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Hybrid Quartic B-Spline Method for Solving Time Fractional Differential Equations

Fahad K. Nashmi∗ and Bushra A. Taha

abstract: This paper presents a novel hybrid B-spline method (HB-spline) collocation method for the
efficient and precise resolution of time-fractional partial differential equations (TFPDEs). Our approach
models anomalous diffusion using the Caputo fractional derivative, discretising the temporal fractional term
with a high-order finite difference approximation and employing quartic B-spline basis functions in the spatial
domain, enhanced by a variable shape parameter, θ. A comprehensive Fourier stability analysis for fractional
orders ω ∈ (1, 2] establishes that the proposed HB-spline method is unconditionally stable. We evaluate its
performance by applying the method to both linear and nonlinear TFPDEs and comparing the numerical
results with established exact solutions. The HB-spline method demonstrates enhanced convergence rates
and lower computational expenses, as evaluated by L2 and L∞ error norms. The incorporation of the hybrid
shape parameter θ facilitates adaptive regulation of the spline’s curvature, providing increased flexibility and
accuracy in representing intricate solution profiles.

Key Words: Caputo time-fractional derivative, finite difference method, quartic B-spline method,
quartic trigonometric B-spline, hybrid B-spline method, diffusion wave equations, reaction and damping.
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1. Introduction

Fractional calculus (FC) broadens the traditional concepts of differentiation and integration to en-
compass non-integer orders. In fact, FC is an extension of classical calculus [10,31,30,32,35]. Sometimes,
fractional models behave more harmoniously than classical models. Therefore, many methods have been
developed to deal with these models, and researchers have continued to develop these techniques con-
stantly to obtain high accuracy [42]. Recently, the application of fractional operators to model intricate
processes in physics, engineering, biology, and other fields has attracted considerable interest and yielded
impressive outcomes [4,8,15,26,25,33,29]. Fractional calculus serves as an essential instrument in science
and engineering, facilitating the development of fractional differential equations (FDEs) that inherently
include memory and hereditary effects. In the last three to four decades, extensive research on FC and
FDEs has demonstrated their enhanced ability compared to integer order models to accurately represent
phenomena ranging from local to nonlocal behaviour and transitions between wave-like propagation and
diffusive dynamics. Moreover, the fractional order functions as a variable parameter, providing enhanced
adaptability for optimisation and performance refinement in multiphysics simulations. Unsurprisingly,
these fractional-order methodologies have been extensively utilised in various applications, including im-
age processing, denoising, encryption, and more [3,9,24,22,27,28].

It is widely recognised that the majority of time-fractional differential equations (TFDEs), particularly
those containing nonlinear or inhomogeneous components, lack closed-form solutions. In recent years, the
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importance of time-fractional partial differential equations (TFPDEs) has increased significantly due to
their application in various domains, including signal processing, electromagnetic control theory, electrical
network analysis, multidimensional fluid dynamics, and mathematical biology [43,40,36]. Generally,
acquiring precise analytic solutions for TFDEs through traditional methods continues to be a significant
challenge. As a result, numerous researchers have invested significant effort in developing numerical
schemes that are both practically applicable and capable of providing high-accuracy approximations
[1,7,37,14,13]. To examine TFDEs, we utilise the subsequent prototype model:

∂ωv(r, s)

∂sω
+ η

∂v(r, s)

∂s
+ λv(r, s)− ∂2v(r, s)

∂r2
= G(v(r, s)) + ϕ(r, s),

(r, s) ∈ Ω× (0, S], v(r, 0) = ζ0(r),
∂v(r, 0)

∂s
= ζ1(r), r ∈ Ω,

v(c, s) = ς0(s) and v(d, s) = ς1(s).

