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Existence of multiple nontrivial solutions for 2n-th order discrete boundary value problem

Anouar El-Allaly*, Omar Hammouti and Mounir Mekkour

ABSTRACT: We established the existence of multiple solutions for a class of nonlinear 2n-th-order discrete
boundary value problems by using variational methods and critical point theory. One application is included
to illustrate our theoretical finding.
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1. Introduction

Let n > 1 be a positive integer. In this work we study the following nonlinear 2n-th order boundary
value problem

> (~DFAPw(t k) = gt w(). te LN, W
k=0 . . .
Alw(—(n—1)) = Aw(N-—(n-1)), i€[0,2n— 1]z,

where N > n is an integer, [1, N|z denotes the discrete interval {1,2,..., N}, A is the forward difference
operator defined by Au(t) = u(t + 1) — u(t), A%u(t) = u(t), Atu(t) = A= (Au(t)) for i = 1,2,3,...,2n
and g : [1,N]z x R — R is a continuous function in the second variable, i.e., for any fixed t € [1, N]z a
function g(¢,.) is continuous.
A solution of (1.1) is a function w : [—=(n — 1), N + n]z — R which satisfies both equations of (1.1).
Let Ag, A1,..., An_1 be the eigenvalues of the linear boundary value problem corresponding to the

problem (1.1)

S (=1)FAZRw(t — k) Aw(t), t € [1,N]z,

k=0 ‘ (1.2)

A'w(—(n—1)) A'w(N —(n—1)), i€]0,2n —1]z.

From [4], it can be concluded that the issue (1.2) has precisely N real eigenvalues \;, j € [0, N — 1]z
which satisfiy

n .

A= po+2) meos(3L), j€[0,N —1]g,
=1

)\j = )\N—j; jE [1,N— 1]2,

with ;= (=1)!' > Cg;rl for any 1 € [0,n]z.

J=l
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Since A; = An_;, for any j € [1, N — 1]z the problem (1.2) has ¢ + 1 different eigenvalues, where

q= % when N is odd, or ¢ = 5 when N is even. Consequently, this notation can be used to write

these eigenvalues in the following way
0< A <A << Age

In the sequel ¢;, for any j € [0, N — 1]z, denotes the correspondent orthonormal eigenfunction of A;.
Further, the symbol span{y1, ..., ¢; } stands for the R-linear subspace of Ey generated by ¢1, @2, ..., ¢;,
where Ey is defined in (2.1).

We want to focus on the fact that the problem (1.1) can be seen as discrete counterpart of the following
2n-th order differential equation

n ka
3 (R ), e o,

w®(0) = w®(1), iel0,2n—1]z.

It is widely recognized that effective mathematical modeling of significant problems across various
research fields, such as computer science, neural networks, biological systems, and population dynamics,
is based on nonlinear difference equations, and the study leads to enormous findings. Many existing
results of nontrivial solutions for differential equations have been obtained in recent years due to the fast
development of studying the boundary value problems for differential equations, where various methods
and techniques have been used, for example, fixed point theorems methods, coincidence degree theory,
and topological degree theory. For more details, see [1,2,4,5,6,7,11,14]. Critical point theory and
variational methods are powerful tools to investigate the existence of solutions to various problems in
differential equations [8,9,10,12,13,15 — 25] .

This paper is concerned with proving the existence and multiplicity of critical point theory and vari-
ational techniques solutions to discrete nonlinear 2n-th order problems (1.1). The rest of this paper
is organized as follows: Section 2 contains some preliminary lemmas, whereas the main results will be
proved in section 3. Section 4 includes an illustrative application.

The following theorems are the key findings of this paper.

Theorem 1.1 Assume that

(Gy) there exists v with v < 3. Ch, +23° S (=1)!CEF such that
=1 k=l

2G(t, x)

lim sup 35— <7 for everyt € [1,N|z,
x

|z|— 00
where G(t,x) = [ g(t,s)ds for (t,x) € [1, N]z x R;
(G3) there exists an integer p € [1,q]z such that

27l
lim 1nf ZCQI + 222 )ICEF co (WTP), for every t € [1, N]z,

=1 k=l

where q = % when N is odd, or ¢ = 5 when N is even.

