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An Analytical Innovation of Hilbert via j-Approach Structure

Boushra Y. Hussein™ and Ayad J. M. Al-shebly

ABSTRACT: This paper presents novel results within the framework of the multicharacter approach to Hilbert
algebras, focusing on a refined analysis of multipliers and their algebraic behavior. The investigation system-
atically explores the interplay between fixed sets and their structural roles in shaping the internal dynamics
of Hilbert algebras. Emphasis is placed on establishing rigorous connections through formal theorems and
illustrative examples that clarify the utility and implications of the multicharacter perspective. By extending
classical insights, the study provides a broader and more nuanced understanding of how multipliers operate
within and influence the overall architecture of Hilbert algebras.
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1. Introduction

There exist numerous generalizations of the concept of amortizable spaces, as well as of metric spaces.
Traditionally, the fundamental notions of topology, uniform structures, and metrics have been treated as
distinct frameworks. In 1989, Lowen [21] investigated the concept of distance between sets and points
within metric spaces, explored approach spaces, and examined the associated closure operator. "This
theory addressed natural questions arising from the interaction between metric spaces and topological
spaces by introducing a uniquely appropriate super category encompassing both MET and TOP found this
relation by Lowen [22]. The inception of approach space, and more generally, the evolution of approach
theory in its entirely stems from a simple yet profound observation: we can define a canonical metric for
finite products of amortizable (topological or uniform) spaces, construct metrics for countable products,
but no general metric exists for uncountable products. These seemingly straightforward facts underpin
a significant body of mathematical development. The fundamental distinction between approach spaces
and metric spaces lies in the fact that, in approach spaces, all point-to-set distances are specified, similarly
to how point-to-point distances are defined in metric spaces. An approach space is called topological if
generated by a topological space, it is labeled as topological if a metric space gives rise to it, it is called
metric. Considering normed approach vector spaces, we define Banach approach structures and proceed to
explore their properties within the framework of approach theory. "Kreeam and Hussein [19] introduced
a new structure of random approach normed spaces via Banach spaces. Abed and Hussein [5] studied
a new class of vectors using the s-proximity structure. Hussein and Washaych [8,11] established new
results on Q-boundedness defined in the algebra of symmetric A-Banach spaces and constructed a state
space of measurable functions in symmetric E-Banach algebras. Hussein and Abd [2] introduced normed
approach spaces via the S-approach structure. In another work, Hussein [9] identified an equivalent
locally martingale measure for the deflator process on ordered Banach algebras. Kadhim and Hussein [13]
investigated the relationship between topology and normed spaces. Similarly, Jameson [12] studied the
relation between topology and normed spaces. Wang [30] studied multipliers in case the Banach Algebra
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is commutative Fleming [7] introduced result of Hermition operator on set of all continuous operator
on Banach algebra Kamowitz [15] introduced certain properties in algebra, While [17,16] investigated
operator algebras by Kaplansky. Neamah and Hussein [28,27] introduced a new structure called a*-
normed approach space and proved that such a space is complete whenever it lacks an identity. Abbas
and Hussein [1,3,10,4] explored the structure of Banach approach spaces. In the realm of approach
spaces, Baekeland and Lowen [6] studied measures of separability and the Lindel6f property. Lowen [22]
introduced approach spaces within the topological-uniform—metric triad. Li and Zhang [20] examined
sober metric approach spaces. Other authors, in collaboration with Lowen such as Sion [23], Verbeeck
[24,25], and Verwulgen [26] explored various properties of approach spaces. In our work, we introduced
the foundational concept of an approach Hilbert space, and examined the relationship between Hilbert
spaces and Hilbert algebras through the completion of approach Hilbert spaces. This allowed us to
extend the normed space, imposing an additional condition on the norm structure namely, that the
distance generated by the norm function is defined between subsets of the power set and points in the
approach space. Furthermore, we introduced the notions of approach Cauchy sequences and approach
convergent sequences, established their properties in the context of Hilbert spaces, and derived several
significant results.

2. Approach Space

Definition 2.1 (Linear Algebra)[1]] Let T be linear space over the field & = C or R.T is called linear
algebra, if satisfy the conditions:

1. T is non-empty set.

2. An operations of multiplicative define in T satisfies the conditions for all a,b and c € T and o € &.
3. a(ab) = (xa)b = alabd).

4. (ab) ¢ = a(be).

