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ABSTRACT: This work aims to propose a new formulation of forward-backward fuzzy stochastic differential
equations by taking the delay coefficients as continuous and imposing appropriate conditions to ensure the
stability of the solution, with a discussion of the existence and uniqueness of the solution to this model of
equations, as well as the achievement of the maximum solution.
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1. Introduction

Suppose that (Q, F, P) is a complete probability space with the natural filtration {F;};>0. Assume
that T > 0, and {W(t), 0 <¢ < T} is a d-dimensional Brownian motion defined on this space. Consider
the following forward-backward stochastic differential equation (FBSDE):

dY (t) = f(t, Y (t),0(t))dt + [f(t, Y () — O(t)]dW (¢)
dU(t) = g(t, U(t), O(t))dt — O(£)dW (t) (1.1)
Y(0)=~, ¥(T)=J(Y(T))

where the processes Y, ¥ and © are defined on R, R® and R**®, respectively with F fOT 1Y (8)]|2dt < oc.
Also, the continuous function f,g, f and J are defined on R?, R?, R**? and R?, respectively. By using

Euclidean norm, we define |Y| = tr(YYTmc)%, where ((Y77%¢)) denotes the transpose. Therefore, the
space R%*? is a Hilbert space.

Fabio [1] proposed a new model for backward stochastic differential equations under special conditions
and demonstrated the existence and uniqueness of solution for this type of equations. He also expanded
the work to include proposing a formula for the backward-forward stochastic differential equations and
demonstrating that there is an existence and uniqueness of solution for this type of equations under
Lipschitz’s conditions. Jin et al. [2] presented a new numerical formulation for the forward-backward
system of stochastic differential equations, then conducted a detailed study of the cumulative error.
Based on this proposal, a comparison was conducted between several models to arrive at a decoupled
forward stochastic differential equations. Peng et al. [3] presented a detailed study on the solvability
of forward-backward stochastic differential equations with unstable coefficients. There is a group of
researchers who proposed a new formula for stochastic differential equations by taking delay coefficients,
and many studies were conducted on this model, including numerical convergence of the solution with the
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application of some numerical examples and other similar studies (see [4,5]). Fuzzy stochastic differential
equations have attracted the attention of many researchers. A group of researchers presented studies on
the existence and uniqueness of the solution to this type of equations, along with a group of numerical
examples that illustrate the study (see [6,7]). In this work, the researcher deals with random integrals
coupled with fuzzy Brownian motion, where this integral is built for fuzzy random functions and then
expanded to include fuzzy random functions that are integrable [8]. Bernt and Agnes [9] studied in
detail, through the principle of maximum risk reduction, a specific model of forward-backward stochastic
differential equations with a set of applied examples. Falah [10], through proposing a model for forward-
backward fuzzy stochastic differential equations, discussed the existence and uniqueness of the solution,
with a study of the maximum solution by proposing a set of conditions on the continuous coefficients.
In this work, a model of forward-backward fuzzy stochastic differential equations with continuous delay
coefficients is proposed under certain conditions. The existence and uniqueness of the solution of this
model are studied, and a detailed study of the maximum solution is presented.

2. Basic Notations and Hypothesis

Suppose that {W(t), 0 <t < T} is a standard Brownian motion defined on the complete probability
space (€, F, P). For any t € [0,7] and stochastic process Y (¢) with A is denoted the class of P-null set
such that

Fly=oc{Y(r)=Y(s): s<r<t}VvN

is a o-field generated by {Y(r) — Y(s)}, s < r < t. Clearly, the o-field F(t),t € [0,T] is neither
increasing nor decreasing. Let us know the following spaces here:

i. Let S2(Q, F, P,R%) be the continuous space {F} };<,<r-adapted process Y : Q x [t,T] — R such
that ||Y||i*2 = Efsup;<,<7 |Y (r)[*] < .

ii. Let Q%(Q2, F, P,R%*) be the space of {F, }+<r<r-progressively measurable process © : Q x [t,T] —
R**" such that ||©]3: = B[, |0(r)|*dr] < cc.

iii. Let G*(Q, F, P,R*) be the space of {F,};<,<r-measurable variable Y : Q x [0,T] — R® such that
E|Y ()2 < 00,t € [0,T).

iv. Let O% (R*) be the space of measurable function Y : [=T',0] — R® such that sup_;<,< Y (1) < 0.
v. Let O? (R**?) be the space of measurable function © : [~T,0] — R**® such that fET (1)’ dt < .

