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Potential and Concave-Convex Nonlinearity
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ABSTRACT: In this paper, we will prove the existence of two disjoint and infinite sets of solutions for the
following elliptic system with critical Sobolev exponents and Hardy potential

2 — 2 _ .
—Au — tﬁ = ﬁm\"‘ 2ulv|? + pZquW\p 2ulv]?  in Q,
—Av — t# = m|u|a|v\572v + p—fq|u|p|v|q*2v in Q,
u=v=0 on 09,
_ o2
where Q@ C RY is a smoothly bounded domain containing the origin, N > 7, a4+ 8 = 2* { = %,

telo,t—4), 2% —/1— % <p4+g<2and?2*:= % denotes the critical Sobolev exponent.

Keywords: Laplacian, hardy potential, critical Sobolev exponent, infinitely many solutions, Po-
hozaev identity.
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1. Introduction

This paper is concerned with the existence of infinitely many solutions for the following elliptic prob-
lem:

—Au— it = (fTaﬁ|u|“_2u|v|'B + %|u|p_2u|v|q in Q,
—Av — bty = 2o fulof 20 + 2LfulPlv]T%0 i Q, (1.1)
u=v=0 on 0,

where 1 < p+q < 2, a,8 > 1 satisfy a + § = 2*, v is an outward normal to the boundary 92 and

2* = %, N > 3, is a critical Sobolev exponent. We assume that €2 is a smooth open bounded domain

in RN with 0 € Q.
The corresponding energy functional to (1.1) is

1 2 2
I(u,v) :i/(; (Vu|2 +|Vo]? — tW) dx
2

2
- /|u|"\v|5d$—7/ |u|P|v|?dz.
a+ B Jq pP+qJa

Problem (1.1) is related to the well-known Hardy inequality :

’LL2 1 2 00 N
de < = \Vul?dz, Vue Ci® (RY).
R t Jry

v [a?
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When ¢t = 0 and v = v in problem (1.1), it reduces to the following scalar semi-linear elliptic problem
with concave-convex nonlinearities.

{ —Au = [ulP~2u + al|u|?u, in Q,

u=20 on 0f). (1.3)

In the celebrated paper [2] Ambrosetti, Brezis and Cerami showed that

(1) For all 0 < ¢ < 2 < p, there exists A > 0 such that, for all a € (0,A), problem (1.3) has a minimal
solution u, with negative energy.

(2) Let 1 < ¢ <2< p<2* Then, for all a € (0,A), problem (1.3) has a second solution v, > u,.

(3) Let 1 < ¢ < 2 < p < 2* Then there exists a* > 0 such that for all a € (0,a*), problem (1.3) has
infinitely many negative energy solutions

(4) Let 1 < g <2 < p < 2* Then, for all a € (0,a*), problem (1.3) has also infinitely many positive
energy solutions.

After this work, the concave-convex problem has been extensively studied and some important and
interesting result has been obtained, see for instance [6,7,9,15,16,20]. In the last section of [2], authors
proposed one open problem : whether problem (1.3) has infinitely many solutions with positive energy,
when, p = 2%, for a > 0 small enough. On the other hand Devillanova and Solimini [18] considered the
following problem

—Au=pu+|u? 2u inQ,

(1.4)
u=20 on 0%},

where € is a smooth bounded domain in R and p > 0. They established the existence of infinitely
many solutions if N > 7. Their crucial idea is to show the strong convergence of approximating solutions
of (1.4). The main ingredient used to achieve this goal is to obtain some estimates for approximating
solutions of (1.4) in a carefully defined safe region, and then a local Pohozaev identity is used to obtain
the result. Using the similar approaches in [18], Pigong Han in [19] showed hat if N > %, then
problem (1.3) admits an infinite sets of solutions with positive energy. Others affirmative answers to
above open problem may be found in [11,14]. As far as we know, there is no easy answer for this question

concerning problem (1.1). The main result of this paper is as follows
Theorem 1. If we assume that N > 7,t € [0,t —4) and 2* — /1 — % <p+q <2 then

(i) There exists a sequence of solutions (ug,vg)r of (1.1) such that I(ug,vr) < 0 and I(ug,vg) — 0 as
k — +oo.

(i) There exists a sequence of solutions (U, 0g)r of (1.1) such that I(uy, ;) > 0 and I(Uy, ) — 400
as k — +oo.

When p = 2, ¢ = 0 and u = v the method introduced in [18] was also used by Daomin Cao and
Shusen Yan in [13] to establish that if N > 7, a > 0 and p € [0, — 4), then the problem (1.1) has
infinitely many solutions. For more similar results, we refer the reader to [8,12,22]. Our main argument
use the same strategy as that used in [13]. But some difficulty arise in applying the Moser iteration since
we don’t have a reverse Holder inequality when 1 < p + ¢ < 2. To overcome this difficulty, we give here
an argument, which works for the subcritical term |u[PT4 with 1 < p+ ¢ < 2* ( see the argument used in
the proof of Proposition 5 below). This paper is organized as follows. Section 2 is devoted to the strong
convergence of approximating solutions of (1.1) in Hg(£2). By applying the Fountain Theorem and its
dual form [5,25], we prove Theorem 1 in Section 3.

To conclude this introduction, we explain some notations used in what follows. Denote the norms
1

of the spaces Hg () x H}(Q), LP(Q)(1 < p < 00) by [[(u,v)|| := ([, |Vul’dz + [, |Vv|[*dz)?, |ull, =

1
( fQ |u|pdx) ? respectively. By symbol C we denote a generic constant whose value may change from line
to line.
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2. Strong Convergence of Approximating Solutions in H}(Q).