5. (a+b)c=(ac+bc) and a(b+c) = ab+ ac.

Definition 2.2 (Symmetric Algebra)[18] A set Z is called a Symmetric algebra if it is satisfy the fol-
lowing conditions

1. Z 1is algebra.

2. An operation is defined in L which each element a € Z the element a* € Z satisfies the following
conditions :

3. (aa + Bb)* = aa* + pb* for alla, b€ Z,a, € &.
4. a** =a.
5. (ab)" = b*a*.

a — a* we shall name this operation involution on an algebra Z if satisfying (i), (ii), (#ii) and the
element a* called the adjoin ofa.

Definition 2.3 (Normed Algebra) [29] Let Z is linear algebra, Z is called normed algebra if satisfy the
conditions:

1. Z s a normed space.
2. Z is an algebra.
3. For each a,b € Z, ||ab|| < ||a||||b]|.

4. If Z algebra with identity, |le|| = 1.
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The pair (Z,]].]]) is called normed algebra and Z is called Banach algebra if it is a complete normed
algebra.

Definition 2.4 (Approach space) Let Z be a non-empty set. A function §: Z x 2% — [—o0, 00| is called
distance on Z if it satisfies the following properties:

1. Foralla e Z: 6(a,a) =0.

2. Forallae Z: §(a, ) = oo.

3. forallae Z:andae€ Tdla, T) >0.

4. foralla € Z : for each T, L € 2%:6(a, TNL)=max(d(a, T),d(a, L)).

5. for alla € Z : for each T € 2%, for each ¢ € [0, o] : & (a, T) < d (a, T°) +¢&. For any € € [0, ].

T :={a € Z|d(a, T) < e}. Apair(Z, §) whered is a distance is called an approach space and denoted
by Ap-spaces. Instead of (5) for all a belong Z and T, L € 2*.(5')é(a, T) < §(a, L)+sup,, € Li(u, T)(5')
is equivalent to (5).

Definition 2.5 (Normed approach space) Let Z be app-vector space. A triple (Z, ||.|[,0).) said to be
normed approach space if satisfy the following :

1. Jla]| = 0 if and only if a = 0.

2. ||a.a|| =] a| .||a| for each a € E,a € Z.
3. la+ bl < llall + ||b]| for each a,b € Z.

4. |la]l > 0,for for each a € Z.

5. 0. (a, T) = sup,ezinf.erlla —z|.

Definition 2.6 (Contraction) Let (Z,6) and (Z',8") are app-spaces. A function f: Z — Z' is called
contraction if for all a € Z, for all T € 2*,8'(f((a), f(T)) < é(a, T).

3. Approach Hilbert Algebra

Definition 3.1 (Approach Inner Product) Let Z be approach vector space approach inner product on
Ap-vector space is a function (-,-) : L X L — & satisfy the following. for each a,b € Z and o € &.

1. {a,a)s > 0.

2. {a,a)s = 0 if and only if a = 0.

3. <a,b>6 = (b,a);

4. (aa,b)s = a(a,b)s

5. 1{a,3(T))s |= 6 (a, T). Where 4:2% — Z is choices function.

the pair (Z, (-,-)) is called Ap-inner product. Which denoted by Aplp

Definition 3.2 (Aproach Hilbert algebra)
1. Z is symmetric approach a normed algebra.
2. Z a Hilbert space.
3. The norm in Z matches the norm in the Hilbert space.

4. (ab,c)s = (b,a*c)s for each a,b and c belong Z.
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5. aa* #0 for each a # 0.

Definition 3.3 (Multi-character) T be approach Hilbert algebra for all a,b € T and o € & and ¢ be a
function from T to T is called multicharacter if satisfy:

1. ¢

S & e b
S

p 18 contraction.

Proposition 3.4 Let be approach Hilbert algebra and §(H) be a set of all bounded operator on H. Then
B(H) is approach Hilbert algebra.

Proof: Let 4, p and K belong to (H) and 3 and « belong to & for all T and S belong to 2#(H) and
for all  and s belong to H such that (34 p) (z) = 4(¢) + p(¢) for all v € T and for all a € & then
(ad) () = a(d(v)) and (d.p) (r) = 4(z) . (¥) to prove (B(H),J,*,©®) is approach vector.

