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Solutions of a Markoff type equation in the Jacobsthal-Lucas numbers
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ABSTRACT: Let {jn}n>0 be the sequence of the Jacobsthal-Lucas numbers, given by the relation jo = 2,
Jj1 =1, jn = Jn—1 + 2jn—2 for all n > 2. In this paper, we study the solutions (X,Y, Z) of the following
equation that is so called the Jin-Schmidt equation:

AX%2 4+ BY?4+CZ? =DXYZ+1,

where X = j;, Y = j; and Z = jj, with 4,4,k > 1. As this equation has infinitely many integer solutions, that
are connected to the lower part of the approximated spectrum for quaternions, to the approximated constants
for complex numbers on certain circles, and to the Diophantine approximation of irrational numbers, we
show that this equation has a finite number of such special solutions. This result gives a deep insight to the
mentioned connections of the solutions in the case of Jacobsthal-Lucas numbers.

Key Words: Diophantine equations, Jin-Schmidt equation, Linear recurrences, Jacobsthal-Lucas
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1. Introduction

The study of Diophantine equations has been the main interest for many mathematicians for its
applications in many fields of sciences. In fact, one of the most known studied Diophantine equations is
called the Markoff equation that has the form

X?4+Y?+ 2% =3XYZ, (1.1)

where X,Y,7Z € N with X <Y < Z. This equation was firstly studied by the scientist Markoff in
1879-1880 [9,8], who studied the solutions of the equation in positive integers and found that it has an
infinite number of solutions generated by

(X,Y,Z) e {(1,1,1),(X,Z2,3XZ - Y),(Y, Z,3Y Z — X)}.

Note that the solutions are known by the Markoff triples. Many generalizations of the Markoff equation
have been studied, and one of these generalizations was studied by Hurwitz [1] (called by the Markoff-
Hurwitz) in 1907 and has the form

X 4+ X2+ ..+ X2=AXX,.. X,

such that A is a positive integer and n > 3. Another generalization was studied by Rosenberger [10] in
1979, which has the form
AX? 4+ BY? 4 BZ? = DXY Z, (1.2)

where A, B,C and D are a positive integers such that A, B,C\D, and gcd(A,B) = gcd(A,C) =
ged(C, D) = 1. Rosenberger proved that when

(A4,B,C,D) €{(1,2,3,6),(1,1,1,3),(1,1,1,1),(1,1,2,2),(1,1,5,5), (1,1,2,4) },
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then equation (1.2) has infinitely many solutions. Also, Jin and Schmidt [6] proposed another general-
ization of the Markoff equation in 2001, that has the form

AX? 4+ BY? 4+ CZ*=DXYZ +1, (1.3)

where X, Y and Z are positive integers with ged(A, B,C) =1, and A, B, C' \ D. Jin and Schmidt stated
that the equation (1.3) has solutions only when

(A,B,C,D) € T ={(7,2,14,14), (2,2, 3,6), (6,10, 15,30), (2,1,2,2), (5,1,5,5), (3,1,6,6)}.

Note that we call equation (1.3) by the Jin-Schmidt equation. Another well known concept in number
theory is a linear recurrence sequence, that’s given by the relation:

Mytqg= ban+d_1 +boMyrg—o+ ... +bqM, for n>0 (14)

with by, b2, ...,bq € C, by # 0 and the sequence {M,,} has the order d. If d = 2, then the sequence is
called a binary linear recurrence sequence such as the Fibonacci sequence {F,,} that is defined by

Fn:Fn71+Fn72; (15)
where n > 0 with Fy =0, F; = 1 and F5 = 1. The Binet’s formula of {F,} is
_ a” — ﬂn
= aTh

where (o, 8) = (1+\/57 1_2*/5) and "2 < F, <a™ ! forn>1 Also, f = _71, and « is called the
golden ratio. The sequence Jacobsthal-Lucas numbers {j,} is also a binary linear recurrence sequence

defined by

F, (1.6)

Jn = Jn-1+ 2jn—2, (].7)
where n > 2 with jo = 2, j1 = 1. The Binet’s formula of {j,} is defined as follows:

Jn=0af + B¢ Vn >0, (1.8)

where af —1 < j, <af +1forn>1and (ar,51) = (2,-1).
If d = 3, then the sequence (1.4) is called a ternary recurrence sequence, as the Tribonacci sequence
{T,}, that is represented as follows:

Tn = Adp—1 +Tn—2 +Tn—3 for n > 37 where TO = O,Tl = 1,T2 =1.

An interesting study of the Markoff equation (1.1) was defined by Luca and Srinivasan [7] in 2018
in which they studied the solutions of the Markoff equation in the Fibonacci sequence, namely where
X =F,Y =F,; and Z = Fj, with 4 < j < k. Tengely [13] in 2020 found the solutions of equation
(1.2), where X = F;, Y = F; and Z = Fj, with 4,4,k > 1. In 2020, Hashim and Tengely [5] conducted
a significant study by examining the solutions of the Jin-Schmidt equation (1.3) within the Fibonacci
sequence (1.5), namely if X = F;,;Y = F; and Z = Fj, such that i,j,k > 2. In 2023, Hashim [3]
determined the solutions (X,Y, Z) of the Markoff equation, where (X,Y, Z) = (T3, T}, T}) with 4, j, k > 2.

In this paper, we also study the solutions of the Jin-Schmidt equation (1.3) in the Jacobsthal-Lucas
numbers sequence {j, }, namely where (X,Y, Z) = (j;, j;, jx) with ¢, j, k > 1 In other words, we investigate
the solutions (j, j;, jk) of the following equation:

Tj7 257 + 1457 = 145,45 + 1, (1.9)
2j7 + 257 + 35; = 64ijjjk + 1, (1.10)
67 + 1057 + 1557 = 30jij;jx + 1, (1.11)
257 + 37 + 24 = 2ididn + 1, (1.12)
5jf + j3 + 5jk = bjijjk + 1, (1.13)
3j7 + j3 + 64k = 67ijjin + 1, (1.14)
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where ¢, j, k > 1. Mostly, we are interested in examining whether or not the Jin-Shecmdit equation still has
infinitely many solutions where the unknowns are terms in the sequence of Jacobsthal-Lucas numbers.
One of the important applications that encourages us to study the Jin-Schmidt equation (1.3) is its
connection to the lower part of the approximated spectrum for quaternions, as well as its connection
to the approximated constants for complex numbers on the circle {z € C||z| = %} Furthermore,
the solutions of the Markoff equation and its generalizations are connected to the study of Diophantine
approximation. For more details about their applications, see e.g [11]. Also, for more results connecting
Diophantine equations connected to linear recurrence sequences, see e.g. [2] and [4].

2. Main approach

Here, we give an approach for solving the Jin-Schmidt equation (1.3) where the unknowns are terms
in the Jacobsthal-Lucas numbers sequence given in (1.7). Namely, we get all the solutions (X,Y, Z) that
satisfy the equation

AX? 4+ BY?*+CZ? = DXYZ + 1, (2.1)

where (X,Y,Z) = (ji, j;,jr) with ¢,7,k > 1. Our main approach is based on solving the Jin-Schmidt
equation for each (A, B,C,D) € T (i.e. the equations (1.9)—(1.14)) by considering all the possible cases
X<Y<Z X<ZLY, Y<X<<ZY<Z<L<X,Z<X<LKY,Z<Y <X. Soequation (1.3)
becomes

aji +bj; + cjiy = djijijr + 1, (2.2)

where (a,b,c,d) € S, and S is the set of all the tuples obtained from permutations of A, B, C' and
the fixing D. For example, if we permute the coefficients of the equations (2.2), the following distinct
equations are obtained:

aj? + bj; + cji = djsjige + 1,
aj? + cj; + bjp = djijige + 1,
bj? + aj; + cji = djijige + 1,
bj} + ¢ji + aji = djijjin + 1,
cj? +bj: + aji = djijiir + 1,

0 N O Ut = W
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(
cji +aji +bji = djigige + 1, (
where 4,7,k > 1 and i < j < k. In fact, in order to solve equation (2.1) at (A4, B,C, D) completely we
solve one of the equations (2.3)-(2.8) under the condition i < j < k, and the solutions of equation (2.1) at
the intended (4, B, C, D) can be obtained by permuting components the of the obtained solutions of the
distinct equations. Next, we present a summary for the idea of solving equation (2.2) with 1 =¢ < j <k

or 1 =j; <j; <gg:

(i) First, we determine an upper bound for 7 to equation (2.2) by rewriting it in the form:
aj; + bj; + cjp — (djijjje + 1) = 0. (2.9)
By dividing equation (2.9) by jk, we get that

o —bif 1

i — djij; = —. 2.10
Jk = djij m i (2.10)
From equation (1.8), we obtain that
.2 .2
L —aj); — b], 1 L . L
cof — dai™ = Tf to - By + d(aiB] + od 8] + B). (2.11)
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By the condition of 1 <¢ < j <k (or 1 < j; <j; < ji) with substituting the following facts in the
terms of the absolute values of both sides of equation (2.11):

—aj? —bj?|  |aj?+bj?
Jk a Jk
<(a+ b)j?j,;l < (a+1b)j; by Binet’s formula (1.8) (2.12)
<(a+0b)(al +B]) since ay > f
< (a+b)(o] +ai) =2(a+b)od,
—|<1<a, (2.13)
Jk
‘fcﬂﬂ = |cﬁf| <ecdd since o =2, B = —1, (2.14)
(@i + ol + )| = |&d(af + f +1)
o , (2.15)
< ‘d(a{ +af + af)| = 3dad,
we obtain the following inequality:
‘ca’f —do/ﬁj‘ < (142(a+b) +c+3d)a. (2.16)
Dividing both sides of the inequality (2.16) by co/frj implies that
;od w
T S < — 2.17
1 ¢ azlv ( )
such that w = (14 2(a +b) + ¢+ 3d). Suppose that
d
M = min |a] — —| >0, (2.18)
neE”Z c
so inequality (2.17) becomes
ol < —. (2.19)

M
By taking the natural logarithm for both sides of the inequality (2.19), we get the upper bound for

i as follows: In(22)
n(
j < M) — .
i< hn(al)J l, (2.20)

where [ € N.

(ii) We use the inequality (2.17) to determine an upper bound of k& — j. From the set S, we find
d/ce{1,2,3,5,6,7}. So, we get that a/c,b/c <7,1/c <1, and d/c < 7. Therefore,

2(a+0b 3d
(a+8) ¢ 3d

1 1
w==(14+2(a+b)+c+3d)=(-+ ) <51.
c c

C C &

Substituting w and d/c into the inequality (2.17) implies that

k—i—j d ol

- —25.5 P> 1 2.21
-l B mms w2, (221
or
k—i—j d
‘al <255+ |5 <25.5+7 < 325. (2.22)




(iii)
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Taking the natural logarithm for both sides of the inequality (2.22) leads to

.. In(32.5)
k— — < .
< =g < +6

As i <[, we obtain that
kE<j+1+5. (2.23)

We find the value of M in (2.18) to get the upper bounds values for ¢ and k. Since

0 < M = min

Z , where d/ce{1,2,3,5,6,7}.
ne

n
alt — —

1
C

We take different values for n to find the value of M as follows:

— First, we substitute the value n = 0 into inequality (2.18), we get that M = min,,— ’1 — %| > 0.
If g =1, then M = min,—g |1 — g| = 0, but this is a contradiction with M > 0. But, if g > 2,
then M = min,,—g ’ 0_ %| > 1.

— If n =1, then M = min,,—; ’2 — g‘ If % = 2, thus M = 0, but this is not possible since
M > 0. But, if ¢ # 2, then M = min,—1 [2— ¢| > 1 as d/c € {1,2,3,5,6,7}.

— After that, we choose n = 2, then a? = 4. Therefore, M = min,—» |a{’ — %’ >1lasd/ce
{1,2,3,5,6,7}.

— Now, if n > 3, we obtain that of > a:f = 8. So, M = ming,>3 ’a{i — %’ > |8— g| > 1 as
dfce{1,2,3,5,6,7}.

— Finally, in case of n < —1, then af < afl = % Thus, M = min,<_; |a{‘ — %’ > % with
d/ce{1,2,3,5,6,7}.

Therefore, M = minpez |a} — 4| > 1. Inequality (2.20) becomes

_ lln(ﬁ)

ln(Q)J <7 or i<6. (2.24)

Also, from inequalities (2.23) and (2.24) we get that
E<j+6+5 or k<j+11, (2.25)
where k > 7 > 1.

Since i < 6, we have that i € {1,2,3,4,5,6}. Next, we reduce the values of i by using the Sagemath
program with the algorithm solve_ Diophantine() [12]. Namely, we determine the values of ¢ for
which the equation

aj? +by* +c2® —djiyz —1=0 (2.26)

is solvable in y and z with ¢ < 6. So, we remove the values of ¢ with which equation (2.26) is not
solvable.

Finally, we substitute the values of i, which we obtained from (iv) and the values of k obtained
from the inequality (2.25) with j > 1 in the equation (2.2) to set an equation with respect to j,
which can be solved using the formula of the Jacobsthal-Lucas sequence given in (1.7). From every
obtained solution (j;,j;,jx) of (2.2), we acquire the corresponding solutions (X,Y, Z) = (j;, j;, jx)
of the equation (2.1) by comparing the positions of the components (a,b,c,d) and (A, B,C, D),
respectively.

Theorem 2.1 If (X,Y,Z) = (ji,jj, jx) is a solution of equation (1.3) where (A,B,C,D) € T, the
following table shows the complete set of its solutions:
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l Fq. ‘ (A7B’C7D) ‘ {(.77«7917]/@)} ‘
1.9 | (7,2 14,14) L5 10}
(1.10) | (2,2,3,6) {(1,1,1)}
(1.11) | (6,10,15,30) | {(1,1,1),(31,1,7)}
(112) | (2,1,2,2) 0O
(1.13) | (5,1,5,5) 0
(L.14) | (3,1,6,6) I

Proof: [Proof of Theorem 2.1] By the arguments listed in the Main approach section, we get the
solutions shown in the above table as follows:

First Case.If (4, B,C,D) = (7,2,14,14). To find all the solutions, we must study all the distinct
equations obtained by permuting the coefficients of equation (1.9). This distinct equations are given
as follows:
.2 .2 2 R

Tj; + 275 + g = 1455k + 1, (2.27)

2j7 + 755 + 1453 = 145ijjjk + 1, (2.28)

Tj + 1455 + 258 = 145ij;jk + 1, (2:29)

1457 + 757 + 253 = 1455k + 1, (2.30)

1457 + 257 + Tji = 14jij;5x + 1, (2.31)

257 + 1457 + Tji = 14jijij + 1, (2:32)
where 1 < ¢ < j < k. From inequalities (2.24) and (2.25) in argument (iii), we have that ¢ < 6 and
1 <k < j+ 11 for equations (2.27)-(2.32). Now, we investigate the solutions to equation (2.27).
We first follow the argument given in (iv) for eliminating the values of i to get that ¢ € {1,4} such

that
792 4207 +142% — 145,z — 1 =0

is solvable in y and z. If i = 1, we get that
257 + 1457 — 14555 + 6 = 0,
which leads to
J3 +3=Tir(jj — jr), (2.33)

where 1 < j < k < j+11. We can show that equation (2.33) is not satisfied forall 1 = j < k < j+11.
In fact, equation (2.33) can be written in the form

j3 + 3 ="Ti(j; — Jjr),
which is satisfied only if j; — ji, > 0 (or j; > ji) for all 1 = j < k < j + 11, since the left-hand side
of equation (2.33) is positive for all j > 1. This is impossible as we assume that k > j i.e. jg > j;.

Therefore, equation (2.27) has no solution with ¢ = 1.
Now, if ¢ = 4, we obtain that

257 + 1457 — 14(17)j;jx + 2022 = 0,
which can be written in the form
252 + 2022 = 1451 (j; — jr)- (2.34)

Similarly, the latter equation is satisfied only if j; > jj, which contradicts the assumption of j; < jyi.
Again, equation (2.27) is not solvable in the case of i = 4.