(1.1)

where, G(v(r, s)) : R −→ R, is nonlinear with regard to v(r, s), r ∈ [c, d] and s ∈ [0, S]. while,
ϕ(r, s) : [c, d] × [0, S] −→ R, ς0(s), ς1(s) : [0, S] −→ R ζ0(r), ζ1(r) : [c, d] −→ R. Actually, each of the
aforementioned functions needs to be provided. It is important to note that η represents the response
term parameter and λ represents the damping term parameter. It is necessary to define the fractional
derivative

∂ωv(r, s)

∂sω
=

1

Γ(n− ω)

∫ s

c

∂nv(r, ϵ)

∂ϵn
(s− ϵ)ω−n+1 (1.2)

where, Γ(n− ω) is the Gamma function, which has the following definition

Γ(n− ω) =

∫ ∞

0

rn−ω−1e−rdr, (R(ω) > 0). (1.3)

Fractional diffusion wave equation have received great attention in physics, such as electromagnetism.
These equations fall under the area of fractional order partial differential models [2]. By substituting a
real number ω for the exponent of the second derivative of time, where ω ∈ (1, 2], TFDWE is produced
from the second-order partial differential equation [2]. One of the methods used to find the solution to
the time fractional differential equation is the B-spline method, due to the ease of use and accuracy of the
results [11,16,5,34], which leads to ease of finding the solution through the computer [2]. Schoenberg ini-
tially presented the trigonometric spline function in 1964 [20]. A non polynomial B-spline function with
trigonometric terms is called a trigonometric B-spline. Trigonometric B-spline’s attributes and derivation
were discovered in [41]. In this study we will solve the system (1.1) using the hybrid B-spline technique
(HB-spline). To solve TFDWE this study, Caputo time fractional derivative definition was used and
it was approximated using finite differences, while the HB-spline method was used to approximate the
solution and derivatives with respect to r. Finding analysis and approximation solutions to TFPDE is of
interest to a number of researchers, especially in recent years, and several studies have been presented,
including fractional diffusion wave equation for time with damping, Chen et al. [12,16] presented the
technique of variable separation by application the implicit difference of Legendre wavelets [19].
While spectral methods perform better in smooth, periodic settings, HB-splines dominate adaptive geo-
metric modeling. Geometric constraints, adaptivity requirements, and problem smoothness all influence
the decision. In the future, hybrid approaches might close this gap. The following points summarize the
numerical challenges we may encounter in our study and provide strategies for overcoming them [17]:

• Traditional methods of numerical integration may lose accuracy when approaching the singularity,
so specialized methods are used that stepwise divide the time and transform the singularity into an
analytically integrable form.

• The method used in the research, we did not need fast convolution methods or sum of exponents
techniques because our analysis method converts the Caputo integral to a sum.

• Calculating stability using classical methods is difficult for fractional equations, but calculating
stability was unconditional in our work.
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• To remove the singular solution when t = 0, we increased the point density and automatically
adjusted the step size ∆t based on the solution behavior.

The manuscript is divided as follows: The section 2 provides a brief overview of the method HB-spline,
while the section 3 explains the numerical approach for the proposed method. The stability of the method
is studied in the section 4. Numerical applications are discussed in the section 5. In the section 6, we
conclude the manuscript with remarks on the results and future work.

2. The formulation of the HB-spline approaches

The fractional diffusion wave equation is solved in this study using the HB-spline. Assume that over
the endowed interval [c, d], the partition ∆ : c = r0 < r1 < r2 < ... < rn − 1 < rn = b such that h = d−c

n
and ri = c + ih where i = 0(1)n and n is mesh size of ∆. We can now define the HB-spline using the
B-spline and trigonometric B-spline approaches in the following format [6]

Hi(r) = θBi(r) + (1− θ)Ti(r), (2.1)

where θ ∈ R, Bi(r) is the quartic b-spline function and Ti(r) is the trigonometric spline function. For
further clarification, see the appendix.

First, we write the approximate solution in the following form

v̂(r, s) =

n−1∑
i=−4

ciHi(r), (2.2)

where Hi(r) is HB-spline functions.

