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Some Fixed Point Results For Nonexpansive and G-Nonexpansive Mappings In Hilbert
Spaces
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ABSTRACT: This paper is concerned with the convergence of a three-step Picard iteration scheme introduced
by Javid et al. for nonexpansive and G— nonexpansive mappings in Hilbert spaces endowed with binary
relation under some assumptions. After that same results are obtained by replacing binary relation with
directed graph. Main results are justified with some numerical examples. Here, an application of fixed point
theory is discussed to obtain solution of system of equations and fastness of a three-step Picard iteration
scheme with other well-known iteration schemes.
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1. Introduction

Fixed point theory has great implications in the filed of analysis. Fixed point theory is used to find
solutions of different mathematical problems like integral equations, differential equations, optimization
problems, convex minimization problems, image recovery, signal processing etc. (refer [6,7,22]).

Several mathematicians studied fixed point results over different spaces as metric space, Banach space,
Reflexive space, Hilbert space and many more. One of the most important and fruitful result in metric
space was given by Banach [4] called "Banach Contraction Principle”. This principle was generalized
and its several variants were studied by mathematicians over different spaces.

Let X be a Hilbert space and let K be a non-empty subset of X. A point z € X is called a fixed
point of a mapping T : X — X if T(z) = z. Through-out the literature F(T") denotes the set of fixed
points of T, i.e., F(T) = {x € X : Tx = z}. Note that a mapping T : K — K is called

(i) Lipschitz, if [|[Tz — Ty|| < L||z — y||, for all 2,y € K, where L > 0.
(ii) Contraction, if ||Tz — Ty|| < L||z — y||, for all z,y € K, where 0 < L < 1.

(iii) Nonexpansive, if ||Tx —Ty|| < ||z — y||, for all z,y € K and L = 1.
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Note that the Banach contraction principle is no longer true for nonexpansive mappings. The study
of fixed points of mappings with certain contraction condition attract many researcher, but nonexpansive
mapping has also an important role in the fixed point theory. In-fact various researchers investigated
the theory of nonexpansive mappings for establishing the existence of fixed points (refer [9,18,23]). The
study of nonexpansive mappings were basically motivated by Browder’s [5] work on relationship between
monotone operators and nonexpansive mappings and the significance of the geometric properties of the
norm for the existence of fixed point for nonexpansive mapping given by Kirk [16].

In few years, the use of graph theory and the fixed point theory has increased rapidly. The study of
fixed point theory along with graph theory was started by Echenique [10] in 2005. After that Kirk and
Espinola [11] established some fixed point results in graph theory. Alfuraidan [2] studied some fixed point
results for nonexpansive type mappings in hyperbolic metric space along with directed graph. Tiammee
[27] proved Browder’s fixed point theorem for nonexpansive type mappings in Hilbert space along with
directed graph.

All the authors used some iterative techniques to obtain theoretical results. In fact Banach [4] used
Picard iteration [21] to get fixed point of contraction mapping. The Picard iteration is as follows:
Let X be a non-empty set and 7' : X — X. Let {x}} be a sequence in X with initial point 2y € X such
that

Th+1 = T:ck = Tkl‘o.

But this iteration was not enough to assure some kind of convergence in the case of more general class of
nonexpansive mappings. In this direction, Agarwal [1], Ishikawa [12], Krasnoselkii [17], Mann [19], Noor
[20] introduced iteration schemes to study behaviour of fixed point of nonexpansive type of mappings.

Recently, Javid Ali et al. [3] introduced three-step Picard iteration scheme (one can call new Picard
iteration) in the framework of Banach space as follows:
Let X be a Banach space and T a self-mapping on X. The sequence {zj} with initial guess zo € X is
defined in the following manner:

Try1 = Ty,
Yk = Tzk7 (11)
R = TJ?k,

In [3], authors proved the convergence and stability of (1.1) in Banach spaces for Zamfirescu operator and
proved that the iteration scheme (1.1) is faster than the iteration scheme given by Agarwal [1], Ishikawa
[12], Picard-Mann hybrid iteration [14], Mann [19], Noor [20], Picard [21], normal S— iteration [24],
SP— iteration [26], etc.

Vetro [30] established some fixed point results for single-valued and multi-valued nonexpansive map-
ping and proved convergence of Picard iteration in metric space endowed with binary relation. Inspired
by work of Vetro [30], here the aim is to study convergence of iteration scheme (1.1) for nonexpan-
sive mappings and G— nonexpansive mappings in the framework of Hilbert spaces under some suitable
conditions.

2. Preliminaries

This section proceeds with some necessary concepts and include some useful results.

