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Introduction to the Stieltjes extension of Dunford and Pettis-type integrals on time scales

Hemen Bharali∗, Vikuozonuo Sekhose and Hemanta Kalita

abstract: Riemann-Stieltjes type integrals on time scales are explored in this paper. Theoretical defini-
tions of the Riemann-Stieltjes-Dunford, Riemann-Stieltjes-Pettis and Riemann-Stieltjes-Gelfand integrals are
presented. Scalarly Riemann-Stieltjes integral, weak Riemann-Stieltjes integral and weak∗ scalarly Riemann-
Stieltjes integral definitions are put forward; and a few relations between these integrals are established. Uni-
form convergence of a sequence of functions which are Riemann-Stieltjes-Dunford, Riemann-Stieltjes-Pettis
and Riemann-Stieltjes-Gelfand integrable are also formulated.

Key Words: Banach space, Riemann-Stieltjes integral, Pettis integral, Dunford integral, Gelfand
integral, ∆-integral, ∇-integral.
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1. Introduction and Preliminaries

S. Hilger, in 1988, as part of his doctoral degree [8] introduced a concept which in motivation and
theory unified discrete and continuous analysis. He called this theory the measure chain calculus (m.c.
calculus) which later came to be known as time scale calculus. Transcripts of his dissertation were
published in 1990 as [9] [also view [10]]. As theoretical framework, Hilger presented three axioms [refer
[9] for more insight] and concluded that any set, say T, that satisfied these three axioms forms a measure
chain and called set T a time scale. Any non-empty closed subset of R is a time scale, a direct excerpt
from Hilger’s paper concludes this, “. . . any closed subset of R bears the structure of a measure chain in
a natural manner.” [9].

Hilger defined two operators- forward jump operator and backward jump operator. The forward
jump operator, denoted by σ, is defined as a mapping σ : T → T such that σ(t) = inf

{
r ∈ T : r > t

}
.

While the backward jump operator is denoted by ρ and is defined as a mapping ρ : T → T such that
ρ(t) = sup

{
r ∈ T : r < t

}
. Using the notion of the forward jump operator Hilger formulated a derivative

called the delta derivative (∆-derivative). A little over a decade later, another notion of derivative was
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formulated by F. M. Atici et al. [2] using the backward jump operator called the nabla derivative (∇-
derivative). This nabla derivative was previously hinted in the works of C. D. Ahlbrandt et al. [1] where
they introduced a notion of derivative called the alpha derivative which consisted both the delta and
nabla derivatives as special cases.

In literature several integration notions are discussed including the Riemann and Riemann-Stieltjes
integrations.
The intervals on which these integrals are defined, i.e. intervals on time scale T are defined as- assuming
x ≤ y (refer [4])-
[x, y]T =

{
t ∈ T : x ≤ t ≤ y

}
; (x, y)T =

{
t ∈ T : x < t < y

}
;

[x, y)T =
{
t ∈ T : x ≤ t < y

}
; (x, y]T =

{
t ∈ T : x < t ≤ y

}
.

The Riemann integral for real-valued functions on time scales was formulated by S. Sailer [4,6] using
the concept of Darboux sum definition; and by G. Sh. Guseinov et al. [6,7] using the concept of Riemann
sum definition. The latter also proved that the two different approaches of the Riemann integral for real-
valued functions on time scales are in essence equal [6].

Below we give the definition of Riemann ∆-integral for real-valued functions; for the nabla definition
the reader is referred to [7].

Given [x, y]T be a closed interval of T; let P represent the collection of all possible partitions of [x, y]T.
Consider partition Q =

{
x = t0 < t1 < . . . < ti = y

}
∈ P with t0, t1, . . ., ti being the finite points

of division. Subintervals are taken to be of the form [tz−1, tz)T, for 1 ≤ z ≤ i, which we will call the
∆-subinterval. From each of these ∆-subintervals we choose ϑz ∈ [tz−1, tz)T arbitrarily and call it the

∆-tag. A point-interval collection defined as Q̆ =
{(
ϑz, [tz−1, tz)T

)}i

z=1
is considered, which we call the

∆-tagged partition. Mesh of partition Q is defined as: mesh−(Q) = max1≤z≤i

[
tz − tz−1

]
> 0. For some

δ > 0, Qδ will represent a partition of [x, y]T with mesh δ satisfying the property: for each z = 1, 2, . . . , i
we have either tz − tz−1 ≤ δ or tz − tz−1 > δ ∧ ρ(tz) = tz−1 (here ∧ stands for “and”). Henceforth, Q̆δ

will mean a ∆-tagged partition with mesh δ satisfying the above property.

Definition 1.1 [7] A function k : [x, y]T → R is Riemann ∆-integrable if there exists an I ∈ R such that

for any ε > 0 there exists δ > 0 hence for any ∆-tagged partition Q̆δ we have,
∣∣∑i

z=1 k(ϑz)(tz−tz−1)−I
∣∣ <

ε. Here I = R
∫ y

x
k(t)∆t, where R

∫ y

x
k(t)∆t is called the Riemann ∆-integral.

The Riemann-Stieltjes integral for real-valued functions on time scales was formulated by S. Sailer
[4,11] using the concept of Darboux sum definition; and re-investigated by D. Mozyrska et al. [11]. The
Riemann sum definition of Riemann-Stieltjes integral is given in [12] by the same authors. Equivalence
of the above two approaches is proved in [14].

Below we give the definition of Riemann-Stieltjes ∆-integral and Riemann-Stieltjes ∇-integral for
real-valued functions.

Let Q̆δ be a ∆-tagged partition with mesh δ. Considering ψ to be a real-valued monotone increasing
function on [x, y]T, and define ψ(Q) =

{
ψ(x) = ψ(t0) < . . . < ψ(ti) = ψ(y)

}
; ψ(tz) − ψ(tz−1) will be

positive.

Definition 1.2 [12] Let function k : [x, y]T → R and let ψ : [x, y]T → R be a monotone increasing
function. Function k with respect to ψ on [x, y]T is said to be Riemann-Stieltjes ∆-integrable if there
exists an I ∈ R such that for any ε > 0 there exists δ > 0 hence for any ∆-tagged partition Q̆δ we have,∣∣∣∑i

z=1 k(ϑz)
[
ψ(tz)− ψ(tz−1)

]
− I

∣∣∣ < ε. Here I = RS
∫ y

x
k(t)∆ψ(t), where RS

∫ y

x
k(t)∆ψ(t) denotes the

Riemann-Stieltjes ∆-integral.

For the sake of clarity we will let R ∈ P denote the partition for the ∇-integral.

Consider partition R =
{
x = t0 < t1 < . . . < ti = y

}
∈ P with t0, t1, . . ., ti being the finite points

of division. Subintervals are taken to be of the form (tz−1, tz]T, for 1 ≤ z ≤ i, which we will call the ∇-
subinterval. From each of these ∇-subintervals we choose ξz ∈ (tz−1, tz]T arbitrarily and call it the ∇-tag.

A point-interval collection defined as R̆ =
{(
ξz, (tz−1, tz]T

)}i

z=1
is considered, which we call the ∇-tagged
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partition. Mesh of partition R is defined as: mesh−(R) = max1≤z≤i

[
tz − tz−1

]
> 0. For some δ > 0, Rδ

will represent a partition of [x, y]T with mesh δ satisfying the property: for each z = 1, 2, . . . , i we have
either tz − tz−1 ≤ δ or tz − tz−1 > δ ∧ tz = σ(tz−1). Henceforth, R̆δ will mean a ∇-tagged partition with
mesh δ satisfying the above property. Considering ψ to be a real-valued monotone increasing function
on [x, y]T, and define ψ(R) =

{
ψ(x) = ψ(t0) < . . . < ψ(ti) = ψ(y)

}
; ψ(tz)− ψ(tz−1) will be positive.

