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Introduction to the Stieltjes extension of Dunford and Pettis-type integrals on time scales

Hemen Bharali*, Vikuozonuo Sekhose and Hemanta Kalita

ABSTRACT: Riemann-Stieltjes type integrals on time scales are explored in this paper. Theoretical defini-
tions of the Riemann-Stieltjes-Dunford, Riemann-Stieltjes-Pettis and Riemann-Stieltjes-Gelfand integrals are
presented. Scalarly Riemann-Stieltjes integral, weak Riemann-Stieltjes integral and weak™* scalarly Riemann-
Stieltjes integral definitions are put forward; and a few relations between these integrals are established. Uni-
form convergence of a sequence of functions which are Riemann-Stieltjes-Dunford, Riemann-Stieltjes-Pettis
and Riemann-Stieltjes-Gelfand integrable are also formulated.
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1. Introduction and Preliminaries

S. Hilger, in 1988, as part of his doctoral degree [8] introduced a concept which in motivation and
theory unified discrete and continuous analysis. He called this theory the measure chain calculus (m.c.
calculus) which later came to be known as time scale calculus. Transcripts of his dissertation were
published in 1990 as [9] [also view [10]]. As theoretical framework, Hilger presented three axioms [refer
[9] for more insight] and concluded that any set, say T, that satisfied these three axioms forms a measure
chain and called set T a time scale. Any non-empty closed subset of R is a time scale, a direct excerpt
from Hilger’s paper concludes this, “... any closed subset of R bears the structure of a measure chain in
a natural manner.” [9].

Hilger defined two operators- forward jump operator and backward jump operator. The forward
jump operator, denoted by o, is defined as a mapping o : T — T such that o(¢) = inf {7’ eT:r> t}.
While the backward jump operator is denoted by p and is defined as a mapping p : T — T such that
p(t) = sup {r eT:r< t}. Using the notion of the forward jump operator Hilger formulated a derivative
called the delta derivative (A-derivative). A little over a decade later, another notion of derivative was
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formulated by F. M. Atici et al. [2] using the backward jump operator called the nabla derivative (V-
derivative). This nabla derivative was previously hinted in the works of C. D. Ahlbrandt et al. [1] where
they introduced a notion of derivative called the alpha derivative which consisted both the delta and
nabla derivatives as special cases.

In literature several integration notions are discussed including the Riemann and Riemann-Stieltjes
integrations.

The intervals on which these integrals are defined, i.e. intervals on time scale T are defined as- assuming
x <y (refer [4])-

[x,y]T:{tGT:zgtSy}; (x,y)qr:{te’]r:x<t<y};

[x,y)T:{tGT:x§t<y}; (x,y]ﬂ-:{te’]r:x<t§y}.

The Riemann integral for real-valued functions on time scales was formulated by S. Sailer [4,6] using
the concept of Darboux sum definition; and by G. Sh. Guseinov et al. [6,7] using the concept of Riemann
sum definition. The latter also proved that the two different approaches of the Riemann integral for real-
valued functions on time scales are in essence equal [6].

Below we give the definition of Riemann A-integral for real-valued functions; for the nabla definition
the reader is referred to [7].

Given [z, y]t be a closed interval of T; let P represent the collection of all possible partitions of [z, y]r.
Consider partition Q = {:z: =t <t <...<t = y} € P with tg, t1, ..., t; being the finite points
of division. Subintervals are taken to be of the form [t,_1,¢.)r, for 1 < z < 4, which we will call the
A-subinterval. From each of these A-subintervals we choose ¢, € [t,_1,t,)r arbitrarily and call it the

A-tag. A point-interval collection defined as 0= {(ﬁz, [t2e1, tz>']1‘) }Zzzl
A-tagged partition. Mesh of partition Q is defined as: mesh—(Q) = max;<,<; [tz — tz,l] > 0. For some
4 >0, Qs will represent a partition of [z, y]r with mesh ¢ satisfying the property: for each z =1,2,...,4
we have either t, —t,_1 < Jort, —t,_1 >0 A p(t,) = t,—1 (here A stands for “and”). Henceforth, Qs
will mean a A-tagged partition with mesh § satisfying the above property.

is considered, which we call the

Definition 1.1 [7] A function k : [z,y]r — R is Riemann A-integrable if there exists an I € R such that
for any e > 0 there exists § > 0 hence for any A-tagged partition Q5 we have, ’ St k(0)(t. —tz,l)—ﬂ <
e. Here I = R [” k(t)At, where R [ k(t)At is called the Riemann A-integral.

