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Improved Perona-Malik Model with a Leray-Lions Operator for Image Denoising

S.M. Douiri, H. Farjil*, and M. Moumni

ABSTRACT: In the current paper, we introduce an extended framework for image denoising. The formulated
diffusion model integrates both the Perona-Malik and a Leray-Lions’s type operator, aiming to achieve both
effective noise suppression and preservation of important image features. We first explore the proposed model
mathematically, determining whether solutions exist and are unique. Then, we demonstrate the model’s
applicability for image noise reduction, by providing various numerical simulations.
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1. Introduction

In recent years, there has been a noticeable shift in mathematicians’ focus towards the areas of visual
information enhancement and digital image analysis, indicating a growing interest in these domains. A
significant challenge within this field is image restoration, propelled by the proliferation of digital images
and videos captured under various conditions, often resulting in noise-corrupted images. Image denoising,
a fundamental task in image restoration, aims to recover the underlying information from noisy images.
In typical scenarios, an image comprising (N, M) pixels can be effectively modeled as:

f(r,s) =wu(r,s)+1(r,s) where r=1,...,N and s=1,..., M,

with f(r,s) denotes the (rt", st") pixel of the observed noisy image, u(r,s) represents the true image
information, and I(r, s) indicates the presence of noise affecting each pixel.

In the realm of image processing, the primary goal of image denoising is to effectively remove unwanted
noise thus simultaneously preserving and restoring the essential features and intricate details present in the
image. This task is crucial as noisy images can obscure vital information and degrade the overall quality
of visual content [7,18]. Over recent years, the demand for efficient denoising techniques has surged,
driven by the proliferation of digital imaging technologies and the increasing prevalence of noise-corrupted
images captured under diverse conditions [14]. To address this challenge, various methodologies have
been developed, with approaches rooted in nonlinear diffusion and variational models leveraging partial
differential equations emerging as particularly prominent [4,9,16,17]. Nonlinear diffusion techniques focus
on the controlled diffusion of image intensities to smoothen noisy regions while preserving edges and
structural details. Similarly, variational models formulate denoising as an optimization problem, seeking
to minimize a carefully crafted objective function that balances fidelity to the original image with the
suppression of noise artifacts. These methods have garnered significant attention and adoption due to their
ability to yield impressive denoising results across a wide range of image types and noise characteristics,
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making them indispensable tools in modern image processing applications. Certainly, the Perona-Malik
model, a pioneering contribution in the realm of image processing, offers a sophisticated solution to
the ubiquitous problem of image denoising and edge enhancement [15]. Proposed by Pietro Perona
and Jitendra Malik in 1990, this model harnesses the power of partial differential equations to achieve
remarkable results in preserving image characteristics while efficiently reducing noise. The Euler-Lagrange
equation associated to the energy for the functional of Perona-Malik was offered by

u—div (g(|Vu|)Vu) = f on Q,

where g(.) is a decreasing non-negative function such that g(0) = 1 and lim ¢(r) = 0. The function
T—>00

g(.) is also utilized as an edge detection operator, designed to identify key pixels that are critical for
preserving important structures within the image. By detecting these edges, the denoising process can be
applied more effectively, allowing for smoother transitions while minimizing the loss of essential details.
This enables the model to selectively preserve edges, ensuring that the denoising process enhances the
image without introducing artifacts or blurring important features. The model offers one of two types
expressions of g :

2 1
g(r) = exp (T> or g(r) = ——— , where A >0.
2 1+ (5)

Yet, the Perona-Malik approach exhibits two significant limitations: the ”paradoxical result” due to
the ill-posed nature of the problem and the ”staircase effect” which causes the blocky images, observed
during numerical simulations [12,8]. Catte et al.’s regularization of the Perona-Malik model represents
an important advancement in the field of image processing [8], offering a promising solution to the
paradoxical result and the staircase effect. By incorporating additional constraints or penalties into the
diffusion process, their approach enhances the model’s ability to produce high-quality denoised images
while preserving important structural information. For more details, we refer to [1,2,5,10,11]. To achieve
the same goals, Atlas et al. in [3] dealt the existence and uniqueness of solution in a mathematical
model, which, in addition to the operator used by Perona and Malik, included a p-Laplacian operator.
The model they propose exactly as shown,