Let MCS = MCS([0,T], S%(Q, F, P,R%)) be the class of all mean continuous second order such that the
norm of stochastic process is defined as: ||Y||pos = supg<;<p [|Y* = supOStST(E(Y(t))Q)l/Q. Therefore,

we can define the norms [|Y]|3. = Efsup,<,<7 |Y (r)[?] and ||Y||322 = Ej;T Y () dr, t <r <T. Let
us consider the forward-backward stochastic delay differential equation:

Y(t) = f(r,Y(r),0(r), Yy, 0. )dr + [f(r, Y (r),Y;) = O(r)]dW (r),0 < r < ¢,
Y =~(n), —t<7<0,
U(t) = g(r,¥(r),0(r), ¥, ©,)dr — O(r)dW(r), 0 <r <T,
Yr=JY (1), -T<7<0,

(2.1)

where f: Qx [0,T] x R x R**? x 0% ,(R%) x O2 (R**?) - R®, g: Qx [0,T] x R x R2*b x 02 ,(R®) x
02 (R™P) 5 RV, f: Q% [0,T] x R* x 0% (R*) — R**? and J :  x R* — R® are product measurable
depend on the past values such that YV, = (Y (r + 7)), -T <7<0,¥, = (¥(r+7)), T <7 <0and
©,=(0(r+7)), =T <7 < 0. For a non-random, finitely valued measure 7 supported on [—T, 0] and for
te0,7], (Y101, (Y2 e%) eR* x R™band (Y}, 0}), (Y32,07) € O 1 (R*) x O% (R**), we impose
the following hypothesis:

H1. V (Y,¥,0) € R* x R® x R**? and for all constants K1, Ko, K3, N1, No, N3 > 0 such that:
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Lf(e,Yhel,vher) — f(t,YRer, v2,ef) P < K(Y'! - Y + |ol-e?P)
ANL(JOL Y (4 7) = Y2 (E47) PAdr + [0 |01 (E+7) — ©% (t + 1) [*Adr).
i g (t, ¥hel, vl o) — g, v3e%, ¥ .07 < K(u - P2 + |o'-6e%p)
FNo ([0 W (4 7) — U2 (t+ )|2)\d7-+f 1O (t +7) — ©2 (t + 7) | Adr).
i [f (¢, Y V) = (Y V)< KV = Y2R) 4 N[00 [V (4 7) = Y2 (t+ 7) [PAdr).
H2. For all K4, K5, K¢, K7, Kg, Ny, N5, Ng, N7 > 0 such that
LY (1),0(0),Y:,00) < Ky(1+ Y2 +[0]2) + Na([7 [V (t+7) PAdr + [°1 Ot + 7)[* Adr).
i |g(t, ®(t),0(t), ¥y, 0,)]> < K5(1+|\IJ|2+\®|2)+N5([_°T|\I/(t+T) |2>\d7+f_°T|@(t+T)\2/\dT).
i, |f(£,Y(8), YD) < Ko(1+ V) + No( [0 |V (£ +7) [PAdr),

iv. For all —r < 7 < t < 0 such that E|y(t) —v(7)]* < K7(t —7) and |J (V)2 < Ks (1+]Y?) +
No([°L 1Y (t+7) [2Adr.

H3. E(fy |£(r,0,0,0,0)]2)dr ) < oo, B(J |g(r,0,0,0,0)[2)dr) < oo, B(f; |f(r,0,0)2)dr) < oo
H4. f(tv'v'a'a') :O,Q(t a'a'a'a') =0 and .f(t 7'7') =0 for ¢ > 0.
H5. For any N, K > 0 and m > K such that

L [f(,Y(1),0(t),Y:,0,)] < K1+ Y| +10]) + N[O |V (t+7) [Adr + [° O (¢ + 7) |Ad7).

2. f(t’Y(t)’ @(t)vy;b@t) < fm+1(t7Y(t)7@(t)7Yt, ®t) < fm(tvy(t)v@(t)vy;fvet)'

3. Fuzzy Stochastic System

Assume that A(R®) is a family of all convex, compact and nonempty subsets R* and B(R?) is a fuzzy
set space of R®. Therefore, we define the set of functions J : R* — [0, 1] such that [J]* € A(R?) for
every u € [0,1] and [J]" = {x eR*: J(z) > u,uel0,1]} = [J¢,J%], where J¥ = infyera{x € [J]“} and

U = sup, cpa{z € [J]"} and [J]° = cl{z € R* : J (z) > 0}.

Definition 3.1. Suppose that (Q, F, P) is a complete probability space, we define X : Q — B(R?) is a
fuzzy random variable, if for any u € [0,1],[X]* : Q — A(R®) is an F-measurable multifunction.

Definition 3.2. Suppose that (2, F, P) is a complete probability space, we define X : [0,T] x Q — B(R®)
is a fuzzy stochastic process if X(t,-) = X(t) : Q@ — B(R?) is a fuzzy random variable.

Definition 3.3. Fuzzy stochastic process X is ao-continuous, if the mappings X (-, W) : [0, T] — B(R®)
are oo -continuous functions.

Here, we can consider the forward-backward fuzzy stochastic delay differential equation (FBFSDDE)
as:
dy (t) = f(r,Y(r),0(r), Y, ©p)dr + [f (r,Y (r), Y;) — O(r)|dW (r)
( )=g(r,¥(r),0(r),V,,0,)dr — O(r)dW (r) (3.1)
= (1), —t <7 <0, Up=J(Y(T)), T <7<0,