MARKOFF TYPE EQUATION WITH THE JACOBSTHAL—LUCAS NUMBERS 7

Also, we check the solutions of equation (2.28). We follow the argument given in (iv) to eliminate
the not needed values of i. We obtain that

2j2 + Ty? +142% — 14jyz—1=0
is solvable only with ¢ = 2. Substituting the value of ¢ = 2 in equation (2.28), we get
757 + 1447 — 14(5)j;4k +49 = 0,
or
33 +7=24k(55; — jr)- (2.35)

Note that the left-hand side of equation (2.35) is positive for all j > 2. So, we obtain that 5j;—j; > 0
for all j < k < j+ 2 because if k = j + 1, we have that (by the relation (1.7)) 5j; — jj—1 =
5j; — (J; +2jj—1) = 44; — 2jj—1 > 0, since j; > j;—1 for j > 2. Similarly, for k = j + 2 we have
535 — jj+2 = 2j; — 2jj—1 > 0 for all j > 2 . But, this is a contradiction if j +3 < k < j + 11 with
2 <i<j <kbecause if j+3 < k < j+ 11 we have 5j; — ji = 5j; — (Jr—1 + 2Jx—2) < 0 for all
k > j+ 3 with j > 2. Therefore, we get that equation (2.28) is possibly solvable if j < k < j + 2
and surely unsolvable if j +3 < k < j 4 11 since 2 < i < j < k. Now, we consider equation (2.28)
in case of k € {4,5 + 1,7+ 2}.

If k = j. We replace the values of k = j in equation (2.35), we get that
ji=1
and this is no possible as j > 2. Hence, equation (2.35) has no solution with k£ = j > 2.

If k = j + 1. By substituting the value of k = j 4+ 1 in equation (2.35), we have that
33+ 25211 — 105441+ 7 =0, (2.36)

where 2 = ¢ < j < k. We show that the latter equation is not satisfied for all 7 > 2 by proving its
left-hand side is always negative. In the case of j = 2, we get that (5)2+2(7)%—10(5)(7)+7 = —220.
If 5 = 3, than (7)2 4+ 2(17)2 — 10(7)(17) + 7 = —556. Next, we consider the case with j > 4. From
(1.7), we have that jj4+1 = j; + 2j;-1 which we substitute in the left hand side of equation (2.36)
to get that

73+ 27501 — 105541 + 7 = J5 +2(j; + 255-1)* = 105 (jj +2j;-1) + 7
=Jj + 257 + 855157 + 8451 — 1057 = 20jj;1 +7
=8j7 | —Tj7 —12jj_1 + 7
<87 —Tii 120 47 as  — g1 >—j; Vj>4
=-1157 | +7<0 foral j;>4.
Similarly, we can show that the equation (2.28) has no solution when k= j+2 with 2 =7 < j < k.
We conclude that equation (2.28) has no solution in the case of 1 < i < j <k.
After that, we study the solutions of equation (2.29). By argument (iv), we obtain that

792 4+ 14y? +22° — 145;y2 — 1 =0

has a solution only at ¢ € {1,4}. If ¢« = 1, then j; = j; = 1. We replace j; = j1 = 1 in equation
(2.29). This leads to

1452 4+ 247 — 14,5, +6 =0
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We can write it as follows
757 + 3 = jn(7j; — Jr), (2.37)

where 1 < j < k. We can show that equation (2.37) is possibly satisfied if 7 < k < j+2 (except when
k=j+2and j =1). In fact, equation (2.37) can be written in the form 7jJ2» +3 = jiu(7j; — jr). Note
that the latter equation is possibly satisfied only if 7j; —jr > 0 (or 7j; > ji) forall1 < j <k < j+2
(except when k = j + 2 and j = 1), since the left hand side of equation (2.37) is positive for all
j > 1. But, this is impossible if j +3 < k < j + 11 because if j +3 < k < j + 11 we have
Tj; — jk = 745 — (k=1 + 2jk—2) < 0 for all k > j + 3 with j > 2. Therefore, we find that equation
(2.29) is possibly solvable only when j < k < j+ 2.

If k = j, We replace k = j in equation (2.37), we get that
]J2 = _37
and this is impossible for all j > 1. Therefore, equation (2.37) has no solution with k¥ = j > 1.

If k = j + 1, by substituting the value of kK = j + 1 in equation (2.37), we obtain that
1452 + 257, — 14555541 +6 =0, (2.38)

where j > 1. We note that the equation (2.38) is satisfied only when j = 1. Otherwise, it is not
possible. We prove this as follows. If j = 1, we obtain that

14(1)* +2(5)% — 14(1)(5) + 6 = 0.

Therefore, we get that (j;,jj,jx) = (41,71, J2) = (1,1,5) is a solution in equation (2.29). We find
that equation (2.38) is not satisfied for all j > 2 by proving its left-hand side is always negative
with 7 > 2. This can be shown by substituting the relation (1.7) in equation (2.38) several times.
Namely,
1457 4 2521 — 145,441 + 6 = 1457 + 2(5; + 2j;-1)% — 145;(4; + 27, 6
J; +2j541 Jidj+1 +6 = 1455 +2(j; + 2j;-1) 3i(Jj +245-1) +

= 1457 + 2jj; + 8jjjj—1 + 857 — 1457 — 28j;_1j; + 6

=257 + 857 1 —20j;_1j; + 6

=2(jj1 + 2j5-2)" + 8571 = 201 (Jj1 + 2j5-2) + 6

= 2]?—1 +8jj-1Jj-2 + 8]?'—2 + 8]?—1 - 20]?—1 —40j-1Jj—2 +6

= 8jj-1Jj-2 + 8575 — 10571 — 40j; 1jj 2+ 6

< —32jj_1jj—2 + 8jj—2jj—1 — 10j7_, — 46 as jj_1 > jj_2

= —10j7_; — 245;_1j;—2 +6 <0 forall j>2.
Similarly, we notice that equation (2.37) does not have any solution if & = j 4+ 2 with j > 1.
Therefore, we get that equation (2.29) has no solution when 1 =4 < j < k.

Next, we deal with equation (2.29) in the case of ¢ = 4, which leads to j; = js = 17. By substituting
Ji = 17 in equation (2.29), we get that

1457 4 257 — 238jj;jx + 2022 = 0.
We can rewrite it as follows
1457 4 2022 = 24j,(1195; — jr), (2.39)

where 4 < j < k. We can show that equation (2.39) is possibly satisfied if j < k < j + 6. In fact,
equation (2.39) can be written in the form 14jJ2 +2022 = 25;(119j; — ji), which is possibly satisfied
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only if 1195, — jx > 0 (or 1195, > ji) for all j < k < j+6, since the left-hand side of equation (2.37)
is positive for all j > 4. But, it’s not satisfied with j+7 < k < j+ 11 because if j +7 < k < j+11
we have 119j; — ji = 1195; — (jx—1 + 2jx—2) < 0 for all k > j + 6 with j > 4. Therefore, we obtain
that equation (2.29) is possibly solvable only when j < k < j 4 6.

Substituting the value of k = j in equation (2.39) leads to
—222j7 42022 = 0, (2.40)

which does not hold for all j > 4 since j; > j4 = 17, that gives 7222j?+2022 < —222(17)%2 42022 =
—62136. This leads to equation (2.29) having no solution when k = j with i = 4.

If k= j 4+ 1, we obtain that
1457 4 257, — 2385741 + 2022 = 0. (2.41)

Next, we prove the left-hand side of equation (2.41) is always negative to show that equation (2.41) is
not satisfied for all j > 4. If j = 4, we obtain that 14(17)? +2(31)% — 238(17)(31) + 2022 = —117436.
Next, we consider j > 5. By relation (1.7), we have that j;j11 = j; + 2j;_1. By substituting it in
the left-hand side of equation (2.41), we get that

1457 4 257, — 2385741 + 2022 = 1457 4 2(j; + 2j;-1)° — 2385 (j; + 2j;-1) + 2022
= 1457 + 2jj; + 8j;jj—1 + 8571 — 23857 — 4765;_17; + 2022
=8j7 | — 2227 — 238j;_1j; + 6
< 8jF — 22257 —468j;_1j; +2022 as j; > j;_1
= —21457 — 468j;_1j; +2022 <0 forall j>5.

Thus, equation (2.41) is not satisfied if k = j+ 1 with ¢ = 4. Therefore, the equation (2.29) is not a
solution if k = j + 1 with ¢ = 4. Similarly, we find that equation (2.29) does not have any solution
when k=75+2, k=743, k=j+4, k=j+5and k=3 +6 with i =4.

