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ABSTRACT: This paper aims to investigate semiregular spaces and its properties within the context of
fuzzy M-topological spaces. To achieve this, we examine the characteristics of regular open sets in fuzzy
M-topological spaces. Our research reveals that FM-semiregularization is not inherited in subspaces. Fur-
thermore, we define various separation axioms using quasi-coincidence and analyze whether these axioms or
related fuzzy M-topological concepts possess F'M-semiregular properties or not.
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1. Introduction

Classical set theory, a core idea in mathematics, concerns the organization of well-defined and distinct
objects into groups. However, in certain situations it is essential to repeat elements and classical set theory
does not adequately address these cases. In order to circumvent this type of issues, Yager [29] introduced
multiset theory, Girish and John [5,6,7] developed a topological structure based on it. Different notions
of M-topology were proposed in these research articles [4,11,12,16,24,25,26,18,19,28,2].

In contrast, to tackle vagueness and uncertainty issues, Zadeh [30] introduced fuzzy set theory. By
utilizing the notion of fuzzy set, Chang[1] proposed a topological framework. Thereafter, a variety of
separation axioms have been studied based on Chang’s definition of fuzzy topological space and to define
this variety of separation axioms, sometimes fuzzy points [3] are used or the concept of quasi-coincidence
[27] is used.

The concept of the M-set has been explored in [29,14,15] in a fuzzy environment to handle situations
where elements can be repeated and have varying degrees of membership. It has broad applications
in various fields, including data mining, decision theory, machine learning, pattern recognition, logic
and artificial intelligence etc. in [13,22,14,10,23]. Subsequently, Moshahary [17] has then assessed a
topological structure in it. Moreover, Hoque et al.[8] have conducted a thorough discussion of the
concepts of closure, interior operator and connectedness in fuzzy multiset setting. The idea of generalized
closed set, various forms of generalized connectedness and different separation axioms has been examined
in [20] and [21].

Bourbaki [34] showed that for every topological space, there exists a corresponding semi-regularization
topology that is coarser than the original topology. Later, Mrsevié¢ [33] demonstrated how various prop-
erties of topological spaces are preserved or reflected in their associated semi-regularization topologies.
In the context of fuzzy topology, the concept of semi-regularization has been explored by Mukherjee et
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al. [32]. Contemplating all those factors, we attempt to investigate semiregularization and associated
characteristics in an exclusive environment—a fuzzy multiset topological space.

The layout of the treatise is as follows: Section 2 presents the necessary preliminaries for this study.
Section 3 provides the foundation of the paper by defining regular open set in fuzzy multi context and
exploring their various attributes in relation to the basis structure. Section 4 explores the concept of
semiregular space and the semiregular property within the same frame work. Along with, the specific
fuzzy M-topological spaces are identified that inherently possesses F'M-semiregular properties.

2. Preliminaries

Some of the basic definitions and important results that are required for this purpose are provided
sequentially in this section.

Definition 2.1 [6] Let X be the universal set. Then a count function Cpy which associates each member
of X to a natural number, defines a multiset (M-set) M over X.

In a multiset M, Cpr(u) stands for the number of appearances of u € X in M. Zero is considered as
a count of those elements which are outside of M.

Definition 2.2 [14] A fuzzy multiset F is defined as F = {(uk(y), u% (), -, i (v))/y 1 y € X}, where
the sequence of membership values pk(y) > p3(y) > ... > uh(y) is of decreasing in nature fory € X.
In order to understand, a fuzzy M-set F = {1/(y,0 1), /( ,0.7),3/(2,0.3)} can be written as
{(0.7,0.7,0.1) /y, (0.3,0.3,0.3)/2} or {(y,0.7), (y,0.7), (y,0.1), (2,0.3), (2,0.3), (2,0.3) }.

Consider two fuzzy M-sets Fy, Fy from X. Then for alli=1,2,...p and for ally € X if
(i) pia, (y) < pi, (y), then Fy C Fy,
(it) 1, (y) = pip, (y), then Fy = Fy,
(iii) U = Fy U Fy, then py; (y) = max {up (), wh, (v)},
(iv) I =Fy N Fy, then pj(y) = min{uf, (), 1, (1)}

(v) the complement of F is Ff then u%lc (y) = (1= ph)(v)-

Definition 2.3 [§] Let a fuzzy M-set is drawn from the universal set X. Then 0%, = {(0,0,...,0)/y:
y € X} defines a null fuzzy M-set and 13, = {(1,1,...,1)/y: y € X} defines a whole fuzzy M-set.