1
u —div (¢(|Vul)Vu) — ﬁdiv(|Vu|p_2Vu) =f onQ,

where A > 0 and p > 1+\2. However, this model demonstrates a lack of robustness and remains susceptible
to certain artifacts, including the presence of virtual edges. These artifacts manifest in various forms,
such as the staircasing effect, which introduces unnatural block-like structures, and a noticeable loss of
contrast, which reduces the clarity and sharpness of the reconstructed image. Such limitations hinder
the overall performance and reliability of the model, particularly in applications requiring high-fidelity
image processing.

Taking the preceding discussion into account, this paper aims to fix these drawbacks and also aims
to extend the model proposed in [3] by substituting the p-Laplacian operator with an operator of the
Leray-Lions type, it’s basically reliant on Vu and x. More specifically, we will address the following
problem,

u+ A(u) —div (¢(|Vu|)Vu) = f in Q,
(P) (1.1)
(a(.,Vu) + g(|Vu])Vu)i =0 in 0.

In this context, ) represents a bounded open subset of RY (N > 2), f € L*(Q) and A(u) =
—diva(., Vu) where (z,¢) — a(z, ¢) is a function of Carathéodory from Qx RY to RV, In the theoretical
section, inspired by the approach in [3], we use the monotonicity method to prove that, under appropriate
growth, coercivity, and monotonicity conditions, there exists a unique weak solution to our problem. So
we assume, for a.e. € Q and all ¢ # (* € RY, the following hypotheses,

L (1.2)

la(z, Q) <
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(a(a,¢) = alw,¢*)] - [¢ = ¢*] > 0 (13)
al,¢) ¢ = 11l (14)

where a > 0 and k(.) belongs to L>=(Q) such that 0 < a; < k(z) < as for a.e. z € Q.
In the numerical section, applying our approach to three examples of Carathéodory functions allows us
to regularize the Perona-Malik model. These can be noted a;(z, (), i = 1,2, 3, and presented as follows:

o — ex (—ﬁ)

P{—a2x L )

al(%() = #KV’ ¢, with a > 1.
1 q_ e

maX<1+(§')2 1 exp( 2)\2)> s

ag(l',C) = \P |<| C
a+ —i
az(z, () = %T)W*Qg, with a > 0.

Similar to the approach of Perona and Malik [15] and Atlas et al. [3], our model incorporates a novel
edge detection operator that enhances the denoising process while leveraging the diffusivity function of
Perona-Malik. To validate this assumption, Fig. 1 presents an experiment using the Cameraman image,
where we analyze the detected edges by applying three different edge detection operators, denoted as aq,
as and az. This comparison aims to illustrate the effectiveness of our proposed operator in preserving
important structural details while mitigating noise.

(c) edge detector using az (d) edge detector using as

Figure 1: Edge detector of the Cameraman image using a1, az and ag.
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Based on the figure above and the computed PSNR values for the three aforementioned models, our
proposed model, RPM (Regularized Perona-Malik), demonstrates superior performance compared to the
PMPL (Perona-Malik combined with the p-Laplacian operator) model [3]. Specifically, RPM is more
effective in mitigating the staircasing effect while preserving finer image details, leading to improved
overall reconstruction quality.

Beyond the promising modeling choices involved in employing the Carathéodory functions a; we also
establish the well-posedness of the proposed model 1.1 by leveraging a key lemma. Additionally, we
utilize standard analytical tools, including the Minty-Browder theorem [6] and the Rellich-Kondrachov
theorem, to reinforce our theoretical framework.