We consider the following perturbed problem:

22— .
—Au -ty = 2 52>€|u\0 2=eylu) e 4 p+q|u\p 2ufplt i Q,
2(8 .
—Av _t# = a—E-B 2€|u|a €lp|f=2=cp + p+q|u|p|v|q 2y in Q, (2.1)

u=v=0 on (.

where € > 0 is a small constant such that 0 < ¢ < min{a—1,8—1}. A pair of functions (u,v) € H}(Q) x
HL(Q) is said to be a weak solution of problem (2.1) if it holds for any ¢ = (¢1,p2) € H*(2) x HY(Q)

/ <wwl + VoV, — t% - t“’”) da
Q

of?
2( o— € € 2( a—€ €
e [l ol prde — 2P [ el cuguds
p—l—q/ |u|P™ 2|U|qug01das—7/ [ulP|v|7 2vpqdz = 0.

The corresponding energy functional of problem (2.1) is defined on Hg(2) x H(Q) by

1 2 2
I¢(u,v) :i/g (Vu|2 +|Vv]? — tW) dx

2 2
—7/ |u|”‘_6|v|6_6d3:—7/ |u|P|v]?d.
a+f—2¢ Jo P+4qJa

We first introduce some notations and terminologies which will be used in the sequel. Let (u,v) be

a solution of problem (2.1). Set @ := |u|, ¥ = |v| (extended by zero out of Q) we have 4,7 € H(RY).
Then for any ¢ € HY(RY) with ¢ >0

/ VﬁV(p:/V|u|.chdx
RN Q

- Olul -1, 1
—/6Q n ds—/ |u| ™ u div(Vu)ede

2(a — € 2
< [t (t||2 p A9 | areyypme . 2 |up2uv|q) o
Q

(2.2)

a+ B —2e p+q

i 2a— P
:/ (t“ L 2= carqgpe 2P ﬁ”lfﬂ) oda
Ry \|z]2 a+f— 2 p+q

U4+0  2a—e€) _  _or 19 2p p+p—1
< t d
_/RN( |z[2 +2*—26 (@+9) +P+q(u+v) o

which implies in the sense of distribution

U+0 < 2(a —€)

~ < 251 2p -1
—A —t 2 1—2¢ e p+p )
u FER— (@ + ) +p+q(u+v)
Similarly,
L U+0 _2B—¢€) .  _2*-1-92 2q +p=1
_AD— e p+p—
v [z2 = 2% — 2 (4 +0) +p+q( o+ 0)
It follows that
AT+ 7)) — e <2+ 5)2 T 2(a+ oyt

|z| (2.3)
<3(a+09)?>1+A inQ,

where A is a positive constant. So in next section we can only consider the estimates of solutions to (2.3)
in H} (RN).
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Definition 1. Let {(un,v,)} be a given sequence.
(i) We shall say that {(un,v,)} is a controlled sequence if u, + vy, is a solution to problem (2.53).

(i) We shall say that {(un,vn)} is a balanced sequence if each {(un,vn)} solves (2.1) with € = €, > 0
and €, — 0 asn — oo .

Remark 1. Every balanced sequence {(un,v,)} is a controlled sequence. In addition, we also may assume
that controlled sequence {(un,v,)} is nonnegative in ), that is, un, v, > 0 in Q, since we could replace
them with their absolute values respectively.

For any ¢ > 0 and = € RV, we define

N

pao(u,0) = 02 (u(o(- — ), v(o(- — x))) ,u,v € Hy(9).
From Appendix in [13], we have the following decomposition of approximating solutions.

Proposition 2. Suppose N > 3. Let (upn,v,) be a solution of (2.1) with € = €, — 0, satisfying
| (i, v0)|| < C for some constant C. Then

(i) u, can be decomposed as

m k
(Una'Un) = (u07UO) + ZpO,an,j (Ujv ‘/j) + Z Pxr j,0n,j (Uja ij) + (uoovvoo)a (24)
j=1 j=m+1

where (Uso, Voo) — 0 in HY(Q) x HY(2), (ug,vo) is the weak limit of a suitable subsequence (ty, vy,)
Forj=m+1,--- )k, 2; € Q, 0y jd(2n,;,00) = 400, 0y j|Tn,;| = +00, as n — oo, and
(U;,V;) is a solution of
—Au = b, QQ—J‘:‘B\U|O‘_2u|U\B) , in RN,
—Av =1b; (f—_@g\u|°‘|v|572v> , in RN,
(u,v) € (DM2(RY))?,

for some bj € (0,1]. While for j =1,--- ,m, 6, ; = +00 as n — oo, and (U;,V;) is a solution of

—Au — ﬁu =b; (%|u\a_2u|v|ﬂ) , inRY,
80— v = by (Zglul ol %), in Y,
(u,0) € (DM2(RV))",
for some b; € (0, 1].
(ii) Set xn; =0 fori=1,...,m. Fori,j=1,...,k, ifi # j, then, as n — oo,

On,j On,i 2
—= = 4 O OnilTni — Tn 4| = 00

On,i On,j

)

We recall that DV2(RY) := {u € L¥ (RN)/|Vu| € L2(RN)} equipped with the following norm
u || Vul| 2@y

We call {(un,v,)} a concentrating sequence if the limit in (2.4) holds in the H' -strong topology.
Among all the bubbles in (2.4), we can choose one with slowest concentration rate, denoted by o, which
concentrates in x, = x,; in the slowest way. We may always choose a constant C' > 0 such that the
region

1.
'An = (B(C+5)o;é (xn) \Béa;% (xn)> neQ,
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does not contain any concentration point of (u,,,v,) for every n. We call this region a safe region.
We consider two thinner subsets as follows

2.
A= (B(c+4)an5 (@) \B(O+1)UZ% <xn>> e

and

S

A3 = 1 (z,)\B 1 (.%‘n)> N Q.