The Riemann-Stieltjes integral for real-valued functions on time scales was formulated by S. Sailer
[4,11] using the concept of Darboux sum definition; and re-investigated by D. Mozyrska et al. [11]. The
Riemann sum definition of Riemann-Stieltjes integral is given in [12] by the same authors. Equivalence
of the above two approaches is proved in [14].

Below we give the definition of Riemann-Stieltjes A-integral and Riemann-Stieltjes V-integral for
real-valued functions.

Let Qs be a A-tagged partition with mesh §. Considering ¢ to be a real-valued monotone increasing

function on [z,y]r, and define ¥(Q) = {¢(z) = P(to) < ... < Y(t;) = ¥(y)}; ¥(t.) — Y(t.—1) will be

positive.

Definition 1.2 [12] Let function k : [x,y]r — R and let ¢ : [z,y]r — R be a monotone increasing
Junction. Function k with respect to ¢ on [,y]r is said to be Riemann-Stieltjes A-integrable if there
exists an I € R such that for any € > 0 there exists 6 > 0 hence for any A-tagged partition Qs we have,

‘Zi k(0.)[0(t:) — ¥(t.—1)] —T’ <e. Here I = RS [} k(t)Avy(t), where RS [ k(t)Avy(t) denotes the

z=1

Riemann-Stieltjes A-integral.

For the sake of clarity we will let R € P denote the partition for the V-integral.

Consider partition R = {x =t <t1 <...<t = y} € P with tg, t1, ..., t; being the finite points
of division. Subintervals are taken to be of the form (t,_1,t.]r, for 1 < z < ¢, which we will call the V-
subinterval. From each of these V-subintervals we choose §, € (t.—1,t]r arbitrarily and call it the V-tag.
A point-interval collection defined as R = {(fz, (t.—1, tz]qy) }Z

z=1

is considered, which we call the V-tagged
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partition. Mesh of partition R is defined as: mesh—(R) = maxi<.<; [tz — tz_l] > (. For some 6 > 0, Rs
will represent a partition of [z, y]r with mesh § satisfying the property: for each z =1,2,...,7 we have
eithert, —t, 1 <dort,—t,_1 > At, =o(t.—1). Henceforth, R5 will mean a V-tagged partltlon with
mesh § satisfying the above property C0n51der1ng 1 to be a real-valued monotone increasing function

on [z, y]r, and define (R) = {1 (z) (to) < ... <v(t:;) =v(y)}; p(t.) — (t.—1) will be positive.

Definition 1.3 [12] Let functwn k- [x7y]11- — R and let ¥ : [z,y]r — R be a monotone increasing
function. Function k with respect to ¢ on [x,y|r is said to be Riemann-Stieltjes V-integrable if there
exists an I € R such that for any € > 0 there exists § > 0 hence for any V-tagged partition Rs we have,

‘zizlk(gz)[w(tz) —(ta_y) —I‘ <. Here I = RS [Yk(t)Vi(t), where RS [Y k(t)Vi(t) denotes the
Riemann-Stieltjes V-integral.

The Riemann integral for Banach-valued functions on time scales was formulated by B. Aulbach et al.
[3]. The Riemann-type integrals such as the Riemann-Dunford and Riemann-Pettis integrals including
scalarly Riemann integral were introduced in [13]. The weak Riemann integral was defined by M. Cichor
[5].

Throughout this paper, X will denote a Banach space and X* its dual.

Below we give the definition of Riemann A-integral for functions whose values lie in the Banach space
(Banach-valued functions), weak Riemann A-integral, scalarly Riemann A-integral, Riemann-Dunford
A-integral and Riemann-Pettis A-integral; for the nabla definition the reader is referred to [13].

Definition 1.4 [5] A function k: [z,ylr — X is Riemann A- mtegmble if there e:msts an I € X such

z= l(t —tam 1)
k(9,) IH <e. Here I = fy t)At, where ( fy t)At is called the Rzemann A-integral.

Definition 1.5 [5] Weak Riemann A-integral: A function k : [x,ylr — X is weak Riemann A-integrable

n [x,y]r if there exists an I € X such that for every e > 0 and every functional m* € X*, there exists
5 > 0 hence for any A-tagged partition Qs we have, |m ( =1 (t —t,_ 1) k() — I)| < €. Here
I=(wR) fy t)At, where (wR) fy t)At denotes the weak Riemann A-integral.