To further deepen the mathematical analysis, we provide an asymptotic study of the key parameter
p which plays a central role in our model (P) as formulated in Eq. 1.1. By applying the finite difference
method, we implemented a numerical scheme for the proposed model to validate the theoretical results
and demonstrate the superiority and robustness of our approach. However, a significant challenge lies in
the presence of multiple parameters, which makes their adjustment a complex task in order to achieve
optimal results. The sensitivity of these parameters can significantly influence the models performance,
particularly in terms of stability, accuracy, and computational efficiency. To overcome this difficulty, we
adopt a systematic approach to determine the optimal parameter values. Specifically, we identify the
best-performing configurations by selecting those that maximize the Peak Signal-to-Noise Ratio (PSNR),
a widely used metric for assessing image quality. This optimization process ensures that our model
not only minimizes artifacts such as the staircasing effect but also enhances detail preservation, thereby
improving the overall effectiveness of the proposed framework.

The remainder of this paper is organized as follows. Section 2 establishes the existence and uniqueness
of a solution to problem (P) by leveraging a specific lemma. Section 3 investigates the influence of
the key parameter p on the model’s behavior, precisely in its asymptotic behavior p — oco. Section 4
provides a numerical validation of the proposed approach in the context of image denoising, comparing
its performance against several state-of-the-art models. Finally, Section 5 concludes with a summary of
the findings and additional insights into potential future developments.

2. Mathematical standpoint

To establish the existence and uniqueness of a solution, we analyze the function b and the next
lemma, which play a crucial role in the theoretical formulation of the problem. Evaluating b allows us to
determine the necessary conditions for ensuring well-posedness, thereby laying the foundation for rigorous
mathematical justification.

Let us consider the following function b : RY — RY defined as

b(¢) = g(Ich¢ +a(z, () V¢ eRY.

In order to confirm proof for the existence and singularness result of (P) model, we make use of the
accompanying lemma.

Lemma 2.1 Letp > 1+ %2 For any ¢,v € RY in order that { # v we have after the previous line
(b(¢) = b())(¢ —v) > 0.

Proof:

(b(C) = b)) (¢ = v) = (9(ICD¢ + alz, VE) = g([v))v — alz, Vv)) (¢ —v)
> [¢Pg(Ic) = g(ICDIClIvl + (@, )¢ — la(a, O]

= g(WDIVIIC] + v Pg(v]) = lalz, v)I¢] + alw, v)v.
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By using (1.4) and (1.2), we gain

(b(0) = b)) (¢ = ¥) = g(ICDICI = g(CHIClA = gUDIVIIC] + gl
1617 = k@)K ] = k(@) ]+ vl

> (g(ISDIcl = g(wDIvl) (1S = D) + 5117 + 55 "

o _ o _
— I ] = Gl

> (g(1chIc] — oD Iv1) (1]~ 1) + 250 1l — )
ol
)

> (g(CNIC] + 551 = gl = S5 vP=) (6] = v

Verifying the monotonic behavior of the function Hy, as suggested by the equation, is crucial to completing
the proof

Hy(t) = tg(t) + —*=1 for > 0.

For this, we receive

(0 = 1) + X8 D=2,

where
A2 —¢2 A2 —¢2 t2

)= —F—=
S EIENTaaE
For t < A, we have 1 — £, >0, then H}(t) > 0.
For t > A, by the condition p > 1+ %27 we get %tp” > i—i, so, Hi(t) > 0.
Finally, the intended result is discovered and b must be a function which is monotone. O

Now, with respect to the result regarding the presence and distinctiveness of solution of problem (P),
we prove the following conclusions.

oy . . . . . A2
Proposition 2.1 With respect to a specific function f € L>(Q) and a value of p satisfying p > 1+ =,
an unique solution u € WHP(Q) N L>®(Q) in a weak sense exists for problem (P), satisfying the equation

/u.gpdm+/ (g(|Vu|)Vu + a(z, Vu)) Vpdz = / fpdz, Vo€ WHP(Q). (2.1)
Q Q Q
Proof: For all n € N, (P,) is an approximation of the problem (P) given by

/ungodx—i—/ (g(\Vun|)Vun+a(x7Vun))Vgpdx:/fcpdxdt all over (2,
(P,) Q Q Q

(a(., Vuy) + 9(|Vuy,|)Vuy)i =0 all over 09,

employing the monotony method to solve an elliptic problem, we can assume that the operator
represented by the following expression

B, : WhP(Q) — WP(Q),
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1
with < Byu, @ >:= / b(Vu)Vpdr + 7/ |u[P~?updz is coercive monotone (by the precedent lemma),
Q nJa

hemicontinuous and furthermore pseudomonotone (see [3]).