First
We must prove ff(H) is approach space such that

L 6 (4 {4}) = inf g d (4, ) = 0.
IL 6(3,T) = infperd (4, ) = |4 — p| > 0.
ML If T=0 then 6 (4, T) = 6 (4,0) = oo
IV. §(4, TN L) = inf ez d (4, p) = max {inf e d (3, p),inf,er d (4, p)} = max{d (3, T),d(3,L)}.
V.64 D<A, D +e=6(4,T)+e.

Second
To prove f(H) is symmetric 4 : 8(H) x #(H) — & such that 4* = 4(z) and (4, p) = 4(¢) p (z) for all
4 and p belong to f(H)

A. To prove §(H) is symmetric then

I. B(H) is non-empty set.

II. An operation of multiplicative define in f§(H) satisfies the condition for all 4, p and K belong to
B(H) and « belong to

Loa(3dp) () =a(dp)(x) = (@3 (2)p () = () )p (x) = 3(z) ap (r) = 3(2) (ap ().
(

L (39) () K (2) = 4(2) .0 (2) K () = 3(2) - (p-K) ().
(i+@)( ) K () = () +9() K@) =) K@)+ @) K@) =K () A(@) + K ().
P &) =K (). (3+9) (2).

B. An operation is defined in f§(H) which each element 4 belong to §(H) the element * belong to f§(H)
satisfies the following condition:
L ((ad+Bp) ()" = (ad+8p) () = (ad () + Bp (1)) = ad () + Bp (r) =ad" (z) + Bp* (v).
IL 4% () = 3" (1) = () = 4(v).
L (4p)" (1) = (1) .0 (x)) = 3(t) .0 (¢)

p* (). 4" (2).
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Third
To prove (S (H),d, ) is approach vector space

I. (#(H),s) is an approach.
II. (8(H),s) is a grope it is clear.

ML «: B(H) x B(H) —» $(H) : (d,p) >4+ 9

Forth
To prove (S (H),d,x*) is approach vector

I. (B(H),,*) is an approach.
IT. B4 (x) belong to §(H).
IL B(d+p) () =B(H() + () =B4(x) + Bp (v).
IV. (B+p)@)B=E0@)+p()B=3()B+p()s
V. (08)4(x) = ©44(x) = ©(84(x)) = ©(83) ().
VI 1.4(x) = 4 ().
Fifth
To prove (S (H),d,*) is normed approach, we define || - ||:8(H) — R,by ||d|| = sup,cg |3 ()| then
L (B(H),0) is approach space.
IL |4 =0—||3|| = supgepm|d(a)] =0 = |4(a)] =0 — d(a) = 0.
IIL J|od]| = supye g |ad ()] = [a] sup,e g |4 ()] = |a] 4 for all o € & and 4 € f(H).
IV. |4+ pll = supgep |4 (a) + ¢ (a)| < supuep [ (a)] +sup,eq o (@) = 3]+ @]
V. 8y (3, T) = sup g infoe ] 4 (2) — p () |I.
Loy (4,7 = 0 then  supicpp infoer[4(x) — @) - 0 then
SUP sc g 0fpe 5UPgcr |4 (a) — o ()] = O then 4 (a) — o (a) = 0 then 1 (a) = p (a).
2. 0y (4, T) = supucpem infoe (4 (a) — p (a) | = sup.cpm infoesupe |4 (a) — g (a)| = 0.
3. If T= 10 then & (3, T) = oo.
4.6y (4,Tn) = SUP jep(H) infpernr [[4(a) —p(a) | = Sup 4ep(H) infoetnr Supae g |4 (a) — p (a)| =
max {supjeﬂ( 1 inf e sup,e g 13(a) — 0 (a)] , Supe g infper sup,ex |4 (a) — p (a)|}
= max {5 (4, T), 8. (4,9}
5. 01y (3, T) <oy (3, D) +e =6 (3, T) +e
Sixth

To prove f8(H) is approach inner product such that (-,-) : §(H) x S(H) — B(H) such that (4, p) =
4(2) p (). Then 4,p and h € B(H) and o, 8 € Q.
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Seventh
To prove (]?(H) - H"SH'II) is a normed approach space and || - || : S(H) — R, ||| = SUpP je () [4].

i. (B(H),d).) is Ap-space.
i |4 =0—= |4l =sup,ep|d =0— |4 =0— 4=0.

—e

i. ||lad|| = sup,ep|ad| = |a|sup,c¢|d| = |a| ||d]| for each « belon to & and 4 € §(H).