Definition 1.6 [13] Scalarly Riemann A-integral: A function k : [x,y]r — X is scalarly Riemann A-
integrable on [z, y]r if there exists an I € R such that for every e > 0 and every functional m* € X*, there
exists § > 0 such that for any A-tagged partition Q5 we have, |ZZZ (e = temr) mr(R(0,)) — ] <e.
Here I = (sR) fy t)At, where (sR) fy t)At denotes the scalarly Riemann A-integral.

Definition 1.7 [13] Riemann-Dunford A-integral: A function k : [x,ylr — X is Riemann-Dunford
A-integrable on [z,y|r if for each functional m* € X*, the function m*(f) : [z,y]r — R is Riemann
A-integrable on [x,y|r, and there exists an element m** € X** such that

(m*):R/:m

for allm* € X*, then k is said to be Riemann-Dunford A-integrable on [z, y]r. The element m** is called
the Riemann- Dunford A-integral of k over [z,y|r and is denoted by (RD) fy

Definition 1.8 [13] Riemann-Pettis A-integral: A function k : [,y — X is said to be Riemann-Pettis
A-integrable on [z,y|r if for each functional m* € X*, the function m*(k) : [z,y]r — R is Riemann
A-integrable on [x,y]r, and there exists an element m € X such that

m(m*) = E/y m* (k(t)) At

for all m* € X*, then k is said to be Riemann-Pettis A-integrable on [x,y]r. The element m is called the
Riemann-Pettis A-integral of k over [z,y|r and is denoted by (RP fy t)At.

In the following sections we give our definition of the Riemann-Stieltjes integral for Banach-valued
functions on time scales and explore the Riemann-Stieltjes-type integrals.
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2. Banach-valued Riemann-Stieltjes integration

Theoretical definitions of the Riemann-Stieltjes A-integral and Riemann-Stieltjes V-integral for func-
tions whose values lie in the Banach space on time scales are presented in this section.

2.1. Banach-valued Riemann-Stieltjes A-integral

Considering Qs tobea A-tagged partition with mesh d; and let ¢ be a real-valued monotone increasing
function on [z, ylt.
The Riemann-Stieltjes A-sum, (RS)(k; Os;¢), of the Banach-valued function k evaluated at the A-
tags is formulated as,
(RS)(k; Osi ) = D [w(t=) = (1)) - K(0.).

z=1

Definition 2.1 Riemann-Stieltjes A-integral: Let function k : [x,ylr — X and let ¢ : [x,y]r — R be
a monotone increasing function. Function k with respect to v on [x,y]r is said to be Riemann-Stieltjes
A-integrable if there exists an I € X such that for any € > 0 there exists § > 0 hence for any A-tagged
partition Q5 we have,

| ®S) (ks 055 - 7| < <.
Here I = (RS) [Y k(t)Av(t), where (RS) [Y k(t)Ay(t) denotes the Riemann-Stieltjes A-integral.

The set of all Banach-valued Riemann-Stieltjes A-integrable functions on [z,y]r will be denoted by
(RS)A{ [I, y]']b xv ’l/)}

2.2. Banach-valued Riemann-Stieltjes V-integral

Considering Rs tobea V-tagged partition with mesh §; and let i be a real-valued monotone increasing
function on [z, ylt.
The Riemann-Stieltjes V-sum, (R78)(k;7v25; 1), of the Banach-valued function k evaluated at the V-
tags is formulated as,
(BS) (ki R ) i= 3 [(t=) — ¥lta1)] - k(E2).

z=1

Definition 2.2 Riemann-Stieltjes V-integral: Let function k : [x,ylr — X and let ¢ : [x,y]r — R be
a monotone increasing function. Function k with respect to v on [x,y|r is said to be Riemann-Stieltjes
V-integrable if there exists an I € X such that for any € > 0 there exists 6 > 0 hence for any V-tagged
partition Rs we have,

|®S) (s Rss ) — 1| < =
Here I = (RS) [Y k(t)Vi(t), where (RS) [Y k(t)V(t) denotes the Riemann-Stieltjes V-integral.

The set of all Banach-valued Riemann-Stieltjes V-integrable functions on [z,y]r will be denoted by
RS)v{[z,y]r, X, ¥ }.