Duo to [6] and [3], there is a solution just for that u,, € W1P(Q2) Vn € N so that

1
/uncpdx—F/ (9(|IVun)Vuy, + a(z, Vuy,)) thdz—{—f/ |un|p72un<pdx=/fcpdx. (2.2)
Q Q nJa Q

Now, taking (u, — || f||Le())T like a test function within (2.2), we have

/Q (i — 111 e )l + / (@I Vtn) Vit + (e, Vi) V(i — ||l )

(o1

1 _
o [ tunl P = [ fllem(e) e < [ e = 1) o
1 1
with Q = QU (Ql)c, O = {.Z' € Quy > ||f||Loo(Q)} Then

/Q (ttm — |1l )t — [[f]] 2o (s)) ™ < 0.

we deduce

(up, — Hf”Loo(Q))Jr =0 aein Q. (2.3)
In the contrary, by employing the test function (u, + |[f||z())” in (2.2), we receive

/Q i 1t 4 || f oo )~ + / (9(Vtn) Vet + a2, Vitn)) V(i + [[f]] e ey) "z

Qo

1 _ _ _
+1 / ot P2t (et + (|| e ()~ < — / 1 s (am + (Ll e ()~
n Qz 92

where Q = QU (Q2)¢, and Q = {z € Qup < —|[|f]|1=()}, then

/Q<un+ 11 e 5) (2 + 11| e )™ < 0.

Consequently,

(un + | fllze@)” =0 aein Q. (2.4)
That is why we confirm by (2.3) and (2.4) the bounded solution of our approximate problem

|unl|Loe ) < IfllLee()-

(tn)(neny is bounded in W1»(Q2). Therefore, there is a subsequence that is still designated by wu,, so
that u, — u € WHP(Q) in WHP(Q). Using the standard Minty Browder in [6] the Rellich-Kondrachov
theorem as well, we obtain that

Up —u € LP(Q),n — oo and ||ul|pe(q) < |[f]lze=()-

In that case, the solution is u to the equation that follows

1
/wpdx—i—/ (g(|Vu|)Vu+a(x,Vu))V<pdac+7/ \u|p_2u<pdx=/f<pdw.
Q Q n.Jja Q

For the uniqueness results, assuming that the equation provided in the last proposition possesses two
solutions, denoted as v and u* matching to f and f*, in that order, then
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/ (1 — u*)pda + / (b(V) — b(Vu*)) Vepda = / (f = f)pdz Y € WHP(Q). (2.5)
Q Q Q
Taking L. (u — u*) like a sign function with € > 0. L. defined by

L.(s):= max(fl,min(gsl)), seR.

The case is then spared in two parts

for [2] <1, then L.(u —u*) = u=u” and we applied to (2.5), we get

€

1 *\2 1 * *
f/Q(ufu ) d:EJrg/(b(Vu)fb(Vu ) V(u—u")dz

€ Q

1 * *
-2 [ U=y

Assuming that b is monotone prior to using the results,

1
f/|u—u*\2da:§0, then w=u"
€ Ja

For || > 1, we have L.(u — u*) = sign(u —u*), and VL. (u—u*)=0.

Then
/ |lu —u*|dx <O0.
Q

Finlay, we have the desired unique solution for our problem (P).

3. Asymptotic behavior p — oo

This section looks at the way in which the answer to problem (P) behaves as p approaches infinity.
To achieve this, we examine the asymptotic properties. Also for facilitate our analysis, we introduce the
concept of a closed convex set denoted as K, which defined by

Ky={®cW'P(Q):|V{ <\ ae. inQ}.