Then, the problem (1.1) has at least one nontrivial solution.
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Theorem 1.2 Assume that (G1) and (G3) hold, where

(G3) there exists an integer p € [1,q]z such that

lim 1nf ZCQZ +22”:z”: C'k'H (27;\;}))

z—0

and

lim sup
x—0

3l 23S e (H24D)
=0

=1 k=l
for every t € [1, N]z.
Then, the problem (1.1) has at least two nontrivial solutions.
Theorem 1.3 Assume that (G1), (G4) and (Gs) hold, where
2G(t, x)
2

T

(G4) lim infO >3 CL + Z ( D'OE cos (27\;(1) , for every t € [1, N]z;
r— =1 §

il Mz

(Gs) g(t,x) is odd in x, i.e., g(t,—x) = —g(t,x) for (t,z) € [1,N]z x R.
Then the problem (1.1) has at least 2q nontrivial solutions.

2. Preliminary lemmas

In the present paper, we define a vector space En by

Enx ={w:[-(n—1),N+n]z — R | Alw(—(n—1)) = Alw(N—-(n—-1)), i=0,1,2,3, ...,

E can be equipped with inner product (.,.) and norm ||.|| as follows:
N

(w,v) = Zw(t)v(t), Yw,v € Ey
=1

N 1/2
lwl| = <Z|w(t)2> , Vw € Ey.
t=1

We also put, for every w € En

fwlloo = mae. (e

Remark 2.1 [t is easy to see that, for any w € En, we have

w(=(n—=1)) =w(N - (n—-1))
wi-m—-—1)+1)=wlN-(n—-1)+1)
w(—m—-1)4+2)=w(N-(n—-1)+2)

w(0) = w(N)
w(l) =w(N +1)

on—1}, (2.1)
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Clearly, (En, ||.||) is an N dimensional reflexive Banach space. Since it is isomorphic to the finite dimen-
sional space RY. When we say that the vector w = (w(1),...,w(N)) € RY, we understand that w can be
extended to a vector in Ey so that (2.3) holds, that is, w can be extended to the vector

(W(N = (0= 1)), w(N = (1= 1) + 1), s (N}, (1), w0(2), ccs w(N), (1), e, w0(n)) € By

and when we write Ey = RY, we mean the elements in RY have been extended in the above sense.

For w € E, let the functional ¥ be denoted by

1 N n N
=3 Z Do IARw(t = k)P = Gt w(t)), (2.4)
t=1 k=0

t=1

Then, it is easy to see that ¥ € C'(Ey,R) and its derivative ¥/(w) at w € Ey is given by

N
t=1

Z AFw(t — k)AFv(t — k) — g(t,w(t))v(t)] for any v € Ey. (2.5)
By [4, Lemma 2.3], ¥/ can be written as

U (w)w = Z [Z(—l)kAka(t —k) — g(t,w(t))] v(t), for any v € Ex.

Thus, finding solutions of (1.1) is equivalent to finding critical point of the functional W.

From [4], U can be rewritten as

N
<Z Apw, w> > Gt w(t)), (2.6)

t=1
where
ao ai az -+ Qp-1 Qan an+1  Ant2 " AN—(n41) AN-n AN—(n-1) e aN-2 QaN-1
aN—1 ag a -+ QAp-2 Gp—1 Qn apt1 v : : AN —n e aN-3 aN-2
aN-2 aN-1 Go - Gp-3 Qp—2 0ap—1 A, e : : : ce aN-4 QN-3
n
> Ak =
k=0
as 7} as . . . . : : . : . aop ay as
az as a4 . . . . . . : : . aN—1 ap ay
ai as as . : . . : : . . . aN—-2 GN-1 aop

NxN
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with
1y i, 1 €1[0,n]z,
j=l
a; =0, len+1,N—(n+1)z,
a = Z CiN le [N —n, N —1]z.
j=N-1

Remark 2.2 The eigenvalues of the problem (1,2) are exactly the eigenvalues of the matriz >} _, Ak, then for
every w € En,

ZCNQZZ Cé“k“] Jwll? < <2Akw,w> [chzzz 1)'Ch co (2””)} ool
=1 k=1 k=0 =1 k=l

The space of continuously Fréchet-differentiable functionals from E into R is denoted by C'(E,R).