Now, we study the solution of equation (2.30). We follow the argument given in (iv) to eliminate
the values of i. We obtain the equation

792 4 2y% +142° — 145,z — 1 =0

is solvable only with i € {1,2}. If i = 1, then j; = j; = 1. Substituting j; = j; = 1 in equation
(2.30), we obtain that

757 4+ 25} — 1444k + 13 = 0,
which can be written in the form
7j3 +13 = 2ji(7j; — i), (2.42)

where j > 1. We note that equation (2.42) is possibly satisfied if j < k < j + 2 (except when
k=j+2and j =1). We show that the latter equation is possibly satisfied only if 7j; — j, > 0
(or 7j; > ji) for all j <k < j+ 2 (except when k = j + 1 and j = 1), since the left-hand side of
equation (2.42) is positive for all j > 1. But, it’s not satisfied with j +3 < k < j + 11 because
if j+3 <k < j+ 11 we have the right hand side of equation (2.42) can be written in the form
Tji— ik = 7jj — (Ju—1 + 2jk—2) < 0 for all k > j4 3 with j > 1. Hence, we get that equation (2.30)
is possibly solvable if j < k < j + 2. But, equation (2.30) is unsolvable if j +3 < k < j + 11. Now,
we study the solutions of equation (2.42) with k € {j,7 + 1,5 + 2}.
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— If k = j, we get from equation (2.42) that

—5j7 +13 =0, (2.43)
which does not lead to a solution as j > 1. Therefore, the equation (2.30) is not satisfied for all
k=j>1.

If K =j 4+ 1, this leads to
752 4+ 252, — 1455401 + 13 =0, (2.44)

where j > 1. We can show that equation (2.44) is satisfied only with j = 1, and this is not possible
for all 7 > 2. In the following, we show the left-hand side of equation (2.44) is always negative for
all j > 2. However, if j = 1, we get that 7(1)% + 2(5)? — 14(1)(5) + 13 = 0. So, the equation (2.30)
has the solution (ji, j;, jx) = (j1,J1,J2) = (1,1,5). Now, we deal with j > 2. From (1.7), we have
that jj41 = j; + 2jj—1. Then, equation (2.44) becomes as
752 4252 — 1455541 + 13 =752 +2(5; + 25;1)* — 145;(j; + 2j;-1) + 13
j 1 J3Jj+1 Jj Jj Ji—1 15\J;j Jj—1
= Tj2 4+ 25 + 8jjjj—1 + 8451 — 1457 — 284515 + 13
=8j7 | —5j7 —20j;_1j; + 13
<87 = 5ji —20j_1jj—1+13 as  —j; < —jj1
=177, +13<0 Vj>2.
Therefore, equation (2.30) is not satisfied in the case of k = j + 1 with 7 > 1. As shown above, we
note that the equation (2.30) has no solution when k = j 4+ 2 and i = 1.
If i = 2, then j; = jo = 5. Substituting jo = 5 in equation (2.30), we get that

757 + 247 — T0j;jk + 349 = 0, (2.45)

where 2 < j < k. We will show that equation (2.45) is possibly satisfied for all j < k < j+5. Since
equation (2.45) can be written in the form

757 + 349 = 2, (354; — jk), (2.46)

we note that equation (2.46) is possibly satisfied only if 2 < j < k < j+4 and 355; — ji > 0 and the
left-hand side of equation (2.45) is positive for all j > 2. But, this is impossible if j+5 < k < j+11
because if j +5 < k < j + 11 we have 355; — jr = 355; — (Jx—1 + 2jk—2) < 0 for all k > j + 5 with
j > 2. Therefore, equation (2.30) is possibly solvable if 7 < k < j + 4. But, this is not possible to
be solved if j +5 < k < j + 11 (except when k = j + 5 and j = 2). Now, we study the solution of
equation (2.45) with j <k < j+5.

If k = j, we get (from equation (2.45) or (2.46)) that
6157 = 349, (2.47)

where j > 2. We note that this is not possible for all values of j. Therefore, equation (2.47) has no
solution with k = j > 2.

If k = j + 1, substituting £ = j + 1 in equation (2.45) we obtain that
757 4+ 2571 — 704741 + 349 =0, (2.48)

where 7 > 2. We find that equation (2.48) is not satisfied for all j > 2 because the left-hand
side of equation (2.48) is always negative. This can be proven as follows. If j = 2, we get that
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7(5)% +2(7)2 — 70(5)(7) + 349 = —1828. Next, we study equation (2.48) with j > 3. By (1.7), we
have that j;4+1 = j; + 2j;—1 that we substitute in equation (2.48), we get that

757+ 2571 — 7045741 + 349 = 757 + 2(j; + 25;-1)° — 705, (j; + 2jj—1) + 349
=Tj7 +2j; + 8jjjj—1 + 871 — 7057 — 1405;_1j; + 349
=8j7 | — 6157 —132j;_1j; + 349
< 8jF — 6157 —132j;_1j; +349 as j;>ji1 Vi>3
= —53j7 — 132j;_1j; +349 <0 forall j > 3.
Therefore, we obtain that equation (2.30) has no solution in the case of k = j+ 1 and j > 2.
Also, we can find that equation (2.30) has no solution when k¥ = j+2, k = j+3, k=j+4
with ¢ = 2 and j > 2. Also. if Kk = j+ 5 and j = 2, then equation (2.48) can be as follows.

7(5)2 4+2(127)% — 70(5)(127) + 349 = —11668. Therefore, equation (2.30) has no solution in the case
of k=j+5and j=2.

We next the investigate the solutions of equation (2.31). By argument (iv), we get that equation
1452 + 2% +72° — 145;y2 —1=0
is solvable only with ¢ € {1,2}. If i = 1, we get that
257 + Tjp — 145k + 13 =0,

or

257 + 13 = Tji(24; — i), (2.49)
where k > j > 1. We get equation (2.49) is possibly satisfied only if 7 < k < j + 1. Since we
find that the left-hand side of equation (2.49) is positive. So, we obtain that (2j; — ji) > 0 for
all j < k < j+ 1. Therefore, equation (2.31) is possibly solvable only if j < k < j 4+ 1 (except
when k = j+ 1 and j = 1). But, equation (2.31) is unsolvable if j +2 < k < j + 11 because if
J+2<k<j+11 we have 2j; — jr = 2j; — (ju—1 + 2Jk—2) < 0 for all k > j + 2 with j > 1. Now,
we study the solutions of equation (2.31) at k € {j,7 + 1}.
If kK = j, we get that

5j7 =13, (2.50)

where j > 1. We obtain that equation (2.50) is not satisfied for all j > 1. So, equation (2.31) is
not satisfied if £ = j > 1.

If k= j 4+ 1, we obtain that
2j7 + 7531, — 14554541 + 13 =0, (2.51)

where 1 =4 < j < k. We show that the latter equation is not satisfied for all j > 1 by proving its left
hand said is not satisfied for all j > 1. In case of j = 1, we get that 2(1)247(5)2—14(1)(5)+13 = 120.
Suppose that j = 2, we obtain that 2(5)? 4 7(7)% —14(5)(7) + 13 = —84. Assume that j = 3, we have
that 2(7)247(17)2—14(7)(17)+13 = 468. In the case of j = 4, then 2(17)247(31)?—14(17)(31)+13 =
—60. If j = 5, then 2(31)2 + 7(65)% — 14(31)(65) + 13 = 3300. Now, we deal with j > 6. This can
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be shown by substituting the relation (1.7) in equation (2.51) several times. Namely,

257 + TjF 1 — 14555541 + 13 =257 + 7(j; + 25;-1)° — 145, (j; + 2j;-1) + 13
=257 + 757 + 28j;4;-1 + 2857, — 1457 — 28551 + 367
=287 | — 557 +13
= 2857 1 = 5(jj—1 + 2jj-2)* + 13
=237 | — 20j;_1jj—2 — 2057 _, + 13
= 23(jj—2 + 2jj-3)% — 20(jj—2 + 2j;-3)jj—2 — 2057 5+ 13
=92j7 4 — 1757 5+ 52j;_2jj—s + 13
= 9252 5 — 17(jj—3 + 2jj-4)> + 52(jj—3 + 2jj—a)jj—3 + 13
< —68j7 4+ 12757 ,4+36j,_4+13 as jj_s>jj_4 Vj>0
=95j7 ,+13>0 forall j>6.