Definition 2.4 [8] Let 6 be any set of fuzzy M-sets of X. If the three requirements listed below are met,
0 is considered as a fuzzy multiset topology (briefly, fuzzy M -topology):

(i) 03ars 12ar €6,
(1t) UienF; € 6 if F; €9,
(iii) FNG e€d if F,G €.
The elements of 0 are fuzzy open M -sets and their complements are called fuzzy closed M -sets.
Definition 2.5 [17] Let § be arbitrary fuzzy M-topology on X and F C X. Then
(i) interior of F is
§-int(F)=U{G:Ge€d, GCF},
(ii) closure of F
d-cl(F)=n{G:G e é°, F CG}.
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The study [21] delves into several fundamental aspects of fuzzy M-topology namely fuzzy M-point
including their behavior in subspaces and their role in various separation axioms. The following Defini-
tions 2.6 to 2.9 and Theorem 2.1 have been added from [21] to enhance the subsequent work.

Definition 2.6 A fuzzy M -point can also be expressed as fuzzy M-set F € X s.t.

m; ifreX;

Cr(w. fi) = {0 ify£oyeX

where 0 < B; <1 fori=1,2,....,p and B1, B2, ..., Bp are various membership values of x.

A fuzzy M -point is written as mztg:f’,é:l” where (z, f1), (z, B2), ..., (x, Bp) Tepeats mq, ma, ..., my, times
respectively.

x is known here the support of the fuzzy M -point.

Definition 2.7 A fuzzy M -point xgilﬁTQﬂ:"” EFiffmi <wVi=12..,p and max{B;} < pk(z),

where w indicates the maximum multiplicity of a fuzzy element x € F.

Definition 2.8 If supports of two fuzzy M-points x, and yg' are different then the fuzzy M-points are
called distinct.

Definition 2.9 A fuzzy M-set F' is called a neighborhood (briefly, nbd) of any fuzzy M -point zjif3a
fuzzy open M-set O s.t. x5 € O C F.

Theorem 2.1 Let § be any fuzzy M-topology on X. Consider any subspace (Y,dy) of X and F C Y
such that pi-(x) = p'(x) for all x in the support of Y, whenever uéme) >0 wheret=1,2,...,p. Then
(i) Feds iff F=Y NG with G € §°;
(i) cly (F) =Y Nclx(F), where the closure of Fin X and Y is indicated by the symbols clx (F') and
cly (F') respectively.

Definition 2.10 [31] Let (X,0) be a fuzzy topological space, then F' C X is called a fuzzy regular open
set if F = int(cl(F)).

Definition 2.11 [32] Let (X,0) be a fuzzy topological space. Consider the set of all fuzzy regularly open
sets in X. Then it is easy to see that it forms a base for some fuzzy topology on X. We call this topology
the fuzzy semiregularization topology of &, to be denoted by J.

3. Fuzzy Regular Open M-Set: Towards Characterizations and Basis for Fuzzy
M-Topology
This section mainly deals with some key concepts of fuzzy M-topology like basis, sub-basis and the
prospect of regular open sets along with some characteristics of it.

Definition 3.1 Let 6 be any fuzzy M-topology on X. A subfamily £ of fuzzy sub-M-sets of X is called
a basis for fuzzy M-topology § if for each F € §, there exists a subfamily {L,} C ¥ s.t. Va € X,

ui,(a:) = sup{uia(x) cLoe X,xeX},j=1,2,3,....p.

Definition 3.2 A subfamily ¥ of § is a sub-basis of fuzzy M-topology § iff the basis for § is formed by
the family of finite intersection of members of 7.

Remark 3.1 Consider £ is a basis for 0, then a fuzzy M -topology § produced by £ can be described as:
a fuzzy sub-M-set F' of X is said to be a fuzzy open M-set in X if for each fuzzy M-point x7} € F,
there is atleast one basis element G € £ s.t. 2 € G and G C F.

