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Eulerian and Clique number of the Zero Divisor Graph T'[L(+)M]

Manal Al-Labadi*, Wasim Audeh, Eman Mohammad Almuhur, Shuker Khalil and Anwar Al-boustanji

ABSTRACT: In this article, we investigate I'[Z, (4+) Zm], where n is equal to the product of pJq1 and m = p1
for some prime numbers. To find out when these graphs are Eulerian and, more importantly, we are examining
the clique number of I'[Zy (+)Z] for n = piq1 and m = p1.
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1. Introduction

The idea of the zero divisor graph, denoted by Z.D, of the idealization ring L(+4)M was first introduced

by Axtell and Stickles in 2006 [8] is defined as L(+)M = {(vi, w1): v1 € L, wy € M} and let (vy, wy)
and (ve, wz) be two elements of R(+)M, such that (v1, wi) + (v2,w2) = (v1 + r2, w1 + wz) and
(v, w1)(va, wa) = (v1vg, Viwy + vawy). 1. Beck [11] in 1988 introduced the idea of the Z.D of the ring
R. Subsequently, Anderson and Livingston [10], as well as Akbari and Mohammadian [9], extended the
theory by focusing on the Z.D taking into consideration just the non-zero zero divisors. The notion of
Euler graphs is explored in [12]. More properties of the Z.D are studied in [1-7]. In this article, we
introduce the idea of Euler graphs to I'(Z,(+)Z,,) and identify which I'(Z, (+)Z,,) are Eulerian. A
clique is a subgraph of G where every pair of vertices is connected by an edge. The size of the largest
clique in a graph G is called its clique number, denoted as w(G) [13-14]. A subgraph K, with m nodes
is called a clique of dimension m if every pair of distinct nodes in K, is connected by an edge.
This article is structured ithe following way; first it covers the basics, such as definitions and notations
related to the Z.D within a commutative ring denoted as L(+)M. Up is an exploration into the Euler
graphs for the I'[Z,;(4+)Z,,]. Following that is a discussion on the Euler graphs I'[Z,(+)Z),] for any
integer n equal to piqi. The clique number for I'[Z,r (+)Z), | and I'[Z,,(+)Z), ] for any integer n equal to
Pig-

Definition 1 Zero divisor Graph of idealization ring [8]

Consider the ring L(+)M is a commutative ring with unity, and Z[L(+)M] be the set of its zero divisors.
Then the Z.D of L(+)M denoted by T'[L(+)M], is the graph (undirected) with vertex set Z*[L(+)M] =
Z|L(+)M]—{(0,0)}, the non-zero zero divisors of L(+)M, such that two vertices (v1,w1) and (vy, we) €
Z*[L(+)M] are adjacent if (vi,w1)(ve, we) = (0,0).

Definition 2 Euler trial [12]
An Euler trial, on a graph G, is a trial that covers every edge of the graph G once.
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Definition 3 Euler graph [12]
Eulerian gragraph that a graph G has an Euler trial.

Theorem 1 [12] A connected graph is Euler if and only if the degree of every vertex is even.

2. Eulerian of I'[Z,(+)Z,,]

We discuss the Eulerian of TI'[Z)r (+)Z),] where p; is a prime number and 7 > 1.
To start with, we consider I'[Z,, (+)Z,,].

Theorem 2 The I'|Z,, (+)Z,,] is not Euler graph.

Proof: Consider I'[Z, (+)Z,]. The vertex set is A = {(0,m) : m € Z; } and so |A| = p; — 1. For any
two vertices in the set A, they are adjacent, which makes the graph a complete on p; — 1 vertices, that
is, I'[Z,, (+)Zp,] = Kp,—1. As the graph is complete, each vertex of the degree is p; — 2.

If p1 > 2, then the degree of each vertex is odd. Thus I'[Z,, (+)Z,,] is not Eulerian. O

Theorem 3 For any prime p; > 2, I‘[Zp% (+)Zp,] is not Euler graph.