Theorem 3.1 As p tends to infinity, let f € L>(Q) and u, represent the weak solution of problem (P).
For all ¢ > 0, u, converges weakly to u in WH4(Q) as p — oo, where u represents the only solution
meeting the subsequent requirements: u € Ky and

/ u(u — @)dx +/ g(|Vu|)VuV (u — ®)dx < / flu—@)dr VP € K. (3.1)
Q Q Q

Proof:
After integrating over Q and multiplying (P) by u,, we obtain

/ wdo+ / 9(| V) [ Vg2 + / a2, Vitp) Vit = / fup,
Q Q Q Q

we obtain by (1.4) that
/fupdx > a/ Vi
Q Q

p

dx,

then
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J

Vu, |? 1
/\p dwgaHfHLoo(Q)-”fHLl(Q)-

And we now

q q q
/ m da::/ ’Vup daz—l—/ ‘Vup dz.
ol A (Vup <A} | A (Vup>Alp | A
For ¢ < p, we get
q q p
/ A / ‘WP da+ / ‘V“” da,
ol A (Vup<al} | A (Vup>alr | A

1
<[Q[+ E\|f||Lw(Q)-||f\|L1(Q)~
Following that, we can write

u 9] 1
ijHgvl,q(Q) < ﬁ”f”%oo(g) + 19 + aHfHLOO(Q)HfHLl(Q)-

And, we give
1 1 1
upllwra) < I1fllLee (@) 127 + A (|Q| + a|f|Loo(Q)||f||}f1(Q)> .

We obtain, (up)pen € WH4(Q), implying that a weak limit u € WH9(Q) of a sub-sequence u,, exists,
with u, — u € W14(Q) additionally, we write when p — oo

up — u € LI(Q).

We now need to demonstrate that u € K. To do this, we can use the convexity of ||.||z4(q) to show

that
1 U
dz < lim inf / -z
p*}OO Q

/Vu
Q

q
1
dr < |Q| + E||f||L°°(Q)Hf||L1(Q)a Vg > 1.

Form>1

(| %

> 7)) = i/ S0 < 12 + éHfHLOO(Q)HfHLl(Q).
- TSy 7

For q — oo, we get pu{(| %] > 7)} = 0.
Then, we take u, — ¢ with ¢ € K as a function under test in (P), we get

[t =)+ [ 0T0) V00 -0) = [ fu-s)
Q Q Q

by letting p — oo, we get

/ u(u — ) +liminf [ b(Vu)V(up — ) = | flu—g),
Q Q

we must establish the inequality

liminf/ﬂb(Vup)V(up —p) > / g(|Vu)V(u — o).

p—ro0 Q
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Taking 7 € (0,1) and applying the function’s monotonicity, then
[ o), = 70) = [ (6T = UrVe) Vy =) + [ V)V, — )
> 7 [ allr Vo) VeV, — o) + [ afe.rVe) Vi, ~ 7o)
> 7 [ gr el VeV, = m) = [ ale.rVe) V(e — )

a _
> 7 [ grve)Vevis, - o) - 5t [ Ve e - u,)
Q AP Q
. Ve .
and, we now ¢ € K that is why Y <1 a.ein §, then

. o
lim —7P~!
p—0o0 A Q

Letting p — co and 7 — 1, we get

p—1

Ve V(up, — 1) = 0.

A

fim [ V)V =) > lim [ a(9e)VeV =) = [ sV TV ).

And, we take ¢ = tu + (1 — t)v, with ¢ € (0,1) and v € K.
ILm b(Vup)V(up — (tu+ (1 —t)v))) > (1 — t)/ g([tVu + (1 —t)Vo|)V(u — v), (3.2)
p=oo Jo Q

however, we also have

b(Vu,).V(u, — (tu+ (1—t)))) ¢ u )V (uy — v
/Q — - l_t/Qb(Vup)V(up )+/Qb(v )V (up — ).