-(B . ,
(C+3)o, 2 (C+2)o, 2

For any ps < 2* < p1, @ > 0 and ¢ > 0, we consider the following relation:

U <a,
{||mm_. . 25

luall,, < a0 ? s

Define ||u||p, p,,c = inf {& > 0 : there are u; and us, such that (2.5) holds and |u| < uq + us.
From (2.5) we have the following two results related to the controlled concentrating sequences.

2* 2"Vt *
nen be a controlled sequence. For any p1, p2 € (7, m), po < 2% < pq,

there is a constant C, depending on p1, p2, N and t, such that

Proposition 3. Let (uy, vy)

| + [vnll <C

P1,P2,0n —

Here oy, is the smallest concentration rate of the bubbles in (uy,v,).

Lemma 4. Let {(uy,,v,)} be a controlled concentrating sequence. Then for any p; € (2*, \/;277\‘//%),
there exists a constant C > 0, independent of n, such that
1 o7 N
71]\]771 Wnp, < CO'n 5 Vy eR y
9B, (y)
o1 _1
for allr € {Can 2 (C+5)on 2], where wp(x) = |un(x)] + |va(z)].
We set
D, () :=wy, (0;1/23:) , T € Qy,
where €, := {x : 051/233 S Q} .
Using the inequality (2.3), it is easy to check that ®,, (extended by zero out of ) satisfies
t "
—A®, <ot <||2<I>n +302 71 4 A) in RY. (2.6)
x
From (2.6) we have
/ VvV, Vedr < a,;l/ f (@) pdz, Vo € C° (RY) ¢ >0, (2.7)
RN RN

where ;
F\) = W/\ +3F A A>0.

We have the following estimate:

Proposition 5. Let {(un,v,)} be a controlled concentrating sequence, there exists a constant C > 0,
independent of n, such that

Np2

2 -y
/ lw, | dx < Cop, * 7 7,
AL

where 8 := 27
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Proof. For fixed y € A2 and 0 <r < R < 1, we set 2, := 071/211 and let x € C§° (B (zn, R)) be a cut-off
function with 0 < x <1, x =1 on B(z,,7) and |Vx| < 5. For every 8 > 1 and M > 0, we define

p = XQQn(fi(ﬁ_l)

where ‘571 = min{®,,, M}. In what follows C' denotes several positive constants independent of n, r, R, 8
and M. _ _ _ _ o
Note that V&, V&, = |V®,|? and V&,Vd,d, 02DV = v, 29207

Vo, Vdr
]RN

=/ Vo, [2vaq>ncf>$f5*” + 202Dy, +2(8 — 1)X2<D,L<T>3L<5*1>*1V<E,L} dx

:/ X2V, 2020~ Ddx 4+ 2(8 — 1)/ 2|V, [282P Dy
RN RN
+2 / X®, 22 VV\V P, dx
RN

t . ~
< agl/ <|2<1>n + 3021 4 A) 2,020 Ydg,
RN A

By the Young’s inequality, we have
1
(V) - (B, 7)) < VA28 + 32V, 2

Thus,
/ YV, |22~ Ddx + 2(8 — 1)/
]RN

R

t . ~
< a,;l/ <||2<I>n + 3021 ¢ A) 2@, ®2F~ Dy
RN x

. X2|V&)n|2&>i(571)dx

z 1
+2/ @i(ﬁ*l) [|VX|2(I)$L+XQVCI)71|2:| dr,
RN 4
and it follows that
[ OB Vs a5 -1) [ TR PEC Vo
RN -
t

< 20;1/ ( |2c1>,, 4302 1 4+ A) 2@, 02V dz (2.8)
RN X

+ 4/ 20|17\ 2D2 da.
]RN

Now we take = % > 1. Consider ¥y, := X¢n<5£_17 we have

VU, = Vx®,00 1 4 W, 0l~D 4 (8- 12,02V,
= \V®, 0D 4+ (8- 1)xd~ IV, + VYD,V
since 3 > 1,
VU2 < C TR LBIED + (5 - 1)PB2F V|V, [2 + B2 |Vy[2,?]