The formula v̂ji = v̂(ri, sj) represents a numerical solution, where j = 0(1)n. The following formulas

can now be used to express v̂ji , (v̂r)
j
i and (v̂rr)

j
i .

v̂ji = l1c
j
i−4 + l2c

j
i−3 + l2c

j
i−2 + l1c

j
i−1

(v̂r)
j
i = −l3cji−4 − l4c

j
i−3 + l4c

j
i−2 + l3c

j
i−1,

(v̂rr)
j
i = l5c

j
i−4 − l5c

j
i−3 − l5c

j
i−2 + l5c

j−1
i−1 .

(2.3)

The time fractional diffusion wave equation is solved using the values of HB-spline functions and their
derivative at the different knots, which are given in Table 1.

Table 1: The values at ri of Bi(r) and their derivative
ri−2 ri−1 ri ri+1 ri+2 ri+3

Hi 0 l1 l2 l2 l1 0

H′
i 0 −l3 −l4 l4 l3 0

H′′
i 0 l5 −l5 −l5 l5 0
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In Table (1), we set

l1 =
θ

24
+

(1− θ)

ϑ
z1,

l2 =
11θ

24
+

(1− θ)

ϑ
z2,

l3 =
θ

6h
+

(1− θ)

ϑ
z3,

l4 =
θ

2h
+

(1− θ)

ϑ
z4,

l5 =
θ

2h2
+

(1− θ)

ϑ
z5,

z1 = (sin(
h

2
))3 csc(h) csc(

3h

2
),

z2 = (sin(
h

2
))2 csc(h) csc(2h) + 2 sin(

h

2
) sin(h) csc(

3h

2
) csc(2h),

z3 =
csc(h) sec(h)

2 + 4 cos(h)
,

z4 = csc(2h),

z5 = csc(h) csc(2h).

(2.4)

3. Numerical Approach for TFPDE

As we mentioned earlier, the fractional derivative will be approximated using Caputo’s formulation

using finite differences. The following is one way to write the expression ∂ωv(r,s)
∂sω : Actually, we will use

the central discretizations that are frequently employed to approximate partial derivatives of the second
order to approximate the fractional derivative of ω order [23].

∂ω v̂(r, sj+1)

∂sω
=

1

Γ(3− ω)

j∑
µ=0

bµ[
v̂(r, sj+1−µ)− 2v̂(r, sj−µ) + v̂(r, sj−1−µ)

∆sω
] + ej+1

∆s , (3.1)

where sj = j∆s, j = 0(1)m, ∆s = S
M , bµ = (µ+1)2−ω −µ2−ω and ej+1

∆s is the local truncation error such
that

ej+1
∆s ≤ σ(∆s2).

The numerical accuracy of the formula (3.1) is O((∆s)4−ω). Here are some of the popular features of bµ:

• bµ > 0 and b1 = 1, µ = 1, 2, ...., j,

• b0 ≩ b1 ≩ ...... ≩ bµ, bι → 0 as µ→ ∞,

• −bµ + (2bµ − bµ−1) +
∑j−1

µ=0(−bµ−1 + 2bµ + bµ+1) + (2b0 + b1) = 1

Now, substituting (3.1) in (1.1) we obtain,

1

Γ(3− ω)

j∑
µ=0

bµ[
v̂(r, sj+1−µ)− 2v̂(r, sj−µ) + v̂(r, sj−1−µ)

∆sω
] + η[

v̂(r, sj+1)− v̂(r, sj)

∆s
]

+ λv(r, sj+1)−
∂2v̂(r, sj+1)

∂r2
= G(v̂(r, sj+1)) + ϕ(r, sj+1).

(3.2)

Let v̂j+1 = v̂(r, sj+1), α = 1
Γ(3−ω)∆sω and β = η

∆s . The last equation can be expressed in this way:

(α+ β + λ)v̂j+1 − (2α+ β)v̂j + αv̂j−1 + α

j∑
µ=0

bµ[v̂(r, sj+1−µ)− 2v̂(r, sj−µ) + v̂(r, sj−1−µ)]

− ∂2v̂j+1

∂r2
= G(v̂j+1) + ϕ(r, sj+1), j = 0(1)m,

(3.3)
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when j = 0 or µ = j, v̂−1 emerges; Using the initial condition we can get rid of it.{
v̂0t = v̂1−v̂−1

2∆s

⇒ v̂−1 = v̂1 − 2∆sζ1(r).
(3.4)

The equation (3.3) can be rewritten in another form by substitution (2.3) in it.