Definition 2.1 [11] A graph is an ordered pair (V,E), where V is a set and E is a binary relation on
V, E CV x V. Elements of E are called edges. Given a graph G = (V, E), a path of G is a sequence
apay...ap_1... with (a;,a;11) € E for each i = 0,1,2,.... A graph is connected if there is a finite path
joining any two of its vertices.

Definition 2.2 [29] A directed graph also called a digraph is a graph in which the edges have a direction.
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Definition 2.3 [29] A digraph is weakly connected if when considering it as an undirected graph, it is
connected, i.e., for every pair of distinct vertices u and v there exists an undirected path from u to v.

Definition 2.4 [13] A mapping T : X — X is called G— continuous if for x € X and {xx} be a sequence
in X such that x — © and (g, zp41) € E(G) for k €N, Tz — Tx.

Definition 2.5 [27] Let G = (V(G), E(G)) be a directed graph. A graph G is called transitive if for any
z,y,z € V(G) such that (z,y) € E(G) and (y,z) € E(G), then (z,z) € E(G).

Definition 2.6 [2] Let K be a non-empty subset of a Hilbert space X. Let G = (V(G), E(G)) be a
directed graph such that V(G) = K and E(G) contains all the loops, i.e., (z,x) € E(G) for any x € V(QG)
. A mapping T : K — K is called an edge-preserving mapping (or G— edge preserving mapping) if

forall z,y € K, (x,y) € E(G) = (T(x),T(y)) € E(G).

Definition 2.7 [27] Let K be a non-empty convex subset of a Hilbert space X, G = (V(G), E(G)) be
a graph such that V(G) = K and T : K — K. Then T is said to be G— nonezpansive if the following
conditions hold:

(i) T is an edge-preserving;
(i1) ||Tx — Ty|| < ||z — yl||, whenever (z,y) € E(G) for any z,y € K.

Definition 2.8 [15] Let K be a non-empty subset of a Hilbert space X. A sequence {xy} in X is said
to be Fejer monotone with respect to subset K, if

|ze41 = pll < llzx —pll,
forallpe K, k> 1.

Proposition 2.1 [15] Let K be a non-empty subset of a Hilbert space X. Suppose that {xy} is Fejer
monotone sequence with respect to K. Then the followings are hold:

(a) Sequence {xy} is bounded.

(b) For every x € K, {||zx — x||} converges.

Lemma 2.1 [25] Let X be a Hilbert space, and {ay} be a sequence in [0,1 — 0] for some 6 € (0,1).
Suppose that {xi} and {yr} are in X such that limsup,_, . ||zk]| < ¢, limsup,_, o |lyk|] < ¢, and
limsup,,_, o ||laxzr + (1 — ar)yk|| = ¢ for some ¢ > 0. Then limy_ o ||k — yi|| = 0.

3. Main results

Lemma 3.1 If {zx} is a non-increasing sequence of non-negative real numbers, then the sequence

Tr+Tri1 : i :
{7xk+zk+1+1} is also non-increasing.

Proof: Since {x}} is a non-increasing sequence, we have
Tht1 < Thy Tht2 < Tht s ooy Thipn S Thtn—1; -
Therefore

Tht1 + Tht2 < T + Tht1
= Tyt + Thgo +1 <z + 240 + 1
Th4+1 + Th42 < Tk + Tg4+1 .
Th1 + Thao+1 7 T+ g1 +1

It conclude that {%} is also non-increasing. O
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Corollary 3.1 Let X be a Hilbert space and T : X — X be a nonexpansive mapping. Let {xp} be

a sequence in X generated by iteration scheme (1.1) with initial point xo € X. Then the sequence
{ lzk =2k ||+ l|Zr41 =2k ]|
e —zk—1|[+]zpt1—zrll+1

} is non-increasing.

Proof: Let {z}} be asequence in X defined by (1.1) with initial point zy € X. By using nonexpansiveness
of T', we have

zks1 — @il = [ Tyr — Tye—1l|
<|lyk — yr-1l|
= ||Tzr — Tzp-1||
< lzk = 2kl
=||Tzy — Tar_1]|
< ok — zp—a]l.
This implies that {||zx+1 — zk||} is non-increasing sequence, hence from Lemma 3.1, the sequence

{ Hzk—zr—1|[+||zkt+1—2k]|
ek —zk—1]|+]|zk+1—2i|[+1

} is non-increasing. O
Theorem 3.1 Let X be a Hilbert space and w be a binary relation on X, i.e., w C X xX andT : X - X
be a nonexpansive mapping such that

||z = Tyl| +[ly — T=||
|z = Ta|[ + |ly = Ty|| + 1

72 -1yl < +) lle =l (3.1)

for all (xz,y) € w, k €[0,1). Suppose that

(1) If {xi} is a sequence in X such that (xi_1,x1) € w for allk € N and ), - p € X as k — oo, then
(zk—1,p) € w for all k € N.