- _ L (2.9)
<Cp [X2|vq>n|2<1>i<ﬁ-1> +4(8 - 1)@ V|V, [* + ¢3<B—1>|vx|2<1>n2} :
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Formula (2.8) and (2.9) yields that

/ |V |2 da
RN

= [/ VO PEI (35— 1) [ 3AVE, P Vs
R R

+/ 21| 7y?®,,2
RN "

(2.10)
<Cp [o’nl/ < |2(I>n+3q>2 1+A) X2<I>n<1>i(ﬁ’1)dx+/ 21| vy |02 dx
RN

<Cp |:0-7:1/ |z |2(I)2 Q(I)Z(ﬁ Vdz + o), / q)i*xzzlv)i(ﬁ—l)dx
RN
roy! [ B Ve [ B0
RN RN

By the Hardy embedding theorem,

FB-1)\2
7q)2 2(1)2(5 Ddr =t de < i |V\I/M|2dx.
2 2
Ry |7 RN || U JrN

Formula (2.10) yields that

/ |V‘I’M|2d$§0771/ ‘bi*x%i(’g_l)derAa;l/ X2®,820 Yz
RN RN

]RN
+ / 21| vy 202 d.
RN

By the Sobolev embedding theorem

2
o

/ (War)?* da Sogl/ ‘I’E:XQ‘i’i(ﬁ_l)dx+Aa;1/ 8,320 Vi
“ - RN (2.11)
-|-/ &)2(5*1)|VX|2(I)2d$'
RN "

By the Holder inequality,

/ @3*X2<T>i<ﬁ—1>dx=/ 2 2292 52PNy
RN RN

2% —2

2
* P12

< / . <I>2 dz ) :/RN (Xq)n‘i)ﬁ_l)z dx}

7

2% 2

o

*

=2
/ <I>2 dxr / ( d <AI;ﬁ71)2 dx}
N XPn®y
(zn,R L/R

s

N
¥

IN

2%—2

>
B(zn,R L/ R

/ 26| 7 y P02dr < / 2’|V x|2dr,
RN RN

/ X2<1>n§>§<ﬁ—1)da:g/ x%ff—ldxg/ 2 ~ldz.
RN RN B(zn,R)

2
%

Since &)n < ®,,, we have

and
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(/RN (Wa)* da;) -

/ 2 da
B(zn,R)

+ C/ % |Vx|2dz.
]RN

So

2

5 2% .
(/ (U)? dx) + Cogl/ @2 ~tda
RN RN

2

< Co 7t

— n

Since B (y, on Y 2) C Al and Al does not contain any concentration point of ®,,, we can deduce that

2
N

2

<o, ! / @f;d:r
B(zn,1)

_ U |wn|2*dx] 0
B(y0a'?)

ot / CI)f: dz
B(zn,R)

2w

as n — +oo. It follows that

2
=

(/ (\I/M)? dx) SC’/ X2<I>i*_1dx—|—0/ 2 |Vy|2
RN RN RN

Let M go to infinity, we obtain that

(/ @%*ﬁdx>
B(zy,r)

It then follows from (2.12) and Young inequality that

‘m

E3

|

SC’/ X2<I>i*71dz—|—0/ 2 |Vy|2d. (2.12)
RN RN

/ @y Pdx < — / ®2dx| +C / o2 ~dy
B(zn,r R—nr)s B(zn,R B(zn,R
(#n,1) ( ) (2, R) 5 (20 R) (2.13)
1 -
<C|———+1 / &2 dr| +C <o
(R—r)" B(zn,R)
Using the interpolation inequality and Young’s inequality we then have
_1
2*B
2" dz o p—— T NS
(/B(zn,r) > (R — 7’)% LH(B(zn, R)
1—k
X N®nllL2s By + €
(2.14)

1
< 5 ||(I)n||L2*/3(B(zn,R))

IR
(R—r)7

—r)B

+C ”(I)TIHLl(B(zn,R)) +C,

where the number k is given by QL =k+ %‘f
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R—r
i+1 7

Using iteration argument, we set r; = R — i € N, we obtain

1

2%3 1
(1)2*Bd < ||® i
<‘/B(Zn,m) " x) -2 1|2 B(B(zn,ri))

‘L1 1
roy kL L i
j=1

ri—Tj-1)"
C ~ |
+ ;2%1.
j=

||(I)nHL1(B(zn,Tj))

It is easy to see that

i : [ : i
- +1| <o and — < 00.
—1 1 -1

i=1 2¢ (ri —mic1)? j=1 2

Letting ¢ go to infinity in (2.15), we obtain then that

b
(/B( )@i de) <C ||‘I>nHL1(B(zn,1)) +C.

Letting 7 — % in (2.16), we infer that

[Pl 262 (B(2n.%)) <C H(I)nHLl(B(zn,l)) +C.

On the other hand, we have from B (y, 0;1/2> c Al and Lemma 4
N
/ S, dx = 0,2 / Wy, dx
B(zn,1) B(y.on'?)
.

N N (C+5)0,2
< 0,2 / Wpdr = 0.3 / 1
A Co,2

1
n n

/ W, da} dr
B (y)

.

2

y o~ (C+B)on N
< CoZ ot / . rNldr < Colt.

Co,?

Combining this with (2.17) and using the definition of v,,, we obtain then the desired result.

(2.15)

(2.16)

(2.17)

As a consequence of the previous lemma we have the following estimates which play a crucial role in

the proof of Proposition 7 below.

Lemma 6. Let (up,v,)
such that for any n

neN

N Ns
(i) / lwp|*de < Cop * 1
A3

2-N | N
2 +p1

(n’)/ Vw,2de < Con,
a3

be a controlled sequence. For any s < 2* there exists a positive constant C
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Proof. (i) By Holder’s inequality and Proposition 5 we obtain for any s < 2*,

ﬁ N (1 _s_
/ |wn|8dx<0</ IwnfBZ) o ¥07)
A2 A2

n

2

(_%+Nﬂ )= _ﬂ_,’_Ns
P 232 2 T2

< Con o,

Ns

N
< CUTZ?JW“ )

(i) For each n € N, consider a function ¢, € C§ (A2) such that ¢,, =1in A3, 0 < ¢, <1 and
V| < Cop/?.