Then equation (2.31) is not satisfy if k = j + 1 with j > i = 1.
If ¢ = 2, this leads to j; = jo = 5. Substituting j2 = 5 in equation (2.31), we get that

257 + Tji — T0j;jk + 349 = 0,
or
257 + 349 = Tj(104; — ji), (2.52)

where k > j > 2. We show that equation (2.52) is possibly satisfied only at j < k < j + 3 since
the left-hand side of equation (2.52) is positive for all j > 2 and (10j; — jx) > 0 is satisfied only
at 7 < k < j+ 3 for all j > 2. Therefore, equation (2.31) is possibly solvable if j < k < j + 3.
But, it’s not satisfied with j +4 < k < j + 11 because if j +4 < k < 7 + 11 we have 10j; — ji =
1075 — (Jk—1 + 2jr—2) < 0 for all k > j +4 with j > 1. So, we study the solutions of equation (2.31)
by studying the solution of (2.52) when j < k < j + 3.

If kK = j, we get that
6157 = 349, (2.53)

which does not lead to a solution as j > 2. Therefore, equation (2.31) having no solution when
k=7 withi=2.

If k= 5+ 1, we obtain that
257 + 731 — 704741 + 349 =0, (2.54)

where j > 2. We note that equation (2.54) is not satisfied for all 2 = ¢ < j by proving its left-hand
side always negative. Now, if j = 2, we get that 2(5)? + 7(7)% — 70(5)(7) + 349 = —1708. Next, we
consider j > 3. By (1.7), we have that j;j11 = j; +2j;_1 . Then, equation (2.54) becomes as

252 + Tj31 — 70457541 + 349 = 257 4+ 7(j; + 25;-1) — 705, (j; + 2j;-1) + 349
= 252 + Tj; + 28j;4;-1 + 2857, — 7052 — 140j;_1j; + 349
= 2857 | — 617 — 112j;_1j; + 349
< 2857 = 6157 — 112j;1j; + 349 as j; >j; 1 Vi >3
= —33j% — 112j;_1j; +349 <0 forall j> 3.
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Therefore, equation (2.31) having no solutions in the Jacobsthal-Lucas numbers when k& = j + 1
with 2 =4 > j. In the same way, we find that the equation (2.31) does not have any solutions when
k=j+2and k=j+3withj>i=2.

Finally, we study the solution of equation (2.32). We follow the argument given in (iv) to eliminate
the values of 7. We get that
252 4+ 14y* +72% — 14j;yz —1=0
is solvable only with ¢ = 2, which leads to
1457 4 Tj7 — 70454k +49 = 0,
that can be written as follows
1457 4 49 = 75, (105 — j), (2.55)

where 2 < j < k. We note that equation (2.55) is possibly satisfied only if (10j; — jx) > 0.
Since the left-hand side is positive integers for all j > 2. So, equation (2.55) might be solvable if
2 < j<k<j+3. But, it’s not satisfied with j +4 < k < j+ 11 because if j +4 < k < j 4+ 11
we have 10j; — jr = 105; — (jr—1 + 2jk—2) < 0 for all k > j + 4 with j > 2. This leads to equation
(2.32) is possibly solvable only if 7 < k < j + 3. But, it’s not satisfied with j +4 <k < j+ 11.

Now, if k = j, we substitute the value of k = j into the equation (2.55) we get that
4957 =7, (2.56)

we note that equation (2.56) is not satisfied for all j > ¢ = 2. Then, equation (2.32) has no solution
at k=35> 2.

If k = j + 1, we substitute the values of kK = j + 1 into the equation (2.55) to obtain that
1452 + 752, — 7054541 +49 =0, (2.57)

where j > 2. In the following, we prove that the equation (2.57) is not satisfied for all j > 2 by
showing the left-hand side of equation (2.57) is always negative. This can be proven as follows. If
j = 2, we obtain that 14(5)2 4+ 7(7)% — 70(5)(7) + 49 = —1708. If j = 3, then 14(7)% + 7(17)% —
70(7)(17) + 49 = —5572. After that, we study equation (2.57) with j > 4. This can be shown by
substituting the relation (1.7) in equation (2.57) several times. Namely,

1472 +Tj2y = T07541 + 49 = 1452 + 7(jj + 275-1)2 — T04;(j; + 2jj-1) + 49
= 1457 + 757 + 28157 + 28j7 | — 7057 — 1405j;_1 + 49
= 28j7 | — 4957 —42jj;_1 +49
= 2857 | —49(jj—1 + 2jj—2)" — 42(jj—1 + 2jj-2)jj—1 + 49
= —6357 ; — 280j;_1jj—2 — 19657 | +49 <0 forall j; >4.
Then, equation (2.28) has no solution if &k = j + 1 for all j > 4. Similarly, we obtain that the
equation (2.28) does not have a solution if k = j+2, k=354 3, and k= j 4+ 4 for all j > 4.

Therefore, through the above studies to equations (2.27)-(2.32), we obtain only one solution to
equation (1.9) with j =1, j = 1, and k = 2. Hence, we get the solution (j;, j;, jx) = (1,1,5). By
permuting the component of (j;,j;, %) = (1,1,5), we get the solutions of equation (1.9) given:

(jiajjajk) = (1; 5, ]-)
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O Case 2 .1If (A,B,C,D) = (2,2,3,6). By permuting the coefficients of the equation (1.10), we get

the equations:

2j7 + 257 + 347 = 6jidjin + 1, (2.58)
27 + 347 + 2j% = 6jijjik + 1, (2.59)
347 + 247 + 2Ji = 6idjin + 1, (2.60)

where 1 < ¢ < j < k. From argument (iii), we have that i < 6 and j < k < j+ 11. We now
investigate the solutions of equation (2.58). We next follow the argument given in (iv) to eliminate
the values of i. We get that

252 4+ 2y* + 322 — 65,2 —1=0
is solvable only with ¢ € {1,2,3,4}.
If i = 1, we get that

2j7 + 33 — 6jjje +1=0
becomes as follows:
257 + 1= 34k(24; — Ji), (2.61)

where 1 < j < k. We obtain that equation (2.61) is possibly satisfied for all j < k < j + 1. Since
equation (2.61) can be written in the form 2j]2 + 1 = 3jx(2j; — jx), we find that equation (2.61)
is possibly satisfied only if (2j; — ji) > 0 for all j < k < j + 1 (except when k = j + 1 and
j = 1) as the left-hand side of equation (2.61) is possible for all j > 1. But, it’s not satisfied with
J+2<k<j+11 because if j +2 < k < j 4 11 we have 2j; — jr = 2j; — (jr—1 + 2jr—2) < 0 for
all k > j + 2 with j > 1. Therefore, equation (2.58) might be solvable if j < k < j+ 1. But, this is
not possible if j +2 < k < j + 11. Now, we consider equation (2.61) in the case of k € {j,7 + 1}.

If kK = j, we get that
ii=1, (2.62)

where j > 1. Therefore, equation (2.62) is satisfied with ¢ = 1. So, equation (2.58) has the solution
(J1,71,71) = (1,1,1). But, in the case of j > 2, we note that the left-hand side of equation (2.62) is
not satisfied for all k = j > 2 because j;> =1 = (j;—1 +2j;-2)° = j7 | +4jj-1Jj2+4j7 ,—1>0
for all j > 1. Therefore, equation (2.58) has no solution when k = j > 2.

If Kk =j+ 1, we obtain that
257 + 34541 — 6535541 + 1 =0, (2.63)

where j > 1. We show the left-hand side equation (2.63) is not satisfied for all j > 1. This can be
proven as follows. Let 7 = 1, we obtain that

252 + 352, — 64741 +1=2+3(7) —6(5) + 1 = 48.
Now, we consider equation (2.63) if j > 2. By (1.7), we have that jj4+1 = j; + 2j;—1 which is
substituted in the left-hand side of equation (2.63), to have that
257 + 3§71 — 64501 + 1= 257 + 3(j; + 275-1)% — 65;(Jj + 25-1) + 1
=257 + 3j; + 12451 + 1257, — 657 — 12515, + 1
=127, — 7 + 1.
> 125 —ji o +1 as —j;<—ji1 Vj>3
=117 ,+1>0 foral j>3.
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So, equation (2.58) has no solution with £k =j+ 1 and j7 > 1. Similarly, we find that equation
(2.58) has no solution when i € {2,3,4} and 2 < j < k < j + 1. Therefore, we omit the details of
computations.