Definition 3.3 The fuzzy M -topology produced by sub-basis . is defined to be the collection § of all
unions of finite intersections of elements of ..
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Definition 3.4 [9] A fuzzy M-point ﬂ;;’;?a’? is said to be quasi-coincident with a fuzzy M-set F,
denoted by ) oy o qF iff there exists v € X s.t. max{oa;} > pi}.(2) for atleast one j =1,2,..,p.
If two fuzzy M-sets F' and G are quasi-coincident at x € X, then both pj.(x) and pl(x) are non-zero

at x € X and hence F' and G are intersect at x € X.

Definition 3.5 [9] A fuzzy M-set F' is quasi-coincident with a fuzzy M-set G i.e., FqG iff 3z € X s.t.
Wi () > ple(x) for atleast one j = 1,2, ..., p; otherwise these are not quasi-coincident, denoted by F 4G .

Definition 3.6 [9] A fuzzy M-set I is called Q-neighborhood (briefly, Q-nbd) of a fuzzy M-point 75 iff
3 a fuzzy open M-set G s.t. xj3qG C F.

Result 1 [9] For two fuzzy M-sets F and G, F 4G° iff F C G.

Lemma 3.1 Let {Fs} be a family of fuzzy M-sets in a fuzzy M-topological space (X,0). Then a fuzzy

. mi,ma,..., mp . . L . . . my,m
M -point Tay ok, " s quasi-coincident with | J Fp iff there exists some Fg s.t. Ty wy... b qF5-

Proof: Let us assume that J:Z?OZQQTP is a fuzzy M-point which is quasi-coincident with (J F. That

is,

LMoy o where G = UFB9

x1,02,...,0p
<= there exists € X s.t. sup{oy} >1— ué(x), for atleast one j = 1,2, ..., p;
<= there exists F s.t. sup{a;} >1— ﬂ%ﬁ (z), for atleast one j =1,2,...,p;

<= there exists Fj s.t. xo 02 "PqFg.

a1,02,...,0p

d

Theorem 3.1 A subfamily £ of a fuzzy M -topology § for X forms a basis for d iff for each fuzzy M -point
(= ot msan?) of X and for each open Q-nbd O of ™, 3 atleast a member F € £ s.t. 2qF C O.

(63

Proof: Let .Z be any basis for a fuzzy M-topology § on X. Again, let us consider O be an open @Q-nbd
for a fuzzy M-point 2 € X. Then 27¢O. Since . is a basis so, O = |JF where F € ¥. Thus,
2q(J F), which indicates that 3 some F' € .Z s.t. 20'qF C O.

Conversely, let .Z is not a basis for fuzzy M-topology §. Then 3 G € § s.t.

G#£S=|{Fez:Fca}

. mi,mao,...,m
and hence 3 a fuzzy M-point 7' (= Ta;' as....p ") S-t.

,ujs(ac) < MG(m) for atleast one j =1,2,...,p.
Now, consider j = p for which g% (z) < pf (). Then 1 — pfi(x) = r > 0 and we obtain a fuzzy M-point
P,
Since pl(z) +r > pli(x) +r =1, so 2PqG.

Again, we have

ph(z), for j=1,2,...,p;
o (@) < ), o = 1,2,

—r<1- ,ufp(x), for j =1,2,...p;
=2P € F°, which is a contradiction, since F' € Z.

Hence the proof is completed and hence the claim is established. O
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Lemma 3.2 For fuzzy open M-sets F' and G in a fuzzy M -topological space (X, 9),
F 4G = 6-cl(F) 4G and F 40-cl(G).

Proof: The proof is straightforward and is therefore omitted. O

Definition 3.7 Let (X, ) be a fuzzy M-topological space and F' be any fuzzy M -set taken from X. Then
the fuzzy M-set F is called a fuzzy regular open M-set (in short, FM-regular open set) of
X if F = 6-int(d-cl(F)).

Fuzzy regular closed M-set (in short, F'M-regular closed set) is the complement of an FM -reqular
open set.

The set of all F'M-regular open sets and F'M-regular closed sets are denoted by ROpp (X, ) and
RCrup (X, ) respectively.

Remark 3.2 Every F'M-regular open (closed) set is a fuzzy open (closed) M-set; however, this may
not always happen in the reverse case as seen in the example 3.1. Furthermore, two F M-regular
open (closed) sets cannot be united (intersected) to form a FM-regular open (closed) set which is
also clear from the same example.