We have

t *
/ Vw,V (qzﬁiwn) < C’/ (|x|2|w"| + |w,|* 7+ A) B2 |wp). (2.18)
Q Q

On the other hand, it follows from (i) that

1— 2
2 2 2 2 2%
Mdm < / ¢ Jw,|? dx / %dm
as |zl A3 A3 |z|F2 (2.19)
C o

2N

Sinse p1 > 2%, we see % +
obtain that

A3

n

The proof of Lemma 6 is complet. O

Proposition 7. Let (un,vn),cy be a balanced sequence, satisfying || (un,v,) ||< C for some constant
independent of n, the sequence (un, vy ), oy converges strongly in Hj () .

Proof. Take a t,, € [C +2,C + 3], satisfying

nl? T 4 [t [P0 |? + 0t (|Vun|2 + \an|2))

(@n) (2.20)

n

Using Lemma 6, (2.19) and (2.20), we obtain

/ (”51|“n|2*76"|vn
OB

tnon /2 (@)

2 2 1_N_, N

U2 o PO, 4

+/ t0n1n72n SCO’; 2 P1.
0B, ||

on 2 (@n)

T Pl + o7 (Vi + V0 ))

(2.21)

We have three different cases:
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i) B _1 (za) N (RN\Q) # 0;

2
tnon

(i) B 4 (z,) CQand0¢ B (w,);

tnon tnon

(i) B _y () CQand0€ B _y (zn).

tnon tnon

We have the following local Pohozaev identity for w, and v, on B, =B _1 (x,)[Q:

tnon
1 1 z - 2o (|un]? + |vn|?
oN [~ = / |un|a7€n|vn|676ndz+t/ 0(| ”| | ”| )dx
2% — 2e, 2% . B, \x|4
1 1
+ 2N (— *>/ [te |P |0 |9 dex
p+aqa 2¢) ),
e |l e o = ) v
— Unp, n Un "(x —x - vao
2* —2¢, Jop. 0
+ 2 |t [P|on ] (x — z0) - vdo (2.22)
p+4q JomB,

+ / ((Vuy, - (x — z9)) (Vuyp - v) + (Vo - (. — x0)) (Vo, - v)) do
0By,

2 2 1
+3/ M(m—xoyyda—f/ (Vunl? + [Vou ) (2 — 20) - vdo
9B, 2 Jom,

2 |22
N

+ 5 (Vg - V)up + (Vu, - v)v,)do
2 OB,

where v is the outward normal to 0B,,. The point xy in (2.22) is chosen as follows. In case (i), we take
_1

zo € RV\Q with |xg—z,| < 2t,0, % and v-(z — 29) < 0 in 92N B,,. With this zg, we can check -z > 0

in B,. In case (ii), we take a point ¢ = x,,. Then x - ¢ > 0 in B,. In case (iii), we take zo = 0. Thus,

in any cases we have - x¢g > 0 in B,. -
In fact, in case (i) and case (i), un, v, € C? (By) . So, (2.22) is the usual local Pohozaev identity. Now,

we prove that (2.22) holds as well in case (iii). Since [, (|Vu,|? + [Vv,|?) < C, we can choose 6; — 0 as
J — 400, such that

6, (Vanl? + 1V0n) 85 [ e
9By, (0) 9By, (0)
(2.23)
+ 9j t72 + 9]' |un|p\vn|q — 0.
9B, (0) || 8Bs, (0)
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Let B, = B,\By(0). Then, u,,v, € C? (Bmg].). So, we have

1 1 B _ z - xo (Junl?® + [vn?)
OIN(—— — — aen|p, [F=nd t/
(2* — 26, 2*) /Bn o fun fonl v B, o || !
kv kv

1 1
+2N | —— — — / Uy, |P v, |9dx

2
= 7/ |un|°‘75"|vn|ﬁfen (x — o) - vdo
2* — 2671 6Bnr19j
2
— |t [Plon ]! (x — x0) - vdo
p+q 9B o, e

+ / ((Vuy - (x — x0)) (Vg - v) + (Vo - (x — 29)) (Vo - v)) do
9Bn.0;

¢ nl? + vn? 1
+*/ M(m—xoyuda— f/ (IVun > + |V |?) (z — x0) - vdo
2 9Bn0, || 2 9Bn.0;

N
+ o (Vup - v)u, + (Vo,, - v)v,)do.
2" JoB,.,

Using (2.23), together with Lemma B.1 in [13], we find

’ / (Vuy, - vun, + Vo, - vo,) da’
0By, (0)

J

1/2 _ _
< (/ (IVun | + Vv, [?) da> g7 VIEVist 0(1)6Y"=" = o(1),
9By, (0)

and

- /
” \un|a_6”|vn|ﬁ_€" (x — xg) - vdo
2% — 2671 aBej (0)

2

[t [Plon ] (x — x0) - vdo
p+gq 9By, (0) e

+ / ((Vuy, - (& = 20)) (Vup - v) + (Vo - (x — 20)) (Vo, - v)) do
9By, (0)

t nl® + [vn]? 1
+ 7/ [un] +2|v | (x — z0) - vdo — 7/ (IVun > + |V |?) (z — 0) - vdo
2 Japy, (0) || 2 JoBa, 0

N

2% Japy, (0)

=0 Gj/ |V |? + | Vo |* + Gj/ |un|0‘_6"|vn|ﬁ_En
08, (0) 05,,(0)

Up 2 + Un 2
+0; t%—i—@j [tn|P|vn|? ] = o(1).
9Bo, (0) |z] 9B, (0)

((Vup - V)up + (Vo - v)vy,)do

So, letting j — 400 in (2.24), in view of (2.25) and (2.26), we obtain (2.22).

