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Reverse Holder Inequality and Fibonacci numbers

Anamarija Perusi¢ Pribanié

ABSTRACT: In this paper we present reverse Holder-type inequalities with power sums. We apply these
results to sums involving Fibonacci numbers.
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1. Introduction
The well-known classical Holder inequality can be stated as follows.
Theorem 1.1 ([6]) Let x = (x1,...,2,),y = (Y1,-..,Yn) € RT.

(i) If p>1 and g = 1%, then

1 1
zn:-fiyi < (ZL: xf) (Zn: yf) - (1.1)
i=1 i=1 i=1

(i) If0<p<1andqg= p’%l, then the reverse inequality holds in (1.1).
The integral version of Holder’s inequality is the following.

Theorem 1.2 Let f, g be positive continuous functions on [a,b]. If p > 1 and % + % =1, then

/ ’ fe)(e)de < ( / b f”(x)dx>; < / b g%x)dx)é .

The Holder inequality has been extensively studied by numerous researchers, and as a result, many of
its generalizations and refinements have been obtained so far. See, for example [5,6,11] and the references
therein.

In [11], the author gave the following integral reverses of Holder’s inequality:

Theorem 1.3 ([11]) Let f and g be positive functions satisfying
0<m< f(z)g(x), Vz € la,b].

/ab fP(x)dx /ab 94 (z)dx

( / ’ qu(m)dx> " ( /a ' () da:>
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Letp>1,%—|—%:1. Then

b
7 S %/@ f(x)g(x)d. (1.2)
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2
Theorem 1.4 ([11]) Let f and g be positive functions satisfying
O<m§M§M, Vz € [a,b].
g(x)
Let p>0,q > 0. Then
M b 1/p b 1/q
<M ( / <f<x>g<x>>ﬂ/2da:> ( / <f<x>g<x>>q/2dx> - 3)

b 1/p b 1/q
/ fP(z)dx / 94 (z)dx
a a
Recently, in [3] authors obtained a chain of inequalities for power sums using Holder’s and Cauchy’s
inequalities and their conversions. Motivated by their approach, in this paper we provide the discrete
versions of Theorems 1.3 and 1.4, which we then use to derive a series of inequalities for power sums.
..., 2y) € RT we denote
(1.4)

We use the following notation: for & € R, n € N, and x = (1,
Skl (x) =) ap.

(1.5)

<

We will also use the following result:
Proposition 1.1 ([5]) If a > 8> 0 then
1/« 1/8
(k1) " < (s )
2. Reverse Holder inequalities

Theorem 2.1 Let x = (21,...,%,),y = (Y1,---,Yn) € RY and
O<m<xy, t=1,...,n.
Let ¢ > p>0. Then
— — 1
=1 i=1

D < — ZiYi. 21

no2\ad m§ Y (2.1)
y»") -
9—p

n Pq 17%

(=) (5
SR )
(2.2)

Proof:
n v n p
— q q q
E Ty = LilYy Xy " Y;
i=1 =1 i=1
p e 23
n n 7
! -2 (TN )
<D wiys d
m
i i=1
P a—-p
q n pq q
qa—p
> 7
ya
q

Similarly,
n q—

n
dovi=Dw " u
222) (yz)q;”>“

a—p
~ 4(g—
A

)" (e
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By multiplying (2.2) and (2.3), we obtain the desired result (2.1). Hence, the proof is complete.

Remark 2.1 An analogous inequality holds for integrals.
The following lemmas provide the discrete versions of inequalities (1.2) and (1.3).
Lemma 2.1 Let x = (z1,...,2,), ¥ = (y1,---,¥n) € R} and

O<m<xy;, t=1,...,n.

) &)

n 1/‘1 n 1/P - m —
o) )
i=1 =1

Proof: Similar to the proof of Theorem 2.1. First, we see that

Letp>1and1%—|—$:1. Then

Il
3=
o=
T
I M:
I

8

<
N——

o= H

and

AN
PO
(7=
&8
&
N~
Qe
N
<
o=
L)
|
Q|
/~
3Is
—
Qs
N—
Sl

By multiplying (2.5) and (2.6), we obtain (2.4).

Lemma 2.2 Let X = (z1,...,2,),y = (Y1,-.-,¥n) € R} and

Zi .
0O<m< = <M, i=1,...,n.

Yi

Letp>0,9g>0. Then

1

<Z xf) p (Z yf) q < % (Z(xzyz)Z;) ' (Z(m1y2)3> q .

i=1
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Proof: From the assumption (2.7), we have

Ti + Ui

m+1< <M+1, i=1,...,n (2.9)
Yi
and
M+1 Ti+ Y; m-+1 .
< < , =1,...,n. 2.10
M - €T, - m ¢ n ( )
The above inequalities imply
(s . <
xz_M+1(:Cz+yz)a Yi > m+1(xz+yz)
m+1
ity < p——t zi+y < (M+1)y
m-+ 1) (M +1
(zi +yi)® < %()xzyz

Now, from the last inequality, it follows that

<Z><> (i z)’i

i=1

1

(5) ()

Therefore, we have

IA
S
_|_
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ngh
g
JF
‘S
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=
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g
JF
&
N———
Q=

IA
RIS
<
I M 3
—
§d
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N———
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"
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t\:\.a
N——
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This completes the proof. O

In the sequel, we derive a series of inequalities with power sums using the reverse Holder inequalities
from Theorem 2.1 and Lemmas 2.1 and 2.2.