Definition 1.3 [12] Let function k : [x, y]T → R and let ψ : [x, y]T → R be a monotone increasing
function. Function k with respect to ψ on [x, y]T is said to be Riemann-Stieltjes ∇-integrable if there
exists an I ∈ R such that for any ε > 0 there exists δ > 0 hence for any ∇-tagged partition R̆δ we have,∣∣∣∑i

z=1 k(ξz)
[
ψ(tz)− ψ(tz−1)

]
− I

∣∣∣ < ε. Here I = RS
∫ y

x
k(t)∇ψ(t), where RS

∫ y

x
k(t)∇ψ(t) denotes the

Riemann-Stieltjes ∇-integral.

The Riemann integral for Banach-valued functions on time scales was formulated by B. Aulbach et al.
[3]. The Riemann-type integrals such as the Riemann-Dunford and Riemann-Pettis integrals including
scalarly Riemann integral were introduced in [13]. The weak Riemann integral was defined by M. Cichoń
[5].

Throughout this paper, X will denote a Banach space and X∗ its dual.

Below we give the definition of Riemann ∆-integral for functions whose values lie in the Banach space
(Banach-valued functions), weak Riemann ∆-integral, scalarly Riemann ∆-integral, Riemann-Dunford
∆-integral and Riemann-Pettis ∆-integral; for the nabla definition the reader is referred to [13].

Definition 1.4 [3] A function k : [x, y]T → X is Riemann ∆-integrable if there exists an I ∈ X such

that for any ε > 0 there exists δ > 0 hence for any ∆-tagged partition Q̆δ we have,
∥∥∑i

z=1(tz − tz−1) ·
k(ϑz)− I

∥∥ < ε. Here I = (R)
∫ y

x
k(t)∆t, where (R)

∫ y

x
k(t)∆t is called the Riemann ∆-integral.

Definition 1.5 [5] Weak Riemann ∆-integral: A function k : [x, y]T → X is weak Riemann ∆-integrable
on [x, y]T if there exists an I ∈ X such that for every ε > 0 and every functional m∗ ∈ X∗, there exists

δ > 0 hence for any ∆-tagged partition Q̆δ we have,
∣∣m∗(∑i

z=1

(
tz − tz−1

)
· k(ϑz) − I

)∣∣ < ε. Here

I = (wR)
∫ y

x
k(t)∆t, where (wR)

∫ y

x
k(t)∆t denotes the weak Riemann ∆-integral.

Definition 1.6 [13] Scalarly Riemann ∆-integral: A function k : [x, y]T → X is scalarly Riemann ∆-
integrable on [x, y]T if there exists an I ∈ R such that for every ε > 0 and every functional m∗ ∈ X∗, there

exists δ > 0 such that for any ∆-tagged partition Q̆δ we have,
∣∣∑i

z=1

(
tz − tz−1

)
· m∗(k(ϑz)) − I

∣∣ < ε.

Here I = (sR)
∫ y

x
k(t)∆t, where (sR)

∫ y

x
k(t)∆t denotes the scalarly Riemann ∆-integral.

Definition 1.7 [13] Riemann-Dunford ∆-integral: A function k : [x, y]T → X is Riemann-Dunford
∆-integrable on [x, y]T if for each functional m∗ ∈ X∗, the function m∗(f) : [x, y]T → R is Riemann
∆-integrable on [x, y]T, and there exists an element m∗∗ ∈ X∗∗ such that

m∗∗(m∗) = R

∫ y

x

m∗(k(t))∆t
for all m∗ ∈ X∗, then k is said to be Riemann-Dunford ∆-integrable on [x, y]T. The element m∗∗ is called
the Riemann-Dunford ∆-integral of k over [x, y]T and is denoted by (RD)

∫ y

x
k(t)∆t.

Definition 1.8 [13] Riemann-Pettis ∆-integral: A function k : [x, y]T → X is said to be Riemann-Pettis
∆-integrable on [x, y]T if for each functional m∗ ∈ X∗, the function m∗(k) : [x, y]T → R is Riemann
∆-integrable on [x, y]T, and there exists an element m ∈ X such that

m(m∗) = R

∫ y

x

m∗(k(t))∆t
for all m∗ ∈ X∗, then k is said to be Riemann-Pettis ∆-integrable on [x, y]T. The element m is called the
Riemann-Pettis ∆-integral of k over [x, y]T and is denoted by (RP )

∫ y

x
k(t)∆t.

In the following sections we give our definition of the Riemann-Stieltjes integral for Banach-valued
functions on time scales and explore the Riemann-Stieltjes-type integrals.
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2. Banach-valued Riemann-Stieltjes integration

Theoretical definitions of the Riemann-Stieltjes ∆-integral and Riemann-Stieltjes ∇-integral for func-
tions whose values lie in the Banach space on time scales are presented in this section.

2.1. Banach-valued Riemann-Stieltjes ∆-integral

Considering Q̆δ to be a ∆-tagged partition with mesh δ; and let ψ be a real-valued monotone increasing
function on [x, y]T.

The Riemann-Stieltjes ∆-sum, (RS)(k; Q̆δ;ψ), of the Banach-valued function k evaluated at the ∆-
tags is formulated as,

(RS)(k; Q̆δ;ψ) :=

i∑
z=1

[
ψ(tz)− ψ(tz−1)

]
· k(ϑz).

Definition 2.1 Riemann-Stieltjes ∆-integral: Let function k : [x, y]T → X and let ψ : [x, y]T → R be
a monotone increasing function. Function k with respect to ψ on [x, y]T is said to be Riemann-Stieltjes
∆-integrable if there exists an I ∈ X such that for any ε > 0 there exists δ > 0 hence for any ∆-tagged
partition Q̆δ we have, ∥∥∥(RS)(k; Q̆δ;ψ)− I

∥∥∥ < ε.

Here I = (RS)
∫ y

x
k(t)∆ψ(t), where (RS)

∫ y

x
k(t)∆ψ(t) denotes the Riemann-Stieltjes ∆-integral.

The set of all Banach-valued Riemann-Stieltjes ∆-integrable functions on [x, y]T will be denoted by
(RS)∆

{
[x, y]T,X, ψ

}
.

2.2. Banach-valued Riemann-Stieltjes ∇-integral

Considering R̆δ to be a∇-tagged partition with mesh δ; and let ψ be a real-valued monotone increasing
function on [x, y]T.

The Riemann-Stieltjes ∇-sum, (RS)(k; R̆δ;ψ), of the Banach-valued function k evaluated at the ∇-
tags is formulated as,

(RS)(k; R̆δ;ψ) :=

i∑
z=1

[
ψ(tz)− ψ(tz−1)

]
· k(ξz).

Definition 2.2 Riemann-Stieltjes ∇-integral: Let function k : [x, y]T → X and let ψ : [x, y]T → R be
a monotone increasing function. Function k with respect to ψ on [x, y]T is said to be Riemann-Stieltjes
∇-integrable if there exists an I ∈ X such that for any ε > 0 there exists δ > 0 hence for any ∇-tagged
partition R̆δ we have, ∥∥∥(RS)(k; R̆δ;ψ)− I

∥∥∥ < ε.

Here I = (RS)
∫ y

x
k(t)∇ψ(t), where (RS)

∫ y

x
k(t)∇ψ(t) denotes the Riemann-Stieltjes ∇-integral.