Proof: Consider I'[Z,2(+)Z,,]. The vertex sets A = {(0,m) :m € Z; }, |A| = p1 —1 and B = {(kp,m) :
m € Zy,,ged(k,p1) = 1}, |B| = p1(p1 — 1).

For any two vertices, in the set A and B, they are adjacent, which makes the graph complete on p; — 1+
pi(p1 —1) = (p1 — 1)(p1 + 1) vertices, that is, I'[Z,2(+)Z,] = K, —1)(p, +1)- The degree of each vertex
is (p1 — 1)(p1 + 1) — 1 since the graph is complete.

If p; > 2 then every prime greater than 2 is odd, and hence the degree of each vertex is odd. Thus
U(Z,2(+)Zp,] is not Eulerian.

P
If p1 = 2, then I'[Z}2(+)Zp,] is Eulerian. O

Theorem 4 For any prime number p1, the I'(Z3(+)Zp,] is not an Euler graph.

Proof: Consider I'[Z,s(+)Z,,]. We separate the vertices of I'|Z,3(+)Zy, | into disjoint 3-sets, which are
given by

A={(0,m): me Z;l},

B = {(kp1,m): m € Z,, and ged(k,p3) = 1}
and

C ={(lp},m): m € Z,, and gcd(k,p1) = 1},

cardinality |Al = p1 — 1, |B| = p1(p? — p1) and |C| = p1(p1 — 1).

Each item in set A is connected to every item in sets A, B and C. Then each vertex in the set A is
degree equal p1 — 1+ p1(pf —p1) +p1(pr — 1) = 1= (p1 — 1)(p1 + 1) + pi(pi — p1) — 1, which is odd.
Each item in the set B is connected to every item in the sets A and C'. Then each vertex in the set B is
degree equal p1 — 1+ p1(pf —p1) = (p1 — 1) + pi(p1 — 1) = (p1 — 1)(p? + 1).

Each item in set A is connected to every item in sets A B, and C. Then each vertex in the set C is
degree equal py — 1+ p1(p3 —p1) + pr(pr — 1) — 1 = (pr — 1)(p1 + 1) + p1(p? — p1) — 1, which is an odd.
Therefore, I'Zy3(+)Zy,] is not an Bulerian graph. O

With similar techniques, we prove the more general case in the following theorem.

Theorem 5 If p1 is any prime number, then I'[Z,-(+)Z,,] is not Eulerian graph.

s
1
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Proof: We separate the vertices of U'[Zyr (+)Zp,] into r—disjoint sets, given by

Ar = {(kipr,m) = m € Zy,, ged(ky,pi~") =1},
Ay = {(kop?,m) : m € Z,,, ged(ka,py?) = 1},
and for general
A; = {(kipi,m) : me Z,,, ged(ki,py") =1, fori=3,..,r},

cardinality |A;] = pr(p}~" — pi =" Y), fori = 1,2,...... r—1 and |A.] = p1 — 1. Now the degree of any
element in A, isp; — 1+ Z;;ipl(p;ﬂ —pfj_l) 1= pl(p’l'_1 —1)+p — 2.
The degree of any element in the set A; is'zz-zl p1(p] —pjlfl) +p1—1, for alli < |5]. Also, the degree

of any element in the set A; is Z§'=1 pi(pl —pl ) 4+ p1— 2, forall i > |5]. Hence I'[Zyr(+)Zp,] is not
FEulerian graph. O

3. Eulerian of I'[Z,,(+)Z,,]

We discuss the Eulerian I'[Z,,(4)Z,,] where n = pjq1 and m = p;.
Let n = p1q1 and m = p;.