Next, we study the solutions of equation (2.59). We follow the argument given in (iv) to eliminate
the not needed values of 7. We get that

252 4+ 3y* + 222 —6j;yz —1=0

is solvable only with i € {1,2,3,4}. If ¢ = 1, then j; = j; = 1. Substituting j; = j; = 1 in equation
(2.59), we obtain that

343 + 27 — 6k +1 =0,
that leads to
357 +1 = 25k(34; — jn), (2.64)

where 1 < j < k. We obtain that equation (2.64) is possibly satisfied only if j < k < j + 1, as the
left-hand side of equation (2.64) is positive for all j > 2 and (3j; — jx) > 0 when j <k < j+1
(except when k = j + 1 and j = 1). But, it’s not satisfied with j + 2 < k < j + 11 because if
j+2 <k <j+11 we have 3j; — jr = 3j; — (jk—1 + 2jp—2) < 0 for all k > j + 2 with j > 1.
Therefore, we obtain that equation (2.59) is possibly solvable only when j < k < j + 1. But, when
j+2 <k < j+11, equation (2.59) is unsolvable. Now, we study equation (2.64) when k € {j,j+1}.

If k = j, we get that
2

which gives that j = 1. Then equation (2.59) has a solution if (j;,j;, jx) = (j1,751,71) = (1,1,1).
But, we note that equation (2.65) is not satisfied for all j > 2 because j,;2 — 1 = (jj—1 + 2j;—2)* =
jjz_l +4j;_1Jj—2 + 4jJQ»_2 —1 > 0 for all j > 1. Therefore, equation (2.59) has no solution for all
k=j>2.

If k = j 4+ 1, this leads to
377 + 27311 — 6jjjj+1 +1=0, (2.66)

where 1 < j < k. We get that equation (2.66) is not satisfied for all j > 1. This can be explained
as follows. If j = 1, we get that 3(1)? + 2(5)? — 6(1)(5) + 1 = 24. In the case of j = 2, this leads
to 3(5)% + 2(7)2 — 6(5)(7) + 1 = —36. For j = 3, we get that 3(7)% + 2(17)2 — 6(7)(17) + 1 = 12.
Assuming that j = 4, we obtain that 3(17)? +2(31)? — 6(17)(31) + 1 = —372. If j = 5, we get that
3(31)% +2(65)% — 6(31)(65) + 1 = —756. Now, we consider equation (2.66) with j > 6. This can be
studied by substituting the relation (1.7) in equation (2.66) several times. Namely,

337 + 25311 — 645511 + 1 =345 +2(j; + 2j;-1)* — 65;(j; + 24;-1) + 1
= 355 +2j; + 8jjdj-1 + 871 — 657 —12j; 1j; + 1
=851 —J; — 4jj-1d; +1
= 8571 = (Jj—1 +24j-2)* = 4jj-1(jj—1 +27j—2) + 1
=371 — 12152 — 45 +1
= 3(jj—2 +2j-3)* — 12(jj—2 + 2jj-3)jj—2 — 4j7 o + 1
<1257 53— 1357 5 —12j; 0jj3+1 as jj_3<jj_2 Vj>6
=—j7 5 —12jj 2jj_s+1<0 Vj>6.
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Therefore, equation (2.59) has no solution if k = j + 1 for all j > 1. In the same way, we find that
equation (2.59) does not have any solution when i € {2,3,4}.

Now, we study the solutions of equation (2.60). We follow the argument given in (iv) to eliminate
the not needed values of 7. We get that

352 + 2% + 222 —6jyz —1=0
is solvable only with ¢ € {1,6}.

If = 1, we obtain that
2j7 + 2ji — 644k +2 =0, (2.67)

where 2 =i < j < k. We can show that equation (2.67) is possibly satisfied if j < k < j+ 1. In
fact, equation (2.67) can be written in the form

j3 + 1= ji(34; — jr)- (2.68)

where k > j > 2. Note that the latter equation is possibly satisfied only if (3j; — jx) > 0 (or
3j; > jx) for all j < k < j 4+ 1, since the left-hand side of equation (2.68) is positive for all
j > 1. But, it’s not satisfied with 7 +2 < k < j + 11 because if j +2 < k < j + 11 we have
3j; — jr = 3jj — (k-1 + 2jk—2) < 0 for all k > j + 2 with j > 2. Therefore, equation (2.60) is
possibly solvable at j < k < j+ 1 as j < k. But, this is impossible when j +2 < k < j + 11.

If k = j. From equation (2.68), we get that
2
J; =1L (2.69)

where 1 =i < j < k. We obtain that (2.69) is satisfied only if j = 1. But, one can easily show that
equation (2.69) has no solution with k = j > 2. Therefore, the equation (2.60) has a solution only
ifi=j=k=1.

If k = j + 1, replacing in equation (2.68), we obtain that
252 +2j71 — 6jjjj+1 +2=0, (2.70)

where 1 = ¢ < j < k. We find that equation (2.70) is not satisfied for all j > 1. This can be
proven as follows. If j = 1, we obtain that 2(1)% + 2(5)? — 6(1)(5) + 2 = 24. If j = 2, we get that
2(5)% +2(7)2 —6(5)(7) +2 = —60. Also, we note that equation (2.70) is not satisfied for all j > 3 by
proving its left-hand side is always negative. This can be shown by substituting the relation (1.7)
in equation (2.70) several times. Namely,

257 + 2§71 — 6450501 + 2 = 257 + 2045 + 245-1)% — 655055 + 245-1) +2
= 2j7 + 2j; + 8jjj-1 + 8571 — 657 —12j;-1j; + 2
= 8571 — 257 —4jj1; +2
= 8571 — 2041+ 2jj-2)% — 4dj1(jj—1 + 2752) +2
=257 | —8j7 5 —16j;_1jj—2 +2
=2(jj-2 4+ 2j;j-3)> — 8j7 5 — 16j;_1j; 2+ 2
= 8jj-2jj-3 +8j;_3 — 6§75 — 16jj_1jj-2 + 2
< 8j7 o+ 8§ 5 — 647 5 — 1657 5 +2
=—6j7 ,+13<0 as, —jj_o>—jj_1, Jj—2>Jjj—3 Vj>3.
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Therefore, equation (2.60) is not satisfied if k = j + 1 with 1 =¢ < j < k. Also, in a similar way
we notice that equation (2.60) has no solution when ¢ = 6. Hence, we leave out the details of the
proof.

Based on what was studied above, we notice that equations (2.58)-(2.60) have only one solution
that is (4;, j;j, J&) = (J1,71,71) = (1,1,1). Therefore, equation (1.10) has a single solution given by
(]Z}j]?]k) = (j17j17j1) = (1717 1)

O Case 3.If (A, B,C,D) = (6,10, 15,30). By permuting the coefficients of equation (1.11), we obtain
the distinct equations as follows:

657 + 1057 + 1557 = 30jij;jx + 1, (2.71)
1057 + 653 + 1543 = 305k + 1, (2.72)
677 + 1557 + 1053 = 30j:5;jk + 1, (2.73)
1557 + 657 + 1057 = 30jij;jx + 1, (2.74)
1057 + 1553 + 653 = 30jj;jk + 1, (2.75)
1557 4+ 1057 + 657 = 30jij;jx + 1, (2.76)
where 1 < i < j < k. From argument (iii), we obtain that 1 < i < 6 and j < k < j + 11 for all

equation (2.71)-(2.76). We first study the solutions of equation (2.71). We follow the argument
given in (iv) to eliminate the not needed values of i. We get that

657 + 10y* 4 1522 — 30j;yz — 1 =0

is solvable only with ¢ € {1,5}. If ¢ = 1, then j; = j; = 1. Substituting j; = j1 = 1 in equation
(2.71), we obtain that

1057 + 1553 — 304k +5 =0, (2.77)

where 1 = ¢ < j < k. We can show that equation (2.77) is possibly satisfied only if 1 = j < k < j+1.
In fact, equation (2.77) can be written in the form

257 + 1= 3j(24; — jr), (2.78)

where 1 < j < k. Note that the latter equation is possibly satisfied only if 2j; — j, > 0 (or 2j; > j)
forall j <k < j+1 (except when k = j+ 1 and j = 1). Since the left-hand side of equation (2.78)
is positive for all 7 > 1. But, it’s not satisfied with j +2 < k < j+ 11 because if j +2 < k < j+ 11
we have 2j; — ji = 2j; — (Jk—1 + 2jk—2) < 0 for all £ > j 4+ 2 with j > 1. So, we get that if
Jj <k < j+1, the equation (2.71) is possibly solvable. But, this is impossible if j +2 < k < j + 11.
Now, we study equation (2.78) at k € {j,j + 1}.