The set of all Banach-valued Riemann-Stieltjes ∇-integrable functions on [x, y]T will be denoted by
(RS)∇

{
[x, y]T,X, ψ

}
.

3. Banach-valued Riemann-Stieltjes type integrals

Theoretical definitions of the Riemann-Stieltjes-Dunford integral; Riemann-Stieltjes-Pettis integral
and Riemann-Stieltjes-Gelfand integral for functions whose values lie in the Banach space on time scales
are presented in this section.
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3.1. Riemann-Stieltjes-Dunford integral

Definition 3.1 Riemann-Stieltjes-Dunford ∆-integral: Let function k : [x, y]T → X and let ψ : [x, y]T →
R be a monotone increasing function. Function k with respect to ψ on [x, y]T is said to be Riemann-
Stieltjes-Dunford ∆-integrable on [x, y]T if for each functional m∗ ∈ X∗, the function m∗(k) : [x, y]T → R
is Riemann-Stieltjes ∆-integrable on [x, y]T, and there exists an element m∗∗ ∈ X∗∗ such that

m∗∗(m∗) = RS

∫ y

x

m∗(k(t))∆ψ(t)
for all m∗ ∈ X∗, then k is said to be Riemann-Stieltjes-Dunford ∆-integrable on [x, y]T. The element m∗∗

is called the Riemann-Stieltjes-Dunford ∆-integral of k over [x, y]T and is denoted by (RSD)
∫ y

x
k(t)∆ψ(t).

The set of all Banach-valued Riemann-Stieltjes-Dunford ∆-integrable functions on [x, y]T will be denoted
by (RSD)∆

{
[x, y]T,X, ψ

}
.

Corollary 3.1 If k is Riemann-Stieltjes-Dunford ∆-integrable on [x, y]T then, for each m∗ ∈ X∗ the
function m∗(k) is Riemann-Stieltjes ∆-integrable on [x, y]T.

We provide the ε− δ definition of the Riemann-Stieltjes-Dunford ∆-integral.

Definition 3.2 Riemann-Stieltjes-Dunford ∆-integral: Let function k : [x, y]T → X and let ψ : [x, y]T →
R be a monotone increasing function. Function k with respect to ψ on [x, y]T is said to be Riemann-
Stieltjes-Dunford ∆-integrable on [x, y]T if there exists an element m∗∗ ∈ X∗∗ such that for any ε > 0 and
every functional m∗ ∈ X∗ there exists δ > 0 hence for any ∆-tagged partition Q̆δ we have,∣∣∣∣m∗

( i∑
z=1

[
ψ(tz)− ψ(tz−1)

]
· k(ϑz)

)
−m∗∗(m∗)

∣∣∣∣ < ε.

Here m∗∗ = (RSD)
∫ y

x
k(t)∆ψ(t), where (RSD)

∫ y

x
k(t)∆ψ(t) is called the Riemann-Stieltjes-Dunford ∆-

integral.

Below we define the scalarly Riemann-Stieltjes ∆-integral (Definition 3.3) and establish its relationship
with the Riemann-Stieltjes-Dunford ∆-integral (Definition 3.1).

Definition 3.3 Scalarly Riemann-Stieltjes ∆-integral: Let function k : [x, y]T → X and let ψ : [x, y]T →
R be a monotone increasing function. Function k with respect to ψ on [x, y]T is said to be scalarly
Riemann-Stieltjes ∆-integrable on [x, y]T if there exists an I ∈ R such that for every ε > 0 and every
functional m∗ ∈ X∗ there exists δ > 0 hence for any ∆-tagged partition Q̆δ we have,∣∣∣∣ i∑

z=1

[
ψ(tz)− ψ(tz−1)

]
·m∗(k(ϑz))− I

∣∣∣∣ < ε.

Here I = (sRS)
∫ y

x
k(t)∆ψ(t), where (sRS)

∫ y

x
k(t)∆ψ(t) is called the scalarly Riemann-Stieltjes ∆-

integral.

Theorem 3.1 If k is Riemann-Stieltjes-Dunford ∆-integrable on [x, y]T then, k is scalarly Riemann-
Stieltjes ∆-integrable on [x, y]T.

Proof: Given k is Riemann-Stieltjes-Dunford ∆-integrable on [x, y]T implies by Definition 3.1 that for
every functional m∗ ∈ X∗, the function m∗(k) : [x, y]T → R is Riemann-Stieltjes ∆-integrable on [x, y]T
(Corollary 3.1), hence by Definition 3.3 it implies that k is scalarly Riemann-Stieltjes ∆-integrable on
[x, y]T. 2
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Remark 3.1 If k is Riemann-Stieltjes-Dunford ∆-integrable on [x, y]T then, k is integrable on every
∆-subinterval of [x, y]T.

The criterion of integrability for Riemann-Stieltjes-Dunford ∆-integral is as follows-

Theorem 3.2 Let k : [x, y]T → X be Riemann-Stieltjes-Dunford ∆-integrable then, for each ε > 0 there
exists δ > 0 such that for any ∆-tagged partitions Q̆1, Q̆2 ∈ P both having mesh δ, we have∣∣∣∣m∗

( i∑
z=1

[
ψ(t1z)− ψ(t1z−1)

]
· k(ϑ1z)

)
−m∗

( s∑
z=1

[
ψ(t2z)− ψ(t2z−1)

]
· k(ϑ2z)

)∣∣∣∣ < ε (3.1)

for all m∗ ∈ X∗ (superscript 1 denotes elements from Q̆1 and superscript 2 denotes elements from Q̆2).

Proof: Given k ∈ (RSD)∆
{
[x, y]T,X, ψ

}
implies for any ε > 0 there exists δ > 0 such that for ∆-tagged

partition Q̆1 and Q̆2 of [x, y]T both with mesh δ, we have∣∣∣∣m∗
(∑i

z=1

[
ψ(t1z)− ψ(t1z−1)

]
· k(ϑ1z)

)
−m∗∗(m∗)

∣∣∣∣ < ε
2

and, ∣∣∣∣m∗
(∑s

z=1

[
ψ(t2z)− ψ(t2z−1)

]
· k(ϑ2z)

)
−m∗∗(m∗)

∣∣∣∣ < ε
2 .

Therefore we have,∣∣∣∣m∗
( i∑

z=1

[
ψ(t1z)− ψ(t1z−1)

]
· k(ϑ1z)

)
−m∗

{ s∑
z=1

[
ψ(t2z)− ψ(t2z−1)

]
· k(ϑ2z)

}∣∣∣∣
≤

∣∣∣∣m∗
( i∑

z=1

[
ψ(t1z)− ψ(t1z−1)

]
· k(ϑ1z)

)
−m∗∗(m∗)

∣∣∣∣
+

∣∣∣∣m∗∗(m∗)−m∗
( s∑

z=1

[
ψ(t2z)− ψ(t2z−1)

]
· k(ϑ2z)

)∣∣∣∣ < ε.

Hence, if k is given to be Riemann-Stieltjes-Dunford ∆-integrable then Eq. 3.1 holds. 2

We proceed to define the∇-integral, statements and proofs of theorems are omitted due to its similarity
with the ∆-integral.