(i) F(T) is well ordered with respect to w, i.e., for x,y € X, either (z,y) € w or (y,x) € w.

If there exists xg € X such that (xg,Txg) € w and

— Tao|| + || Txo — T?
( HxO Z‘OH || Zo . xOH —|—I€> < 1’ (32)
|zo — Txo|| + [[Two — T?xol| + 1
then
(a) T has at-least one fixed point p € X.

(b) sequence {xy} defined by (1.1) with initial point xo € X converges to a fixed point of T

Proof: Let zp € X such that (zo,Txo) € w. Let {zx} be a sequence defined by (1.1) with initial point
o € X. If xp_1 = a3 for some k € N, then we obtain existence of fixed point of T. Suppose that
Tr—1 # xy for all k € N. By using (1.1), and (3.1), we have

l|[Trt1 — xpl| = [T — Tzg—1]|

<( |xx — Tap 1] + |Jxp—1 — Tagl|
= \lzk = Togl| + ||2h—1 — Top—a|| + 1

+k> llzk — zp—1]|

= d|vx — 21l

<|lzg — zg—1]|-
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Where 6 = (\\!:i}ffﬁr\\llﬂﬁ}l{,ﬁfﬁll + k) < 1. It conclude that {z}} is a Cauchy sequence in X.

Since X is Hilbert space, there exists p € X such that z; — p as k — co. We claim that p = Tp. By
assumption (i), (xg,p) € M. By using (1.1) and (3.1), we have

|zk+1 — Tpl| = [|Tzr — Tpl|
<< ||z — Tpll + [lp — Ts|
~ \llzg = Tagl| +||p = Tpl| +1
<( ||zx — Tpl| + |lp — Tp41l]
~ \llzgx = Tagl| +||p = Tpl| + 1
—0as k — oo.

+k) 2k — pll

+k> 2k - pll

By uniqueness of limit, p = Tp. Thus (a) and (b) holds. O
Theorem 3.2 Let X be a Hilbert space and w be a binary relation on X, i.e., w C X xX andT : X — X
be a nonexpansive mapping such that

||z — Tyl|| + |ly — Tx||
|z — Tx|| + |ly — Tyl + 1

Tz — Ty|| < ( +k) e — 91l + Llly - Tell, (3.3)

for all (z,y) € w, k € [0,1) and L is non-negative real number. Suppose that

(i) If {xr} is a sequence in X such that (vx—1,21) € w for allk € N and x, — p € X as k — oo, then
(xg—1,p) € w for all k € N.

(ii) F(T) is well ordered with respect to w.
If there exists xo € X such that (xg,Txo) € w and (3.2) holds, then
(a) T has at-least one fized point p € X.
(b) sequence {x} defined by (1.1) with initial point xo € X converges to a fized point of T.
Proof: Let zp € X such that (z,Txg) € w. Let {x;} be a sequence defined by (1.1) with initial point

rg € X. If 1 = xp, for some k € N, then we obtain existence of fixed point of T. Suppose that
Tr—1 # xy, for all k € N. Now By using (3.3) and (1.1), we have

|zks1 — 2kl = [ T2 — Txp—al|

<< |og — Tag 1| + ||wr—1 — Tagl|
=\l = Tog|| + ||vp—1 — Top_af| + 1

+k) ||xk —xk_1|| —|—L||a:k —Tﬂ?k_lﬂ

= 0|z — z-1ll|
< ||k — p—1]].

Where § = (I‘!:i;ﬁ:ﬁ:‘“g!fi}iffﬁil + k) < 1. Tt conclude that {zy} is Cauchy sequence in X. Since

X is Hilbert space, there exists p € X such that xp — p. We claim that p = Tp. By assumption (i),
(zk,p) € w. By using (3.3), we have

|lzk1 = Tpl| = || Tz, — Tpl|

<< [lzk = Tpl[ + [lp — Ty
= \llzx = Tyl + |lp = Tpll + 1

+k) e — pll + Llp — T

<< ||z —Tpl| + |lp — p41]
~ \lzr = Tagl| + |[p — Tpl| + 1
—0as k — oco.

+k) e — pll + Lllp — zsa]

By uniqueness of limit, p = T'p. Thus (a) and (b) holds. O
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Corollary 3.2 Let X be a Hilbert space and T : X — X be a nonexpansive mapping such that all the
conditions of the Theorem 3.1 and 3.2 satisfied. Let

[z = Tyll + [ly — T=||
|z =Tl + |ly = Tyl + 1

My = {T:||Te — Ty|| < ( +k) e = I},

and
|z =Tyl + [ly — Tz||

|l = Tz|[ +[ly — Tyl +1
Let F =My UM and T € F, then T has a fized point in X.