=

i

i

<

-3+ el =supy ER(H) |4+ < Sup 4ep(m) |4 + sup eER(H) lol = (14| + [l

v. o (4, L) = SUp yep( ) infrer |4 —¢]|| for all L € 28U then

a. 1fo). (4,L) = 0 then sup cp g infrer [ — || = 0 then || —¢|| = 0 then 4 —v = 0 then 4 =1«
but v € L then 4 € L.

b. &) (4, L) = sup e infrer [[4 —¢f| > 0.

C. 5”,” (_‘I,@) = 0.

d. 6. (4, TN L) = sup,epm) infretnr W = supepa) infretnr supsepa [ — | = max{supjeﬁ(H)
infeer, supyepm |9 — ¢|, Sup ye gy infee vsup s |4 — 7| }.

€. 5”” (_‘l, T) = supjeﬂ(H) infze’[‘W S supjeﬁ(H) inf,erpsupjeﬂ(g) |j — Z‘ + € =
SUD ye gy infre 7= SUP sy [ — 2| +e =0 (3, T°).
Eighth

To prove 43* # 0 then 44* = 43 = (Rel (4))*4+(Img (3))* # 0if 4 # 0 then Rel (4) # 0 or Img (4) # 0
then (Rel (4))° + (Img (4))> # 0 then 44* # 0.

Ninth
To prove (Fg,K) = (4, 0" K) = (p, KF*)
(Fg, %) =4(x) p () K (2) (3.1)
(Fg, %) = 3() p () K (2) = 3(x) (1) K () (3.2)
(0, KF") = p (1) K (2) 4(x) = p (1) K () (x) = 3(2) o (x) K (z) (3.3)
O

Proposition 3.5 Let T be an approach Hilbert algebra. Then set of all multicharacter MC (T) on T is
approach Hilbert algebra.

Proof:
First

Let 4, p and K belong to MC (T) and S and a belong to & for all + and y belong to T such that
(d4+9) (x) = d(x)+p(z) for all « € T and for all @ € & then (ad) () = a(4(x)) and (d.p) (r) = (v) .0 (¥)
to prove (MC (T),0,*,®) is approach vector.

A. To prove MC (T) is approach space §: MC (T) x 2MC(1) 5 [—o0, 00] such that

§(4,4) =< oo if T=0.
0 if A0, e T.

1. We prove 6. (a, T) > 0.
I. If T'is non-empty 4 ¢ T then d. (3, T) = 0.
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II. If Tis empty then d. (4, T) = oo > 0.
III. If A is non-empty 4 € A then d. (4, T) = sup,c 4 || > 0.
2. If 6. (4, T) =0 then 4 € T.
3. If T=0then 4¢ Tand 6. (4, T) =00 > 0.
4. For each TNb e 2ME(D) then § (4, TN ).
L IETNb # 0,6 (3, TNb) = sup g gy |4 = sup {supj¢ ¢ 4], sup 4¢,, [} = sup {0 (4, T), 3 (3,0)}.
Il TN =05 (4, TNb) = 0o = {00, 00} = {supjgﬂ_ﬂ,supj%b [d]} = sup {supj¢T|j|,supj¢b |4}
=sup{d (4, T),0(4,b)}.
5. For each 4 € MC (7T) : and foreach A € 2MC(D §(4,T) < §(4,T) +e < 6(4, T°) + . Then
(MC (T),6) is an approach.

B. ©4(z) belong to MC (T).

C.p(E+p) () =) +p() =p3()+Bp(2).
D. (A+9)(@)B=EE) +p ()8 =40+ ()0
E. (©8)4(x) =0 (4()) .

F. 1.4(x) = 4(2).

Second

To prove MC (T) is symmetric algebra
1. To prove MC (T) algebra

i. I: T— Tsuchthat I(z) =« forallv € T. To prove I € MC (T)

Iaz) = (az) = (az) = ol (z).
I(z*):z*:(f) (I

- e o T

t(MC’(T),(S),(MC’(T)/,é') are approach spaces I : MC(T) — MC (T)" such that
I(d)=4dforeach 4e MC(T)
L If T+# 0 then I(T) # 0 then ¢’ (I (3),I(T)) = max |l (d)] = 3 <maxg¢|d|=46(4,T).
IL. If T= 0 then I(T) = then ¢’ (I (4),I(T)) = Max|I (3)] = 0o < 0o = maxg¢|d] =
5(4, 7).
L if T#0,4€ Tthen & (I(J),1(T)) =3< 3=05(, T). Then MC (T) # 0.
IV. Any operation of multiplicative is define in MC' (T)

Third
For each 4 and p belong to MC (T) to prove d.p belong to MC (T)

dp) (Br) = 4(Br) .9 (Br) = BA(x) Lo (x) = B(3(2) Bp () = B(BI(2) .9 (x)) = B(d-p) (B).

