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Exact Solution of Certain Fractional Fredholm and Volterra Singular Integral Equations

Arman AGHILI

ABSTRACT: In this article, the author exposed some capabilities of integral transforms, as well as special
functions, to readers interested in this topic through various examples. It is shown the applications of inte-

gral transforms in evaluating series and integrals involving the Bessel functions, as well as solving fractional
differential equations, the partial fractional differential equation and the fractional singular integral equation,

where the fractional derivatives are in the Caputo-Fabrizio sense. It should be emphasized that none of the

issues raised in this work are found in previous references.

Key Words: Laplace transform, Fourier transform, Stieltjes transform, Bessel function, Newmann

function, fractional derivative of Caputo-Fabrizio.

1. Introduction And Notations

One of the most useful and applied topics in mathematics, which is very extensive and useful and
has diverse applications in applied mathematics, mathematical physics, and engineering mathematics, is
integral transforms and special functions. This work provides a concise exposition of the basic ideas of the
theory of integral transforms and special functions and its applications to fractional calculus. Methods
in which techniques are used in applications are illustrated, and many examples are included. For the
sake of clarity in the presentation, we recall some definitions and results related to operational calculus
that may be found in [1-4, 7, 8 ].

Definition 1.1. Let us assume that the function ¢(t) is of exponential order, then the Laplace transform
of ¢(t) is as follows[4,8,9]

—+00
£lottt =5 =0 = [ ol

provided that the above integral is convergent.
Lemma 1.1. Let us assume that £{¢(t); s} = ®(s) then we have
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Proof. See[4] In the sequel, we give some new integrals by means of the above Lemma 1.1.
Lemma 1.2. The following integral identity holds

/'s_oO (v +In&)J1(2v/38) (v+1ns)
0 VE Vs o

Proof. Let us take ¢(t) = Int then we have Int = —1In(}) and L{Int;s} = —L{In(§)} = —%{“S, on the
other hand, by using first part of the Lemma 1.1. we have

¢ = —
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finally
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2020 Mathematics Subject Classification: 44A10, 44A15, 44A20, 35A22, 34A12.
Submitted May 04, 2025. Published September 22, 2025

Typeset by BS% style.
1 © Soc. Paran. de Mat.


www.spm.uem.br/bspm
http://dx.doi.org/10.5269/bspm.76637

2 ARMAN AGHILI

where v = —I"(1) is Euler constant. In the last integral let us set s = 1 we get

e Y+g o
A J1(2\/g)[7]d§ =

Lemma 1.3. The following integral identity holds

4l 2o 3y+lng)
/0 eE CRET

Proof. Let us take ¢(t) = Int then we have
Int? = 2Int and L{Int;s} = $L{In(?)} = *wv on the other hand, by using second part of the
Lemma 1.1. we have

-1 +oo .2 . 1 |
L{n(t*)} = ﬁ/o efﬂg_é[%ng]dg _ _2[$]7

finally
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In the last integral let us set s = 1 we have

teo 4 4 4+Iné
1 e =2
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Definition 1.3. The inverse Laplace transform of the function ®(s) is as follows

1 c+i00o
L7HD(s);t) = — 59 (s)d
@ty =5 [ i,
the above complex integration along vertical line x = ¢ in the complex plane, is known as Bromwich
integral [4,7].
Lemma 1.3. We have the following identity

g Z Ln e(=1)"Ln(at) _ Iy(2vad),

where Ln(.) and Iy(.) stand for the Laguerre polynomial and the modified Bessel function of the first
kind of order zero respectively.

Proof. By taking the Laplace transform of the left hand side and using the fact that £{Ln(at);s} =
L1 -9 we get

+oo _1\n +c>o6 _1\n a
c{sit sy =3 4 ml) C{In(at)} =Y Q[l(l _ Gy

n=0 n=0

T

taking the inverse Laplace transform leads to

S = E’l{é;t} = Iy(2Vat).

Lemma 1.4. We have the following identity

S = Z VkJm,k(?\F) J0(2\/E)—/0 Jo(2v/a(t —n))n*" " Eay,2, (=0 )dn,
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where J, (.) stands for the Bessel function of the first kind of order v and E, g(.) is Mittag-Leffler functin
in two parameters.
Proof. By taking the Laplace transform of the left hand side of the above sum and using the fact that

s

L{(= )Jzy(2\ﬁ) s} =

21/+1’
we have

+oo e a +oo

. _ _1\k R ﬁ

L{S;t — s} = Z( 1) ksl ¢ 7 § : sQuk+1
0 k=0
. % e sQu—l e—i 82V
= €s - = e
1+ % 21 s sl
e~s 1 e~ s
s s 41" s’

at this point, taking the inverse Laplace transform leads to

S = Jo(2v/af) - / Jo(2v/alt — ) F(n)dn,

where F(t) = L7 7} = 1271 By 0, (—t?), in fact we have

_l{sa+)\ t}—tﬁ 1Ea6( ALY).