My = {T:||Te — Ty|| < ( +k) e — il + Lljy - Tal }.

By putting w = X x X in Theorems 3.1 and 3.2, the following results are obtained.

Theorem 3.3 Let X be a Hilbert space and T : X — X be a nonexpansive mapping such that (3.1) is
satisfied for all (z,y) € X x X, k €10,1) and zo € X such that (3.2) satisfied. Then

(a) T has at-least one fized point p € X.

(b) sequence {xy} defined by (1.1) with initial point xo € X converges to a fized point of T'.

Proof: All the conditions of Theorem 3.1 are satisfied with w = X x X and hence Theorem 3.3 follows
from Theorem 3.1. O

Theorem 3.4 Let X be a Hilbert space and T : X — X be a nonexpansive mapping such that (3.3) is
satisfied for all (z,y) € X x X, k €[0,1) and x¢ € X such that (3.2) satisfied. Then

(a) T has at-least one fixed point p € X.

(b) sequence {xy} defined by (1.1) with initial point xo € X converges to a fized point of T.

Example 3.1 Let X =R be a Hilbert space and T : X — X defined by

T )3T w0,
1+ %, z€[2,00).

First, we show that T is nonexpansive mapping. Consider the following cases:

Case I: when z,y € [0,1]. Then

1
72— Tyl| = 3llz —

IN

llz = yll.

Case II: when z,y, € [2,00). Then

1
[Tz —Tyl|| = gl\x—yll

AN

<|lz —yl|.

Case III: when x € [0,1], y € [2,00). Then
2 1
Tx—Ty|| < 2 + =z - y]l.
T2~y < 2 4 S~

Clearly ||Tx — Ty < |l — y|| for = € [0,1], y € [2,00).
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Nezxt, to prove that T satisfies (3.1), for this, let z € [0,1] and y € [2,00). Then

|z =Tyl +lly =Tzl _ [Bx=3-yll+[By—x -1
|z =Tl +[ly - Tyll+1  [[22 =1+ |12y = 3|[ + 3
> 1.

Now choose xg = i and k = 3, we have

[0 — Tol| + || 7o — Tx0| b 2
||.130—T$0||—|—HT$0—T2$0||+1 33
< 1.

Since all the hypothesis of the Theorem 3.3 are satisfied, hence T' has at-least one fixed point in X.
Example 3.2 Let X =R be a Hilbert space and T : X — X defined by
Tx =x.
Clearly T is nonexpansive mapping. Also for x,y € X, with © # y,
1Tz = Tyl| = ||z —yl|

< (Bllz — il + 3 ) lle = il + 1o~ ol

< T —y 3 ) lle—y 3llz =yl
And

||zo — Taol| + || Two — T?axol|
l|zo — Txo|| + ||Txo — T?w0|| + 1

+ k<1

Hence all the hypothesis of the Theorem 3./ are satisfied for k = %, and L = %, therefore T has at-least

one fixed point in X.

4. Fixed point results for G— nonexpansive mappings

In this section, the convergence of (1.1) is proved for G— nonexpansive mapping by replacing binary

relation with a directed graph.

Lemma 4.1 Let X be a Hilbert space and G = (V(G), E(G)) be a directed transitive graph such that
V(G) = X and E(G) contains all the loops. Let T : V(G) = V(G) be a G— nonexpansive mapping. Fiz
xo € V(G) such that (xo,Txo) € E(G). Let {x} be a sequence in V(G) defined by (1.1). Then we have

the following:
(a) (T*zg, TF+120) € E(G) for any k > 1.
(b) (zk,7541) € E(G) for any k > 0.
(c) (z,Tay) € E(G) for any k > 1.

(

(d) (xx+1,Txr) € E(G) for any k > 0.

Proof:

(a) By assumption (zg,Txo) € E(G) and T is an edge-preserving mapping, hence (Txo, T%xo) € E(G).
)

Again by edge-preserving of T, (T?x¢, T3z¢) € E(G). Continuing this process, (T*xq, T*+'xq
E(G) for any k > 1.

)
€
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(b) By assumption (xg,Tzg) € E(G), i.e., (zo,20) € E(G) and T is an edge-preserving mapping, so
(T'zo,Tz) € E(GQ), i.e. (20,90) € E(G ) Again using edge-preserving of T, (T'z9, T'y0) € E(G), i.e
(yo,z1) € E(G). Since (zo,y0) € E(G), (y0,21) € E(G), by transitivity of E(G), (zo,z1) € E(G).
By using edge-preserving of T, (Txg,Tx1) € E(QG), ie., (20,21) € E(G), (Tz,Tz1) € E(Q),
(yo,y1) € E(G), (Tyo,Ty1) € E(G), (z1,72) € E(G). Continuing this process, (zx, Tx1+1) € F(G)
for any k£ > 0.