Theorem 2.2 Letq >p >0 andx = (x1,...,2,) € R}. Ifu and v are real numbers such that o = %+

and m = min {z} then
3

v, v
p q

skl (x). (2.12)

1
< =
m

(sk <:>)1_5 (510"

Proof: We take the substitutions z; — x?/p and y; — x:/q in Theorem 2.1, whereby the inequality (2.1)

is transformed into (2.12). Also, note that the condition 0 < m < z;y; is satisfied for m = min {z%} so
K2

inequality (2.12) holds. O

Theorem 2.3 Letp>1,q= p%l, X = (x1,...,2,) € R} and m = min {zf}.
3
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(i) Let x; > 1, i=1,...,n. Ifu and v are real numbers such that o = % + Z and 0 < a < 3 then
[u] [v] o/B
b9 S ) o Lg g < L (1 )"
u v nmhB
(st ) (s ) men (2.13)
1 1 Bla
— glBl — (gled
< — 5 (0 < — (1 (x))

(it) If u and v are real numbers such that o« = 3 + ¢ and o > 3> 0 then

[u] [v]
Sn (X) S" (X) ls[(x] (X) <

n

1
(S’r[Luq] (X))l/q (57[1111)] (X))l/p - m m

o/B

A

(517 (0) (2.14)

Proof:

(i) Taking substitutions z; — x?/p and y; — x;)/q in Lemma 2.1 we observe that the condition 0 <
m < x;y; is satisfied for m = min {z%}, and the inequality (2.4) is transformed into
K2

(£ ()
() ()

To obtain the desired inequalities, we first apply the reverse Jensen’s inequality to the function
z +— 2%/8 where a < B, on the right-hand side of (2.15). Then, we use the monotonicity of the
exponential function x +— b*, where b = %2?21 xf > 1, and finally apply inequality (1.5):

n

<2$u> (z;:C) 1< 1 NP (18 a/p

i= i= o

n 1/q n l/pfgg‘ri :mZ;(xl) <m<n§_;xl>

<Z fﬂi”) <Z x? > - - - (2.16)
=1

=1
B
1 n ﬂ n e
13e ()
=1 =1

1 &
7 < EZ;QC (2.15)

N

IN

(ii) Similar to the proof of (i), we apply Lemma 2.1 with substitutions z; — x?/p and y; — x;’/q, and
then the moment inequality (1.5).

|

Theorem 2.4 Let u and v be real numbers such that o =
m = min {x?ia}, M = max {xfiz}.

K2 K3

Let x = (x1,...,2,) € R}, and let

(i) If 0 < p,q < 1 then we have

(st 60) " (s )" < 2L (st ()
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(ii) Letx; > 1, i=1,...,n. If p,q > 1 and a > 0 then we have

1 1 M 1 1 Mn2
[u] 7 glvl ¢ <« 7 (glap/2] P glog/2] ? [op] [ovq] 2.18
(S160)" (S ) " < — Sk )" (92 () < =8k () Sl (). (218)
Proof:
(i) By substituting x; — x?/p and y; — ac;)/q into Lemma 2.2, we observe that the condition 0 <

v

u__ v

m < % < M is satisfied for m = min {xf q} and M = max {xf a } With this substitution,
v 7 7

inequality (2.8) becomes:

1 1 1 1
i=1 i=1 i=1 i=1

By applying Jensen’s inequality to the functions = — 27/ and 2 — x9/2 we obtain:

n

> @)t <n't (2_: x) (2:20)

i=1

n n %
St < (000) 221
=1 =1

Using the monotonicity of the functions z — /7 and z — x'/7 we derive:

1 1
n P n 2\ P n 2
(Z(x$)§> <np (Z m7> =nr " (Z x?> (2.22)
i=1 i=1 i=1
s N .
<Z(xf‘)g> <niz (Z xf‘) —nai2 <Z xf‘) (2.23)
i=1 i=1 i=1

Combining (2.19), (2.22) and (2.23) we obtain:

<Zﬁ> (ZIO 5%(2@?)2) (Z(ﬁ)%) g%n%ﬁ—lZﬁ (2.24)

i=1
Hence, (2.17) holds.

(i)

1 1 1 1
() (£) < (=) (5)
<2 (Z ) ) (Z()) (2.26)
i= i=
< Mf En:x‘;‘p iqu (2.27)
=1 =1

First, we use (2.8) with substitutions x; — x?/p, yi — x;)/q to obtain (2.25). Then, in (2.26) we use
the monotonicity of the exponential function z — b*, b=, x?p/z > 1, for @ > 0. In (2.27) we
use Jensen’s inequality for the function = — z2.