where the processes Y, ¥ and © are defined on R?, R? and R**? respectively and v(7p) is a given Fi-
measurable random variable with E|y|> < oo as well as the functions f : 2x [0, T] x R* x R**? x 02 _(R*) x
0% - (R¥?) x B(R*) — B(R?), g : Q x [0,T] x R® x R**? x 02 (R®) x O% (R**?) x B(R") — B(R),
f (O x[0,T] xR* x 0% 1(R%) x B(R*) — R**?_ YV(0) : Q — B(R?) and J : Q x R? x B(R®) — B(R®). Now,
let us present our numerical formula, let 0 = rg <71 < --- < r, = T,n > 1 be a partition on interval
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[0,T]. Therefore, we define § = Ar;1q = ri11 — yand AW, .. =W, ., =W, and Ar = marAr;;q,
fori=0,1,---,n—1, n> 1. Her, we define FBFSDDE on the small interval [r;, r;11] as follows:
Y(r) =+ [T f(6Y(1),0(1), Y, ©)dt + [ | f [ LY (1), ;) —@(t)} AW (t) (32)
U(ry) = W(riga) + [ g(t, U(t), O(1), Uy, ©)dt — [ O()dW (1),
Let us consider approximation form as follows
Y(r) = Y(0) + [ f(t, Y (1), 00(t), Y, 00, )dt + [ [ fe,vr@),ve) — @;L(t)} AW (1) 53
U(r) = W(T) + [ glt, U7 (1), 07 (1), U}, O], )dt — [ 7 (H)dW (1), '

where t € [0,T],i =1,2,--- ,n

Lemma 3.4. Under assumptions (H1-Hj), the FBFSDDEs system (3.83) has an unique solution
(Y™, 9™ ©™), and there exists a constant C > 0 such that

Y752 + 19" [[s2 + |07 ]2 < C.

Proof. First, we consider the general forward FSDDE

+/ f(t,Yi”(t),G?(t),Y;-"t,@?t)dt—k/ [f’(t,Y;"(t),K"t)—G?(t) dW (t), (3.4)
0 0
where r € [0,T]. Let us define the mapping o

H(®",T") = (Y",0"). We define (Y, 00") = H(®"", "), i = 1,2. Let (Y7,07) = (V1" —
y2n @bn — 02%m). Applying Ito’s formula to [Y™(r) 2, r € [0,T], yields

E [|W(r)ﬂ +E UO Yn(t)|2dt] +E UO |@"(t)|2dt} —9E [/0 Y"(t)f(t)dt} E UO |f(t)|2dt] . (3.5)

where B
Ft) = F, Y (), 00(1), V", 00™) — f(£, Y2 (), 02"(1), Y™, 07™),

fO) = f@, Y2 (0), ") = f(6, Y2 (0), V"),
From equation (3.5) and applying inequality 2zy < 1 :c +cy?, ¢ > 0, we have

2EUOTYn(t)f()dt}<2EU Y™ (t ||f()dt}< EU [Yn(t |dt}+cEU |f(t) dt}

E /O V7 ()| dt +cE[/OT[ (|27 ()7 + [T (1))

IA
ol

+
=

(e -
/O |Y"(t)2dt: b KL E [/0 <I>"(t)|2dt} b oKy E UO |F”(t)|2dt]
+cN\E [/0 (/_Or |<I>n(t+r)|2)\dr)dt} +cN E [/O (/_i |F”(t—|—7’)|2)\dr)dt} .

0
2)\dr + / |F"(t—|—7’)|2/\dr)]dt]

IN
ol

E

By changing of integration order argument, we have

/OT (/O |®7(t 4 7)|?AdT)dt = /O (/OT (B (¢ + 7)|2dt)\dT = /O (/THT |®7(¢)2dt) AdT < p/or |®7 (t)|2dt,

and

/OT (/_O T (t + ) [2Adr)dt = /_0 (/Or T (t + 7)2dt) Adr = /_O (/TW T (1) 2dt)rdr < p/OT T (1) [2dt,
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where p = f?r Adt. Consequently, we have

28 [/OTY"(t)f(t)dt} <lp /O |Y"(t)2dt: b oKL E [/O <I>"(t)|2dt}

c

+ K\ E [/O |1“"(t)|2dt} +eNipE UO |<I>”(t)2dt} +eN1pE UO |1“”(t)|2dt]

c

_1p /0 |Y”(t)2dt: + (cKy + cNip)E UO |<1>n(t)|2dt]

+ (cKi1 + cNip)E UOT |I‘”(t)|2dt] )

and

E UO |f'(t)2dt} <E UO [Ko(1+ [T (1)) + NG(/O T (¢ +7) |2)\d7)dt}

T

< Ko /0 @ (1)|?dt + NoE [/O (/0 @ (¢ +7) |2)\dr)dt} .

-

By the same changing of integration order argument above, we have
T = 2 T - T -
E U |f ()] dt} < K¢F [/ |Y”(t)|2dt] + NgpE [/ Y”(t)|2dt] .
0 0 0

Substituting two parts above in (3.5), we have
B[V’ + & UO |Y"(t)2dt} VB [/0 |®"(t)|2dt] < %E [/O |Y"(t)2dt}
+ (cKy +cNip)E /07’ |®7(¢)|?dt + (cK; + cN1P)E/OT |T7 (t)|*dt
+ Ko /O Y7 () Pdt + NopE /O V7 (0) 2t
_ (% + Ke + Nap)E[/OT V7 ()t + (K + Ny p)E /0 T (1) [2dt

+ (cK; +CN1P)E/ [T (t)|2dt.
0

Therefore, we have
1 ro T__
(1= = = Ks— Nop)E U |Y"(t)|2dt} +E U |®"(t)2dt}
0 0

< (cKy + cNip)E [/0 |<I>"(t)|2dt] + (K, + eNip)E [/0 |F"(t)|2dt} .