3. Banach-valued Riemann-Stieltjes type integrals

Theoretical definitions of the Riemann-Stieltjes-Dunford integral; Riemann-Stieltjes-Pettis integral
and Riemann-Stieltjes-Gelfand integral for functions whose values lie in the Banach space on time scales
are presented in this section.
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3.1. Riemann-Stieltjes-Dunford integral

Definition 3.1 Riemann-Stieltjes-Dunford A-integral: Let function k : [z, y|lr — X and let ¢ : [z, y]T —
R be a monotone increasing function. Function k with respect to 1 on [z,y]r is said to be Riemann-
Stieltjes-Dunford A-integrable on [z, y|r if for each functional m* € X*, the function m*(k) : [z,y]r = R
is Riemann-Stieltjes A-integrable on [x,y|r, and there exists an element m** € X** such that

m* (m*) = E/y m* (k(t)) Ag(t)

for allm* € X*, then k is said to be Riemann-Stieltjes-Dunford A-integrable on [x,y|r. The element m**
is called the Riemann-Stieltjes-Dunford A-integral of k over [z,y]r and is denoted by (RSD) [ k(t) A (t).

The set of all Banach-valued Riemann-Stieltjes-Dunford A-integrable functions on [z, y]r will be denoted

by (RSD)A{[Q% yhr? xa 1/}}

Corollary 3.1 If k is Riemann-Stieltjes-Dunford A-integrable on [z,y|r then, for each m* € X* the
function m*(k) is Riemann-Stieltjes A-integrable on [z, y|T.

We provide the € — § definition of the Riemann-Stieltjes-Dunford A-integral.

Definition 3.2 Riemann-Stieltjes-Dunford A-integral: Let function k : [z, y]lr — X and let ¢ : [z, y]T —
R be a monotone increasing function. Function k with respect to 1 on [x,y|r is said to be Riemann-
Stieltjes-Dunford A-integrable on [z, y|r if there exists an element m** € X** such that for any e > 0 and
every functional m* € X* there exists 6 > 0 hence for any A-tagged partition Qs we have,

<eE.

i (32 [0 vtte] ) )

z=1

Here m** = (RSD) [ k(t)Avy(t), where (RSD) [” k(t)Av(t) is called the Riemann-Stieltjes-Dunford A-
integral.

Below we define the scalarly Riemann-Stieltjes A-integral (Definition 3.3) and establish its relationship
with the Riemann-Stieltjes-Dunford A-integral (Definition 3.1).

Definition 3.3 Scalarly Riemann-Stieltjes A-integral: Let function k : [z,y]lr — X and let ¢ : [z, y]r —
R be a monotone increasing function. Function k with respect to ¥ on [x,y|r is said to be scalarly
Riemann-Stieltjes A-integrable on [z, y|r if there exists an I € R such that for every ¢ > 0 and every
functional m* € X* there exists 6 > 0 hence for any A-tagged partition Qs we have,

%

S [0t —wit )] - (b(9)) - 7| <e.

z=1

Here T = (sRS) [ k(t)Av(t), where (sRS) [V k(t)Ay(t) is called the scalarly Riemann-Stieltjes A-
integral.

Theorem 3.1 If k is Riemann-Stieltjes-Dunford A-integrable on [x,y]r then, k is scalarly Riemann-
Stieltjes A-integrable on [x,y|t.

Proof: Given k is Riemann-Stieltjes-Dunford A-integrable on [z, y]r implies by Definition 3.1 that for
every functional m* € X*, the function m*(k) : [z,y]r — R is Riemann-Stieltjes A-integrable on [z, y|r
(Corollary 3.1), hence by Definition 3.3 it implies that k is scalarly Riemann-Stieltjes A-integrable on
[l‘, y]’]l' o
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Remark 3.1 If k is Riemann-Stieltjes-Dunford A-integrable on [z, y]r then, k is integrable on every
A-subinterval of [z, y]r.

The criterion of integrability for Riemann-Stieltjes-Dunford A-integral is as follows-

Theorem 3.2 Let k : [z,y]r — X be Riemann-Stieltjes-Dunford A-integrable then, for each & > 0 there
exists 6 > 0 such that for any A-tagged partitions Q1, Qo € P both having mesh §, we have

\mﬂijw@—wéﬂluﬁﬂ—mfijw@—wﬁﬂ]uﬁo%s (3.)

z=1 z=1

for all m* € X* (superscript 1 denotes elements from 9, and superscript 2 denotes elements from QQ)

Proof: Given k € (RSD)a{[z,y]r, X, } implies for any € > 0 there exists ¢ > 0 such that for A-tagged
partition Q; and O, of [, y]r both with mesh §, we have

(S [0 — vl )] kD) ()

and

Hence, if k is given to be Riemann-Stieltjes-Dunford A-integrable then Eq. 3.1 holds. O

We proceed to define the V-integral, statements and proofs of theorems are omitted due to its similarity
with the A-integral.