— If k = j, we get that
2
J; =1L (2.79)

where j > 1. We get that equation (2.79) is satisfied only if j = 1. But, one can easily show
that equation (2.79) is not satisfied when j; > 2. Then, equation (2.71) has a solution only if
l=i=j=k

— If k =7+ 1, we obtain that

2j7 + 357, — 6jjj41+1=0, (2.80)



18

Q. N. ALABRAHIMI AND H. R. HASHIM

where j > 1. We can show that the equation (2.80) has no solution for all 7 > 1. This can be
proven as follows. In the case of j = 1, we get the left hand side of equation (2.80) as 2(1)2+3(5)? —
6(1)(5) + 1 = 8. Suppose that j = 2, we obtain that 2(5)2 + 3(7)%? — 6(5)(7) + 1 = —12. If j = 3,
this leads to 2(7)2 + 3(17)2 — 6(7)(17) + 1 = 252. Next, we study the equation (2.80) for all j > 4.
This can be shown by substituting the relation (1.7) in equation (2.80) several times. Namely,

257 + 3571 — 6457541 + 1= 257 +3(j; + 2j5-1) — 6;(J; + 245-1) + 1

= 257 + 3j; + 1255551 + 1257 — 655 — 12j;_15; + 1
=127, —j7 +1
=1257 | — (jj—1 +2jj—2)* + 1
= 1157 —4jj1jj2 —4j7 o +1
= 11(jj-2 + 2jj-3)* = 4(jj—2 + 2jj-3)jj—2 — 4jj o +1
= 4457 5 +3)7 5 +36jj2j;3+1>0 Vj>4.

Therefore, we have that equation (2.80) is not satisfied if k = j + 1 with j > 1. This implies that

the equation (2.71) has no solution with k = j+ 1 and j > 1.

Now, if i = 5. In the same way, we get that equation (2.71) is possibly solvable if j < k < j+5
with 5 = ¢ < j. After checking the solutions of the equation (2.71), we find that the equation does
not have a solution in all cases.

We now study the solutions of equation (2.72). We next follow the argument given in (iv) to
eliminate the not needed values of i. We get that
1052 + 6y + 152% — 30j,yz — 1 =0
is solvable only with ¢ € {1,3}. If i = 1, we get that
257 + 547 — 10j;jx +3 =0,
which leads to
33+ 3 = 5k(2; — jr), (2.81)

where 1 = ¢ < j < k. We can show that the equation (2.81) is possibly satisfied only with
1 < j <k < j+1, since the left-hand side of equation (2.81) is positive for j > 1 and (2j; — jx) > 0
when 1 < j < k < j+ 1 (except when k = j+ 1 and j = 1). But, it’s not satisfied with
j+2 <k <j+11 because if j +2 < k < j+ 11 we have 2j; — jr = 2j; — (Jx—1 + 2jk—2) < 0
for all £k > j + 2 with j > 1. Therefore, equation (2.72) is possibly solvable if j < k < j + 1. But,
equation (2.72) unsolvable when j +2 < k < j + 11. As done earlier, we find that equation (2.72)
has no solution if j < k < j+ 1.

Now, if ¢ = 3. Substituting ¢ = 3 in equation (2.72), we get that
657 + 1543 — 2104,k + 489 = 0,
or
257 + 163 = 145 (54, — Jjr), (2.82)

where 3 = ¢ < j < k. We note the left-hand side of equation (2.82) is positive for all j > 3. So,
(575 — jx) > 0 is satisfied only if j < k < j 4+ 2. But, it’s not satisfied with j +3 < k < j+11
because if j +3 < k < j + 11 we have 5j; — jx = 5j; — (Jv—1 + 2Jk—2) < 0 for all k > j + 3 with
j > 3. Therefore, we get that equation (2.72) is possibly solvable when j < k < j + 2. But, this is
impossible in case 7 +3 < k < j + 11 with 5 > 3.
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- If k = j. Substituting it in equation (2.82), we get that
6357 = 163, (2.83)

where j > 3. Clearly, equation (2.83) has no solution for all j > 3. Therefore, equation (2.72) has
no solution for all j > 3.

— If k =4+ 1, replacing k = j + 1 in equation (2.82), we obtain that
252 4 552, — T0j;5j11 + 163 = 0, (2.84)

where j > 3. We note that the equation (2.84) is not satisfied for all j > 3 by proving its left-hand
side is always negative. In the case of j = 3, we get that 2(7)? +5(17)2 — 70(7)(17) + 163 = —6624.
If j = 4, we obtain that 2(17)% + 5(31)% — 70(17)(31) + 163 = —31344. Next, we study equation
(2.84) with j > 5. By (1.7), we have that j;4+1 = j; + 2j;—1 which we substitute in the left hand
side of equation (2.84) to get that

257 + 5571 — 7054541 + 163 = 257 + 5(j; + 2j;-1)" — 704;(j; + 2j;-1) + 163
= 2j7 + Tj; + 20541 + 2057, — 7057 — 1405;_15; + 163
= 2057, — 6357 — 1205;_1j; + 163
<2057 — 6357 —120j;_1j; + 163 as j; >jj1 Vj>5
= —43j7 —120j;_1j; +163 <0 forall j>5.
Therefore, equation (2.72) having no solutions in the Jacobsthal-Lucas numbers when k = j + 1

with 3 =4 < j. Similarly, we find that the equation (2.72) does not have a solution when k = j + 2
with j > 3.

Now, we investigate the solutions of equation (2.73). We follow the argument given in (iv) to
eliminate the not needed values of . We obtain that the equation

657 4+ 15¢% 4+ 102? — 30j;yz — 1 =0

is solvable only with ¢ € {1,5}. If i = 1, then j; = j; = 1. Substitute j; = j; = 1 in equation (2.73),
we obtain that

1557 4 1047 — 30j;jx +5 =0,
which leads to
357 + 1= 2jk(34; — j), (2.85)

where 1 <1i < j < k. We can show that equation (2.85) is possibly satisfied only if j < k < j 4+ 1.
In fact, equation (2.85) can be written in the form 3j]2 + 1 = 24,(3j; — jr)- Note that the latter
equation is satisfied only if 3j; — jr > 0 (or 3j; > ji) for all j < k < j + 1, since the left
hand side of equation (2.85) is positive for all j > 1. Then, equation (2.73) is possibly solvable if
j <k <j+1. But, it’s not satisfied with j +2 < k < j+ 11 because if j +2 < k < j+ 11 we have
3j; — jk = 345 — (Jk—1 + 2jr—2) < O for all £ > j + 2 with j > 1. As done earlier, we can easily
show that equation (2.73) does not have any solution with k € {j,7+ 1} and j > ¢ = 1. Hence, we
obtain that equation (2.73) does not have any solution at ¢ = 1. Also, following the same method,
we find that equation (2.73) has no solution when ¢ = 5.

We investigate the solutions of equation (2.74). By argument (iv), we have that

1552 + 6y +102% — 30j,yz —1 =0
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can be solved with respect to y and z only with ¢ € {1,3}. If i = 1, we get that
67 + 107 — 305;jx + 14 =0,
or
32 +7 = 5ju(3j; — Jn)- (2.86)

where 1 <4 < j < k. We note that equation (2.86) is possibly satisfied only if j < k < j + 1.
In fact, equation (2.86) can be written in the form 3;% + 7 = 5jx(3j; — ji). Note that the latter
equation is satisfied only if 3j; — jx > 0 (or 3j; > ji) for all 1 = j < k < j + 1, since the left hand
side of equation (2.86) is positive for all j > 1. But, it’s not satisfied with j+2 < k < j+11 because
if j +2 <k < j+ 11 we have 3j; — ji, = 3j; — (-1 + 2jx—2) < 0 for all k > j +2 with j > 1.
Therefore, equation (2.74) is solvable if j < k < j + 1. But, this is impossible if j +2 <k < j+ 11
with 7 > 1. By studying equation (2.86) with & € {j,7 4+ 1} and j > 1 as done in the pervious
cases, we get that equation (2.86) has no solution. Therefore, we find that equation (2.74) has no
solution when ¢ = 1. In a similar way, one can show that the equation has no solutions with i = 3.