[l1(α+ β + λ)− l5]c
j+1
i−4 + [l2(α+ β + λ) + l5]c

j+1
i−3 + [l2(α+ β + λ) + l5]c

j+1
i−2 + [l1(α+ β + λ)

− l5]c
j+1
i−1 = (2α+ β)[l1c

j
i−4 + l2c

j
i−3 + l2c

j
i−2 + l1c

j
i−1]− α[l1c

j−1
i−4 + l2c

j−1
i−3 + l2c

j−1
i−2 + l1c

j−1
i−1 ]

− α

j∑
ι=1

bι([l1c
j+1−ι
i−4 + l2c

j+1−ι
i−3 + l2c

j+1−ι
i−2 + l1c

j+1−ι
i−1 ]− 2[l1c

j−ι
i−4 + l2c

j−ι
i−3 + l2c

j−ι
i−2 + l1c

j−ι
i−1]

+ [l1c
j−1−ι
i−4 + l2c

j−1−ι
i−3 + l2c

j−1−ι
i−2 + l1c

j−1−ι
i−1 ]) + ϕ(ri, sj+1) +G(l1c

j+1
i−4 + l2c

j+1
i−3 + l2c

j+1
i−2 + l1c

j+1
i−1 ).

(3.5)
There are (n + 1) equations in the system (3.5) and (n + 4) unknowns. As a result, we must use the
boundary conditions to add two equations (1.1).

l1c
j
−4 + l2c

j
−3 + l2c

j
−2 + l1c

j
−1 = ς0(sj+1)

l1c
j
N−4 + l2c

j
N−3 + l2c

j
N−2 + l1c

j
N−1 = ς1(sj+1).

(3.6)

The pseudoinverse method will be used to solve the system because the number of unknowns is greater
than the number of equations, which results in a non-square matrix [18].
The initial condition (1.1) will be used to determine the values of cji when j = 0 before solving the system
(3.5). 

(v̂j0)r = ζ ′0(ri), i = 0,

v̂0i = v(ri, 0) = ζ0(ri), i = 0(1)n,

(v̂0i )n = ζ ′0(ri), i = n.

(3.7)

Therefore, we will obtain a system consisting of (n+3) of equations and (n+4) of unknowns, and it can
be expressed in the following formula:

ΥC0 = χ, (3.8)

where Υ, C0, and χ are follows:

Υ =



−l3 −l4 l4 l3 . . . 0 0 0 0

l1 l2 l2 l1 . . . 0 0 0 0

0 l1 l2 l2 l1 . . . 0 0 0

...
...

...
...

...
...

...
...

...

0 . . . . . . 0 0 l1 l2 l2 l1

0 . . . . . . 0 0 −l3 l−4 l4 l3



,

χT =
[

d
dr ζ0(r0) ζ0(r0) ζ0(r1) . . . ζ0(rn)

d
dr ζ0(rn)

]T
,

CT
0 =

[
c0−4 c0−3 c−2

0 . . . c0n−2 c0n−1

]T
.
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4. Stability

In order to address the stability of an inhomogeneous problem, one need only demonstrate the prob-
lem’s homogeneity in accordance with Duhamel’s principle [39], and hence ϕ(r, s) = 0. When the mistakes
disappear as the computational process proceeds, the numerical technique is stable [23]. The Fourier
method will be employed to accomplish this, thus define the error term ρjk as

ρjk = bjk − b̃jk, k = 0(1)n, j = 0(1)m. (4.1)

Where, b̃jk is the approximation of the fourier mode and bjk is the growth factor of the mode. from (4.1)
and (3.5),We find the roundoff error equation as follows:

[l1(α+ β + λ)− l5]ρ
j+1
i−4 + [l2(α+ β + λ) + l5]ρ

j+1
i−3 + [l2(α+ β + λ) + l5]ρ

j+1
i−2 + [l1(α+ β + λ)