Theorem 6 If p1 and g1 are distinct primes such that g1 > p1, then I'[Z, 4, (+)Zp,] is not an Eulerian
graph.
Proof: Consider I'|Zy, 4, (+)Zp,]. The vertices of I'[Zp, q,(+)Zp,]| are divided into sets

A={(0,m): me Z] },

By = {(kp1,m): me€ Z,, gcd(k,qi) =1},
Bi = {(kp1,0) : ged(k,q1) =1},
and

C={(lg1,m): me Z,, gcd(l,p1) =1},

the cardinality |Al =p1 —1, |B1| = (p1 —1)(¢1 — 1), |Bi| =¢1 — 1 and |C| = p1(p1 —1). Now, the degree
of any element in A is p1 — 2+ p1(q1 — 1). The degree of any element in the sets By is p— 1 and B is
p1—1+4+pi(p1 —1) = (p1 — 1)(p1 + 1) and the degree of any element in the sets C is q1 — 1.

If p1 and ¢ are odd, then T'|Z,, 4, (+)Zp,] is not Eulerian graph. Also, If pr = 2, then I'[Zp, 4, (+)Z,,] is
not Fulerian graph. O

Theorem 7 If p1 and q1 are distinct primes such that q1 > p1, then F[Zp%ql(—l—)Zpl} is not Fulerian.

Proof: Consider I'[Z,2,, (+)Zp,]. The vertices of I'[Z,2,, (+)Zp,] are divided into sets

{(0,m): me€ Z;jl}7
{(kp1,m): m e Z,,, ged(k,p1q1) = 1},
By = {(kp?,m): m € Zypr, ged(k,q1) = 1},
{(kp?,0) : ged(k,q1) = 1},
{(kqi,m) : m € Z,,, ged(k,pT) =1},
and
D = {(kprqx,m): m € Z,,, ged(k,p1) =1},

the cardinality |A] = p1 — 1, |B1] = pi(p1 — D)(q1 — 1), |Ba] = pi(q1 — 1), |C| = p1(p? — p1) and
|D| = p1(p1 — 1). Now, every element v in the set A is adjacent to every element in A, By, By, B3 and
D. So, the degree, dega(v) =p1 —2+p1(p1 — 1)(¢1 — 1) +p1(g1 — 1) + p1(p1 — 1).
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Every element v in the set B; is adjacent to every element in A and D; degp, (v) =p1 — 1+ pi(p1 —1) =

(pr =) (pr +1).
Every element v in the set By is adjacent to every element in A and D; degp, (v) =p1 —1+p1(p1 —1) =

(pr —1)(p1 +1).
Every element v in the set Bj is adjacent to every element in A, C, and D; degp; (v) = p1 — 1+ p1 (p? —

p1) +pi(p1 — 1).
Every element v in the set C' is adjacent to every element in Bj; dego(v) = ¢1 — 1.
Every element v in the set D is adjacent to every element in A, By, B, B3 and D, degp(v) =p; — 1+

pi(pr —1)(qr — 1) +pi(qr — 1) + pa(p1 — 1) = 1.
If p; and ¢ are odd, then 1“[prq1 (+)Zp,] is not Eulerian graph.
If p1 = 2, then I'[Z,,, 4, (+)Zp,] is not Eulerian graph. O

Theorem 8 If p1 and q1 are distinct primes such that q1 > p1, then U'[Zprq, (+)Z,,] is not Bulerian.

Proof: Consider I'[Zyrq, (+)Zp,]. We divide the vertices of U'[Zprq, (4+)Zp,] into sets

Al - {(klplam) Tme Zpla QCd(klva_l(h) - 1}a
A2 = {(k2p%am) T me Zpla QCd(k?27pI_2Q1) - 1}a
and for general
A = {(kipt,m) : m¢€ Zp,, gcd(ki,pg_iql) =1, fori=3,...,r},
B1 = {(klplqlam) Tme ZP17 ng(klapq_l) = l}a
By = {<k2p%q1am) tme ZP17 ng(kQapq_Q) = 1}’
and for general
B; = {(kipliqlﬂn) Tme Z;D17 ng(kiap;_i) =1, fOT 1 =3, “'ar}a

cardinality |A;| = pl(pq__i - pq__i_l)(ql 1), fori =1,2,.....r = 1 and |A;| = (p1 — 1)(g1 — 1). And
cardinality | B;| = p1(py =" —p{ =71, fori=1,2,...... r—1and|B,|=p — 1.