(2.24)

(2.25)

(2.26)

Since 2* — 2¢,, < 2*, the first term in the left hand side of (2.22) is non-negative. By the choice of zg, the



INFINITELY MANY SOLUTIONS FOR A ELLIPTIC SYSTEM 13
second term in the left hand side of (2.22) is non-negative as well. We thus obtain from (2.22) that

1 1 2
N < - > / |t |P vy |Tda < 7/ [ty [*
P + q 2% B, 2% — 2677, 8B,

vn|'8*€" (x — xp) - vdo

2
Up|Plop|? (z — x9) - vdo
|l o 0)
+ / (Vg - (2 —20)) (Vup - v) + (Vo - (x — 20)) (Vo - v)) do (2.27)
9B,
+*/ M(m—xo) -vdo — f/ (IVun > + |V |?) (x — z0) - vdo
2 Jom, || 2 Jom,
N
+ 5 (Vup - v)uy + (Vo - v)vy,)do.
2* Jom,

Now we decompose 0B,, into dB,, = 9; B, UJ.B,, where 9;B,, = 0B, NQ and J.B,, = 0B, N0f). Noting
u, = 0 and v,, = 0 on 912, we find

2 _ _
m/@]g [tn| =" 0|7 (@ = o) - vidr
n e n
2 Py |4
—|—m - |t [Plon ]! (x — x0) - vdo

+ / (Vg - (x — ) (Vup - v) + (Vo - (x — x0)) (Vo, - v)) do
OeBr,

E L fual? ol | (2.28)
+*/ niﬁ(x—xoyuda—f/ (IVun|? + [Voa|?) (z — z0) - vdo
2 Jo.B, || 2 Jo.s,
N
+ = ((Vuy, - v)u, + (Vo - v)vy,)do
2* Jo, B,
1
:f/ (IVun > + |Vun|?) (z — 20) - vdo < 0.
2 Jo.B,
So, we can rewrite (2.27) as
1 1
IN | —— — — Up [P|o,|Tde
(s [ bl
2 —€ —e€
: a+5—2/63 [un] *= on |74 (2 = o) - vdor
2
+ P |t [Plon ]! (x — x0) - vdo
pT4JyB, (2.29)
+ / ((Vuy - (£ — 20)) (Vg - v) + (Vo - (x — 20)) (Vo - v)) do
9; Bn
t nl? + |vnl? 1
—|—7/ [unf” + Jon]” +2|U | (z — z9) - vdo — f/ (IVun? + |V |?) (z — 20) - vdo
2 Jo,B., || 2 Jo:B.,
N
+ = (Vg - v)uy, + (Vu, - v)v,)do.
2* Jo:B.,
Using (2.21), noting that |z — zg| < C’o;% for x € 0;By,, we see RHS of (2.29)
1 t |un 2 " 2
<Coy? / |2 |7 |0 [P 4 [t |P o |7+ 2|u||;|—2|v| + |V [ + |V, 2 do
8 Bn, s (2.30)

—N=2 g
—|—C/ |Vy ||tn| + |Vog||vn|de < Cop 2 71
67LB71
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On the other hand, let B/, = ngl (zr) N Q. We decompose uy, as ty, = U + Up,1 + Up 2, With u, 1 =
> iy Po,on; (Uj) + Z?:m_H P siom; (Us) and up 2 = us which converges strongly to 0 in DZ(RY).
Similary we decompose vy, as vy, = Vg +Up,1 + Up,2, With v, 1 = Z;"Zl 0,0, ; (V5) +Z?:m+1 P iioms (V5)

and vy, 5 = Vs Which converges strongly to 0 in DL2(RY).
It is well known that the inequality holds:

1
la+bPle+d|? 2 Zlaf?le[* = C(jal?|d|* + [blP|e[* + [b’|d|) ~ Va,b,c,d € R

where p,q > 0 and C > 0. Then we deduce that for n large enough,

J

Pl > [+ (a0} o8

n

1
> 1 [ TanalPlona'ds
B/

n

(2.31)

- C/, [lun.1[Plvol* + [un 1 [P[on.2|* + [uol?[on,1|* + |uol”lvo|*
BTL

+|U0|p|vn72|q + |“n72|p|vn,1|q + |un,2 Plog|? + |un72 p|vn,2|q] dz.

Now we estimate each term in the right-hand side of (2.31). Therefore, after a direct calculation, we have

(N=2)(p+d)
/ N Plogal?de > Co =Y, (2.32)
B

n

(N-2)(pta) _ 5
/\Uo\pwo\qﬁcan : ,
B

’
n

[ ltlenlt < ( / |vn,1|2")
B;l B,

9
A7 aN _ N (N=2)(p+a) _
/ |u0|p|vn’2|q = </ |’U”’2|2 ) |B;L|1_2i* =Cox <on °? )
B! B!

n

a
2% aN (N—-2)(pt+q)

_a i+—N =TT N

|B.|'" 2" = Coy? <Co, 2 )

n

2%
/ |un,1p|vn,2|qs(/ u|> (/ on2
By B By,

(N-2)(p+a)
<Cop 2 5

4
E3

2
y) 1By
n

and similarly,

(N—-2)(p+q) _N
Plog 2| < Cop 2 .