Example 3.1 Let us take X = {x,y} and § = {0%,,, 1%, K, L, M} where

={1/(z,1),1/(2,04)}, L = {1/(y,0.6)} and M = {1/(x 1),1/(x,0.4),1/(y,0.6)}, which shows
that 0 s a fuzzy M-topology on X.
Here, F M -regular open sets are ﬁfm(M , ifw(M; K and L, whereas
KUL =M = {1/(z,1),1/(2,0.4),1/(y,0.6)} is not an FM-reqular open set, though M is a fuzzy
open M -set.

Theorem 3.2 The intersection (union) of two FM-regqular open sets (FM-regular closed sets) is an
F M -regular open set (F M -regular closed set).

Proof: Let F} and F5 be two F'M-regular open sets. Then FyNF5 being a fuzzy open M-set, F1NFy C 6-
int(é—cl(Fl N FQ))

Again, §-int(5-cl(Fy N Fy)) C d-int(d-cl(Fy)) = Fy and 0-int(0-cl(Fy N Fy)) C 6-int(5-cl(Fy)) = Fs.

So, 5—int(5—CZ(F1 n FQ)) C Fi N Fs.

Then, F1 N F, = (5—int(6—cl(F1 N Fg))

Therefore, the intersection of F M-regular open sets is an F'M-regular open set.

Along with similar arguments, one can easily prove that the union of two F' M-regular closed sets is
an F'M-regular closed set. O

Theorem 3.3 In any fuzzy M-topological space (X, 06),
(i) 6-int(F) is an FM-regular open set if F' be a member of 0¢;
(ii) 0-cl(F') is an FM-regular closed set if F' be a member of §.

Proof: (i) Considering a fuzzy closed M-set F, it is obtained that

d-int(F) C F
=d-cl(0-int(F)) C 0-cl(F) = F
=0-int(d-cl(6-int(F))) C d-int(F). (3.1)
Also,

d-int(F) C d-cl(9-int(F))
=d-int(F) C §-int(d-cl(0-int(F))). (3.2)
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From equation (3.1) and (3.2), it is obvious that J-int(F) = d-int(d-cl(§-int(F))) i.e., d-int(F) is an
F M-regular open set.
Along with similar arguments, one can prove (i3). O

Remark 3.3 Example 3.1 makes it evident that ROpps (X, d) does not form a fuzzy M-topology. But
it may form a basis for some fuzzy M-topology.

4. Fuzzy Multi Semiregular Spaces and Semiregular Properties

This section, in particular, is the primary contribution of the study wherein we examine the fuzzy
semireguarization M-topology that arises from the set of fuzzy regular open M-sets. Also,
F M-semiregular space, F' M-semireguarization, F'M-semiregular property and several types of separation
axioms are thoroughly defined and certain connections are made between those.

Definition 4.1 Let (X,0) be a fuzzy M-topological space. The collection of all FM-reqular open sets
ROpM(X,0) forms a basis for some smaller fuzzy M-topology which is called a fuzzy semireqularization
M -topology of § and is denoted by §E™. Then the pair (X,55M) is called an FM -semiregquarization of
(X,0).

In general, 6FM C §.

Definition 4.2 Let (X,d) be a fuzzy M-topological space and 5™ be a fuzzy semiregularization M-
topology of 8. If § = §EM then the space is called a fuzzy multi semiregular space (briefly, F M -semiregular
space).

Theorem 4.1 Let (X,0) be a fuzzy M-topological space and (X,6F™) be FM-semirequarization of
(X,98). Then for any fuzzy open M-set F' € X, we have following relations:

(i) 0FM _cl(F) = 6-cl(F).
(ii) SEM_int(SEM _cl(F)) = §-int(d-cl(F)).
Proof: (i) Let F¥ C X. Then §-cl(F) is an FM-regular closed set and so its complement is an FM-

regular open set. Thus, é-cl(F) is a fuzzy closed M-set in §7M. Hence, §I"M-cl(F) C §-cl(F).
Conversely, we know that §f™ C §, so §-cl(F) C §EM-cl(F). Thus, 67M-cl(F) = §-cl(F).