Now, the degree of any element in B, is p1 — 1 + Z;;i pm(p ™ — pE_J_l) —1=p(pf ™ =1)+p —2.
The degree of any element in the set B; is Z;zlpl(p{ fpjfl) +p1—1, forall i < [5]. Also, the degree
of any element in the set B; is 22:1 pi(pl —pl ) +p1—2, foralli> |5]. Hence I'[Zyrq, (+)Zp,] is not
Eulerian graph. O

4. Clique number of T'[Z}r(+)Z,,]

We discuss the clique number of I'[Z),r (4)Z,, ] where p; is a prime number and r > 1.
We consider I'[Z,, (+)Zp,].

Theorem 9 The clique number of U'[Z,, (+)Z,,] is w(L[Z,(+)Z,,]) = p1 — 1.

Proof: Consider I'[Z,, (+)Zp,]. The vertex set is A = {(0,m) : m € Z; } and so |[A] = p; — 1. For
any two vertices, in the set A, they are adjacent, and so the graph is a complete graph with p; — 1
vertices, that is, I'[Z,, (+)Zp,] = Kp,—1. As the graph is complete, the w(I'[Z,, (+)Z,,]) = p1 — 1. See,
the following figure. O
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Figure 1: T'(Z5(+)Zs).

Theorem 10 The clique number of Z.D is w(I'[Z2(+)Zp,]) = (p1 — 1)(p1 + 1).

Proof: Consider I'[Z,2(+)Z;,|. The vertexsets A = {(0,m) : m € Z }, [A] = p1—1and B = {(kp1,m) :
m € Zp,, ged(k,pr) = 1}, |Bl = pi(p1 = 1).

For any two vertices is zero, they are adjacent, and so the graph is a complete graph on p; — 14 p1(p1 —
1) = (p1 — 1)(p1 + 1) vertices, that is, I'[Z,2(+)Zy,] = K(p, —1)(p,+1)- As the graph is complete, the
w(l[Zp, (+)Zp,]) = (pr = D(p1 + 1) O

Theorem 11 The cliqgue number of T[Zys(+)Zp,] is w(T[Zy3(+) Zp,]) = p7-
Proof: Consider I'[Z,3(+)Zp,]. The vertices of I'(Z3(+)Zp,| are divided into sets, which are given by

A={(0,m): meZ;},
B = {(kp1,m): m € Z,, and gcd(k,p}) = 1}
and
C = {(ip3,m) : m € Z,, and ged(k,pr) = 1}
cardinality |A| = p1 — 1, |B| = p1(p? — p1) and |C| = p1(p1 — 1).

A subgraph with vertices of the sets A, C and one vertex of the set B is a complete subgraph with the
largest number of vertices. Then the clique number is w(I'[Zy3(+)Zp,]) = p1 —1+pi(pn —1) +1 =

p1+pi(pr — 1) =pi. O

Using methods and strategies employed before we establish the broader scenario in the forthcoming
theorem.

Theorem 12 Ifp, is any prime number, then the clique number is w(I'[Zyr (+)Zp,]) = Z::(%] pro(pt ™)+
1, where ¢ is an Euler function.
Proof: The vertices of T'[Zyr (+)Zy,] are divided into v disjoint sets, namely multiples of p, multiples of
p3... multiples of p", given by

Ay ={(kip1,m) : me Z,,, gcd(kl,pl_l) =1},

Ay = {(kop?,m) : m € Zp,, gcd(kg,pI_Q) =1},

and for general
A; = {(kipt,m) : me Zpy s ged(k, py™") =1, fori=3,..,r}

cardinality |A;] = p1(py~" —pt =), fori=1,2,...... r—1and|A. | =p — 1.

Now a subgraph with vertices of the sets ArzyUArry 11 UA, U {(p%%J ,0)} is a complete subgraph with the
largest number of wvertices. — Then the clique number is w(I'[Zpr(+)Zp,]) = EZ:[%] |A4;] + 1
= ZZ=[%T plqs(p{_i) + 1, where ¢ is an Euler function. O
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5. Clique number of T'[Z, (+)Z,,]

We discuss the clique number of the Z.D I'[Z,,(+)Z,,] where n = pjq; and m = p;.
We consider n = p1q; and m = py.