− l5]ρ
j+1
i−1 = (2α+ β)[l1ρ

j
i−4 + l2ρ

j
i−3 + l2ρ

j
i−2 + l1ρ

j
i−1]− α[l1ρ

j−1
i−4 + l2ρ

j−1
i−3 + l2ρ

j−1
i−2 + l1ρ

j−1
i−1 ]

− α

j∑
µ=1

bµ([l1ρ
j+1−µ
i−4 + l2ρ

j+1−µ
i−3 + l2ρ

j+1−µ
i−2 + l1ρ

j+1−µ
i−1 ]− 2[l1ρ

j−µ
i−4 + l2ρ

j−µ
i−3 + l2ρ

j−ν
i−2 + l1ρ

j−µ
i−1 ]

+ [l1ρ
j−1−µ
i−4 + l2ρ

j−1−µ
i−3 + l2ρ

j−1−µ
i−2 + l1ρ

j−1−µ
i−1 ]) +G(l1c

j+1
i−4 + l2c

j+1
i−3 + l2c

j+1
i−2 + l1c

j+1
i−1 ).

(4.2)

Now,suppose that

G(l1c
j+1
i−4 + l2c

j+1
i−3 + l2c

j+1
i−2 + l1c

j+1
i−1 ) = a(l1c

j+1
i−4 + l2c

j+1
i−3 + l2c

j+1
i−2 + l1c

j+1
i−1 ).

In this case, a is constant. Consequently, the roundoff error equation becomes like this:

[l1(α+ β + λ− a)− l5]ρ
j+1
i−4 + [l2(α+ β + λ− a) + l5]ρ

j+1
i−3 + [l2(α+ β + λ− a) + l5]ρ

j+1
i−2

+ [l1(α+ β + λ− a)− l5]ρ
j+1
i−1 = (2α+ β)[l1ρ

j
i−4 + l2ρ

j
i−3 + l2ρ

j
i−2 + l1ρ

j
i−1]− α[l1ρ

j−1
i−4

+ l2ρ
j−1
i−3 + l2ρ

j−1
i−2 + l1ρ

j−1
i−1 ]− α

j∑
µ=1

bµ([l1ρ
j+1−µ
i−4 + l2ρ

j+1−µ
i−3 + l2ρ

j+1−µ
i−2 + l1ρ

j+1−µ
i−1 ]

− 2[l1ρ
j−µ
i−4 + l2ρ

j−µ
i−3 + l2ρ

j−ν
i−2 + l1ρ

j−µ
i−1 ] + [l1ρ

j−1−µ
i−4 + l2ρ

j−1−µ
i−3 + l2ρ

j−1−µ
i−2 + l1ρ

j−1−µ
i−1 ]).

(4.3)

The boundary conditions of the equation (4.3) are

ρj0 = g0(sj), ρjn = g1(sj), j = 0(1)m. (4.4)

And the initial conditions
ρ0k = h0(rk), (ρs)

0
k = h1(rk), k = 0(1)n. (4.5)

Define the grid function [42]

ρj(r) =


ρjk, rk − h

2 < r ≤ rk + h
2 , k = 0(1)n,

0, c < r < h
2 or d− h

2 < r < d.

(4.6)

ρj(r)’s Fourier series can be formed as

ρj(r) =

∞∑
ν=−∞

ζj(ν)e
i2πνr
(d−c) , j = 0(1)n. (4.7)

where,

ζj(ν) =
1

(d− c)

∫ d

c

ρj(r)e
−i2πνr
(d−c) dr. (4.8)
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Let ρj = [ρj1, ρ
j
2, ......., ρ

j
n−1]

T ,

and introduce the norm [21]

∥ρj∥2 = (

m−1∑
j=1

h|ρjk|
2)

1
2 = [

∫ d

c

|ρjk|
2dr]

1
2 . (4.9)

Parseval’s equality makes it evident that
∫ d

c
|ρjk|2dx =

∑∞
ν=−∞ |ζj(ν)|2

Consequently, the following relationship is obtained:

∥ρj∥22 =

∞∑
ν=−∞

|ζj(ν)|2. (4.10)

Now,we assume that ρjk = ζjeipkh is solution of the equations (4.3) -(4.5),where i =
√
−1 and p is real.