(ii) Since §FM C §, we obtain §7M-int(6FM-cl(F)) C 6-int(5-cl(F)). In contrast, from (i) we get, 6-
int(6-cl(F)) C 6FM_cl(F)). Since §-int(5-cl(F)) € §FM | so §-int(5-cl(F)) C §EM-int(§FM_cl(F)). Thus,
§-int(5-cl(F)) = sFM_int(sFM-cl(F)). O
Note 1 For a fuzzy M-topological space (X,0),

(i) Clearly, ROpn(X,8) = ROpp(X,65M). Hence, FM -semiregularization of (X,8) and (X, M)
are equal.

(i) The process of semiregularizing a fuzzy M -topology is nothing but an idempotent operation i.e.,
(§FM)FM _ (§FM)
S S S °

Theorem 4.2 For a fuzzy M-topological space (X,0), the assertions below are identical to each other:
(i) (X,6) is an F M -semiregular space.
(ii) For each F € 6 and each fuzzy M-point 2 s.t. x'qF, 3 G € 0 s.t. x'qG C §-int(d-cl(G)) C F.

(iii) For each K € 0° and each fuzzy M-point 1 ¢ K, 3 atleast one fuzzy regular closed M-set L s.t.
KCLandal' ¢ L.

(iv) For each fuzzy M-set N and each P € § s.t. NqP, 3 atleast one F M -regular open set R s.t. NqR
and R C P.



SEMIREGULARIZATION AND SEMIREGULAR PROPERTIES IN FUZzY MULTISET TOPOLOGICAL SPACES 7

Proof: (i) = (i) Let (X,0) be any F M-semiregular space and F € ¢.

Then § = 6™ and F = U,hen Bn, where each B, are fuzzy regular open M-set i.e., B,, = d-int(-
cl(By)). So, B, C F, for each n € N.

Now, let ' be a fuzzy M-point s.t. x['¢F. Then,

xhgF
=there exists a fuzzy regular open M-set B,, = G(say) s.t. z1'¢G C F
=there exists G € § s.t. 2'qG C §-int(§-cl(G)) C F.

(i1) = (i17) Let for each F' € ¢ and each fuzzy M-point z7' s.t. z0'qF, there exists G € 0 s.t.
xqG C é-int(6-cl(G)) C F. Then we have

zyqF

= max{a} > ui,c (x), for atleast one j =1,2,... k,
=zt ¢ F°,

and

x'qG C é-int(6-cl(G)) C F
=z’ ¢ G° and G is a fuzzy regular open M-set s.t. G C F
=y ¢ L and K C L where G° = L.

Consequently, for every K € §¢ and every fuzzy M-point z7' ¢ K, there is an F'M-regular closed set L
st. K CLand 2 ¢ L.

(#4i) = (iv) Let K be any element of ¢ and n/u be any fuzzy M-point which is not included in K
then 3 an FM-regular closed set L s.t. K C L and n/u ¢ L.

Eventually, for each P = K¢ € § and fuzzy M-point n/u s.t. n/uqP, 3 atleast one F'M-regular open
set R = L¢s.t. n/ugR C P.

Since, this holds for each fuzzy M-point n/u € M, so for each fuzzy M-set N and each P € J s.t.
NqP, there exists an F' M-regular open set R s.t. NgR C P.

(tv) = (i) Let P € §. Then from (iv) we have, for each fuzzy M-set N and each P € § s.t. NgP,
there is a fuzzy regular open M-set R s.t. NgR C P. This gives that

Ur=r

=P € §,, since R is an F'M-regular open set
=P € §;.

As a result, § C 05 which shows that the space is an F'M-semiregular space. O

Theorem 4.3 Let § be any fuzzy M -topology on X and (X, T) be any F M -semiregular space s.t. 7™M C
T C 3. Then §FM =7,

Proof: Let us consider an F'M-regular open set F in (X,7). Since 6™ C 7 C § and d-cl(F) = 6F'M-
cl(F), so we obtain 67M_cl(F) = 7-cl(F).

Again, §FM_int(§FM_cl(F)) = §-int(5-cl(F)), which implies d-int(5-cl(F)) = 7-int(r-cl(F)) = F.
Hence, F € 6™,

In due course, we have 7 = §FM. O
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Note 2 [t is noted that if § be any fuzzy M-topology on X, then the space (X, 65M) represents the largest
F M -semiregular space among all those F M -semiregular spaces which are coarser than (X, 9).