(¢) To show that (zx,Tzy) € E(G) for any k > 1, proceeds by value of k. By assumption (zg,Tzg) €
E(G), hence result is true for k¥ = 0. Now suppose that (zx,Tzr) € E(G) for & > 1. Since
(g, zk+1) € E(G) by (b), (zx,Tzr) € E(G), (xkt1,Txr) € E(G) as G is transitive. Since
(g, 2k+1) € E(G), (Txk, Txri1) € E(G) due to edge-preserving of T'. Again, (41, Txr) € E(G),
and (Txg, Txry1) € E(G), which gives that (vgy1, Tor41) € E(G).

(d) By part (¢), (xg41,Txr) € E(G) for any k > 0.

d

Lemma 4.2 Let X be a Hilbert space and G = (V(G), E(G)) be a directed transitive graph such that
V(G) = X and E(G) contains all the loops. Let T : V(G) — V(G) be a G— nonexpansive mapping. Fiz
xo € V(G) such that (xo,Txo) € E(G). Let {x} be a sequence in V(G) defined by (1.1). Let F(T) # ()
with r € F(T) such that (xq,r),(r,z0) € E(G), then we have following:

(a) (xg,7) and (r,x) are in E(G) for k > 1.
(b) limg_, o0 ||xx — 7|| exists.

(¢) limy_,o0 || Tz, — 2%]| = 0.

Proof:

(a) Proceeds on the value of k. Since T is an edge-preserving and (xg,7) € E(G), (Txo,7) € E(GQ),
ie., (20,7) € E(G). Again by edge-preserving of T, (T'zp,7) € E(G), i.e., (yo,7) € E(G). Now
(Tyo,r) € E(G), (z1,r) € E(G). Continuing this process, (z,r) € E(G). Using similar argument,
one can prove that (r,zx) € E(G) for k > 1.

(b) Let r € F(T). By (a), (zx,r) € E(G) for k > 1. Note that
ks = rll = [Ty = Tl
< |z = rl.

It follows that {zj} is Fejer monotone with respect to r € F(T). Hence by Proposition 2.1,
limg o0 ||k — 7|| exists.

(¢) As limg_,o0 ||zk — 7| exists, so suppose that limg_,o ||z — 7|| = w.
If w = 0, then by using nonexpansiveness of T,

Ty, = wpl] < [Tk =7l + [[r — 24|
<Az =7l + [lr = 2xll.

Therefore, the result follows.

Suppose that w > 0. As limg_, ||z — || = w, it follows that limsup,_, ||zr — r|| < w. Also
|| Tz, — r|| < ||xgx — r||, this implies that limsup,_, . ||[Tzx — 7|| < w. Now for any sequence {ay}
in [6,1—4], for § € (0,1),

limsup ||ag(zr — 1) + (1 — ag)(Tzr — r)|| < ag limsup ||z — 7|
k—o00 k—o00

+ (1 — ag)limsup ||zg — 7|].
k—oo
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Which gives
limsup ||oe (z — 7) + (1 — ap) (T, — 7)|] < w.

k— o0

Hence, by Lemma 2.1, limy oo ||(zx — r) — (T, — 7)|| = 0. Therefore limy_, oo ||2x — Tzx|| = 0.

d

Theorem 4.1 Let X be a Hilbert space and G = (V(G), E(G)) be a directed transitive graph such that
V(G) = X and E(G) contains all the loops. Let {x1} be a sequence in V(G) defined by (1.1) and
T :V(G) —» V(G) be a G— nonexpansive mapping such that it satisfies (3.1) for all (x,y) € E(Q),
k €0,1). Suppose that

(i) If {z1} is a sequence in V(G) such that x, — x as k — oo, and (vk,xky1) € E(G) for all k > 0,
then there is a subsequence {xy, } with (xy,,x) € E(G) for all k > 0.

(i) If there exists xo € V(G) such that (xo,Txo) € E(G) and (3.2) satisfied, then
(a) T has at-least one fixed point p € V(QG).

(b) sequence {xy} defined by (1.1) with initial point xo € V(G) converges to a fized point of T.

Proof: For zg € V(Q), (zo,Txo) € E(G). Let {x}} be a sequence in V(G) defined by (1.1). If z;,_1 = =z,
for some k € N, then the fixed point of T" exists. Suppose that z;_; # xj for all £ € N. Now by using
Lemma 4.2 and (3.1),

lzks1 — @nll = [[Toe — Txp—1]|
< ( ok — Tar—a|| + [|ze—1 — Tax||
T ek = Tapl] + [[op—1 — Top—|| + 1
( |2k — 2| + |lop—1 — 2y ]
ke = Tag|[ + |log—1 — Tap—a|| +1
— 0 as k — oo.