40) (") =) 0 (") = ([HE)" (0 (1) = (Hp) ()"

tty) =A@ +y) ety = 3@+ 3@ +el)+el) =30 +ek) +3@) +ely) =
) () + (3+9) (y)-

4p) (yz) = 3(y2) o (yr) = y3 () w9 (1) =y (3(x) w9 (2)) =y (YF () .0 () = y(I.9) (yz) -
e)=1=11=4(e).p(e).
V. Let (MC(T),5),(MC(T),d') are two approach spaces P : MC (T) — MC (T)’

I
I1.

ITI.
Iv.
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L. If T # 0 then P(T) # 0 then §' (P (4.0), P(T)) =sup [P (d.p)| =0 <sup, ¢ |d.p| =6 (d.p, T).
2. If T=0 then P (f.p)(7T) =0 then &' (P (d.p),P(T)) =sup|P (3.0)| = 00 < 00 =sup, o¢7|3.¢|
=6(dp, T).
3. if T#0,dp € Tthen ' (P(dp),P(T)=0<0=0((d.p), D).
A BB () =B(3()p() =(B3() p() =) B ().
B. (49) () (1) = (3() -9 (0)) K (1) = 1) 9 () K () = 3(2) - () K () = 3(2) - (95 (2) .
C.((+9)(2) K () = BE) +p () K() =3@) K() +p() K() =K(2) 3() + K@) p() =

K@) EE) +p).
1. An operation is define in MC (T) which for each 4 belong MC (T) the element 3* belong to

MC(T)
a. (44 8p)" (t) = (04" + Bp*) () = O (v) + Bp" (2)-
b #*=(J)" =3=4.
c. () =dp=pd=(p.d)".
Forth
To prove (MC (T),|| - ||, 6.;) is a normed approach space and {MC (T) : 4: T— R 1 is bounded} .||-

I+ MC(T) = R, |[3]| = sup,er[3(2)]-
1. (MC(T),é).) is app-space.
2. 13l =0 =3l = sup,ez[3 ()| = 0= [3()| =0 = 3(¢) =
3. |lad|| = sup,e¢|d(2)| = |a|sup,c |3 ()] = || || ]| for each « belong to & and 4 € MC (T).

4. |3+ gl = sup,c ¢ [ (x) + 9 ()| < sup.e [ ()| +sup.ezlp ()] = 5l + @l

Forth
To prove MC (T) inner product We define (-,-) : MC (T) x MC (T) — &. For each 4,p and K €

MC (T) and « and p belong to @ Such that (4, p) = 4¢ then
a. (4,4, = 43> 0.

b. (4,3); = 0 then 33 = 0[Rel (3)]* + [Img (4)]> = 0 then [Rel (4)]° = 0 and [Img (4)]* = 0 then

el (4)] =0 and [Img (d)] =0 then 3= 0.

(
(4
(R
c. (dp);=3p=3p=pd=(p,d)
(

d. (ad+ pp,K)s = (ad+ pup)K =aFK + ppK = a {3, K)s+ pulp, K);
Sixth

The norm in the M C (T) coincides with theorem in the Hilbert space.
Seventh L

(3, K) = dpK = p 4K = pK = pIdK = (p, F*K)
Eighth

if 49* # 0 then then 43 # 0[Rel (4)]° + [Img (4)]* # 0 then [Rel (4)]* # 0 and [Img (4)]> # 0 then
[Rel (4)] # 0 and [Img (d)] # 0 then 3 # 0.
Ninth

To prove a triple (MC (T), 6, ) approach group

a. (MC(T),9) is an approach.
b. (MC (T),6) is a group for all 4, p and K belong to MC (T) and t belong to T.
i. (A4 p)(x) =3(z) + o (¢) belongtoM C (T).
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i (A+p) () +K () =d@)+p() +K () =d@)+ (p(0) + K (2) = (1) + (p + K) (¢).
iii. 0 belong to MC (T)0+4=3+0= 4.
iv. For all 4 belong to MC (T) there exist —4 belong to MC (T) then 4+ (—4) =0

c. x: MC(T)x MC(T) — MC (T) such that (4,p) — 3+ p is the 6— contraction.