Definition 3.4 Riemann-Stieltjes-Dunford ∇-integral: Let function k : [x, y]T → X and let ψ : [x, y]T →
R be a monotone increasing function. Function k with respect to ψ on [x, y]T is said to be Riemann-
Stieltjes-Dunford ∇-integrable on [x, y]T if for each functional m∗ ∈ X∗, the function m∗(k) : [x, y]T → R
is Riemann-Stieltjes ∇-integrable on [x, y]T, and there exists an element m∗∗ ∈ X∗∗ such that

m∗∗(m∗) = RS

∫ y

x

m∗(k(t))∇ψ(t)
for all m∗ ∈ X∗, then k is said to be Riemann-Stieltjes-Dunford ∇-integrable on [x, y]T. The element m∗∗

is called the Riemann-Stieltjes-Dunford ∇-integral of k over [x, y]T and is denoted by (RSD)
∫ y

x
k(t)∇ψ(t).

The set of all Banach valued Riemann-Stieltjes-Dunford ∇-integrable functions on [x, y]T will be denoted
by (RSD)∇

{
[x, y]T,X, ψ

}
.

Definition 3.3 gives the scalarly Riemann-Stieltjes ∆-integral, ∇-integral is given below.
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Definition 3.5 Scalarly Riemann-Stieltjes ∇-integral: Let function k : [x, y]T → X and let ψ : [x, y]T →
R be a monotone increasing function. Function k with respect to ψ on [x, y]T is said to be scalarly
Riemann-Stieltjes ∇-integrable on [x, y]T if there exists an I ∈ R such that for every ε > 0 and every
functional m∗ ∈ X∗ there exists δ > 0 such that for any ∇-tagged partition R̆δ we have,∣∣∣∣ i∑

z=1

[
ψ(tz)− ψ(tz−1)

]
·m∗(k(ξz))− I

∣∣∣∣ < ε.

Here I = (sRS)
∫ y

x
k(t)∇ψ(t).

3.2. Riemann-Stieltjes-Pettis integral

Definition 3.6 Riemann-Stieltjes-Pettis ∆-integral: Let function k : [x, y]T → X and let ψ : [x, y]T → R
be a monotone increasing function. Function k with respect to ψ on [x, y]T is said to be Riemann-
Stieltjes-Pettis ∆-integrable on [x, y]T if for each functional m∗ ∈ X∗, the function m∗(k) : [x, y]T → R is
Riemann-Stieltjes ∆-integrable on [x, y]T, and there exists an element m ∈ X such that

m(m∗) = RS

∫ y

x

m∗(k(t))∆ψ(t)
for all m∗ ∈ X∗, then k is said to be Riemann-Stieltjes-Pettis ∆-integrable on [x, y]T. The element m is
called the Riemann-Stieltjes-Pettis ∆-integral of k over [x, y]T, and is denoted by (RSP)

∫ y

x
k(t)∆ψ(t).

The set of all Banach valued Riemann-Stieltjes-Pettis ∆-integrable functions on [x, y]T will be denoted
by (RSP)∆

{
[x, y]T,X, ψ

}
.

Corollary 3.2 If k is Riemann-Stieltjes-Pettis ∆-integrable on [x, y]T then, for each m∗ ∈ X∗ the func-
tion m∗(k) is Riemann-Stieltjes ∆-integrable on [x, y]T.

We provide the ε− δ definition of the Riemann-Pettis ∆-integral.

Definition 3.7 Riemann-Stieltjes-Pettis ∆-integral: Let function k : [x, y]T → X and let ψ : [x, y]T → R
be a monotone increasing function. Function k with respect to ψ on [x, y]T is said to be Riemann-Stieltjes-
Pettis ∆-integrable on [x, y]T if there exists an element m ∈ X such that for any ε > 0 and every functional
m∗ ∈ X∗ there exists δ > 0 such that for any ∆-tagged partition Q̆δ we have,∣∣∣∣m∗

( i∑
z=1

[
ψ(tz)− ψ(tz−1)

]
· k(ϑz)

)
−m(m∗)

∣∣∣∣ < ε.

Here m = (RSP)
∫ y

x
k(t)∆ψ(t), where (RSP)

∫ y

x
k(t)∆ψ(t) is called the Riemann-Stieltjes-Pettis ∆-

integral.

Theorem 3.3 Let k : [x, y]T → X be Riemann-Stieltjes-Pettis ∆-integrable then the value of m(m∗), for
m ∈ X and for all m∗ ∈ X∗, is unique.

Proof: Let us assume that function k has two values (m)′(m∗), (m)′′(m∗) for (m)′, (m)′′ ∈ X both
satisfying the definition and let ε > 0.
There exists δ′ε

2
> 0 such that for any ∆-tagged partition Q̆δ′ε

2

we have,∣∣∣∣m∗
(∑i

z=1

[
ψ(t′z)− ψ(t′z−1)

]
· k(ϑz)

)
− (m)′(m∗)

∣∣∣∣ < ε
2 .

Also, there exists δ′′ε
2
> 0 such that for any ∆-tagged partition Q̆δ′′ε

2

we have,
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(∑i

z=1

[
ψ(t′′z )− ψ(t′′z−1)

]
· k(ϑz)

)
− (m)′′(m∗)

∣∣∣∣ < ε
2 .

Let δϵ = min
{
δ′ε

2
, δ′′ε

2

}
> 0 and let Q̆δε be the corresponding ∆-tagged partition. Since mesh of Q̆δϵ is

lesser or equal to the mesh of Q̆δ′ε
2

and Q̆δ′′ε
2

thus we have by definition-∣∣∣∣m∗
(∑i

z=1

[
ψ(tz)− ψ(tz−1)

]
· k(ϑz)

)
− (m)′(m∗)

∣∣∣∣ < ε
2

and, ∣∣∣∣m∗
(∑i

z=1

[
ψ(tz)− ψ(tz−1)

]
· k(ϑz)

)
− (m)′′(m∗)

∣∣∣∣ < ε
2 ,

whence it follows from triangle inequality that,∣∣∣(m)′(m∗)− (m)′′(m∗)
∣∣∣ = ∣∣∣∣(m)′(m∗)−m∗

( i∑
z=1

[
ψ(tz)− ψ(tz−1)

]
· k(ϑz)

)
+m∗

( i∑
z=1

[
ψ(tz)− ψ(tz−1)

]
· k(ϑz)

)
− (m∗∗)′′(m∗)

∣∣∣∣
≤

∣∣∣∣(m)′(m∗)−m∗
( i∑

z=1

[
ψ(tz)− ψ(tz−1)

]
· k(ϑz)

)∣∣∣∣+ ∣∣∣∣m∗

( i∑
z=1

[
ψ(tz)− ψ(tz−1)

]
· k(ϑz)

)
− (m)′′(m∗)

∣∣∣∣ < ε.

Since ε > 0 is arbitrary, hence proved. 2

We state a theorem which gives the relationship between our definition of the Riemann-Stieltjes-Pettis
∆-integral (Definition 3.6) and the definition of the scalarly Riemann-Stieltjes ∆-integral (Definition 3.3).

Theorem 3.4 If k is Riemann-Stieltjes-Pettis ∆-integrable on [x, y]T then, the function k is scalarly
Riemann-Stieltjes ∆-integrable on [x, y]T.

Proof: Given k is Riemann-Stieltjes-Pettis ∆-integrable on [x, y]T implies by Definition 3.6 that for
every functional m∗ ∈ X∗, the function m∗(k) : [x, y]T → R is Riemann-Stieltjes ∆-integrable on [x, y]T
(Corollary 3.2), hence by Definition 3.3 it implies that k is scalarly Riemann-Stieltjes ∆-integrable on
[x, y]T. 2

Below we define the weak Riemann-Stieltjes ∆-integral (Definition 3.8) and establish its relationship
with the Riemann-Stieltjes-Pettis ∆-integral (Definition 3.6).