From contraction mapping theorem, there is a unique fixed point (Y™, 0") € S%(Q, F, P,R%) x Q*(Q, F,
P,R*?) such that H(Y™,©") = (Y",0"). There is a unique solution (Y™, O") for the equation (3.4).
Also, from a classical result for backward FSDDEs, then the existence and unique of solution (U™, 0")
are fulfilled.

Next step, we must prove that there exists a constant C; > 0 such that

1Y"lg2 + 07 e < Cr.
By using Ité’s formula to |Y™(£)|?, we have
Y + / Y ()Pdt + / ©7 (1) 2dt = 7|2 + 2 / Y6, Y (), 07 (1), Y™, 07 )dt
0 0 0
, . 2 (3.6)
2 / Y0 £(6, Y™ (), Y )W (1) + / F Y (0), Y e,
0 0
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By applying inequality 2zxy < %xQ +cy?, ¢ > 0, we have
T 1 T T
2 [(yrose Y 0.0 0,y e < ¢ [ Y@ e [ 1Y (0,070, 0m) P
0 0 0

T
0

1 " n 2 n 2 n 2
< [wwpae | [K4<1+|Y ) + 10" (1))
0

+N4([ [y (t+T)|2>\dT+/O |©"(t + 7)A\dT)) | dt

1 T T
<o [ wr@Pars e [ 1500000
0 . 0 i,
+cK4/ |Y”(t)|2dt+cK4/ |o™(t)|dt
0 0
r 0
+cN4/ / Y™ (t 4 7) |2 Adrdt
0 —r
r 0
+cN4/ / |O™ (t + 1) |*Adrdt.
0 —r
By the same changing of the integration order argument previously, we have
T 1 T T
2 [ YOy 0,0° 0.V it < ¢ [V o)Pde+ Ky [ 1£(2.0,0,0.0)Pds
0 0 0
+cK4/ |Y"(t)|2dt+cK4/ |®”(t)\2dt—|—ch4/ Y7 (0) 2t
0 0 0
T 1 T
+ch4/ |®”(t)|2dt:(g+cK4+ch4)/ Yr)Pae (3.7)
0 0
+(CK4+ch4)/ \@”(t)|2dt+cK4/ |£(t,0,0,0,0)|*dt.
0 0
and
2 [y iy ave < L [P [y oyl
0 0 0
r r 0
< %/ |Y"(t)\2dt+c/ [K6(1+|Y"|2)+N6(/ [y" (t+*r)|2>\d7-)} dt
0 0 .
< %/ |Y"(t)\2dt+cK6/ |f(t,(),0)\2dt+cK6/ Y78 Pt
0 0 0
r 0 r r
+cN6/ / [y" (t+7)\2)\d7dt§%/ \Y"(t)|2dt+cK6/ 1£(,0,0)) dt
0 —r 0 0
+CKG/ |Y"(t)\2dt+cN6p/ [Y™ ()| dt
0 0

1 s T L,
= (E—&—cKe—f—cNep)/ \Y"(t)|2dt+cK6/ \f(t,0,0)|2dt7
0 0
(3.8)
and

0

/0 Y, v P < / ' [Kﬁu + Y )) + No / Y7 (t 4 7) |2Adr>} dt

T

T , 2 T T
< Kq / |£(£,0,0)|"dt + K / Y™ ()| dt + Nep / yr())dt  (3.9)
0 0 0

r s , 2
— (Ko + Nop) [ [Y"(0Pdr+ Ko [ Ife0.0 ae
0 0
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Combining (3.7), (3.8) and (3.9) with (3.6), we have
VP [P [Cen @i < b

+ (% + cK4 + pcNy) /OT [Y™ ()| dt

+ (K4 + peNy) /OT|®”(t)\2dt+cK4 /Or|f(t,0,0,0,0)|2dt

+ (1 + cKg + cNgp) / [Y™(t)|dt + cKs / 1£(£,0,0)) dt
‘ .0 .0 (3.10)

—|—(K6+N6p)/0 |Y”(t)|2dt+K6/O (2, 0,0 dt

=1+ (% + cKy + peNy + % + cKg + cNop + Ko + Nep) /OT [Y™ () dt

+ (cK4 + peNy) /O |07 (t)[2dt + K4 /O I£(£,0,0,0,0)%dt + Kg /0 1£(£,0,0)dt.
By taking the expectation, we have

EY"(r)]® + R, E [/ Y”(t)|2dt] + RoE [/ @”(t)|2dt] < E]y?
0 0

L KAE [ / "1£(,0,0,0, o>|2dt} + KBl "It 0,0)d]
0 0

where Ry = <=2=¢ *Ka=pc®Na—c KG pc® No—cKe—peNe o) Ry =1—cKy — pcNy. For choosing R; > 0 and
Ry > 0. Therefore, there eletb a constant D > 0 depending on R; and Ry such that

EY () + E [/0 Y"(t)|2dt] +EB [/0 |@"(t)|2dt]

DIEW] +E [/O |f(t,070,0,0)|2dt} +E UO |f’(t,0,0)|2dt}].