Thus, the following is one way to write the equation (4.3).

[l1(α+ β + λ− a)− l5]ζ
j+1eip(k−4)h + [l2(α+ β + λ− a) + l5]ζ

j+1eip(k−3)h + [l2(α+ β + λ− a) + l5]ζ
j+1eip(k−2)h

+ [l1(α+ β + λ− a)− l5]ζ
j+1eip(k−1)h = (2α+ β)[l1ζ

jeip(k−4)h + l2ζ
jeip(k−3)h + l2ζ

jeip(k−2)h + l1ζ
jeip(k−1)h]

− α[l1ζ
j−1eip(k−4)h + l2ζ

j−1eip(k−3)h + l2ζ
j−1eip(k−2)h + l1ζ

j−1eip(k−1)h]

− α[l1e
ip(k−4)h + l2e

ip(k−3)h + l2e
ip(k−2)h + l1e

ip(k−1)h]

j∑
µ=1

bµ(ζ
j+1−µ − 2ζj−µ + ζj−1−µ).

(4.11)

We divide (4.11)on eipkh ,so it becomes as follows

ζj+1 = 2τζj − ωζj−1 − ω

j∑
µ=1

bµ(ζ
j+1−µ − 2ζj−µ + ζj−1−µ). (4.12)

Where, γ = [l1e
−3iph+l2e

−2iph+l2e
−iph+l1]

(α+ β
2 )−1[r1e−3iph+r2e−2iph+r2e−iph+r1]

, and ψ = [l1e
−3iph+l2e

−2iph+l2e
−iph+l1]

(α)−1[r1e−3iph+r2e−2iph+r2e−iph+r1]
,

where r1 = [l1(α+ β + λ− a)− l5], and r2 = [l2(α+ β + λ− a) + l5].

Clearly γ ≤ 1 at (α + β
2 )

−1r1 ≥ l1 and (α + β
2 )

−1r2 ≥ l2, and also ψ ≤ 1 at (α)−1r1 ≥ l1 and
(α)−1r2 ≥ l2.

Lemma 4.1 If there is a ζj solution to the equation (4.12), then |ζj | ≤ 2|ζ0|, j = 0(1)m.
proof : We now demonstrate the result by induction, For j = 0, the equation (4.12) implies
ζj = 2γζ0 since γ ≤ 1 then, |ζj | ≤ 2|ζ0|.
Now, |ζj | ≤ 2|ζ0|, j = 0, 1, 2, ....m− 1.so that from (4.12) we obtain

|ζj+1| = 2γ|ζj | − ψ|ζj−1| − ψ
∑j

r=1 br(|ζj+1−r| − 2|ζj−r|+ |ζj−1−r|)

→ |ζj+1| ≤ 2τ |ζ0| − 2ψ|ζ0| − 2ψ
∑j

r=1 br(|ζ0| − 2|ζ0|+ |ζ0|)

→ |ζj+1| ≤ 2|ζ0|

Theorem 4.1 (3.5) has unconditional system stability.
proof : From Lemma (4.1) and (4.10) allow us to proceed to ∥ρj∥2 ≤ 2∥ρ0∥2,
j = 0(1)m. This indicates that the system (3.5) is unconditionally stable.

5. Numerical Application

This section provides examples of how to solve TFDWE in order to make the solution techniques more
understandable. To show the accuracy of the numerical solution we obtained, we determine the problem’s
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analysis solution. By comparing the numerical and analysis solutions, We can verify that the numerical
results are accurate and legitimate. We utilized Maple 15 to solve the problems. The error norms L2,
and L∞ are used to test the accuracy of the method that is being described. which are computed in [38]
as follows,

L2 = ∥v − v̂n∥2 ≃

√√√√h

n∑
j=0

|vj − (v̂n)j |2,

and
L∞ = ∥v − v̂n∥∞ ≃ maxj |vj − (v̂n)j |.

