dx§c* (/Q lu (t) |p2dx+/Q|Vu(t) |2dx>5. (3.71)

where, for the above mentioned five cases § > 1 equals py—1, 22 ;2_4, QEfZZf 142';5 5. Using E(t) definition’s
we can observe that

%/th (t)|2dx+%/Qwu(t)ﬁdxgE(0)+pil/Q|u(t) P@)dy
0 —&—pil (/Q |u(t) |p1dx+/ﬂ|u(t) |p2dx>

< E(0) + ;—j ((/Q lu (£) p2dx) B + /Q lu (£) |p2dm>

= B(0) + % (0% (1) + (1))

(3.72)
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where cg = (1 4+ |Q|)mp_1p1 . If we join (3.70)-(3.72), we get

<er (P70 + P00 + o) + 97 (1) + 1),

where

6 936-2,.0
2 2 2
- ;a) S %% 26 935-2015(0) 4 2E(0) | . (3.73)
1

c7 = max [ 4°71¢* < 5
V4 p1

According to the definition of T*.

lim / lu (t) |P2da = +o0,
t—T* Q
We achieve that

+oo d
/ §PL ! P1 ST*
#(0) 7 (775+77 2 e +1)

The proof is finished. m
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