Applying the Burkholder-Davis-Gundy inequality and Young’s inequality, then there exists a constant
C1 > 0 such that.

E| sup |Y"(7°)|2+/()T®”(t)|2dr] <D {E*le+E[/Or|f(t,0,0,070)|2dt} +E [/Orf'(t,QO)th}] <0,

0<t<r

Thus,
[Y"[|g2 + 10| g2 < Ch. (3.11)

The next srep, we prove the backward FSDDE

T T
W) = WD)+ [ gt 00,670, 97, 07 )it~ [ enwaw(y
has an unique solution (¥™,0"), and for Cy > 0 we have
10" 2 + [07]gs < Co.

From existence and uniqueness of the solution of the forward of FSDDE. The backward of FSDDE becomes
a classical equation terminal condition ¥ (7') and coefficient g(t, ™ (¢t), ©™(t), U™, ©™;). Therefore, we
deduce that the backward equation has a unique solution. By following the same technique of forward
equation, we obtain

V" [g2 + (10" [lg2 < Co (3.12)
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where C5 is a positive number. Let C = C} 4+ C3 and by combining (3.11) and (3.12), we have

V" g2 + 0" ][5z + (0"l g2 < C.

4. Maximal Solution
Definition 4.1. Let Y (r) be a solution of stochastic differential equation. Y (r) is a mazimal solution if
every solution X (r) such that BE(X?(r)) < E(Y?2(r)).

Definition 4.2. Let X (r),Y (r) € S2([0,T],R?), r € [0,T], such that | X (r)||*> < |Y(r)||°>. A function
h: 5[207T](Q, F,R%) — S[QO,T] (Q, F,R%) is stochastically increasing if |h(r, X (r))||> < [|h(r, Y (#))]°.

Definition 4.3. Let X(r),Y(r) € $2([0,T],R%), r € [0,T)], such that | X(r)|* < |[Y(r)|>. A function

h: S[QO,T](Q’F’ R%) — S[QO,T] (Q, F,R®) is stochastically decreasing if ||h(r, X (r))||* > |h(r, Y (r))|]*.

Lemma 4.4. Assuming (Y1,0) and (Y2,02) are the solutions of the forward equation of FBFSDDE
system (3.3). Then, if f1 < f?, it holds that also Y < Y2,

Proof. From Ité’s formula and applying inequality 22y < 122 + cy?, ¢ > 0, we have

B0 +8 | [ 160t = B

+2F T?(t)(fl(t,Yl(t),61(t),Y1t,®1t) - f2(t,Y2(t),@2(t),Y2t,@2t))dt]

LSO
B / YY) - f 20, Y20 <
0 i

Q|

E / V()]

reb | (1707 0,010,710 - e Y0.6%0). 74, 0% P
LSO

+E -/T |f(t, Y(), YY) — f(t,Yz(t),Y2t)|2dt- <
LJ O |

ol

el [ vkl

/ v a

+CEU IfL(t, Y1(t),0 1), Y, 0%) — f1(t,Y2(t),0%(t),Y?,,0%)
0

+ A Y2 (1), 02(1), Y2, 0%,) — f2(t,Y2(t),0%(1), Y, @2t)|2dt]

tr U ft, Y (), Y - f(t7Y2<t),Y2t)|2dt-
0 i

< %E [/O V() dt + cKlE[/OT |Y(t)|2dt]

+cK\E / |@(t)|2dt]+cN1pE U V) at
LJ O 0 J

Ny E /O @(t)th} +CyE UO (Y(t)th}

t Ropll I Y<t>|2>dt} < (L ek + Nip+ Ko+ pRo)E [ | |Y<t>|2dt]
+ (cKy + Nip)E [/O |®(t)2dt} .

From Gronwall’s inequality, E(?(T))2 =0, 7r€[0,T),ie.,Yi(r) <Y2(r), r €[0,T]. Hence Y <Y2. O
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Lemma 4.5. Assuming (¥, 0') and (V2,02) are the solutions of the backward equation of FBFSDDE
system (3.3). Then, if g < g?, it holds that also U! < W2,

Proof. From Ito’s formula and applying inequality 2zy < 12?4 cy?, ¢ > 0, we have
EW(r) +E {/ 0] dt] =25 [/\m )(g' (8,0 (1), 0" (1), W1, 0" ) —g%t,W(t),@z(twtv@gt))dt]

<io| [ wora] +er| [ 106 vo.000.0000 - e re.0 0, v et Pl
< %E UO [T ()| dt} +CEUO lg" (¢, W' (1), 0 (1), ¥',,0",) — ¢' (t, ¥(t), 0% (), ¥?,,07%)
+' (93 (1), ©%(1), U2, 0%) — g (1, WP (1), ©° (1), U71, ©%))] dt} [/ () }
+ cKLE UOT |@(t)|2dt} + cKyE [/0 @(t)|2dt} + cN2pE UO [ (1) dt] + cN2pE U (@) dt}
=+ etta+ N [ [ O] + et + v | [ 1000 a).

From Gronwall’s inequality, E(@(r))2 =0, r €10,T), ie., ¥(r) < ¥%(r), r € [0,T]. Hence ¥ < V2. O

Theorem 4.6. Suppose that f,f and g are stochastically increasing functions. Under the assumptions
(H1-H5), the FBFSDDEs system has a mazimal solution (Y, ¥, 0).