Definition 3.8 Weak Riemann-Stieltjes ∆-integral: Let function k : [x, y]T → X and let ψ : [x, y]T → R
be a monotone increasing function. Function k with respect to ψ on [x, y]T is said to be weak Riemann-
Stieltjes ∆-integrable if there exists an I ∈ X such that for every ε > 0 and every functional m∗ ∈ X∗

there exists δ > 0 such that for any ∆-tagged partition Q̆δ we have,∥∥∥∥m∗
( i∑

z=1

[
ψ(tz)− ψ(tz−1)

]
· k(ϑz)− I

)∥∥∥∥ < ε.

Here I = (wRS)
∫ y

x
k(t)∆ψ(t), where (wRS)

∫ y

x
k(t)∆ψ(t) is called weak Riemann-Stieltjes ∆-integral.

Theorem 3.5 If k is Riemann-Stieltjes-Pettis ∆-integrable on [x, y]T then, k is weak Riemann-Stieltjes
∆-integrable on [x, y]T.
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Proof: Given k is Riemann-Stieltjes-Pettis ∆-integrable on [x, y]T implies by Definition 3.6 that for every
functional m∗ ∈ X∗, the function m∗k is Riemann-Stieltjes ∆-integrable on [x, y]T, and that there exists
an element m ∈ X such that

m(m∗) = RS

∫ y

x

m∗(k(t))∆ψ(t),

for all m∗ ∈ X∗.
By the weak Riemann-Stieltjes ∆-integral definition (Definition 3.8) and from Theorem 3.3 implying

the uniqueness of m(m∗), for m ∈ X and for all m∗ ∈ X∗, we conclude the theorem. 2

Remark 3.2 If k is Riemann-Stieltjes-Pettis ∆-integrable on [x, y]T then, k is integrable on every
∆-subinterval of [x, y]T.

The criterion of integrability for Riemann-Stieltjes-Pettis ∆-integral on time scales is as follows-

Theorem 3.6 Let k : [x, y]T → X be Riemann-Stieltjes-Pettis ∆-integrable, then for each ε > 0 there
exists δ > 0 such that for any ∆-tagged partitions Q̆1, Q̆2 ∈ P having mesh δ, we have∣∣∣∣m∗

( i∑
z=1

[
ψ(t1z)− ψ(t1z−1)

]
· k(ϑ1z)

)
−m∗

( s∑
z=1

[
ψ(t2z)− ψ(t2z−1)

]
· k(ϑ2z)

)∣∣∣∣ < ε (3.2)

for all m∗ ∈ X∗ (superscript 1 denotes elements from Q̆1 and superscript 2 denotes elements from Q̆2).

Proof: Given k ∈ (RSP)∆
(
[x, y]T,X, ψ

)
, implies for any ε > 0 there exists δ > 0 such that for ∆-tagged

partition Q̆1 and Q̆2 of [x, y]T with mesh δ, we have∣∣∣∣m∗
(∑i

z=1

[
ψ(t1z)− ψ(t1z−1)

]
· k(ϑ1z)

)
−m(m∗)

∣∣∣∣ < ε
2

and, ∣∣∣∣m∗
(∑s

z=1

[
ψ(t2z)− ψ(t2z−1)

]
· k(ϑ2z)

)
−m(m∗)

∣∣∣∣ < ε
2 .

Therefore we have,∣∣∣∣m∗
( i∑

z=1

[
ψ(t1z)− ψ(t1z−1)

]
· k(ϑ1z)

)
−m∗

( s∑
z=1

[
ψ(t2z)− ψ(t2z−1)

]
· k(ϑ2z)

)∣∣∣∣
≤

∣∣∣∣m∗
( i∑

z=1

[
ψ(t1z)− ψ(t1z−1)

]
· k(ϑ1z)

)
−m(m∗)

∣∣∣∣
+

∣∣∣∣m(m∗)−m∗
( s∑

z=1

[
ψ(t2z)− ψ(t2z−1)

]
· k(ϑ2z)

)∣∣∣∣ < ε.

Hence, if k is given to be Riemann-Stieltjes-Pettis ∆-integrable then Eq. 3.2 holds. 2

We proceed to define the∇-integral, statements and proofs of theorems are omitted due to its similarity
with the ∆-integral.

Definition 3.9 Riemann-Stieltjes-Pettis ∇-integral: Let function k : [x, y]T → X and let ψ : [x, y]T → R
be a monotone increasing function. Function k with respect to ψ on [x, y]T is said to be Riemann-
Stieltjes-Pettis ∇-integrable on [x, y]T if for each functional m∗ ∈ X∗, the function m∗(k) : [x, y]T → R is
Riemann-Stieltjes ∇-integrable on [x, y]T, and there exists an element m ∈ X such that

m(m∗) = RS

∫ y

x

m∗(k(t))∇ψ(t)
for all m∗ ∈ X∗, then k is said to be Riemann-Stieltjes-Pettis ∇-integrable on [x, y]T. The element m is
called the Riemann-Stieltjes-Pettis ∇-integral of k over [x, y]T, and is denoted by (RSP)

∫ y

x
k(t)∇ψ(t).
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The set of all Banach valued Riemann-Stieltjes-Pettis ∇-integrable functions on [x, y]T will be denoted
by (RSP)∇

(
[x, y]T,X, ψ

)
.

Definition 3.8 gives the weak Riemann-Stieltjes ∆-integral, ∇-integral is given below.

Definition 3.10 Weak Riemann-Stieltjes ∇-integral: Let function k : [x, y]T → X and let ψ : [x, y]T → R
be a monotone increasing function. Function k with respect to ψ on [x, y]T is said to be weak Riemann-
Stieltjes ∇-integrable if there exists an I ∈ X such that for every ε > 0 and every functional m∗ ∈ X∗

there exists δ > 0 such that for any ∇-tagged partition R̆δ we have,∥∥∥∥m∗
( i∑

z=1

[
ψ(tz)− ψ(tz−1)

]
· k(ξz)− I

)∥∥∥∥ < ε.

Here I = (wRS)
∫ y

x
k(t)∇ψ(t), where (wRS)

∫ y

x
k(t)∇ψ(t) is called weak Riemann-Stieltjes ∇-integral.

3.3. Riemann-Stieltjes-Gelfand integral

Definition 3.11 Riemann-Stieltjes-Gelfand ∆-integral: Let function k : [x, y]T → X∗ and let ψ :
[x, y]T → R be a monotone increasing function. Function k with respect to ψ on [x, y]T is said to be
Riemann-Stieltjes-Gelfand ∆-integrable on [x, y]T if for each m ∈ X, the function k(m) : [x, y]T → R is
Riemann-Stieltjes ∆-integrable on [x, y]T, and there exists an element m∗ ∈ X∗ such that

m∗(m) = RS

∫ y

x

m
(
k(t)

)
∆ψ(t)

for all m ∈ X, then k is said to be Riemann-Stieltjes-Gelfand ∆-integrable on [x, y]T. The element m∗ is
called the Riemann-Stieltjes-Gelfand ∆-integral of k over [x, y]T and is denoted by (RSG)

∫ y

x
k(t)∆ψ(t).

The set of all Banach valued Riemann-Stieltjes-Gelfand ∆-integrable functions on [x, y]T will be
denoted by (RSG)∆

{
[x, y]T,X, ψ

}
.

Corollary 3.3 If k is Riemann-Stieltjes-Gelfand ∆-integrable on [x, y]T then, for each m ∈ X the func-
tion k(m) is Riemann-Stieltjes ∆-integrable on [x, y]T.