+k> llzk — zp—1]|

+ k) ||Txk_1 — .Tk_1||

It conclude that {z)} is a Cauchy sequence in V(G) = X. Hence there exists p € X such that z; — p as
k — oo. So by assumption (i), there is a subsequence {xy, } with (2, ,p) € E(G) for all k > 0. To prove
that p = T'p.

|2k, = Tpll = [Tk, — Tl

zE, —Ip|| +|lp—Tx
(Tl ot Yy,
lzk, — Tap, ||+ |lp = Tpl| +1
—0as k — oo.
By uniqueness of limit, p = T'p. Thus (a) and (b) holds. O

Theorem 4.2 Let X be a Hilbert space and G = (V(G), E(G)) be a directed transitive graph such that
V(G) = X and E(G) contains all the loops. Let {x} be a sequence in V(G) defined by (1.1) and
T :V(G) —» V(G) be a G— nonexpansive mapping such that it satisfies (3.3) for all (x,y) € E(QG),
k €[0,1). Suppose that

(i) If {z1} is a sequence in V(G) such that x, — x as k — oo, and (vk,xky1) € E(G) for all k > 0,
then there is a subsequence {xy, } with (xy,,z) € E(G) for all k > 0.

(i1) If there exists xo € V(G) such that (zo,Txo) € E(G) and (3.2) is satisfied, then

(a) T has at-least one fized point p € V(QG).
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(b) sequence {xy} defined by (1.1) with initial point xo € V(G) converges to a fized point of T.

Proof: Note that for zp_; = zj for some k € N, the result is true. For x;_1 # xy for all k € N,

l[2rtr — anl| = [[Toe — Tap—]|
<< lze — Tap—1]| + [|zp—1 — Tkl|
~ \llze = Tawl| + [|wp—1 — Top—a|| +1
_ <|ka1 — Tapa|| + |Jop—1 — rga |
ok = Tkl + [|ox—1 — Top_a|| + 1
—0as k — oo.

+k) ik — 2| + Lk — T

+/€) ||{Ek —(Ek71|| +L||I£k —T:Ek,1H

It conclude that {z)} is a Cauchy sequence in V(G) = X. Hence there exists p € X such that z; — p as
— 00. So by assumption, there is a subsequence {zy, } with (z,,p) € E(G) for all k > 0. Now

|2k, 1 = Tpll = [Tk, = Tp|

<< |z, — Tpll + llp — Tz, ||
“ \llzg, — Ty, ||+ |lp— Tp|[ + 1
—0as k — oo.

+k) lew, ol + Lllp — T, |

By uniqueness of limit, p = T'p. Thus (a) and (b) holds. O

Theorem 4.3 Let X be a Hilbert space and G = (V(G), E(G)) be a directed transitive graph such that
V(G) = X and E(G) contains all the loops. Let {xi} be a sequence in V(G) defined by (1.1) and
T :V(G) = V(G) be a G— nonexpansive mapping such that it satisfies (3.1). Let Xp = {x), € X :
(xi, Txy) € E(G)} for all k > 0. Then the following statements hold:

(a) For anyxy, € Xt fork >0, Tiy, 1, has a fized point, where Ti,, 1, = {y € X : there is path between
x, and y}.

(b) If ), € X with (vg,2) € E(G), where z € F(T), then {T*xy} converges to z for k > 1.
(c) If G is weakly connected, then T has a fized point in G.

(d) If F(T) C E(G), then T has a fized point.

(e) F(T)# 0 iof and only if X1 # 0.

Proof:

(a) Let x € X for k > 0. From Lemma 4.1, (zg, Tzi) € E(G) for kK > 0. Now for z; € Xr there is
zi € F(T) such that 2z = Txg. From Theorem 4.1, {z;} is a Cauchy sequence in X, hence there
exists z € X such that z; — z. Now

2k — 2|| = ||T2k — xk|| + [|zK — 2]
— 0as k — oo.

This implies that zx — z. Since from Lemma 4.2, (zy,2) € E(Q) for all k > 0, (zg, z1, ..., Tk, 2) 8
a path in G, s0 z € T}

zila:

(b) By part (a), Txy — z € F(T). Since T is G— nonexpansive, it is G— continuous, therefore
T(Txy) — Tz = T?x), — 2. Continuing this process, {T*z;} converges to z € F(T) for k > 1.

(¢) Since from Lemma 4.1, (zx,Tzr) € E(G) for k > 1, with assumption that (zg,Tz¢) € E(G),
therefore Xr # (). Also G is weakly connected, [zx]g = X. By part (a), T has a fixed point in G.
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(d) Let F(T) C E(G). This implies that for any z € F(T'), we have (zy,2) € E(G) (see Lemma 4.2),
so Xp = X, so by (c), T has a fixed point.