In general, the property of F'M-semiregularization is not necessarily inherited by its subspaces. This
is illustrated by the following example:

Example 4.1 Let X = {x,y} and § = {0%,,, 1%, {1/(z,1),1/(x,0.4)},{1/(y,0.6)},
{1/(x,1),1/(2,0.4),1/(y,0.6)}}. Then & forms a fuzzy M-topology on X .

Considering any arbitrary fuzzy sub-M-set Y = {1/(z,0.7),1/(x,0.6),1/(y,0.3)} of X. Then
Oy )M # 0y

However, for certain fuzzy sub-M-sets, the F M-semiregularization may be well preserved in the subspace
which is provided below.

Theorem 4.4 Let (X,0) be a fuzzy M-topological space and Y C X. Then the following hold if Y is
either a fuzzy dense M -set or a fuzzy open M -set:

(Z) ROFM(Y, 5y) = {Y NR:Re ROF]V[(X, 5)}
(i) (0y)SM = (67")y-
Proof:
(i) Case-I: Let Y be a fuzzy open M-set in (X,0) and Z € ROpp(Y,dy). Then
dy-c(Z)=6-c(Z)NY
= dy-int(dy-cl(Z)) = §-int(6-cl(Z))NY
=RnNY,
where R = §-int(d-cl(Z)) € ROpp (X, 9).

Conversely, let Y € ROpp(X,0) and Z =Y N R. Then

dy-int(dy-cl(Z)) = 0-int(0-cl(Y N R)NY)
= d-int(0-cl(R)NY)
=YNR
=Z.

Hence Z € ROpp (Y, by ).

Case-II: Suppose Y be a fuzzy dense M-set of (X,4) and Z C Y.
We have to show that, dy-int(dy-cl(Z)) = é-int(6-cl(Z))NY.

If 2 € dy-int(dy-cl(Z)), then there is atleast one fuzzy open M-set D s.t. z) € DNY C -
d(Z)nyY.

If D ¢ 6-cl(Z), then D N Z¢ is a non-empty fuzzy open M-set of X and Y being a fuzzy dense
M-set in X, there exists ' € Y s.t. yg € DN (6-cl(2))°. Thus y3 € DNY and yj ¢ 6-cl(Z)NY
because yj € (6-cl(Z))°. But this is a contradiction. Hence, x3' € D C é-cl(Z) and therefore
™ € 0-int(6-cl(Z)) and thus dy-int(dy-cl(Z)) C d-int(d-cl(Z))NY.

Conversely, if 21" € 6-int(0-cl(Z))NY, then there is atleast one fuzzy open M-set D s.t. 2" € D C 6-
c(Z).

So, 2" € DNY C 6-cl(Z)NY and thus

€ Sy-int(0-cl(Z) NY) = dy-int(dy-cl(2)).

Hence, §-int(6-cl(Z) NY) C dy-int(dy-cl(Z)).

Therefore we obtain, dy-int(dy-cl(Z)) = é-int(6 — cl(Z))NY.
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(ii) This proof immediately comes from (7).

In order to connect with F'M-semiregular properties, we have defined a variety of spaces below.

Definition 4.3 Consider a fuzzy M-topology 6 on X. If

(i) for two distinct fuzzy M -points zy',ys € X, either x(! possesses an open nbd that is not quasi-
coincident with yj or, yg possesses an open nbd that is not quasi-coincident with xg', then X is
called FM - space;

(ii) for two distinct fuzzy M -points zy',ys € X, xg! possesses an open nbd that is not quasi-coincident
with yi and yjz possesses an open nbd that is not quasi-coincident with x7)', then X is called F M -3
space;

(iii) any two distinct fuzzy M -points =7, Y € X have two open nbds that are not quasi-coincident, then
the space is called F M-Sy space;

i) any two distinct fuzzy M -points x',yj € ave fuzzy multi open nbds F' and G respectively suc
' two distinct M-points x3},yp € X h lti bds F and G tivel h
that 6-cl(F) and 6-cl(G) are not quasi-coincident, then the space is called F'M-Sq,1 space.

Definition 4.4 Let ¢ be a fuzzy M-topology on X. Then the space (X,0) is called an expansion over a
fuzzy M -topological space (X,8") iff & C 4.