O
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3. Applications

In this section, we apply the obtained results to the Fibonacci sequence to estimate the power sums
of Fibonacci numbers.
The classical Fibonacci numbers are defined by the linear recurrence relation

F():O,FlzLFn: TL—2+FYL—17 TL:2,3,....

In the papers [1], [2], and [9], the following identity is given:

> F?=F,Fop. (3.1)
i=1

Using our notation, where z; = F; for ¢ = 1,...,n, identity (3.1) can be rewritten as:
SB (x) = FuFpi1. (3.2)

By applying Theorem 2.3 with x; = F;, 8 = 2, and using the identity (3.2), along with the observation
that the condition x; > 1 holds for all 7, we obtain the following theorem.

Theorem 3.1 Letp>1 and g = ]%.

(i) If uw and v are real numbers such that o = % + g and 0 < a < 2 then

E7) &) e, )
( n1=1 T lzl T < ;F“ S = (FoFoi1)™? < FuFpp < (Z F-”‘) - (3.3)
o) (Se)

=1 =1

(i) If u and v are real numbers such that « = % + 2 and a > 2 then

ISHLS]

u
p

n = 1 L 1 S Fia S (FnFn+1)a/2 : (34)
q n P i=1
Fiuq FZ_UP
(&) (&)

Furthermore, by applying Theorems 2.2 and 2.4 with x; = F; and o = 2, we obtain the following
results.

-

Theorem 3.2 Let ¢ > p > 0. If u and v are real numbers such that % + g = 2 then

(3) (57)

n wq 1_% n vg p/q
Fiﬁ F;T
(57) (%)

i=1

< FyFpy1. (3.5)

Theorem 3.3 Let u and v be real numbers such that % + % =2, and let m = min {Ff E,Fn;_g} and

M:max{Flp TRy }
1
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(i) If 0 < p,q < 1 then

% n % M n % n % M
(Er) (Br) < (En) (B) <himtonnn oo

i=1 1=1

(i) If p,q > 1 then

() (Br) <n(En) (B7) <5 (E) (Bm) < Sa
i=1 i=1 mo\i= i=1 mo(3.7

In [3], the authors studied power sums of Fibonacci numbers in cases where the exponents are distinct.
For example, in the case when a = —1 and z; = F;F; 1 the following identity holds (see [4])

1
Sl =1-—=—. 3.8
(%) FriFois (3.8)
In the case when av = 1 and x; = F; F;12 we have
Sl (x Z FiFiio =) Fi(Fi+Fi) =) F}+) FiFip

i=1 i=1 i=1 (3.9)

1+ (-1)" 1+ (—-1)"

:FnFn+1+F3+1 _% = n+1Fn+2_%~

By using (3.8) and (3.9) we obtain the following theorem.

Theorem 3.4 Let p > 1. Then the following statements hold:
(i) If B> 1, then

n

> (FiFip2)! (1 - Fn1>

+1Fn+2

1 _
" el ) 2
(Z FFZJrQ T’_l ) ( (FiFi+2)p> (310)

(ii) If B < 1, then

n

Z(FiFiJrZ)prl (1 _ 1)

Fn+1Fn+2

St
AN
DN =

—1

2

(Z(Fz’Fi+2)2£21p> : (Z(FiFi+2)_p> (3.11)

i=1

1+ (—1)"
(Fn+1Fn+2 - ()>

1

(Z(Fz‘Fi-‘rQ)ﬁ) :

=1

Proof: Take z; = F;F; 4o for i =1,...,n, « = 1, and v = —1 in Theorem 2.3 and use identities (3.8)
and (3.9).

d
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4. Conclusion

In this paper, we obtained new inequalities for power sums using reverse Holder inequalities. We

have shown that, by applying Theorems 2.2, 2.3 and 2.4, along with identity (3.2) related to Fibonacci
numbers, a series of inequalities can be derived. Additionally, we present identities found in [4], [7], [§]
and [10] that can be used in a similar way:

W N

fori=1,...,n,
v, =F, =1, 57[3] (x) = Frqo — 2,
2 = Fy_1, B=1, SH (x) = Fon,
z, = Fy, f=1, S’,[Ll] (x) = Fopt1 — 1,
zi=iF;, B=1 S (x) = Fupo — Fuya +2,
x; = FiFy, B =1, S (x) = F,Fp1 Fant,

2= FiFip, =1, SW(x)=F2, #

z; = Fii_a, B=1, S (x)=F3,

7 = (?)F B=1, SW (x) = Fn,

z=F B=6, S%x)= E(F;Z’Fmrg + Fop),

w=F, g=3 SP(x) = %O(FW — (=1)"6F,_, + 5),

om + 1
fori=1,...,2n+1, z; = F} <”+ ),522, SE L (x) = 5" Fypi1.
1
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