Example 1.1. Let us show that

e T, ,a
L{o(t);t = s} = E{/O ber(2+/at cosh(§))d&; t — s} = —?SYO(E),

where ber(.) and Yy(.) stand for the Kelvin function and Newmann function of order zero respectively.
Solution. Let us make a change of variable a cosh(§) = u, after simplifying we get

Foo ber(2\/ﬁ)

taking the Laplace transform of ¢(¢) and using the fact that
L{ber(2v/at);t — s} = L cos(2), we obtain

o(t) = e du,

1 [T o I ¥

In the last step we used an integral representation of the Newmann function Yy(.).
Lemma 1.5. The following integral identity involving the Bessel functions holds

/ VY Jay zf TIQT 2v/a(1 = €))de = !

rey+r+1))°

Proof. Let us take f(t) = (1) J2,(2V/at) and g(t) = [(£)7I2-(2V/at) then we have

F(S)Zﬁ{( ) Joy (2Vat); 5} =

2u+1’

and

a

G(s) =~C{( ) 127 (2Vat); s} =

g27+17



4 ARMAN AGHILI

from which we deduce that 1

F(s)G(s) = 2T

at this stage, taking the inverse Laplace transform of the above relation we have

L7HF(s)G(s);s — t} :/ Y Jau 2\F ) Ior (2¢/a(t — €))dE = ..
1 2(v+7)+1
=L ) T ey
or t2(u+7’)
) e/t = e =

by taking ¢t = 1 after simplifying we have
1

VW Jau (24/ a& ) I (2 1-&)dlf = ————.
/ 2 2r (2 all = 0)dE = a1y

Eample 1.2. Let us show that the following relation holds

t
-1 A _
L)t} = 0l0) = .

where

+oo
= / e IVET e,
0

Solution. By using bromwich integral we get

1 c+ioco +oo B = -
(rb(t) _ 27/ ets[/ e sy &2+a d{]ds
T Je—ioco 0

changing the order of integration, we have

“+o0 1 c+ioco
o(t) = / 5ix (Ve asd,
0 T Je—ico

the value of the inner integral is 6(¢ — \/£2 + a?), therefore we obtain

“+oo
o(t) = /0 5t — EE T aB)de,

at this point, making a change of variable u = t — 1/£2 + a2 in the above integral and after simplifying
and in view of the elementary property of the Dirac-delta function, we get finally

B et —u)d(u) B t
o(t) = - \/mduf Nk t>a.

Definition 1.4. Fractional integral of the function ¢(t) of order « is defined as follows

To(0)) = 1) /0 (t— 6" p(E)de, 0<a<l,

I(a)

Definition 1.5. The Laplace transform of fractional integral of order o,0 < o < 1 of the given function
@(t) is defined as follows
P(s)

s*

LLT[9(1)]; s} =
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Definition 1.6. Fractional derivative of the functioni)(t) belong to C' of order o with 0 < av < 1 in the
sense of Caputo-Fabrizio is defined as follows

@

T l-a

o 1 b ae-g e e [T e o
Dy () = / =y (€)de = / e y(€)de, Do (0) = 0.
0 0
In special case o = 0.5 we have

1 1 t t
5Dos 2(t) = /0 e tTOY/ (¢)dg = et /O ey (€)de,

for example

1 1 t
fDOC’;F’é [e7!] = 7/ e~ (=9 8dg = —tet.

2 0
and .
1 1
G =] = = [ e - nde = e

where H(.) and d(.) stand for the Heaviside unit step function and Dirac-delta function respectively. We
have also

limy DG () = &/ (1).
a—1 ?
Let us assume that L{¢(t);t — s} = ¥(s), then the Laplace transform of the factional operator D&F’a

is given as below

Y(s) —(0)
DS (t);t =2 1
L{Dy; “(t);t — s} sA-alta 0<a<l,
and in special case o = % we have
1 _cri sU(s) —1(0)
=Dy 2 ; =—"—"
£{2 ot CY(t);t — s} P

Problem 1.1. Let us solve the following fractional differential equation, where fractional derivative is
in the Caputo-Fabrizio sense
1 _cF1

SDCTHU(E) + X (t) = sinh(t),  $(0) = up = 0.