Definition 4.5 Let (X,d) be a fuzzy M-topological space and 5™ be a fuzzy semiregularization M-
topology on 6. A property P is called an F M -semiregular property, whenever (X,0) shares the property
P iff (X, 6FM) shares the same property.

Note 3 Let 6 and &' be two fuzzy M-topologies on X with 6 C §'. Then every element of 0 is also an
element of 8'. Hence by Definition 4.3, FM-So, FM-S1, FM-S2 and FM—%TQ% are expansive properties.

Remark 4.1 From the above note, it can be said that a fuzzy M-topological space (X, 0) is FM-Sg
(resp. FM-Sy ) if (X,65M) is FM-Sg (resp. FM-S1). However, this may not always happen in
the reverse case.

Example 4.2 Considering X = {z,y} with 6 = {05, 18005 {2/ (y, 1)}}, the space obviously forms an
FM-S¢ space. But 6F™M = {0%,,,1%,,}, which is not an FM-Sq space.

Example 4.3 Considering an infinite space X and a fuzzy M -topology § on it whose fuzzy open M -sets
A are of the form

{(py)/z : x € X;puYy(z) < 1 for finite number of element and
piy(z) =1 for infinite number of element where i = 1,2, ...,n}. Then it is found that (X, dEM) fails to be
an FM-S31 space whereas the original space is an FM-31 space.

From the Remark 4.1, we can say that FM-Sg (resp. F'M-S1) is not an F'M-semiregular property.

Theorem 4.5 FM -3y property is an F M -semiregular property.

Proof: Let (X, ) be a fuzzy M-topological space and §f'™ be a fuzzy semiregularization M-topology of
0

If (X,65M) is an FM-Sq space, then (X, ) is also an F'M-Jy space which is clear from Note 3.
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For the other part, consider an F'M-3y space (X,0) and z7, y be two distinet fuzzy M-points in
X. Then z7, y5 have open nbd F, G respectively in (X,6) st. F 4G. Then by Lemma 3.2, we have
d-cl(F) is not quasi-coincident with G and so §-int(d-cl(F)) fails to be quasi-coincident with G.

We found that §-int(d-cl(F)) is not quasi-coincident with §-¢l(G) from Lemma 3.2.
Let us take, d-int(6-cl(F)) = Fy and d-int(6-cl(G)) = G1. Then Fy and Gy are 6£™-open nbd of x7', yj
respectively s.t. F is not quasi-coincident with G. This proves that, (X,5fM) is an FM-Sy-space. O

Theorem 4.6 The property of being FM—%B% is an F'M -semiregqular property.

Proof: Let (X,d) be a fuzzy M-topological space and 6™ be a fuzzy semiregularization M-topology
of 8. Tt is clear from Note 3 that, if (X, 6IM) is an FM-Sp,1 space then (X, 6) is also an FM-Sp, 1 space.

For the other part, let (X, 4) be an FM—%TZ% space and ', y5 be two distinct fuzzy M-points in X.
Then there exist two open nbds F', G of ' and yj; respectively s.t. d-cl(F) is not quasi-coincident with
0-cl(G). Consider d-int(5-cl(F)) = Fs and d-int(d-cl(G)) = G5. Then Fy is not quasi-coincident with
G,. Since §FM_cl(F,) = 6-cl(F,) and 6FM-cl(G,) = 6-cl(Gs) and hence we must obtain that 65M-cl(F;)
is not quasi-coincident with §¥-cl(G,), where F, and G are open nbds of 7 and yj respectively in
(X, 65M), Thus, (X,65M) is an FM-Sq,1 space. O

Definition 4.6 A fuzzy M -topological space (X, ) is called F M -extremally disconnected iff 6-cl(F') € §
for every F € 4.

Theorem 4.7 F M -extremally disconnectedness is an F' M -semireqular property.

Proof: Let § be any fuzzy M-topology on X s.t. the space is an F'M-extremally disconnected space
and consider F' € §f'M. Again, assume that §¥M-cl(F) = §-cl(F) = G(say). Then from FM-extremally
disconnectedness of (X, §), we have G € § and so §7M-cl(F) = 6-int(5-cl(F)) = 6-int(6-cl(G)) € 6FM.

Hence (X, 61M) is F M-extremally disconnected space.