By letting p — oo, we get
_ 1_—
lim b(Vuy)V (uy — (tu + (1 = t)v))) = lim | b(Vup)V(up, —v).

p—oo o 1—t¢ p—© Jo

Return to the inequality (3.2), with g continuous and bounded

lim g(|tw+(1—t)vU|)V(u—v):/gqvupwu—u).
Q Q

p—r0o0

Then,

liminf [ b(Vu,)V(u, —v) > /Qg(|Vu|)V(u — ).

p—o0 O
O

Now, present the solution’s distinctness, assume that « and u* two solutions of (P) for the inequality
(3.1). By using u and u* like two function tests in the inequality that is met by the solutions u respectively
u*, after we adding the two inequality’s to obtain

/ (u—u*)? + / O(V(u) = b(Vu"))V(u—u*) <0.
Q Q

Such that b is monotone for u,u* in Ky, then

/(U - u*)Q < 0)
Q

we get that v = u* pp in Q in the norme of L?(12).
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Remark 3.1 Employing the identical technique for the evolution equation linked to our issue (P), as
provided by

up — %diva(m,Vu) —div(g(|Vu))Vu) = f —u in Q.

Setting aside traditional results (see [13] ),

W= {p € LP(0,T; WP (Q)) : g—f € Lp,(O,T; (WhP(Q))), p>1}. (3.3)

Then, we get W C C([0,T]; L*(Q)).

The precedent lemma 2.2 should be applied to the stationary issue as well as Lions theory [13] can
demonstrate that the problem in (3.3) has a special weak solution as well u,. Furthermore, when
p — 00 we obtain

u, —u weakly in  LP(0,T;W'?(Q)), p>1.

And, in the asymptotic behavior we can write that

T gy T T
/ <—,u—gp>dt+/ /g(|Vu|)VuV(u—<p)§/ < f—uu—p>,
0 ot o Ja 0

where, u € WN K} the unique solution for this inequality, and
p € K} ={C e LP(0,T;WHP(Q) : ((t) € Kal.
4. Numerical results

For our numerical results, we take the following model noted RPM (Regularised Perona-Malik), with
distinct Carathéodory function as observed by a;(z, (), i = {1,2, 3} into account

u, — div (g(|Vu|).Vu + a;(xz, Vu)) =0 in Q,
(a; (., Vu) + g(|Vu|)Vu).i =0 in 0Q,

uo(x) =f 1in Q.
Where @Q :=Q x (0,7) C R? x (0,7).

To derive numerical solutions, we discretize the set of formulas containing temporal and spatial vari-
ables. Subsequently, we employ the finite difference method [19] to solve the resulting discretized system.
This approach involves representing the image u(z, y) as a discretized grid of pixel intensities (r, s) located
at (z,,ys), where r = 1,...,N and s = 1,..., M. Determines the resolution of the discretized image.
Additionally, by employing a time step of At, the pixel (r, s) at a particular discrete time. ¢, = n - At is
referred to as U™(r, s). The gradient and divergence of the image U"(r, s) is computed as follows:

+7n n _ n -7 __ n o __ n
Vz Ur,s - Yr+l,s Ur,sv vx Ui7j - Ur,s r—1,s»
+7rrm n _ n
vy Ur,s - Yrs+1 U

r,s? v;Uﬁs = U:fa -Ur
where VU™ (r,s) = [VFU!

r,s—1°
r,8)

V;Uﬁs] and div X"(r,s) = [V X', VX7 (]
The Euler technique in explicit form is given as

U™ (r,s) = U™(r, s) + dt * div (a((r, s), VU™ (r,8))|VU" (r, s)[P~2VU"(r, s)) , (4.1)

where U°(r, s)) symbolizes the noisy image, and U™ (r, s) represents the denoised image in the n + 1
iteration.
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() (b)

Figure 2: Compare the restored images using the differents following models: (a) the initial and noisy
images, (b) the PM filter, (c) the PMPL filter, (d) the RPMI filter and (e) the RPM2 filter, with a fixed
parameter A = 10 and p changed.