We provide the ε− δ definition of the Riemann-Stieltjes-Gelfand ∆-integral.

Definition 3.12 Riemann-Stieltjes-Gelfand ∆-integral: Let function k : [x, y]T → X∗ and let ψ :
[x, y]T → R be a monotone increasing function. Function k with respect to ψ on [x, y]T is said to be
Riemann-Stieltjes-Gelfand ∆-integrable on [x, y]T if there exists an element m∗ ∈ X∗ such that for any
ε > 0 and every m ∈ X there exists δ > 0 hence for any ∆-tagged partition Q̆δ we have,∣∣∣∣m( i∑

z=1

k(ϑz).
[
ψ(tz)− ψ(tz−1)

])
−m∗(m)

∣∣∣∣ < ε.

Here m∗ = (RSG)
∫ y

x
k(t)∆ψ(t), where (RSG)

∫ y

x
k(t)∆ψ(t) is called the Riemann-Stieltjes-Gelfand ∆-

integral.

Below we define the weak∗ scalarly Riemann-Stieltjes ∆-integral (Definition 3.13) and establish its
relationship with the Riemann-Stieltjes-Gelfand ∆-integral (Definition 3.11).

Definition 3.13 Weak∗ scalarly Riemann-Stieltjes ∆-integral: Let function k : [x, y]T → X∗ and let
ψ : [x, y]T → R be a monotone increasing function. Function k with respect to ψ on [x, y]T is said to be
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weak∗ scalarly Riemann-Stieltjes ∆-integrable on [x, y]T if there exists an I ∈ R such that for every ε > 0
and every m ∈ X there exists δ > 0 hence for any ∆-tagged partition Q̆δ we have,∣∣∣∣ i∑

z=1

[
ψ(tz)− ψ(tz−1)

]
·m(k(ϑz))− I

∣∣∣∣ < ε.

Here I = (wsRS)
∫ y

x
k(t)∆ψ(t), where (wsRS)

∫ y

x
k(t)∆ψ(t) is called the weak∗ scalarly Riemann-Stieltjes

∆-integral.

Theorem 3.7 If k is Riemann-Stieltjes-Gelfand ∆-integrable on [x, y]T then, k is weak∗ scalarly Riemann-
Stieltjes ∆-integrable on [x, y]T.

Proof: Given k is Riemann-Stieltjes-Gelfand ∆-integrable on [x, y]T implies by Definition 3.11 that for
every m ∈ X, the function m(k) : [x, y]T → R is Riemann-Stieltjes ∆-integrable on [x, y]T (Corollary 3.3),
hence by Definition 3.13 it implies that k is weak∗ scalarly Riemann-Stieltjes ∆-integrable on [x, y]T. 2

Remark 3.3 If k is Riemann-Stieltjes-Gelfand ∆-integrable on [x, y]T then, k is integrable on every
∆-subinterval of [x, y]T.

The criterion of integrability for Riemann-Stieltjes-Gelfand ∆-integral is as follows-

Theorem 3.8 Let k : [x, y]T → X∗ be Riemann-Stieltjes-Gelfand ∆-integrable then, for each ε > 0 there
exists δ > 0 such that for any ∆-tagged partitions Q̆1, Q̆2 ∈ P both having mesh δ, we have∣∣∣∣m( i∑

z=1

k(ϑ1z).
[
ψ(t1z)− ψ(t1z−1)

])
−m

( s∑
z=1

k(ϑ2z).
[
ψ(t2z)− ψ(t2z−1)

])∣∣∣∣ < ε (3.3)

for all m ∈ X (superscript 1 denotes elements from Q̆1 and superscript 2 denotes elements from Q̆2).

Proof: Given k ∈ (RSG)∆
{
[x, y]T,X, ψ

}
implies for any ε > 0 there exists δ > 0 such that for ∆-tagged

partition Q̆1 and Q̆2 of [x, y]T both with mesh δ, we have∣∣∣∣m(∑i
z=1 k(ϑ

1
z).

[
ψ(t1z)− ψ(t1z−1)

])
−m∗(m)

∣∣∣∣ < ε
2

and, ∣∣∣∣m(∑s
z=1 k(ϑ

2
z).

[
ψ(t2z)− ψ(t2z−1)

])
−m∗(m)

∣∣∣∣ < ε
2 .

Therefore we have, ∣∣∣∣m( i∑
z=1

k(ϑ1
z).

[
ψ(t1z)− ψ(t1z−1)

])
−m

{ s∑
z=1

k(ϑ2
z).

[
ψ(t2z)− ψ(t2z−1)

]}∣∣∣∣
≤

∣∣∣∣m( i∑
z=1

k(ϑ1
z).

[
ψ(t1z)− ψ(t1z−1)

])
−m∗(m)

∣∣∣∣
+

∣∣∣∣m∗(m)−m

( s∑
z=1

k(ϑ2
z).

[
ψ(t2z)− ψ(t2z−1)

])∣∣∣∣ < ε.

Hence, if k is given to be Riemann-Stieltjes-Gelfand ∆-integrable then Eq. 3.3 holds. 2

We proceed to define the∇-integral, statements and proofs of theorems are omitted due to its similarity
with the ∆-integral.
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Definition 3.14 Riemann-Stieltjes-Gelfand ∇-integral: Let function k : [x, y]T → X∗ and let ψ :
[x, y]T → R be a monotone increasing function. Function k with respect to ψ on [x, y]T is said to be
Riemann-Stieltjes-Gelfand ∇-integrable on [x, y]T if for each m ∈ X, the function k(m) : [x, y]T → R is
Riemann-Stieltjes ∇-integrable on [x, y]T, and there exists an element m∗ ∈ X∗ such that

m∗(m) = RS

∫ y

x

m
(
k(t)

)
∇ψ(t)

for all m ∈ X, then k is said to be Riemann-Stieltjes-Gelfand ∇-integrable on [x, y]T. The element m∗ is
called the Riemann-Stieltjes-Gelfand ∇-integral of k over [x, y]T and is denoted by (RSG)

∫ y

x
k(t)∇ψ(t).

The set of all Banach valued Riemann-Stieltjes-Gelfand ∇-integrable functions on [x, y]T will be denoted
by (RSG)∇

{
[x, y]T,X, ψ

}
.

Definition 3.13 gives the weak∗ scalarly Riemann-Stieltjes ∆-integral, ∇-integral is given below.

Definition 3.15 Weak∗ scalarly Riemann-Stieltjes ∇-integral: Let function k : [x, y]T → X∗ and let
ψ : [x, y]T → R be a monotone increasing function. Function k with respect to ψ on [x, y]T is said to be
weak∗ scalarly Riemann-Stieltjes ∇-integrable on [x, y]T if there exists an I ∈ R such that for every ε > 0
and every m ∈ X there exists δ > 0 hence for any ∇-tagged partition R̆δ we have,∣∣∣∣ i∑

z=1

[
ψ(tz)− ψ(tz−1)

]
·m(k(ξz))− I

∣∣∣∣ < ε.

Here I = (wsRS)
∫ y

x
k(t)∇ψ(t), where (wsRS)

∫ y

x
k(t)∇ψ(t) is called the weak∗ scalarly Riemann-Stieltjes

∇-integral.

4. Convergence theorems

The convergence theorem involving the notion of uniform convergence for Riemann-Stieltjes-Dunford
integral; Riemann-Stieltjes-Pettis integral and Riemann-Stieltjes-Gelfand integral on time scales are for-
mulated in this section.