Solution. By taking the Laplace transform of the fractional differential equation and using boundary
condition, we get

from which we deduce that

Ve =0T D(s—1D(s+327)

at this stage taking the inverse Laplace transform and in view of the convolution theorem for the Laplace
transform we arrive at

w(t) . 1 ! t—n —%d o et /t —(%)nd
_)\+1 06 e T]—)\+1 06 7,
after simplifying we obtain
€t _ (2241
v(t) = o =T (o) =0,

In special case A = 0 we get ¢(t) = €' — 1 from which we deduce that

1 1
5 D0 et = 1) = sinn(@).
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2. Solution To Certain Integral Equations With Trigonometric And Bessel Function As
Kernel

Problem 2.1. Let us solve the following fractional singular integral equation, where the fractional
derivative is in the Caputo-Fabrizio sense

o0 400
%D&F’%( ) — /t PE)de=1—e"", ¢(0) =uy =1, /O B(t)dt = ®(0) = 0.

Solution. By taking the Laplace transform of the fractional differential equation and using boundary

condition we get
sP(s) —p(0)  P(s) 1 1
+ =-- )
s+1 S s s+1

after simplifying we get
s+1 S + 1
RN CEERC SRS e o)

D(s) =

taking the inverse Laplace transform of the above relation leads to

g) + sin(@)], »(0) =1.

<

—~~

~

SN~—
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Problem 2.2. Let us solve the following singular integral equation with trigonometric kernel

I A -
ﬁ/o cos(2\/2%)¢(f)d§:Erfc(27\/{)'

Solution. By taking the Laplace transform of the above singulae integral equation, we arrive at

+o0 e—avs
/ cos(2v/t)1( d{}—T () L{Erfc( \[)} )

S

or

) =

in the above equation let us make a substitution s — % , we get
U(s) = v/se V7,

the transformed function ¥(s) has s = 0 as branch point, therefore by using Gros-Levi inversion formula
we have

L[t — e
P(t) = 7/ e "Im{ lim Vrefe Vi Ydr,
™ Jo B——7
after simplifying we have
b0 =1 [T et ey
==/, e T COS 7 r
finally a change of variable NG ¢ leads to
2 [t o d¢
t) = — &2 —.
v =2 [ F s

Problem 2.3. Let us solve the following fractional singular integral equation with Bessel function as a

kernel .
| G Va0 = hi

NH
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Solution. Let us recall a useful Laplace transform identity as follows

tr—¢ 1 1
20| (25 a2 ET= 9)0(de} = s+ ).
0 3 s s
Now, by taking the Laplace transform of the integral equation and using the above identity with v = —i
we get

SRS SR
\/g S Vs?+1 \/g /s 4+ 1 7
after simplifying we get finally

U(s+ 1) = —— > W(s) = = (1) = =,

s \/HT Vs Vvt

substitution of the obtained solution in the integral equation leads to

R —) % _
| Gt Va9 = w,

at this stage let us take ¢t = 1 after simplifying we get

t 1 N B
| =gt eVET= 8 = VAR

3. Stieltjes And Fourier Transforms With Applications

Definition 3.1. Let us assume that the function ¢(t) is in S(R) Schwartz space ( space of the rapidly
decresing functions, i.e e~ e~ 17l Ai(x)), then the Stieltjes transform of ¢(t) is as below [4,7]

(t)
t+s

+oo
CALLB(t); uls s} = S{o(t); s} = B(s) = / d,

provided that the above integral is convergent. The second itrate of the Laplace transform, is the Stieltjes
transform.
Definition 3.2. The inverse Stieltjes transform of the function ®(s) is defined as below

STHB 1} = ~ T Jim Bt}

Example 3.1. Let us show that

/+°° cos(2\/a>t)J0(2\/bit)d
0 t + s

t = 2cosh(2v/as)Ko(2Vbs).
Solution. We need to show that
S™H2 cosh(2v/as) Ko(2Vbs); t} = cos(2Vat)Jo(2V/bt),

by means of the inversion formula for the Stieltjes transform we have

S™H2 cosh(2v/as) Ko(2Vbs); t} = %Im{2 cosh(2Vate= ™) Ky(2Vbte=i™)} = ..

1
. = —Im{2cosh(2ivVatKy(2iVbt},
71'
using the fact that Ky(z) = %[Jo(ze%) +iYp(ze %) we conclude that

5712 cosh(2v/as) Ko (2Vbs); t] = Mzm{%[Jo(—2x/&) + Yo (—2Vbt)} = cos(2vat) Jo(2V/bt).

™
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Lemma 3.1. Let us consider the following singular integral equation of Stieltjes type

“+oo
/0 ¢(t) = {/sK,(rs),

t+s

then the above singular integral equation has the following formal solution

n

o(t) = % sin(vm + %)KU(Tt).