Example 1 In this example we are dealing with TFDWE ,

∂ωv(r, s)

∂sω
+ v(r, s)− ∂2v(r, s)

∂r2
+ v2(r, s) = ϕ(r, s),

v(r, 0) = 0,
∂v(r, 0)

∂s
= 0, r ∈ [0, 1],

v(0, s) = 0 and v(1, s) = s2 sin(1), s ∈ [0, 1],

(5.1)

where, ϕ(r, s) = 2s2−ω sinh(r)
Γ(3−ω) + s4 sinh2(r) the analysis solution of problem (5.1) is v(r, s) = s2 sinh(r).

Tables 2 and 3 display the absolute errors for different values of ∆ s and n = 30 and n = 60, respectively.
Figure 1 compares the approximate solution with the analytical solution for ω = 1.5 and s = 0.01, while
Figure 2 displays the approximate solution for various time values. and the approximate answer for
various values of ω is displayed in Figure 3. We can conclude that our findings closely match the exact
solution.

Table 2: The L∞ and L2 errors with different values for ∆s and n=30 for Example 1.
∆s L∞ L2

0.01 6.6846 ∗ 10−7 1.3728 ∗ 10−5

0.05 1.2344 ∗ 10−5 3.968 ∗ 10−4

0.09 2.5767 ∗ 10−4 2.4193 ∗ 10−3

Table 3: The L∞ and L2 errors with different values for ∆s and n=60 for Example 1.
∆s L∞ L2

0.01 5.4902 ∗ 10−7 1.0145 ∗ 10−5

0.05 1.5148 ∗ 10−5 3.2468 ∗ 10−4

0.09 2.3827 ∗ 10−4 3.2858 ∗ 10−3
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Figure 1: comparative between the exact and numerical solutions at ω = 1.5 and θ = 0.8.

Figure 2: comparative plot at various time levels.

Figure 3: Numerical solutions for different values of ω for Example 1.
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Example 2 We adopt the following TFDWE ,

∂ωv(r, s)

∂sω
+ v(r, s)− ∂2v(r, s)

∂r2
= ϕ(r, s),

v(r, 0) = 0,
∂v(r, 0)

∂s
= 0, r ∈ [0, 1],

v(0, s) = 0 and v(1, s) = 0, s ∈ [0, 1].

(5.2)

where, ϕ(r, s) = 2s2−ωr(1−r)
Γ(3−ω) +s2r(1−r)+2s2 The analysis solution of problem (5.2) is v(r, s) = s2r(1−r).

Figure 4 compares the approximate solution with the analytical solution for ω = 1.5 and s = 0.01, while
Figure 5 displays the approximate solution for various time values, the findings show that they are in
good agreement and the approximate answer for various values of ω is displayed in Figure 6.

Table 4: The L∞ and L2 errors with different values for θ and n=60 for Example 2.
θ L∞ L2

0.5 8.2722 ∗ 10−7 1.3954 ∗ 10−5

0.9 1.6544 ∗ 10−7 2.7908 ∗ 10−6

1.5 8.2722 ∗ 10−7 1.3954 ∗ 10−5

Figure 4: comparative between the exact and numerical solutions at ω = 1.5 and θ = 0.9.

Figure 5: comparative plot at various time levels.
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Figure 6: Numerical solutions for different values of ω for Example 2.
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6. Conclusions

The spline function is a recognised and effective instrument for approximating solutions of fractional
partial differential equations, due to its piecewise polynomial framework and inherent smoothness charac-
teristics. This study presents the development and thorough analysis of an innovative HB-spline method
for addressing TFDWE. Our scheme integrates the localised adaptability of quartic B-splines in the
spatial dimension with a Fourier spectral approach in time, thereby converting the original fractional
differential operator into a sparse, banded system of algebraic equations.