We first introduce the concept of RSD-equiintegrable; RSP-equiintegrable and RSG-equiintegrable on
time scales, and using these definitions of equiintegrability we obtain the convergence results.

4.1. RSD-equiintegrable convergence theorem

Definition 4.1 RSD ∆-equiintegrable: A collection (RSD)∆ of functions is called Riemann-Stieltjes-
Dunford ∆-equiintegrable on [x, y]T if for every k ∈ (RSD)∆, k : [x, y]T → X with respect to a monotone
increasing function ψ : [x, y]T → R, there exists an element m∗∗ ∈ X∗∗ such that for any ε > 0 and every
functional m∗ ∈ X∗ there exists δ > 0 hence for any ∆-tagged partition Q̆δ we have,∣∣∣∣m∗

( i∑
z=1

[
ψ(tz)− ψ(tz−1)

]
· k(ϑz)

)
−m∗∗(m∗)

∣∣∣∣ < ε,

for each k ∈ (RSD)∆.

Definition 4.2 RSD ∇-equiintegrable: A collection (RSD)∇ of functions is called Riemann-Stieltjes-
Dunford ∇-equiintegrable on [x, y]T if for every k ∈ (RSD)∇, k : [x, y]T → X with respect to be a
monotone increasing function ψ : [x, y]T → R, there exists an element m∗∗ ∈ X∗∗ such that for any ε > 0
and every functional m∗ ∈ X∗ there exists δ > 0 hence for any ∇-tagged partition R̆δ we have,∣∣∣∣m∗

( i∑
z=1

[
ψ(tz)− ψ(tz−1)

]
· k(ξz)

)
−m∗∗(m∗)

∣∣∣∣ < ε,

for each k ∈ (RSD)∇.
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Using the concept of RSD ∆-equiintegrable we formulate the convergence theorem for Riemann-
Stieltjes-Dunford ∆-integrals. The case of the ∇-integral can be obtained in a similar manner using the
above ∇-integral definition (Definition 3.4 and Definition 4.2) hence not explicitly stated here.

Theorem 4.1 Let
{
kr
}
be a sequence of functions that are RSD ∆-equiintegrable on [x, y]T that converges

uniformly to k on [x, y]T then, k is also Riemann-Stieltjes-Dunford ∆-integrable on [x, y]T and

RS

∫ y

x

m∗(k(t))∆ψ(t) = lim
r→∞

RS

∫ y

x

m∗(kr(t))∆ψ(t).
Proof: Let

{
kr
}
be a sequence of functions that are RSD ∆-equiintegrable on [x, y]T implies for every

functional m∗ ∈ X∗ there exists an m∗∗
r ∈ X∗∗ for each kr such that

{
m∗(kr)

}
is Riemann-Stieltjes

∆-integrable and m∗∗
r (m∗) = RS

∫ y

x
m∗(kr(t))∆ψ(t) for each r. Given

{
kr
}
converges uniformly to k on

[x, y]T implies
{
m∗(kr)

}
also converges uniformly to m∗(k), thus for every ε > 0 there exists N ∈ N such

that for all r ≥ N and all t ∈ [x, y)T we have
∣∣∣m∗(kr(t))−m∗(k(t))∣∣∣ < ε.

Consequently if r, p ≥ N , then∣∣∣m∗(kr(t))−m∗(kp(t))∣∣∣ < ∣∣∣m∗(kr(t))−m∗(k(t))∣∣∣+ ∣∣∣m∗(k(t))−m∗(kp(t))∣∣∣ < 2ε

for all t ∈ [x, y)T.

Hence
∣∣∣m∗(kr(t))−m∗(kp(t))∣∣∣ ≤ supt∈[x,y)T

∣∣∣m∗(kr(t))−m∗(kp(t))∣∣∣ < 2ε, implying −2ε < m∗(kr(t))−
m∗(kp(t)) < 2ε for all t ∈ [x, y)T. Thus,

−2ε(y − x) < RS

∫ y

x

m∗(kr(t))∆ψ(t)− RS

∫ y

x

m∗(kp(t))∆ψ(t) < 2ε(y − x).

Since ε > 0 is arbitrary, hence the sequence
(
RS

∫ y

x
m∗(kr(t))∆ψ(t)) is a Cauchy sequence and therefore

converges to some number say m∗∗
r (m∗), given m∗∗

r ∈ X∗∗ and every functional m∗ ∈ X∗.
We will now show that k ∈ (RSD)∆

{
[x, y]T,X, ψ

}
with integral m∗∗

r (m∗). If

Q̆ =
{(
ϑz, [tz−1, tz)T

)}i

z=1
be any ∆-tagged partition of [x, y]T and if r ≥ N , then∣∣∣∣m∗

( i∑
z=1

[
ψ(tz)− ψ(tz−1)

]
· kr(ϑz)

)
−m∗

( i∑
z=1

[
ψ(tz)− ψ(tz−1)

]
· k(ϑz)

)∣∣∣∣
≤

i∑
z=1

[
ψ(tz)− ψ(tz−1)

]∣∣∣∣m∗(kr(ϑz))−m∗(k(ϑz))∣∣∣∣ ≤ ε(y − x).

We now choose p ≥ N such that
∣∣∣RS ∫ y

x
m∗(kp(t))∆ψ(t)−m∗∗

r (m∗)
∣∣∣ < ε, and we let δp,ε > 0 be such

that
∣∣∣RS ∫ y

x
m∗(kp(t))∆ψ(t)−m∗

(
(RS)(kp; Q̆δp,ε ;ψ)

)∣∣∣ < ε whenever length of the ∆-subintervals in the

∆-partition is less than δp,ε. Then we have,∣∣∣m∗
(
(RS)(k; Q̆δp,ε ;ψ)

)
−m∗∗

r (m∗)
∣∣∣ ≤ ∣∣∣m∗

(
(RS)(k; Q̆δp,ε ;ψ)

)
−m∗

(
(RS)(kp; Q̆δp,ε ;ψ)

)∣∣∣+∣∣∣∣m∗
(
(RS)(kp; Q̆δp,ε ;ψ)

)
−RS

∫ y

x

m∗(kp(t))∆ψ(t)∣∣∣∣+∣∣∣∣RS∫ y

x

m∗(kp(t))∆ψ(t)−m∗∗
r (m∗)

∣∣∣∣ ≤ ε(y−x+2).

But since ε > 0 is arbitrary, it follows that k ∈ (RSD)∆
{
[x, y]T,X, ψ

}
and RS

∫ y

x
m∗(k(t))∆ψ(t) =

m∗∗
r (m∗), and for all r ≥ N it follows that RS

∫ y

x
m∗(k(t))∆ψ(t) = limr→∞ RS

∫ y

x
m∗(kr(t))∆ψ(t). 2

Theorem 4.1 is called the uniform convergence theorem for sequence of functions, here the sequence
of functions under consideration are RSD ∆-equiintegrable.

Remark 4.1 If
{
kr
}
be a sequence of functions that are RSD ∆-equiintegrable on [x, y]T that con-

verges uniformly to a Riemann-Stieltjes-Dunford ∆-integrable function k on [x, y]T. Then the func-
tion k is unique.
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4.2. RSP -equiintegrable convergence theorem

Definition 4.3 RSP ∆-equiintegrable: A collection (RSP)∆ of functions is called Riemann-Stieltjes-
Pettis ∆-equiintegrable on [x, y]T if for every k ∈ (RSP)∆, k : [x, y]T → X with respect to a monotone
increasing function ψ : [x, y]T → R, there exists an element m ∈ X such that for any ε > 0 and every
functional m∗ ∈ X∗ there exists δ > 0 hence for any ∆-tagged partition Q̆δ we have,∣∣∣∣m∗

( i∑
z=1

[
ψ(tz)− ψ(tz−1)

]
· k(ϑz)

)
−m(m∗)

∣∣∣∣ < ε,

for each k ∈ (RSP)∆.