Proof. In view of the Stieltjes transform and its inversion formula, the solution of the above singular
equation can be obtained as follows

¢(t) = S_l{{l/gKl,(Ts)} = %Im{ﬁlinjﬂ {L/teTBKV(Ttei,@)}’

81) = T (1)) = ST ()} VE1) Ky ()} =
= ?Im{ei(”+%)”Ky(7't)},
finally

o) = g sin(vr + %)Ky(Tt).

Definition 3.3. Let us assume that the function ¢(x) is absolutely integrable, then the Fourier transform
of () is defined as follows

+oo
Flitsw) =¥w) = o= [ eviaa

then, the transformed function ¥(w) is bounded.
Example 3.2.

N 7w}:7 a>0.

Va—iw’
where H(x)stands for the Heaviside unit step function.
Solution. We have

=

—(L.L’}_l( ) /+OO —(LLH( )
F ; | dr = ..
w7 e e
“+o0 ) —ax
:E/o Tt
or

e_aa:H(x) / —(a—i ) 1 1
f ; — a Tw)x d — .
U T iz Va—iw

Definition 3.4. The inverse Fourier transform of the function ¥(w) is defined as follows

+oo
FUW(w);a} = \/%1 e~ (1)dw.

Example 3.3. Let us show that

- ef‘yl\/m 2
FH w2} = 0la) = ||~ KolaV/a? § 7).
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Solution. The left hand side can be written as follows
e~ lylvVwi+a?
Vuwz+a?

+oo —ly|[vVw2+a?
1 / e—'L.’I)'lU €
V21 J oo Vw? 4+ a?

—1

jw—xh=¢(z) = dw,

or
+oo eizw7|y\\/w2+a2
V2 [oo vw? 4+ a?

at this stage, we introduce a change of variable w = asinh(r), we arrive at

¢(x)

dw,

inh(7)—|y|v/a2 sinh?(7)+a2

1 +oo iaxsi
o)== [
21 J oo Va2 sinh® 7 4 a2

after simplifying we get

“+o0
1””(8 —e T) aly\( 7‘+8 d _ /
Z‘ T =
o \/27‘(‘/ V2T

at this point making a change of variable e” = £ leads to

2 oo aly|—iax a\\uz:c d
:\/;/0 o (TR (M )51f \/>Koa Va2 +y2),

in the last step we used an integral representation for the modified Bessel function Ky(.) as follows

Ko(2/a) = [ et g

1 +oo )
acosh(r)dr = — ia sinh(r)—aly| cosh(r)
v Ver [oo

a|y\ 1amer+a|y\+zar —T)dT

Lemma 3.2. If fj;o Y(z)dz = ¥(0) # 0 then we have

f{/_x P()d&x — wh = %\P(w) + 7T (0)8(w).

Proof. See [3, 5, 7].
Corollary 3.1. We have the following relation

f{/_x Ai(§)de;x — w} = %e“g?’ (w).

In the above relation Ai(.) stands for the Airy function [3 - 6, 9].

4. Main Results: Solution to Fractional Homogeneous Fredholm and Volterra Singular
Integral Equations with Fractional Derivative in the Caputo-Fabrizio sense

Problem 4.1. Let us solve the following fractional singular integral

1 CF1

+oo
3P0 P U(t) \F/ cos(2V/tE)p(€)de,  p(0) = 1.

Solution. Taking the Laplace transform of the above integral equation leads to
sW(s)—1 1 _ 1
s+1 NZERE:

in the above relation we change s to L to get
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from which we get
1
\I!(;) =s+ (s+1)V/s¥(s).

by setting this value in the first relation, we obtain

S\II(S)_I_LS s sW(s)| = /s S S
Hil_\/g[ + (s 4+ 1)Vs¥(s)] = s+ (s + 1)¥(s),

finally we have

L+ys(s+1)  sys+s+1 1 1 1
s—(s+1)2 s24+s+1  /fs(s2+s+1) /s s24+s+1’

U(s) =
at this point, taking the inverse Laplace transform, yields

ezsln(ff)df_ I %‘in(@
Vvt —=§) vt s

2
Problem 4.2. Let us solve the following convolution type fractional Volterra singular integral equation

P(t) = )-

/ L DG () DEFb(t — €)de = coshit),  (0) = 0.

Solution. Taking the Laplace transform of the above integral equation leads to

sU(s) 4 s
SPU(s) = ——
s+1 sU(s) 52 -1’
after simplifying we get
1
lII(S) = 7B )
szy/s—1

finally, by taking the inverse Laplace transform of the above equation, we obtain

t P
w(t)r(lg)/o( —oi e

5. Conclusion

In this study, It is shown the applications of integral transforms in evaluating series and integrals,
as well as solving fractional differential equations, the partial fractional differential equation and the
fractional singular integral equation, where the fractional derivatives are in the Caputo-Fabrizio sense.
Some new integral relations involving the Bessel functions are also provided.
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