i. If Tis non empty Jand p € Tthen d. (3, T) =" ((3+ ) (¢),(I+9) (T) =sup 4 er|I+pl <
sup g |4l +sup seplpl =46(3, T) +6 (p,b).
ii. If T is non-empty 4 and o ¢ T then 4+ o ¢ T and &' ((d+p)(¢),(d+p)(T) =0 < 0
((3:9) (), (3,9) (7).
ili. If Tis empty then &' ((4+ p) (2),(d+ ) (T)) =0 <00 =4d((d,0) (), (d,0) (T)).

d

Example 3.6 Let My consider the set formed by all 2 x 2 orthogonal matrices, and it denote by. My
can be seen as a subset of R* with the Euclidean metric, then (M, 6(d),®) is approach group. In fact,

d(T,L)=2+1—cos (0 —p).
Then d(T,L) =d (T ', L~'). Such that

00 if a ¢ Tand Tis bounded.
de(a, T)=<0 if a € Tand Tis bounded.
inf,epd(a,v) if Tis unbounded.

Solve:
1. To prove 6. (T, L) =0if and only if L € T.

I. If Tis bounded then L € T.
II. If T is unbounded then 6. (T, T) = 0 then inf,c¢d (T,z) = 0 then

inf d({cosa sin o ] {cosﬁ sin 8 }) — 0 then © = 3

€ T sinc —cosco|’|sinf —cosp

2. To prove 6. (a, T) > 0.

I. If T'is bounded then L € T then ¢, (a, T) = 0.
II. If T'is bounded then L € T then 6. (a, T) = 0.
III. If T is bounded then T ¢ T then §. (T, L) = oo > 0.
IV. If T is unbounded then 6. (T, L) = 0 then
infd(’l,",z)zigfﬂd([cosa sma}7 cosf3 sinf3 ]>>0'

€ T sinc  —coso|’[sinf3 —cosf

3. If T= 0 then T is bounded then

5. (T, ) = inf d([cow sino ,@>=oo>o

e T sinc —coso

4. To prove 6. (T, ToNS2) =max{d. (T, Ta2),0. (T, Sa2)}.

L If ToNSy = O then &, (T, To N S2) = infye,ns, d (T, 0) = 0o = max {oo, 0o} = max {4, (T, T2),
e (T, S2) }.
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II. If TQQSQ = N2 7£ @ then

Je (T, ToN Sa) = NzeHIl’Qfmsz d(T,Ny) = {Nzlngz d (T, Na), Nzlenfs2 d(T, Ng)}
. cosoc  sino . coso  sino
= max {N;gfu [sino —cos a] — Nz " Nat S5, [Sind —cos a} — Nz }

:max{ inf d(T,Ns), inf d(T,Ng)}

Noe Ty Nye S

= max {0, (T, T2).0. (T, S2)}.

6. (T, To) = inf d(T, To) < inf ([COS“ Sm“},z’z)
TeT>

TE Ty sinc —coso

+e< inf ([COS" Sln"],rg)+sg inf d(T, Ts)
TE T

TE Ty sinc —coso

+e=0.(T, T3 +e.

Then (Ms,d.) is approach space.

4. Main Result

Proposition 4.1 Let MC (T) be a set of all multicharacter. Let S (H) be a left ideal and R(H) be right
ideal of the $(H). Then R(H)NS (H) = MC(T).

Proof: It is clear R(H) NS (H) C MC (T). Let o € MC (T) then ¢ (ab) = ayp (b) then for all a,b and
¢ belong to H then ¢ (ab) ¢ = aby (¢) = a(bp(c)) = a(bpc) = a(pb ¢) then ¢ belong to R (H) and
@ (ab) c = abyp (¢) = a (bp (c)) = ayp (b ¢) = pa (bc) then ¢ belong to S (H) then ¢ belong to R (H)N S (H)
then R(H)N S (H) = MC (T). O

Proposition 4.2 Let T be approach Hilbert algebra. Then MC (T) be a set of all multicharacter on T
s a closed commutative approach Hilbert sub algebra.