Theorem 13 If py and q1 are distinct primes such that g > pi1, then the cligue number is
w('[Zp, ¢, (+)Zp,]) = p1.

Proof: Consider I'[Z,,, 4, (+)Z,,]. The vertices of I'[Z,, 4, (+)Z,,] ared divided into sets

A={0,m): me Z, },

By = {(kp1,m): m € Z; , ged(k,q1) = 1},
B} = {(kp1,0) : ged(k,q1) = 1},
and

C={(gi,m): meZ,, ged(l,p1) =1},

cardinality |A|=p1 — 1, |B1] = (p1 — 1)(q1 — 1), |Bf| = ¢ — 1 and |C| = p1(p1 — 1).
Now a subgraph with vertices of the sets AU {(p,0)} is a complete subgraph with the largest number of
vertices. Then the clique number is w(I'[Z,, 4, (+)Zp,]) =p1 — 14+ 1 =p;. m

Theorem 14 Ifp, and g1 are distinct primes such that g1 > p1, then clique number is o.)(l"[Zp%q1 (+)Zp,]) =
p? — 1.
Proof: Consider I'(Z,24,(+)Zy,|. The vertices of U|Z 2, (+)Zp,| are divided into sets

p

A={(0,m): me Z;}

By ={(kp1,m): m € Zy,,, ged(k,p1qn) =1}
By = {(k;p%,m) ©m € Zys, ged(k,q1) = 1}
By = {(kp},0) = ged(k,q1) =1}

C ={(kq,m): m¢€ Z,,, ged(k,p}) =1}

D = {(kprqi,m): m € Z,,, gcd(k,p1) = 1},

cardinality |A] = p1—1, |B1] = p1(p1—1)(q1 —1), |B2| = p1(q1 —1), |C| = p1(p? —p1) and |D| = p1(p1—1).
A subgraph with vertices of the sets AU D U {(p1,0)} is a complete subgraph with the largest number of

vertices. Then the clique number is w(U'[Zy2, (+)Zp,]) = [A|+|D|+1=p1—1+pi(pp—1)+1=

(pr+1)(p1 — 1) =p3 —1. o

Theorem 15 Ifp; and qi are distinct primes such that q1 > p1, then clique number is w(T[Zprq, (+)Zp,]) =
Z::fél p1o(p ") + 1, where ¢ is an Euler function.

Proof: Consider I'[Zyrq, (+)Zp,]. The vertices of T'|Zyrq, (+)Zy,] are divided into sets

Al - {(klplam) Tme Zp17 QCd(klva_l(h) - 1}a
Az = {(kopi,m) : m € Zp,, ged(ka,pi 1) = 1},
and for general
A; = {(kip’i,m) tm e Zp,, gcd(ki,pq_iql) =1, fori=3,...,r},
B1 = {(klplqlam) Tme ZP17 ng(klapq_l) = l}a
B2 = {(k2p%q1am) Tme ZP17 QCd(k%p?{_Z) = l}a
and for general
B; = {(kipli(h,m) Tme Z;D17 ng(kiap;_i) =1, fOT =3, “'ar}a
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cardinality |A;| = pl(pq__i - p’{__i_l)(ql 1), fori =1,2,.....r = 1 and |A;| = (p1 — 1)(q1 — 1). And

cardinality |B;| = p1(py =" —p =71, fori=1,2,...... r—1and|B,|=p — 1.

Now a subgraph with vertices of the sets Brz1 U Bry41 U By U {(pFJ,O)} is a complete subgraph with

the largest number of vertices. Then the clique number is W(I'[Zprq, (+)Zp,]) = Z::[q |Bi| +1 =
2

Z::fﬁ p1o(p; ") + 1, where ¢ is an Euler function. O
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