Proof. We will prove that (Y™, ¥™, ©™) is monotonic and its limit verifies system (3.1). In the beginning,
we construct the start point of FBFSDDESs system. Consider the following two general forward equations
of FBFSDDES system:

Vo) =t [ 70,0070+ [ [f0 700,70 -] v, @)
0 0

Yo(r) =v+ / F2Y0(1),00(1), Y0, 00 )dt + / [y @,y -6 aw).  (12)

0 0
From lemma 3.4, the Equations (4.1) and (4.2) have unique solutions (Y9,0% and (Y°,0Y), respectively,
which satisfy ||V g2 + ||90HQ2 < Cy and Y942 + ||@OHQ2 < Cy. By lemma 4.4, we have Y° < YO,

Also, we consider the following two general backward equations of FBFSDDESs system:

B(r) = J (VO (1)) + / U8 (), 00 (1), B0, )t / o0 maw (o), (4.3)

T T
W) = (YO 1) + [ gt 0°(0),6°0), 07, 0%)de — [ €0 (o), (4.4
From lemma 3.4, the Equations (4.3) and (4.4) have unique solutions (¥°,0°) and (9, ©°), respectively,

which satisfy [|¥°] g, + ||@O||Q2 < Cy and [|¥°) g, + H@0||Q2 < Cy. By lemma 4.5, we have U0 < @0,
Now, we will prove that the following backward of FBFSDDEs system has a solution (¥', ©1):

T T
\Ill(r):J(YO(T))Jr/ g(t,\Ifl(t),®l(t),\111t,®1t)dtf/ ol t)dw (t), r € [0,T]. (4.5)

From Lemma 3.4, the following backward of FBFSDDEs system has an unique solution (\Ill’m, eolm), m >
1.

whm(r) = J (YO (T)) —|—/Tgl’m(t,\I!l’m(t),Gl’m(t)7\I!l’mt,(%l’mt)dt—/T L™ (t)dW (t), r € [0,2.6)
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From lemma 4.5, it follows that WO(r) < UL+ (r) < L™ (r) < WO(r), r € [0,T]. Apply Ito’s formula
to |\I!1’m(r)|2, we have

T T

ot () +/ o (1) dt = |J (YO (T)) | +2/ UL () gh ™, W (L), ©1 (1), UL, 1™ )dt

s ’I‘T

) / L OLM ()W (1), (4.7)

By taking expectations and applying inequality 2zxy < %xQ +cy?, ¢ > 0, we have
T
B[ o)) + B U |61’m(t)|2dt} = E[l7 (v (1) I’]
T
+2E [/ \Ifl’m(t)gl’m(t,\vl’m(t),el’m(t),wlvmt,el’mt)dt} <E[l7(r* (1) ]
1 T 1,m 2 T 1,m 1,m 1,m 1,m 1,m 2
wrB | [ ofa] vee | [ 19w 0,000, v 0 )
0 2 1 T 1,m 2 T 1,m 2 1,m 2
gE[u(Y (7)) | ]—f—EE / W (4)%dt| + cKsE / 1+ o @) + 100 (1)) dt

T 0 0
+eNsE [/ (/ N (47 |2>\dr+/ |@1’m(t+7—)\2>\dr)dt}
T -T -T

<D (1 +E VT |qflvm(t)|2dtD + (cKs + cNsp)E UT |61’m(t)\2dt] ,

/TT |\Ill””(t)|2dt]> .

where D; depends on K5, N5 and Cs. Therefore, for any r € [0,T], we have

E [\\plvmmﬂ + (1 — ¢Ks5 — cNsp)E /T |@1’m(t)|2dt] <D (1 +E

T

According to Gronwall’s inequality, we deduce

T 2
/ |ob™ (1)) dt] < D.

r

m 2
Sup,epo B |9 ()| < D1, E

From (4.6), let us take the Sup and then take the expectation

T
E [Supre[oyﬂ |ghm (r)’Q] < E|J(Y°(D)|* +2E/ TET () gt (8, T (), 00 (1), U, 01 dt
0

0

< KsE (1+]Y° (D) ) + N7E(/O YO (t 4 7) [*Adr + %E [/T |gtm (t)\2 dt}

/T o™ (t)dW (t)

1
m 2 2
+ (E [SUPre[o,T] “I’l’ (7")| ]) : <E |:Sup'r6[0,T]

T
+cE [/ |g"™ (5,0 (1), 01 (1), W, e ) | dt]
0
1 m T atm
+ 2B [supre[w ot (T)|2]+CD3E [/ ot (t)]gdt}gKgE(lﬂYo(T)F)
0
1 T 1,m 2 T 1,m 2 1,m 2
+Nep+ ~F U |wh™ (1) dt}+cK5E [/ 1+ +|107™ (@) )dt}
0 0
T 0 0 9
+ cNsE [/ (/ | (¢ 4+ 7) |2>\d7-+/ @Y™ (t 4 7)| )\dr)dt}
0 -T -T