Definition 2.1 Let E be a real Banach space, and ¥ € C'(E,R). ¥ is said to satisfy the Palais-Smale
(PS) condition if any sequence (y;) C E for which (¥(y;)) is bounded and ¥'(y;) — 0 as t — oo,
possesses a convergent subsequence. The sequence (y;) is called a (PS) sequence.

Lemma 2.1 (see [3]) Let E be a Banach space and E = E1 @ Ey where Es is a finite dimensional
subspace of E. Suppose that ¥ € C1(E,R) satisfies the (PS) condition, ¥(0) = 0 and for some r > 0

U(y) >0, foryeEr, |yl <

\I/(y) SO’ fOTyeEg, HyH ST'

Assume also that ¥ is bounded below and ing\ll(y) < 0. Then VU possesses at least two nontrivial critical
ue

points.

Lemma 2.2 (see [5]) Let E be a Banach space and let ® € C'(E;R) be an even, bounded from below
functional that satisfies the Palais—Smale (PS) condition. Suppose that ®(0) = 0 and there is a subset
K C E such that K is homeomorphic to S™~! via an odd mapping, where S"~1 is the r — 1 dimensional
unit sphere and sup ®(u) < 0. Then ® has at least v disjoint pairs of nontrivial critical points.

ueK
3. Proof of the main results

Proof of Theorem 1.1. From (G) there exixts a constant o > 0 such that

2G(t,x)

e <~y+e, forevery (t,|z]) €1, N|zx]o,+o0],

where € > 0 stisfying

5<ZC21+QZZ NOEF — 4. (3.1)

=1 k=l

Thus,
1
G(t,x) < 2(7—1—6) , for every (t,|z|) € [1, N]|zx]o, +o0, (3.2)

On the other hand, by the continuity of x — G(t, x), there exists & such that

|G(t,x)] < &, for every (t,|z|) € [1,N]z x [0, 0]. (3.3)
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<o}

For any w € En, let S; ={t € [1, Nz : |w(t)| > o} and Sy = {t € [1, N]z : |w(t)
Using (2.6), (3.2) and (3.3), we have

N
U (w) = ;<2Akw w> SO G w(t)
t=1
2 St e S e jul? - X cteun - X cteu)
=0 =1 k=l teSy teSs

3

NE

WV

n N

1

SR 3 3 R oL
=0 t=1

l

1k

l

for any w € Ey.

Then, in view of (3.1), ¥(w) — +00 as ||w|| = +oo which means that ¥ is coercive and bounded from

below, hence there is a minimum point of ¥ at some wy € Ey, ie., ¥ (wy) = inbf U(w), which is a
webkn

critical point of ¥ and it is a solution of the problem (1.1).
Now, we prove that wg is nontrivial. Using (G2), there exists § > 0 such that

[ZC21+2ZZ )k co (27;\?”)];52 for (t,|z]) € [1, N]z x [0, 4],

=1 k=l

On the other hand, from the Cauchy Schwartz inequality, one has
N
w(t)] <Y Jw(t)] < VN|w|| for every t € [1, N]z.
t=1

Therefore, we get

||w||oo:trﬁax] lw(t)] < VN|w|, Yw e Ey.
S

Hence, for every w € B(0, p1) () E1, where p; > 0 and E; = span{ep1, ..., ¢, } we have

]l < VNp1.
Consequently, if we take p; < 0 e obtain
Ys W 1 = W
vN
Gt w(t) > 5 |D Ch+2> > (-1)'Ch'co (;”)] w?(t) for every t € [1, N]z. (3.4)
1=0 1=1 k=l

Moreover, if w € Ey, there exist a1, as,...,a, € R, such that w = Z?Zl a;Q;.
Hence, we obtain

Zn:021+222 C'k'H (T)] a?

=1 k=l

j=1

chzZZ 1)'Ch o (Mp)] IR (3.5)

=0 =1 k=l

IN

Using (2.6), (3.4) and (3.5), we have

& 2wl —
ZOQl 222 ) Coyf co (Np>1 (lwl* = lw]?*) = 0, for every w € B(0, p1) N Ex.
1=0

=1 k=l

1
2
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Now, if U(w) = 0, every w € Ey with ||w|| < p; is a solution of the problem (1.1). If ¥(w) < 0, for any
w € B(0,p1) N Ey, then inf ¥(w) < 0, therefore ¥(wg) < 0. The proof of Theorem is complete.

weEN

Proof of Theorem 1.2.