Now, we study the solutions of equation (2.75). By argument (iv), we have that
1052 + 15y% + 622 — 305,z — 1 =0
can be solved with respect to y and z only with ¢ € {1,3}. If i = 1, we get that
1557 + 653 — 304k + 9 =0,
which leads to
557 + 3 = 2jk(57; — j), (2.87)
where 1 <4 < j < k. Note that the latter equation is possibly satisfied only if (5j; — ji) > 0 (or
5j; > ji) for all j < k < j + 2 since the left-hand side of equation (2.87) is positive for all j > 1.
But, it’s not satisfied with j+3 < k < j+11 with which we have 5j; — jr = 5Jj; — (Jk—1+2Jjk—2) <0
for all £k > j + 3 with j > 1. Therefore, equation (2.74) is possibly solvable if j < k < j + 2. But,
this is impossible if j +3 < k < j+ 11 and 1 < j < k. Now, we consider equation (2.87) with
J<k<j+2
If kK = j, we get that
2
ji =1 (2.88)
where j > 1. We obtain that equation (2.88) is satisfied only 7 = 1, and it is clear that equation
(2.88) has no solutions with & = j > 2. Therefore, the equation (2.75) has a solution only if
i=j=k=1
If k= j 4 1, we obtain that
5j7 + 25341 — 1054541 +3 =0, (2.89)
where j > 1. We find that equation (2.89) is not satisfied for all j > 1. We can explain this as follows.
If j = 1, we obtain from the left hand side of equation (2.89) that 5(1)2 4+ 2(5)2 — 10(1)(5) +3 = 8.

For j = 2, we obtain that 5(5)% + 2(7)% — 10(5)(7) + 3 = —124. In the case of j = 3, we get that
5(7)2+(17)2—=10(7)(17) +3 = —349. Now, we consider equation (2.89) for all j > 4. From equation
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(1.7) we have that j;11 = j; +2j;_1 in which we substitute in the left hand side of equation (2.89)
to get that
557 + 2571 — 10555541 + 3 = 557 4 2(j; + 2j;-1)* — 105;(j; + 2j;-1) + 3
=557 + 2jj; + 841 + 8471 — 1057 — 201 + 3
=8j7 , —3j7 —12jj;_1+3
< 81']2' - 3]? — 125551 +3 as jj_1<j; Vi>4
=357 —4j7 ,+3<0 forall j>4,
which leads to the no satisfaction of equation (2.89). So, the equation (2.75) has no solution if
k=j+1andj>1.
If k = j + 2, this is leads to

5j7 + 25340 — 10jjjj2 +3 =0, (2.90)

where 7 > 1. We note that the equation (2.90) is satisfied only when j = 3. Otherwise, we
find that it is not satisfied. This can be explained as follows. Assume that j = 1, we get that
5(1)242(7)2—10(1)(7)+3 = 36. In the case of j = 2, we obtain that 5(5)2+2(17)2—10(5)(17)+3 =
—144. If j = 3, we have that 5(7)? + 2(31)? — 10(7)(31) + 3 = 0. Therefore, the equation (2.75)
has a solution that is given by (4,7, k) = (1,3,5). After that, we get the left-hand side of equation
(2.90) is always negative for all 7 > 4 which can be shown as follows. from equation (1.7), we obtain
that jj1o = 3j; + 2j;-1. Substituting j;+2 = 3j; + 2j;-1 in equation (2.90) implies that
552 4+ 2525 — 105442 + 3 = 557 + 2(34; + 2j;-1)% — 105;(35; + 2j;-1) + 3

= 552 + 187, + 24551 + 83, — 302 — 20j; 1j; +3

=8j7 | — 1757 +4j;_1j; + 3

<8j7y = 1Tjjjj—1 +4jjjj1 +3 as —jia>—j; Vj>4

= 8571 — 13j;5j1 +3

<87 —13j7 ,+3 as  —ji_1>—jj

=—5j7 1 +3<0 forall j>4.
So, the equation (2.75) has no solutions with k = j + 2 and j > 4. In the same way, we obtain that
the equation (2.75) does not have a solution when i = 3.

Finally, we investigate the solutions of equation (2.76). By argument (iv), we obtain
1552 +10y% + 622 — 65;y2 — 1 = 0,

is solvable only with ¢ € {1,3}. By argument (v) and in a similar way done in the above cases, we
obtain that the equation (2.76) does not have any solution when i € {1, 3}.

Finally, we find that the only equations, a mong (2.71)-(2.76) that have solutions, are listed in the
below table.

@) | (LL1) | (1,1L1)
@7) | (LL,1) | (1,L,1)
(2.76) | (1,3,7) | (L,7,31)

By permuting the components of the solutions (j;, j;, jx) with which it satisfies equation (1.11), we
get the solutions of equation (1.11) are as follows:

(]u]]a]k) S {(]—7 ]-7 ]-)a (31, ]-, 7)}
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Note that the solutions of equations (1.12)-(1.14) are studied similarly. Therefore, in the remaining
cases, we only give a summary for the details of components.

case 4 . If (A4,B,C,D) = (2,1,2,2). By permuting the coefficients of equation (1.12), we obtain
the different equations as follows:

2j7 + 53 + 25k = 274 + 1, (2.91)
Ji 4237 + 257 = 2jidiin + 1, (2.92)
27 + 275 + i = 2jidide + 1, (2.93)

where 1 < ¢ < j < k. From (iii), we have that 1 < i < 6 and 7 < k < j + 11 for equations
(2.91)-(2.93).

Now, we study the solutions to equations (2.91) and (2.93). Using the SageMath program, as
mentioned in argument (iv), we notice that no values for i exist to satisfy the equations. Therefore,
the equations (2.91) and (2.93) have no solutions in the Jacobsthal-Lucas numbers.

We study the solutions of equation (2.92). In the same way, we obtain from argument (iv) that
i € {1,2}, After substituting the values of i into the equation (2.92) and analyzing it as in the
previous cases, we notice that the equation does not have any solution.

Therefore, equations (2.91), (2.92), and (2.93) do not have any solution in Jacobsthal- Lucas
numbers.

case 5.1If (4,B,C,D) = (5,1,5,5). Using permutations of the coefficients of the equation (1.13)
we get the equations:

557 + 75 + 5jk = bjijjik + 1, (2.94)
Ji 4547 + 54k = 5jididn + 1, (2.95)
5j7 + 547 + ji = Sjidjir + 1, (2.96)

where 1 < i < j < k. From argument (iii), we get that i < 6, and 1 < k < j + 11 for equations
(2.94)-(2.96). Now, we study the solutions of equations (2.94)-(2.96). Using (iv), we obtain that
i € {1,3} for the equations (2.94) and (2.95) and ¢ = 1 for the equation (2.96). By argument (v),
we get the equations (2.94)-(2.96) do not have any solutions. So, equation (1.13) does not have any
solution in the Jacobsthal-Lucas numbers.

case 6.1If (4,B,C, D) = (3,1,6,6). In the same way as in the previous cases, from equation (1.14)
we get that

357 + J7 + 64 = 67idjn + 1, (2.97)
ji 437 + 65k = 64ijjk + 1, (2.98)
ji 4647 + 34k = 6jijin + 1, (2.99)
657 + j7 + 3jii = 6Jididn + 1, (2.100)
67 + 37 + ji = 67ijjir + 1, (2.101)
337 + 657 + ji = 6jijjin + 1, (2.102)

where 1 < i < j < k. From argument (iii), we get that ¢ <6, and 1 < k < j + 11 for the equations
(2.97)-(2.102).

Firstly, we study the solutions of equations (2.97)-(2.97) in the same approach used with the studied
cases. Using the SageMath program, as mentioned in (iv) we obtain that ¢ € {1,3,4} for equations
(2.97) and (2.102), ¢ = 1 for equations (2.98) and (2.99), and ¢ € {1,2} for equations (2.100) and
(2.101). Also, by argument (v) we find that the equations (2.97)-(2.102) do not have any solutions.
Hence, the equation (1.14) does not have any solution in the Jacobsthal-Lucas numbers. Therefore,
Theorem 2.1 is completely proved.
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3. Conclusion

The Markoff type equation, Jin-Schmidt equation, has infinitely many integer solutions, and these
solutions are deeply connected to the lower part of the approximated spectrum for quaternions and
to the approximated constants for complex numbers on the circles {z € C ||z] = %} Also, the
Markoff equation is connected to Diophantine approximation of irrational numbers, more precisely
there is one to one correspondence between the solutions of such equations and the approximation
of certain irrational numbers. The paper’s findings indicate that it has a finite number of solu-
tions within the sequence of Jacobsthal-Lucas numbers. This outcome will provide a deep insight
into the study of Diophantine approximations, as the solutions to the Markoff equation and its
generalizations are linked to Diophantine approximations. o
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