1 m T m
418 [, 0] + e0a | [0 0 @] < K+ KeBIY (D)
0



STOCHASTIC MAXIMAL SYSTEM OF FUZzZYy STOCHASTIC 11

T T T
—|—N7p—|—%E{/ |qllvM(t)|2dt}+cK5E[/ |Y0(t)|2dt}+cK5E U |\I/1’m(t)|2dt}
0 0 0

T T T
+ cKsE [/ \@Lm(t)|2dt} + cKspE V |\I/1’m(t)|2dt} + cKspE [/ \@1’m(t)|2dt}
0 0

0

T
+ E[supre[O’Tﬂ\I/l’m(T)f]+cD3E U |®1’m(t)|2dt}
0

1
C
1 1,m 2 1 T 1,m 2
< LB [sup,cpon| U] + G+ ek + cKsp)B [ [ 100 @)t + Dy,
0

Then,

+ Dy,

r 2
[ 1wrorae

2
E {Supre[o,Tﬂ‘I’l’ ()] } <KE
0

From (4.6), we have

B [sup,cpo,n) ¥ (1)’ < D1,
From the monotone bounded convergence theorem, we deduce that lim,, o, ¥¥'™ = ¥!. From Fa-
tou’s theorem we deduce that E [SuPre[o,T] |\D1(r)\2} < D;. Using the theorems of dominated conver-
gence and Dini’s, we get F [SUPre[o,T] |[wlm(r) — \Ill(r)\g] — 0, m — oo. Applying Ito’s formula to
| UL (r) — \Ifl’m(r)|2 and by Holder’s inequality, we have

B “\I,u (0) — whm (o)f] +E [/OT 0% (1)~ 0" (1) dt]

T . 2 T . . . . .
s2<E[/ |w173<r>w1’m<r>|2dt]> <E[ [ 1a w0 0, w0 00
0 0
_ gl,m(t7 \Ifl’m(t),gl’m(t),\lll’mt, ®l’mt)|2dt} )%

1

T T
st[/ |W<r>w1%>|2dt]+cE[ / 19" (1, 0 (1), 019 (1), W', @19 )
c 0 0

T
-, 000, 0 e Pl < Lo | [ 1) - v Pal
0

T

+ cK>E UOT | () — \Ifl’m(r)|2dt} + cKyE UO |0 (r) — el’m(r)|2dt}
+ cNapE UOT O () — \I/l’m(r)|2dt] + cNopE UOT |0 (r) — eLM(r)fdt}
- (% + Ko + ¢Nap)E [/OT I (r) — \Ill‘m(r)|2dt}

T ‘ )
+ (cK2 4+ cN2p)E |:/ |®1;J(T) _ 91’7n(7‘)|2dt ‘
O .

Because {©1™},,>1 is a Cauchy sequence in Q*(Q2, F, P,R**?), then

2

E Ydt| — 0, as j,m — 00

T
| et - v + 0t - et

this means lim,, .o O™ = ©L. Hence, (¥',O1) is a solution of backward of FBFSDDEs system. Using
the same proof technique above it is possible to prove (Yl, ©1!) is a solution of forward of FBFSDDEs
system. Next, it is obvious that the following backward of FBFSDDEs system has a unique solution



12 FarLaH H. SARHAN

(T>™ 02™) m > 1

T T
v (r) = J (YN(T)) + / G, URT(E), 02 (1), U™ 02 )dt — / ©>™(t)dW (t), r € [0,T].
We kow Y (T) < Y°(T), we deduce J (Y (T)) < J (Y°(T)). Moreover, from Lemma 4.5, it follows

that W2™(r) < WL™(r), then U2(r) < Ul(r) as m — oo. Similarly, we prove that (Y%, ©2) is the solution
of forward of FBFSDDESs system:

Y2(r) = 7+ / YR, 0%(0), Y2, 0% )dt + / [feve.v) - exw] awe),

and YO(r) < Y2(r) < Y'(r) < YOr), for all r € [0, T]. By the same procedure, we get the existence of a
sequence (Y™, @™ ©™) which satisfies (3.3). Therefore, for any r € [0,T] such that

YO r) <o SY™Hr) SY™(r) < - < YP(r) <Y H(r) <YO(r),

TO(r) <o SU™FL() U™ (r) < --- < W2 (r) < WL (r) < WO(r).

Therefore, we deduce Y' = lim,,_oc Y™ and ¥! = lim,,_,o, ™. Using the same proof tech-
nique above, we deduce ©! = lim,, .., ©'™. Hence, we conclude that (Y, ¥,0) € S%(Q, F, P,R%) x
S2(Q, F, P,R") x Q%(, F, P,R**%) is a solution of FBFSDDEs system (3.1).

Finally, Let us assume that (Y, ¥,0) € S?(Q, F, P,R%) x S%(Q, F, P,R?) x Q*(Q, F, P,R**?) is an
arbitrary solution of the system (3.1). From lemma 4.4, we conclude YO(r) < YO(r) < YO(r),r € [0,T].
From J ()7 (T)) < J(Y°(T)), and then using lemma 4.5, we deduce immediately that ¥0(r) < WO(r) <
UO(r),r € [0,T). Therefore, it follows that ¥l(r) < UO(r),r € [0,T]. Repeating the same procedure, we
conclude

YOr) <YOr) <--- <Y™(r) <--- < Y2(r) <Y(r) <YO(r),

PO(r) < WO(r) <o < U™(r) < oo < WR(r) < WH(r) < WO(r).
It implies that ¥ < Y and ¥ < U, that is the system of FBFSDDEs (3.1) has a maximal solution
(Y, U,0) € S2(Q, F, P,R%) x S2(Q, F, P,R") x Q%(Q, F, P,R*¥). 0

Theorem 4.7. Under the assumptions (H1-H5), the FBFSDDEs system (3.1) has a unique solution
(¥.0,0).