(e) Let X7 # 0. Let x; € X with (xy, Txy) € E(G). From Lemma 4.1, (zy, z5+1) € F(G) and from
Lemma 2.1, zy — z for z € F(T) = F(T) # 0. Conversely, suppose that F(T) # (). Let z € F(T),
them by Lemma 4.2, (z, 2) € E(G) = X1 # 0.

d

Example 4.1 Let X = R be a Hilbert space. Let G = (V(G), E(GQ)) be a graph in X such that V(G) = X
and for x,y € V(G), (x,y) € E(GQ) such that ||z —y|| < 1. Let T : X — X is mapping defined by
e )25 w0,

1+ 3, v €[2,00).

Clearly T is edge-preserving and nonerpansive mapping, i.e., it is G— nonexpansive mapping. Next
to prove that T satisfies (3.1), for this, let x € [0,1) and y € (1,00). Then

|z =Tyl +ly =Tl _ [I2z—-2—yll+|[2y -1 — =]
|z = Tz|[ +[ly — Ty|| + 1 |z — 1] +|ly — 1| + 1
> 1.
Clearly
|l — Tyl + |ly — T||
ITx—TyHS( +k)|lz—yll
o = Tz|[+[ly — Tyl +1
Now choosemoziandk:%,
-T Txy — T2
|lzo — Taol| + [[Txo zoll oy

[|zo — Txol| + ||Txo — T?x0|| + 1
Since all the conditions of the Theorem 4.1 are satisfied, hence T has at-least one fixed point in X .
Example 4.2 Let X =R be a Hilbert space and T : X — X defined by
Tr =z.

Let G = (V(G), E(G)) be a graph such that V(G) = X and for z,y € V(Q), (z,y) € E(G) such that
[lz —y|| < 1. Clearly T is G— nonexpansive mapping. Also for x,y € X, with x # y,

T = Tyl| = o |
1 1
< (2 =yl +3 ) e —yll+ 5llz — o1l

And
||lwo — Two|| + ||Txo — T2y

+ k<1
l[zo — Txo|| + ||Txo — T?w0|| + 1

Hence all the hypothesis of the Theorem /.2 are satisfied for k = % and L = %, therefore T has at-least
one fixed point in X.

Now, with the help of following example, the fastness of iteration scheme (1.1) with some well-known
iteration schemes are shown here:

Example 4.3 Let X = R with norm ||z —y|| = |z —y|. Define T : X — X by
T =
z= =,

for any x € X.

Clearly T is nonexpansive mapping and 0 is a fized point of T'.
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5. Tables and Figures

Table 1: Strong convergence of (1.1), Picard, Mann [19], Ishikawa [12], Noor [20] for the mapping F in

Example 4.3.
Iteration | New Picard Picard Mann Ishikawa Noor
0 0.50000000 | 0.50000000 | 0.50000000 0.50000000 0.50000000
1 0.00145773 | 0.07142857 | -0.35714286 | -0.60204082 | -0.54956268
2 0.00000425 | 0.01020408 | 0.10204082 0.33788005 0.29040302
3 0.00000001 | 0.00145773 | -0.01457726 | -0.12182070 | -0.10094021
4 0.00000000 | 0.00020825 | 0.00104123 0.03200901 0.02610872
5 0.00000000 | 0.00002975 | -0.00002975 | -0.00655858 | -0.00537154
6 0.00000000 | 0.00000425 | 0.00000000 0.00109310 0.00091657
7 0.00000000 | 0.00000061 | -0.00000000 | -0.00015251 | -0.00013349
8 0.00000000 | 0.00000009 | 0.00000000 0.00001819 | 0.000001695
9 0.00000000 | 0.00000001 | 0.00000000 | -0.00000188 | -0.00000191
10 0.00000000 | 0.00000000 | 0.00000000 0.00000017 0.00000019
11 0.00000000 | 0.00000000 | 0.00000000 | -0.00000001 | -0.00000002
12 0.00000000 | 0.00000000 | 0.00000000 0.00000000 0.00000000
1.
0.4 T
— New Picard (1)
i\ Noor (2)
02t i\ Ishikawa (3)
Iy Mann (4)
I;' F‘.‘\\' Picard (5)
0 7';‘ S P N
F# “._
5 /
2 -02 ,’
§ ’J.;"
-04 -;‘
06 [
-0.8 ! L L !
0 2 4 6 8 10 12

Figure 1: Behaviors of (1.1) (cyan), Picard iteration (green), Mann iteration (magenta), Ishikawa iteration

Iteration number

(yellow), Noor iteration (carrot orange)
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Table 2: Strong convergence of (1.1), S— iteration [1], Picard Hybrid (PH) iteration [14], CR iteration

[8], Thakur iteration [28] for the mapping F' in Example 4.3.