/ et a P 0] + [t 2P0 119 + et Pl + [t 2
BI

n

Inserting the above estimates into (2.31), we conclude that there exists ¢/ > 0 such
(N*2;(p+q) _N

/ [un|Plvn|? > oy

n

(2.33)

From (2.30) and (2.33), we find
(N*2%(p+q) _N Zﬁ*-fﬂ

on <Cop® 7, (2.34)

where p; > 2* is any constant, satisfying p; < \/;2:7\\/[%

Choose p; = c ~ + 0 with p; < 2" Vi where § > 0 is a small constant. This can

2N
N-2)(p+q+1)-2 Vi—vi—t’
be achieved if ¢t < £ — 4. With this p;, we know % + N < 2ﬂ — pﬂl. So, we obtain a contradiction
from (2.34). O
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3. The Proof of Theorem 1.

In this section, we first introduce some notations (see [21,24,25]). Denote the eigenvalues of —A in
o0

H3(Q) by 0 < A\ < A2 < ---, and the corresponding eigenfunctions by e;(z), e2(x), . ... Then {e;(z)};,
consist of an orthogonal basis in H} (€2).

It is well known that the nontrivial solutions of problem (2.1) are the corresponding nonzero critical
points of the following energy functional defined on H{ () x H}(Q) :

1 2+ 2
IS(U,U) = 5/9 (|Vu|2 + |VU‘2 — t|u|x2vl> de'
2

2
—7/ \u|0‘76|v|575dz—7/ |u|Plv]9d.
a+f—2e /g ptaqla

Set Y/k = @?zlej, Zk = EB;?‘;kej, Yy = Yk X Y/k, Zy = Zk X Zk,
By, :={(u,v) € Yi / [[(u, 0)[| < pr},

Ny = {(u7v) € Zx / ||(U,U)|| = rk}7
where pi > ri > 0.

Define
Ty := {y € C(By, Hy(Q) x Hy(Q)) /7 lop,= id}
= inf ax [ ,v)), cp := inf ax [ ,0)),
ey 1= inf  max (v(u,v)), i Juf  max (v(u,v))
by .= inf I°*(u,v),
k (uvilileNk (u U)

where €, > 0 and ¢, — 0 as n — oo.
For simplicity, we set p,, = 2* — 2¢,, € (2,2%).

The proof of (i) of Theorem 1.

Using the arguments similar to those of Theorem 3.20 in [25], it is not difficult to verify that for every
k > kg, there exist py > rr > 0 such that py — 0 as k — +oo and for all n € N

n : € 7 €
ay = inf  I(u,v) >0, b} := max I(u,v)<0
k (u,0)eZ), ( ) )_ ) k (w,0) €y, ( ) ) 5
Il (wv) lI=pp Il (s ) | =rp,
by := max I(u,v)<0, d}:= inf I*(u,v)—0
k (w0 Yy ( ) ) ) k (u)eZy ( ) )
ll(uro) [=rg ll(ur) | <o

as k — 400, and (e,),, is a decrcasing sequence with €, > 0 and €, — 0 as n — 00. So by Theorem 3.18
in [25] (Dual fountain theorem), the functional I°» has a sequence of critical points, denoted by (a}, v}),
moreover

I @, 57) = i € [df, By

Since ¢} is negative, it is easy to see that

1 1 112 1 1 - -
- o)t < C — Plop|9dz.
(3 3=3 ) Il <€ (5 - 55 ) [ 1aplagias
By using Young inequality and Sobolev’s embedding, we deduce that (a},o}) is bounded in Hg(£2) x
H(Q). Applying Proposition 7 we can find a subsequence of (af, o), which strongly converges to a
solution (i, dg) of (1.1) at level ¢, with ¢ = lirrn c- We claim first that for any & > ko, ¢ < 0. In

fact, since OB, is compact and the functionals (I°*), are equicontinuous, then b7 — by. It follows that

cr < by < 0. Secondly, we claim that i hI—iI-l cx = 0. In fact, for any k > kg there exists ny > k such that
—+00

1
leph —ex] < T
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Let ¢ € (0,dp) be a fixed number, where

dp == inf / |Vu|*dz > 0.

u€H(Q),||ull2=1
Define
o 1= inf / (IVul® = 6|ul?) dz, (3.1)
Q

u€ Zi [lullp,, =1

where p,, = 2* — 2¢,, € (2,2*). We will show that, up to a subsequence, ay — +00 as k — 0o. Since
Dn, < 2%, then the scalar oy, can be achieved by a function vy € Zj, which satisfies

—Avy, = aglvg [P "2y, + dvy in Q, and vy, = 0 on ON.

By using Sobolev’s embedding, we have that

Q. = / (|V"Uk|2 — 6|vk|2) dr > (]_ — 6> / |V'Uk|2d1’
Q 50 o

If o /4 00 as k — oo, then / |Vog|*dz < C. From Proposition 7, we conclude that (v), converges
Q

strongly in H}(Q). Since vy € Zk, up to a subsequence, we may assume that

v, — 0 in HJ(Q).