Proof: Let ¢, belong to MC (7T) and ||¢, — || — 0 such that n = 0,1,2, ... we not that for each a and
b belong to Tla (¢b) — (¢a) bl| = ||a (pb) — ¢n (ab) + ¢n (ab) — (¢a) b]| < |[a (pb) — pn (ab) || + ll¢n (ab) —
(pa) bl = 2[lal[[bll[ln — [l = O then a(pb) — (pa)b = 0 then a(¢b) = (va)b then @ belong to MC ()
and MC (T) is closed. O

Proposition 4.3 MC (T) Is Mazimal sub algebra of B(7T) if and only if T is commutative.

Proof: Let T is commutative then for all a belong to T then [T] = {Fab:a € T} = {aFb:a e T} C
MC (T) suppose T is not maximal be some mazimal commutative approach Hilbert sub algebra containing
T we may pick T belong to MC (T),¢(a)b = ¢ (pa)b = a(pb) then ¢ € MC (T) on the other hand T
belong to MC (T) implies T is commutative with oll element of [T]. Conversely let MC (T) be mazimal
commutative approach algebra thus T belong to MC (T) and ST =TS for all S belong to MC (T) then
(T,8)b = a(Sb) = (aS)b = (Sa)b = (STa)b for all T, belong to MC (T) then (ab)c = T, (bc) =
b(Tyc) = bac for all a,b and ¢ belong to T then for all ab = ba then T is commutative. |

Theorem 4.4 FEvery multicharacter ¢ on commutative approach Hilbert algebra T linear operator with
bounded norm.
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Proof: consider arbitrary elements 4, o and K in T such that. Let o and p arbitrary element of & then
Ko (ad+ pp) = (ad+ pp) Ko = aFKot+pugKp = adpK+ppeK = apKF+pupKg = (apd + ppp) K.
Then we get ¢ (ad + pp) = apd + pep.

To prove ¢ is bounded let assume that F,, € 4 for every n,, € N with properties that F;, converges to
F and ¢.4,, converges to g as n tends to infinity. Then

g = ( lim cp.:ln) K = lim (p.3,K) = lim 4.9, K = ppiK.

n—oo

Then gK = ppXK then ¢ is bounded. O

Lemma 4.5 Let T be approach a Hilbert algebra expressed as a direct sum of two sided ideals that are
closed in the associated topology {Ie : © € 2T} in T. If ¢ belong to MC (T), then ¢ maps for each Ig in
to itself.

Proof: T'and S belong to MC (T) and a belong to /g for some © € & suppose that (pa)z # 0 projection
of ¢a in to Iz for some 5 # O, 8 belong to T. Let b belong to Iz and b # 0 such that

(pa)b = (pa)z b =0.

If (pa)z Ig = 0 then

(pa)s p = ((wa)/g) (@ > Ie> = ((@a)ﬂ) Ig=0

SIS

that is contraction. But on the other hand ¢(ab) = a (¢b) for all @ and b belong to ¢ then ¢ : Ig — Ig.
O

Theorem 4.6 Let T be an approach Hilbert algebra and {Io : © € &} consider the collection of all min-
imal closed two-sided ideals in T denote by M the topological space formed by this set ideal in T with the
discrete topology. Then there exists a *-isomorphism which is at the same time on isometry of MC (T)
on to C** ( M), the space of all bounded contentious complex function on M.

Proof: Define § : MC (T) — C ( M). the space the collection of all function taking values in C' over M
by 0 (T) (©) =t (O) for each © belong to M. Then for all T and S belong to MC (T)then @ (T+ S) (©) =
(t+s)(©)=t(O©)+s5(0)=0(T)(O©)+0(S)(O) and D ( aT)(O) = at(0©) = b (T)(©) Then 0 is
linear, and @ is multicharacter (that is * operation for element in C**( M) and operator adjoint for
element in M C (T)). To show that @) is isometric we observe

T(@Zae)

océ

2

=@ Tousl®=_ I Toasl® < |0 (T)[P*]lal®,

océ océ

ITal* =

and hence || T]| < ||0 (T) |. conversely, we have for some non-empty ae, |0 (T) (©)| = |t (©)| = LFecel <

ae -
| Toll £ || T||. Proving |0 (T) || < || T)|. Thus, 0 is indeed an isometry, and being linear, it is oneH—toqone.
On the other hand for each f belong to C** (M) € C(M), Let Tg = f (©) Po. It is readily seen that the
mapping T determined by { T, } belong to M C (T) and satisfying 0 (T) = f. Thus, we conclude that @ is
an isometric *isomorphism from MC (T) onto C** (M). O
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