Iteration | New Picard CR Picard Hybrid(PH) | S— iteration Thakur
0 0.50000000 | 0.50000000 0.50000000 0.50000000 0.50000000
1 0.00145773 | 0.12390671 -0.5102041 -0.01020408 | -0.02478134
2 0.00000425 | 0.00469617 0.00208247 -0.00020825 | 0.00046962
3 0.00000001 | 0.00005020 -0.00004250 -0.12182070 | -0.00000502
4 0.00000000 | 0.00000017 0.00000043 -0.00000708 | 0.00000003
5 0.00000000 | 0.00000000 0.00000000 -0.00000029 | 0.00000000
6 0.00000000 | 0.00000000 0.00000000 -0.00000001 | 0.00000000
7 0.00000000 | 0.00000000 0.00000000 0.00000000 | 0.00000000
8 0.00000000 | 0.00000000 0.00000000 0.00000000 | 0.000001695
9 0.00000000 | 0.00000000 0.00000000 0.00000000 | 0.00000000
10 0.00000000 | 0.00000000 0.00000000 0.00000000 | 0.00000000
11 0.00000000 | 0.00000000 0.00000000 0.00000000 0.00000000
12 0.00000000 | 0.00000000 0.00000000 0.00000000 | 0.00000000
0.14
New Picard (1)
012 CR)
\ PH (3)
0.1 S(4)
| Thakur (5)
0.08| |
& 006 F |
; 0.04} "';‘
§ 0.02 ‘l"‘l‘
0 :. —7_‘7 ——
-0.02 |
-0.04 |
-0.06 : : : . :
2 4 6 8 10 12

Iteration number

Figure 2: Behaviors of (1.1) (cyan), C R— iteration (carrot orange), Picard Hybrid iteration (PH) (yellow),
S— iteration (magenta), Thakur iteration (green)
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6. Application of fixed point theory in solving system of equations

Let X = R™ with the norm ||.|| such that for z,y € X,
||z — yl| = max|z; —y;l. (6.1)

Let T : X — X defined by
Tr=Cx+0b, (6.2)

where C' = [¢;x] be a n x n matrix, b is the fixed vector of X. Equation (6.2) can be written in component
form as

Tx; = chkwjk + Bj, (63)
k=1

b= (5;), j =1,2,...,n. Finding solution of system of equation (6.3) is equivalent to finding fixed points
of T.

Theorem 6.1 Let X = R™ with the norm ||.|| such that for z,y € X,
||z = yl| = max |a; — y;] (6.4)

and T : X — X defined by (6.2) with the assumption that |C| < 1. Let {x} be a sequence in X defined
by (1.1) with initial point xg € X. Then T has a fized point, which is solution of the system of equation

Proof: Since

[Tz — Tyl|| = |Cl||z — yl|
<|lz -yl

This implies that T is nonexpansive mapping. Now

|z =Tyl +ly =Tz _ [1—clllz+yl[+2b
[ = Tx|[+|ly —Tyl|+1 [1—clllz+y|[+2b+1
2||lz +y|| +2b
“2llz+yl[+20+ 1
And
||z — Ty|| + [ly — Tx|| ) (( 2|z + yl| + 2b ) )
+ k) ||z — < + k) |z —=vyll
<||x—Tx||+|y—Ty|+1 le=vll =\ gy vap 1) TF) =l
Clearly
[Tz — Tyl < ||z —yl|
2||x+y|+2b) >
< + k| |lxz—
(<2||:c+y||+2b+1 lle =yl
z—Ty||+||ly —Tx
:( I |+l I +k>||$_y|.
|z — Tzl + ||y — Ty|| + 1
Also

[lz0 — Taoll + [Two — T2wol|  _ _ 4[|zol| +2b
||(E0—T$0||+‘|T£L'0—T2$0||+1 _4||$0||+2b+1
< 1.

llzo =T zol|+|| Tzo =T ol| .
Teo—Tao][+1[Tao—T 20 [+1 T k < 1. Hence from Theorem 3.3, T

has existence of fixed point and the sequence {z}} generated by (1.1) converges to this fixed point and
this fixed point will be solution of the Problem (6.3). O

For zg = % and for any b € X. Therefore
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7. Conclusion

Here some convergence results are obtained for a three-step Picard iteration scheme for nonexpansive

mapping in Hilbert spaces endowed with a binary relation under some suitable conditions. After that
the strong convergence of the same iteration scheme for G— nonexpansive mapping is proved here. To
justify main results, some examples and an application of fixed point theory is discussed here.
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