By using Holder inequality, it follows that klim |vg|Prde = 0, which is a contradiction due to
— 00 Q

|vg|Predz = 1. Thus ag, — 00 as k — oco. On the other hand, if we suppose (u,v) € Zg, ||(u,v)|| < pi

Q
and k large enough, then

1 2+ 2
I (u,v) = 5/9 (|Vu|2 + |Vo]? — tu|m|2|v|> dz

2 2
-z / | o]k — 2 / [P o]t
a4+ B —2¢ Jq rP+q.Jo
1 2 1 2 P N +
L) = )~ Cay 2 ()P — € s )7

Y]

Pn

1 _Pny
1 [(u, 0)[|* = Cay, 2 || (w, 0) [P = C | (e, 0) P

V

Y]

Bl (o)) = Coy, > [, 0) [P,

where h(t) = 1t? — CtP*%. Since the function h is decreasing on [0, py] for k large enough, it follows that

_an
Iek(qu,,UZk) > % _ C’ak 3 p"k Cpp+q

Hence we get
2

Pk —— Pn +
ot > dpt > 1 —Cay ? F—Cpptt
Since pr — 0, ar — 400 as k — oo, it follows that

lim ¢, = lim ¢* =0.
k—~+o00 k—+o00

The conclusion of (i) of Theorem 1 is now obvious.
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The proof of (ii) of Theorem 1.

Using the arguments of Theorem 3.7 in [25], we can prove that for every k, there exist g > 7 > 0
such that g — +00 as k — 400 and

ap = max I“(u,v) <0, by:= inf I (u,v)— ocoask — +oo,
(u,v)EYY (u,v)EZY
I(w,v) =0y I (u,v) =7

where
By = {(u,v) € Vi : [[(w,v)[| < 0k}, Ny = {(u,v) € Z : [|(w,v)|| = 7%},

and (€,),, is a decreasing sequence with €, > 0 and €, — 0 as n — 0o. So by Theorem 3.6 in [25] (Fountain
theorem), we conclude that I°» has a sequence of critical points, denoted by (uf,vy), . Moreover, ¢ =
I (uf,vp), where

¢y := inf max I (y(u,v)),

ko= jnf | e (v(u,v))
and

Ty = {7 € C (Br, HY () x HY(Q) : 71y, = id} .

We claim that for any k£ € N,

¢ = ¢ = inf max I(vy(u,v)) asn — +oo.
k k yEDk (u,v)EXBk (’)/( ) ))

For any (u,v) € Hi(Q) x HL(Q),
I(u7 U) = Ien (U, U) + Gn(ua U)a

where

2 2
Gn , _ a—ep ,B—end o « Bd
(00) = gy [l de = 2 [ ol

Since By is compact and the functionals +G, are equicontinuous on By, we derive that
lim sup =+G,(u,v) =0. Note that id € T, for any k € N*, we deduce that

N0 (y,v)EBy,

¢, = inf  sup I(y(u,v))
RIS (u,v)EBy,

< lim inf sup I (y(u,v))+ lim sup (Gp(u,v 3.2
Al sl (7(u,0)) nm(u’v)eBk( (u,v)) (3.2)
= o
Similarly,
lim ¢ = lim inf sup I (y(u,v
n—00 k n—oo yel'y (u,v)gBk (IY( ))
< lim inf sup I(y(u,v))+ lim sup (=G,(u,v)) (3.3)
n—00 —yel"k (U,U)EBk n—oo (U71))6Bk
= Ck.

Combining (3.2) with (3.3), we infer that

lim ¢} = c. (3.4)

n— oo

We have I (ul, vp) = ¢ and I (ul, o) (ul,v?) = 0. From this we obtain

1 1 1 1
L. meW—c(—)/uwwwm<w
(2 pn> ko Tk pP+q  pn sz‘k k F
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Since (c}),, is bounded, then for all n

11 ) ( 1 1)/
- — — ug,o)||*<C|——-— uyp [Plop|%dz 4+ C.
(3 )l <o (= ) [ genl

By Young inequality, Sobolev’s embedding and the fact that p + ¢ < 2, we get that (u,vy),, is bounded
in H}(Q) x Hi(Q). Applying Proposition 7 we can find a subsequence of (u},v}) , still denoted by
(up,vg),,, such that

(ult, v) — (ug,vy) strongly in Hy(Q) x Hy(Q),

for some (ug,vx) € HE(Q) x HY(Q) and I (ug,vi) = c. Therefore, (uy,vy) is solution of (1.1). Now we
claim that

lim ¢, = +o0.

k—oo
Using arguments as in the proof of (i), we see that (u},v}), is bounded in H{(2) x Hj(2) and then we
can find a subsequence of (uj,v}), which strongly converges to a solution (uy,vy) of (1.1) at level ¢z. It
follows that for every k € N, there exists ny > k such that

1

[epF — | < T

By using Young inequality, we obtain

Png,

€n 1 2 7Tk Pny,
I (u,0) 2 7 [(w,0)II" = Oy * [ (w, 0) [T = C,

1

P\ pny -2
where ay, is given in (3.1). Choosing 7, = zack: . If (u,v) € Z and ||(u,v)|| = T, we obtain
7Lk
that
1 2 R
a
I (u,v) > - (1 — — k - C.
( ) 4 ( pnk> 2Cpy,,

Since we have that a, — 00 as k — oo, then by* — 0o as k — oo. By Theorem 3.5 in [25], we have that

¢,* >bp* and so lim ¢ = lim ¢;* = +oo. The conclusion of (ii) is now obvious.
k—o0 k—o0
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