Conversely, let (X,0M) is FM-extremally disconnected space. For any F € §, we have
cl(F) = 6-cl(F) and d-int(d-cl(F)) € §EM.

Let, 6-int(0-cl(F)) = G. Then §-cl(F) = 6-cl(G) = 6FM_cl(G) € §FM c 6. Thus, (X,0) is FM-
extremally disconnected space. o

FM
o5 M-

Let us denote clo(X,0) be the collection of all fuzzy M-sets of (X,0) which are both fuzzy closed as
well as open M -sets.

Proposition 4.1 For any fuzzy M -topological space (X,0), clo(X,d) = clo(X,6FM).

Proof: Let F € clo(X,d). Then F is an FM-regular open M-set and hence F € 67M. Also, F¢ € 6'M.
Thus F € clo(X, M),
On the other hand, since 6™ C ¢, we have clo(X,§IM) C clo(X, §). |

Corollary 4.1 Let § be any fuzzy M-topology on X, then (X,8) is connected iff (X,05M) is connected.

Definition 4.7 Let § be any fuzzy M -topology on X . If for every fuzzy M-point ' € X and every open
Q-nbd F of ™, there is G € § s.t. 7qG C §-cl(G) C F, then X is called F M -regular space.

In general, the expansion of topologies does not sustain the higher separation features. This explains the
significant differences in the F'M-regularity between (X,d) and its F'M-semiregularization (X, 55M).

Definition 4.8 Let § be any fuzzy M-topology on X. If for every fuzzy M-point x)' € X and for every
FM -regular open Q-nbd F of x7, there is a F M -regular open Q-nbd G of 1" s.t. 6-cl(G) C F then the
space is known as F'M -almost reqular.
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Theorem 4.8 FEvery space which is F M -regular, it must be F'M -almost regular.

Proof: Considering fuzzy M-point 7' from the space (X,0), which is F'M-regular and F' be any FM-
regular open @-nbd of z'. Then there is an FM-regular open set G s.t. x0'qG C F. Now, G being
an F'M-regular open set, it is fuzzy open M-set. By FM-regularity of X, there is G € § s.t. 20'qG C
0-cl(G) C F. Therefore, X is an F'M-almost regular space. O

Example 4.4 Let X = {x,y} and a fuzzy M-topology on X be § = {0%,,,1%,,, K, L, M, N} where
K = {1/(,0.5), /(5 D}, L = {1/(2, 1), 1/(5,03), 1/(5,08)}, M = {1/(,1),1/(3,1), 1/(3,03)} and
N ={1/(z,0.5),1/(y,0.8)}.

Though (X, ) is an FM-almost regular space but fails to be an FM-reqular space, since for the
fuzzy M-point y}, and open Q-nbd L of yb; , there is N € § s.t. yl.gN C cl(N) but cl(N) =
{1/(2,05),1/(y, )} £ L.

Nevertheless, considering the semiregularization of a given space, we obtain an equivalent condition
between F'M-regular and F'M-almost regular space, which is given below:

Theorem 4.9 Let § be any fuzzy M-topology on X. Then for an FM-almost regular space (X,9),
(X, 065MY) must be FM-regular as a necessary and sufficient condition.

Proof: The proof is straightforward so it is omitted. O

Corollary 4.2 Let § be any fuzzy M -topology on X. Then for (X,9), (X,05M) is an F M -almost regular
space iff it is F M -regular.

Note 4 From Theorem 4.9 and Corollary 4.2, we conclude that F'M -almost reqularity and F M -regularity
are F'M -semiregular properties.

5. Conclusions

This article presented the notion of fuzzy multi regular open sets providing comprehensive charac-
terizations and demonstrating that their collection gives rise to a fuzzy semiregularization M-topology.
Furthermore, we have introduced F'M-semiregular space and highlighted specific fuzzy M-topological
spaces that naturally exhibit F'M-semiregular properties, offering new insights into their topological be-
havior. Moreover, different kinds of topological space can be unified by the F M-semiregular property.
By defining various spaces within fuzzy M-topology, one can investigate their structure to determine
whether they exhibit F'M-semiregular properties or not. The concept of FM-semiregular space can be
extended by introducing the notion of S-closed space in the said environment. FM-semiregular spaces
can be applied to network topology and can be used to identify clusters and patterns in high-dimensional
data.
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