We will use Lemma 2.1 to prove this result.

From the proof of Theorem 1.1, ¥ is coercive hence every (PS) sequence (u,) is bounded. In view of the
fact that the dimension of Ey is finite, ¥ satisfies (P.S) conditions.

— 0
Moreover, ¥(w) < 0, for every w € B(0, p1) N E; for some 0 < p; < Wik where E; = span{y1, ..., op}.
Now, we prove that there exists ps > 0 such that

U(w) >0, for every w € B(0, p2) N Ey where Ey = span{@pi1, ..., 9q}-

q
Let w € E5, then there exist bpi1, bpt2,..., by € R such that w = > bj¢p;.
Jj=p+1
It is easy to see that

<§Akw,w>zz ZcleZZ CE co (27\?)]1)

Jj=p+1 Li=0 =1 k=l
ZCQI+QZZ Ck+l (W) Hw||2
1=1 k=l
Therefore, we obtain
! 4t 2rl(p + 1) .
25 Zczl+2zz )'Cy — )| IIll = > Gt w(t)).
1=0 1=1 k=I t=1

Further, from (G3), there exists § > 0 such that

3|2t S ek e (D)

z?,  for every (t,|z|) € [1,N], x [0,4].

=1 k=l
This, takin, < 0 for every w € B(0, p2) N B, we have
) T Vi ) , W Vi
g P2 JN Yy P2 2
1 2rl(p+ 1)
Wzl zcwzzz ekt cos (2HEEDY | (ul? - fol?) <o
1=1 k=l

Thus, by choosing p = min{p1, p2}, we deduce that
¥ (w) <0, for we B(0,p) N Exy,

and -
U(w) > 0, for w € B(0,p) N Es.

If 1€nb£ U(w) > 0, then ¥(w) = 1€nbf U (w) = 0 for every w € B(0, p) N By, which implies that all w € E;
w N w N

with ||w|| < p are solutions of the problem (1.1).

If inEf U(w) < 0, then all conditions of Lemma 2.1 are satisfied. Then, the problem (1.1) has at least
wekbn

two nontrivial solutions.
Proof of Theorem 1.3. From (G4), there exists > 0 such that

G(t,x) > =(Fo — )z for (t,z]) € [L, Nz x [0,4], (3.6)

N | =
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2G(t n non 27l
where Fjy = lim inf # and 0<e< Fy— {Z Cy+23 Z(—l)leljlcos( FQ))] :
z—0 x =0 1=1k=Il N

Put

K ={uwe by vl =2t

It is clear to see that |w(t)| < p, for any w € K.
Let ¥ be defined in (2.6). Then, for any w € K

1
Yw) <3 Zczz+2ZZ 1'C3 eo ( )] el = 5 (Fo = o) ]
=1 k=l
_1M - ket 2mlq
_§ﬁ [;CZZ+2;; Czk T —Fy+e| <O.

Thus, we obtain sup ¥(w) < 0. On the other hand, from the proof of theorem 1.1, ¥ is bounded from
weK
below and satisfies the (PS) conditions.

Let S?~! be the unit sphere in RY and define

VN
T:K— ST by T(w) = —w.
o

Then, T is an odd homeomorphism between K and S?~!. Hence, all conditions of Lemma, 2.2 are satisfied,
so ¥ has at least 2¢ nontrivial critical points, which are nontrivial solutions of problem (1.1).

4. Application
Let us consider the function

A+ A1 @ 3
5 1+x4—tm, (t,x) € [1,N]z x R.

g(t7 J}) =

2mly

where \; = Z Cl +2 Z Z( 1)!CEH cos (Xﬁ) for j € {p,p+1}.
1=1 k=l

The Correspondlng primitive is given by

v Ap+ A t
G(t,z) = / g(t,s)ds = Aot Apid -arctan(z?) — —a?.
0 4 4
It is obvious that
: 2G(t, x)
lim sup —5— = —o0.
|z]|— 00 T

On the other hand, we expand arctan(z?) near zero

1
arctan(z?) = 22 — §x6 + o(z°).

Then,

lim 2G(t, JE) _ /\p + /\p+1 .
z—0 {I?Q 2

Therefore, (G1) and (G3) are satisfied, then the problem (1.1) possesses at least two nontrivial solutions.
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