Proof. Let (Y, 0!, ©') and (Y2, ¥2,©?) be two solution of FBFSDDEs system (3.1). We se (7 7 @)
(Y1-Y2 0!—¥2 0'-02). Applying Ito’s formula to Y, ¥ and by using inequality zy < 5-2%+ $y/?,
0, we have

E[Y™T)J (Y™(T))] < E[ /0 T\IT”(t)( f@E,Y2™(t),0%™(t), Y™, e>m)
YY), 00 (1), Y, elm)) dt}
w 8] [ TR e 0,0 0,90, 0%
—g<t,\PL%),@Lm(t>,wlvmt,elvmt>>dt]

T
+E / ©02™(t) — O™ ()| f(£, Y™ (1), Y2™,) — f(t, Y™ (t), YI™,)|dt
0
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T T
<lp / LROIK +CE[ / F(E, Y27 (1), 027 (1), Y27, 0%,
2C 0 2 0

1 T
- f(ta Yl’m(t)a el,m(t)’ Yl’mtv @l,mt)th:| + %E /0 |Ym(t)| dt

T
c m m m m m m m m 2
F5E | [ ol v (0,027 (0, 03 m 057) - glt, 117 (1), 00 (1), W, 01 P
0

1 Ti T / ,
o | [ B+ B | [ Ife i@, vim) - feyim e,y
0 0

¢Ki ¢Nip 1 ¢Ks3 ¢Nsp /T — 2 1  c¢Ky ¢Nop /T — 2
< (——= J— 2 m J— P m
<( 5t +2C+ 5 Tt VB ; Y™ (¢)|dt +(2C+ 5 + 5 VE ; [Um(t)]"dt

p e ol e Ly /T

—_ 2
- ™ ()| dt
2 2 2 > o 0|@()‘

On the other hand, by Cauchy sequence, we have
T, T, T,
E / v (1) dt+/ T ()| dt+/ 7 (1) 2dt| — 0, asm — co.
0 0 0

Therefore, E [ S (1), W (1), 01 (1)) — (Y2(t), W2(b), 62(t))|2dt} = 0, this means

(Y1), U(t), 01 (1) = (Y*(t), T*(t), ©%(1)).

5. Conclusion

This paper presents, under some suitable conditions, an ideal solution to overcome some of the risks
of stocks in the stock market by proposing a fuzzy model for doubly stochastic differential equations in
forward-backward forms. This solution is also used to find solutions to more complex problems.

References

1. F. Antonelli, Backward-forward stochastic differential equations, The Annals of Applied Probability 3 (1993), no. 3,
T77-793.

2. E. Buckwar, Introduction to the numerical analysis of stochastic delay differential equations, Journal of Computational
and Applied Mathematics 125 (2000), no. 1-2, 297-307.

3. P. Luo, O. Menoukeu-Pamen, and L. Tangpi, Strong solutions of forward-backward stochastic differential equations
with measurable coefficients, Stochastic Processes and their Applications 144 (2022), 1-22.

4. J. Ma, J. Shen, and Y. Zhao, On numerical approzimations of forward-backward stochastic differential equations, STAM
Journal on Numerical Analysis 46 (2008), no. 5, 2636—2661.

5. M. T. Malinowski, Strong solutions to stochastic fuzzy differential equations of it o type, Mathematical and Computer
Modelling 55 (2012), no. 3-4, 918-928.

6. M. T. Malinowski and M. Michta, Stochastic fuzzy differential equations with an application, Kybernetika 47 (2011),
no. 1, 123-143.

7. X. Mao and S. Sabanis, Numerical solutions of stochastic differential delay equations under local lipschitz condition,
Journal of Computational and Applied Mathematics 151 (2003), no. 1, 215-227.

8. B. Oksendal and A. Sulem, Mazimum principles for optimal control of forward-backward stochastic differential equations
with jumps, STAM Journal on Control and Optimization 48 (2010), no. 5, 2945-2976.

9. F. H. Sarhan, Mazimal solution of forward-backward system for fuzzy stochastic differential equations, Advances in
Nonlinear Variational Inequalities 28 (2025), no. 7s, 349-360.



14 FAaLAH H. SARHAN

10. D. K. Seya, R. M. Makengo, M. R emon, and W. O. Rebecca, Fuzzy it "o integral driven by a fuzzy brownian motion,
Journal of Fuzzy Set Valued Analysis 3 (2015), 232-244.

Falah H. Sarhan,

Department of Mathematics,

College of Education for Women, University of Kufa
Najaf, Iraq.

E-mail address: falahh.sarhan@uokufa.edu.iq



	Introduction
	Basic Notations and Hypothesis
	Fuzzy Stochastic System 
	Maximal Solution
	Conclusion