Definition 4.4 RSP ∇-equiintegrable: A collection (RSP)∇ of functions is called Riemann-Stieltjes-
Pettis ∇-equiintegrable on [x, y]T if for every k ∈ (RSP)∇, k : [x, y]T → X with respect to a monotone
increasing function ψ : [x, y]T → R, there exists an element m ∈ X such that for any ε > 0 and every
functional m∗ ∈ X∗ there exists δ > 0 hence for any ∇-tagged partition R̆δ we have,∣∣∣∣m∗

( i∑
z=1

[
ψ(tz)− ψ(tz−1)

]
· k(ξz)

)
−m(m∗)

∣∣∣∣ < ε,

for each k ∈ (RSP)∇.

Using the concept of RSP ∆-equiintegrable we present the convergence theorem for Riemann-Stieltjes-
Pettis ∆-integrals. The case of the ∇-integral can be obtained in a similar manner using the above
∇-integral definition (Definition 3.9 and Definition 4.4) hence not explicitly stated here.

Theorem 4.2 Let
{
kr
}
be a sequence of functions that are RSP ∆-equiintegrable on [x, y]T that converges

uniformly to k on [x, y]T then,k is also Riemann-Stieltjes-Pettis ∆-integrable on [x, y]T and

RS

∫ y

x

m∗(k(t))∆ψ(t) = lim
r→∞

RS

∫ y

x

m∗(kr(t))∆ψ(t).
Remark 4.2 If

{
kr
}
be a sequence of functions that are RSP ∆-equiintegrable on [x, y]T that con-

verges uniformly to a Riemann-Stieltjes-Pettis ∆-integrable function k on [x, y]T. Then the function
k is unique.

4.3. RSG-equiintegrable convergence theorem

Definition 4.5 RSG ∆-equiintegrable: A collection (RSG)∆ of functions is called Riemann-Stieltjes-
Gelfand ∆-equiintegrable on [x, y]T if for every k ∈ (RSG)∆, k : [x, y]T → X with respect to a monotone
increasing function ψ : [x, y]T → R, there exists an element m∗ ∈ X∗ such that for any ε > 0 and every
m ∈ X there exists δ > 0 hence for any ∆-tagged partition Q̆δ we have,∣∣∣∣m( i∑

z=1

k(ϑz).
[
ψ(tz)− ψ(tz−1)

])
−m∗(m)

∣∣∣∣ < ε,

for each k ∈ (RSG)∆.

Definition 4.6 RSG ∇-equiintegrable: A collection (RSG)∇ of functions is called Riemann-Stieltjes-
Gelfand ∇-equiintegrable on [x, y]T if for every k ∈ (RSG)∇, k : [x, y]T → X with respect to a monotone
increasing function ψ : [x, y]T → R, there exists an element m∗ ∈ X∗ such that for any ε > 0 and every
m ∈ X there exists δ > 0 hence for any ∇-tagged partition R̆δ we have,∣∣∣∣m( i∑

z=1

k(ξz).
[
ψ(tz)− ψ(tz−1)

])
−m∗(m)

∣∣∣∣ < ε,

for each k ∈ (RSG)∇.
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Using the concept of RSG ∆-equiintegrable we present the convergence theorem for Riemann-Stieltjes-
Gelfand ∆-integrals. The case of the ∇-integral can be obtained in a similar manner using the above
∇-integral definition (Definition 3.14 and Definition 4.6) hence not explicitly stated here.

Theorem 4.3 Let
{
kr
}
be a sequence of functions that are RSG ∆-equiintegrable on [x, y]T that converges

uniformly to k on [x, y]T then, k is also Riemann-Stieltjes-Gelfand ∆-integrable on [x, y]T and

RS

∫ y

x

m
(
k(t)

)
∆ψ(t) = lim

r→∞
RS

∫ y

x

m
(
kr(t)

)
∆ψ(t).

Remark 4.3 If
{
kr
}
be a sequence of functions that are RSG ∆-equiintegrable on [x, y]T that con-

verges uniformly to a Riemann-Stieltjes-Gelfand ∆-integrable function k on [x, y]T. Then the func-
tion k is unique.

5. Conclusion

This paper explores the theory of Riemann-Stieltjes and Riemann-Stieltjes-type integrals for Banach-
valued functions on time scales and discuss a few fascinating results.
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6. G. Sh. Guseinov, B. Kaymakçalan, Basics of Riemann Delta and Nabla Integration on Time Scales. Journal of Difference
Equations and Applications 8(11), 1001-1017, (2002).

7. G. Sh. Guseinov, Integration on time scales. Journal of Mathematical Analysis and Applications 285, 107-127, (2003).

8. S. Hilger, Ein Maßkettenkalkül mit Anwendung auf Zentrumsmannigfaltigkeiten, PhD thesis, University of Würzburg,
Germany, 1988.

9. S. Hilger, Analysis on Measure Chains- A unified approach to continuous and discrete calculus. Results in Mathematics
18, 18-56, (1990).

10. S. Hilger, Differential and Difference Calculus- Unified!. Nonlinear Analysis, Theory, Methods & Appications 30(5),
2683-2694, (1997).

11. D. Mozyrska, E. Paw luszewicz, D. F. M. Torres, The Riemann-Stieltjes Integral on Time Scales. Australian Journal of
Mathematical Analysis and Applications 7(1), 1-14, (2010).



16 H. Bharali, V. Sekhose and H. Kalita

12. D. Mozyrska, E. Paw luszewicz, D. F. M. Torres, Inequalities and majorisations for the Riemann Stieltjes integral on
time scales. Mathematical Inequalities and Applications 14(2), 281–293, (2011).

13. V. Sekhose, H. Bharali, H. Kalita, Extensibility of Banach-valued Riemann type integrals on time scales. Journal of
Nonlinear and Convex Analysis 24(9), 2037-2057, (2023).

14. V. Sekhose, H. Kalita, H. Bharali, Riemann-Stieltjes integrability of finite discontinuous functions on time scales. Facta
Universitatis (Nis̆) Series Mathematics and Informatics 38(3), 559-575, (2023).

Hemen Bharali,

Department of Mathematics,

Assam Don Bosco University, Sonapur,

Assam 782402, India.

E-mail address: hemen.bharali@gmail.com

and

Vikuozonuo Sekhose,

Department of Mathematics,

Assam Don Bosco University, Sonapur,

Assam 782402, India.

E-mail address: vikuosekhose4@gmail.com

and

Hemanta Kalita,

Mathematics Division,

VIT Bhopal University, Kothrikalan,

Madhya Pradesh 466114, India.

E-mail address: hemanta30kalita@gmail.com


	Introduction and Preliminaries
	Banach-valued Riemann-Stieltjes integration
	Banach-valued Riemann-Stieltjes -integral
	Banach-valued Riemann-Stieltjes -integral

	Banach-valued Riemann-Stieltjes type integrals
	Riemann-Stieltjes-Dunford integral
	Riemann-Stieltjes-Pettis integral
	Riemann-Stieltjes-Gelfand integral

	Convergence theorems
	RSD-equiintegrable convergence theorem
	RSP-equiintegrable convergence theorem
	RSG-equiintegrable convergence theorem

	Conclusion