Regarding every numerical simulation that this work presents, we’ll offer for dt = 0.0002 and 103
iterations. The restoration of the Lena image is depicted in Figure 2 for two well-known models in the
field, the PM (Perona-Malik) model and the PMPL (Perona-Malik combined by p-Laplacian operator)
model treated in [3] and our model utilized in this study, was achieved by utilizing a; and as the first and
second Carathéodory functions provided in the introduction, denoted by RPM1 and RPM2, respectively,
where the first regularization parameter p has two distinct values, p = 8 and p = 10, while the second
regularization parameter A = 15 is fixed. In contrast, Figure 4 shows the restored image obtained using
the following models PM, PMPL, the work’s particular model RPM1, and RPM2 with regularization
parameter p = 8 and different A values, A =8 and A = 10.

An effective visual comparison of our RPM3 (Regularised Perona-Malik 3) model attained by using
the third Carathéodory function given in the beginning is shown in figure 3, the PM (Perona-Malik) and
PMPL (Perona-Malik combined with p-Laplacian operator) models. To determine the optimal parame-
ters of our model and demonstrate its effectiveness compared to the PM and PMPL using various models,
we compute the PSNR (Peak Signal-to-Noise Ratio) of the restored images. This comparative analysis
will allow us to select optimal parameters for our model and demonstrate its effectiveness compared to
the PM and PMPL models in terms of image restoration quality.

The table 1 displays the PSNR values of the Lena image from figures 1 and 2 for various values of A
and p.

Image Lena image (Figure2) | Moon image (Figure4)
Parametrs p=8 p=10 A=10 A=15
Noisy image | 19,4944 19,5111 11,9702 11,9702
PM model 22,9972 22,8340 11.6628 11.6619
PMPL model | 23,1072 23,8087 11.8859 12.1635
RPM1 model | 23,6228 23,8268 12,1872 12,9210
RPM2 model | 23,3984 23,3159 12,2648 12,4274

Table 1: PSNR values for different models.
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Figure 3: The restored images using the PM and PMPL and RPM3 models to the following: (a) the
initial image, (b) the noisy image, (c) the restored image using the PM filter, (d) the restored image using
the PMPL filter, and (e) is produced by our PMR3 model.

(d)

RPM1, A=10

Figure 4: Compare the restored images using the differents following models: (a) the initial and noisy
images, (b) the PM filter, (c) the PMPL filter, (d) the RPMI filter and (e) the RPM2 filter, with a fixed
parameter p = 8 and A changed.
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5. Conclusion

In this research, we revisited the Perona-Malik model, renowned for its edge-preserving smoothing
capabilities, but identified significant limitations such as the ”paradoxical result” and the ”staircase ef-
fect,” which affect the quality of denoised images. To overcome these challenges, we proposed extending
the Perona-Malik framework by replacing the conventional p-Laplacian operator with a more adaptable
Leray-Lions type operator. Our rigorous theoretical analysis using the monotonicity method confirmed
the existence and uniqueness of weak solutions under suitable growth, coercivity, and monotonicity condi-
tions. This foundational work paves the way for further enhancements in image denoising techniques. In
the numerical tests, our model outperformed the Perona-Malik model that incorporates the p-Laplacian
operator. Our regularized Perona-Malik (RPM) model not only mitigates the staircase effect but also
maintains fine details in images and produces an efficient restoration result without condition on p or
A, demonstrating a notable enhancement in image quality. The results from experiments using various
Carathéodory functions validate the model’s effectiveness and versatility in different situations. Overall,
incorporating the Leray-Lions operator into the Perona-Malik framework offers a significant improvement
in image denoising methods. This approach effectively mitigates key issues previously encountered and
achieves superior image quality. This progress underscores the need for ongoing innovation in the field.
Future research is expected to extend these results by refining denoising techniques, possibly integrating
more advanced computational methods and exploring further regularization approaches to address new
challenges in digital image processing.
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