Comprehensive numerical experiments were conducted on two benchmark problems with varying frac-
tional orders ω ∈ (0, 1) and distinct spatial domains. In every instance, the HB-spline method exhibited
swift convergence: as the mesh was refined, the L2 and L∞ error norms diminished at rates commensu-
rate with the spline’s fourth-order spatial accuracy. Furthermore, the Fourier spectral discretisation in
time attained spectral-level convergence for smooth data. Collectively, these findings validate that our
method achieves the specified precision while operating more efficiently than conventional finite-difference
or lower-order spline techniques.

A significant theoretical outcome is the demonstration of unconditional stability within the proposed
HB-spline Fourier framework. In contrast to numerous time-stepping methods that necessitate adherence
to the Courant-Friedrichs-Lewy condition, our algorithm maintains stability for any selection of time and
spatial discretizations. This robustness is especially advantageous for addressing long-term integration
issues or when utilising adaptive meshes to capture localised features.

Compared to current numerical methods such as the L1 finite-difference scheme or collocation with
lower-degree splines the hybrid quartic B-spline approach demonstrates significantly lower computational
expenses for a specified error tolerance. The minimal structure of the resultant linear systems facilitates
efficient implementations with band-matrix solvers, while parallelisation during the Fourier transform
phase enhances the speed of large-scale simulations.

Anticipating future developments, the adaptability of the HB-spline framework presents numerous
promising opportunities:

• Extension to multidimensional issues and irregular geometries through tensor-product splines or
spline spaces on unstructured meshes.

• Employing adaptive time-stepping strategies to improve efficiency for problems characterised by
multi-scale temporal dynamics.

• Application to additional categories of fractional models, including nonlinear reaction-diffusion
equations and space-fractional operators.
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The proposed HB-spline method serves as a robust and efficient instrument for numerically solving a
wide range of time-fractional differential equations.
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Appendix

Define the HB-spline using the B-spline and trigonometric B-spline approaches in the following format
[6]

Hi(r) =



J1, if r ∈ [ri−2, ri−1],

J2, if r ∈ [ri−1, ri],

J3, if r ∈ [ri, ri+1],

J4, if r ∈ [ri+1, ri+2],

J5, if r ∈ [ri+2, ri+3],

0, otherwise.
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where,

J1 =
θ

24h4
(r − ri−2)

4 +
(1− θ)

ϑ
f4(ri),

J2 =
θ

24h4
[h4 + 4h3(r − ri−1) + 6h2(r − ri−1)

2 + 4h(r − ri−1)
3 − 4(r − ri−1)

4] +
(1− θ)

ϑ
[f3(ri)g(ri+2)

+ f2(ri)g(ri+3)f(ri+1) + f(ri)g(ri+4)f
2(ri+1) + g(ri+5)f

3(ri+1)],

J3 =
θ

24h4
[11h4 + 12h3(r − ri−1)− 6h2(r − ri−1)

2 + 12h(r − ri−1)
3 + 6(r − ri−1)

4] +
(1− θ)

ϑ
[f2(ri)

g2(ri+3) + f(ri)g(ri+4)f(ri+1)g(ri+3) + f(ri)g
2(ri+4)f(ri+2) + g(ri+5)f

2(ri+1)g(ri+3) + g(ri+5)f(ri+1)

g(ri+4)f(ri+2) + g2(ri+5)f
2(ri+2)],

J4 =
θ

24h4
[h4 + 4h3(ri+2 − r) + 6h2(ri+2 − r)2 + 4h(ri+2 − r)3 − 4(ri+2 − r)4] +

(1− θ)

ϑ
[f(ri)g

3(ri+3)

+ g(ri+5)f(ri+1)g
2(ri+4) + g2(ri+5)f(ri+2)g(ri+4) + g3(ri+5)f(ri+3)],

J5 =
θ

24h4
(ri+3 − r)4 +

(1− θ)

ϑ
g4(ri+5).

and, f(ri) = sin( r−ri
2 ), g(ri) = sin( ri−r

2 ), ϑ = sin(h2 ) sin(h) sin(
3h
2 ) sin(2h), θ > 0.
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