Definition 3.4 Riemann-Stieltjes-Dunford V-integral: Let function k : [z, y]lr — X and let ¢ : [z, y]r —
R be a monotone increasing function. Function k with respect to 1 on [z,y]r is said to be Riemann-
Stieltjes-Dunford V-integrable on [z, y|r if for each functional m* € X*, the function m*(k) : [z,y]r = R
is Riemann-Stieltjes V-integrable on [x,y|r, and there exists an element m** € X** such that

) = B [ (k(0) Vo0

for allm* € X*, then k is said to be Riemann-Stieltjes-Dunford V-integrable on [z,y|r. The element m™*
is called the Riemann-Stieltjes-Dunford V-integral of k over [z, y]r and is denoted by (RSD) [¥ k(t) V) (t).

The set of all Banach valued Riemann-Stieltjes-Dunford V-integrable functions on [z, y|r will be denoted
by (RSD)v{[.’E, y]T» %7 ¢}

Definition 3.3 gives the scalarly Riemann-Stieltjes A-integral, V-integral is given below.
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Definition 3.5 Scalarly Riemann-Stieltjes V-integral: Let function k : [z,y]lr — X and let ¥ : [z, y]r —
R be a monotone increasing function. Function k with respect to v on [x,y|r is said to be scalarly
Riemann-Stieltjes V-integrable on [z,y|r if there exists an I € R such that for every e > 0 and every
functional m* € X* there exists § > 0 such that for any V-tagged partition Rs we have,

5 [600) ~ bttem)] - ki) ~ ] <

z=1

Here I = (sRS) [V k(t)Vi(t).

3.2. Riemann-Stieltjes-Pettis integral

Definition 3.6 Riemann-Stieltjes-Pettis A-integral: Let function k : [z,y]lr — X and let ¢ : [z,y]r = R
be a monotone increasing function. Function k with respect to v on [z,y]r is said to be Riemann-
Stieltjes-Pettis A-integrable on [x,y|r if for each functional m* € X*, the function m*(k) : [z,y]r — R is
Riemann-Stieltjes A-integrable on [z, y]r, and there exists an element m € X such that

m(m*) = ﬁ/y m* (k(t)) Ag(t)

for all m* € X*, then k is said to be Riemann-Stieltjes-Pettis A-integrable on [z, y|r. The element m is
called the Riemann-Stieltjes-Pettis A-integral of k over [z, y]r, and is denoted by (RSP) [V k(t)Av(t).

The set of all Banach valued Riemann-Stieltjes-Pettis A-integrable functions on [z, y]r will be denoted

by (RSP)A{[xa y]T,wi}'

Corollary 3.2 If k is Riemann-Stieltjes-Pettis A-integrable on [x,y]r then, for each m* € X* the func-
tion m* (k) is Riemann-Stieltjes A-integrable on [z, y|t.

We provide the ¢ — § definition of the Riemann-Pettis A-integral.

Definition 3.7 Riemann-Stieltjes-Pettis A-integral: Let function k : [z,y]lr — X and let ¢ : [z,y]r = R
be a monotone increasing function. Function k with respect to 1 on [x, y|r is said to be Riemann-Stieltjes-
Pettis A-integrable on [z, y|r if there exists an element m € X such that for any e > 0 and every functional
m* € X* there exists § > 0 such that for any A-tagged partition Qs we have,

<e.

b (32 [0 it ] -0} )

z=1

Here m = (RSP) [Y k(t)Avy(t), where (RSP) [V k(t)Aw(t) is called the Riemann-Stieltjes-Pettis A-
integral.

Theorem 3.3 Let k : [z, y]r — X be Riemann-Stieltjes-Pettis A-integrable then the value of m(m*), for
m € X and for all m* € X*, is unique.

Proof: Let us assume that function k& has two values (m)’(m*), (m)”’(m*) for (m)’, (m)” € X both
satisfying the definition and let £ > 0.
There exists 5’% > 0 such that for any A-tagged partition Q5. we have,

2

<

(i [ = 0] - 0.)) = ) )

olm

Also, there exists 5’%’ > 0 such that for any A-tagged partition Qé’é we have,
2
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<

oo

(S [o) = e 0] - 0.)) — ")

Let §¢ = min {6’%,5’%’} > 0 and let Q(;a be the corresponding A-tagged partition. Since mesh of Q(;e is

lesser or equal to the mesh of Q(;/E and Qag thus we have by definition-
2 2

o

‘m*(zgzl [0(t) = ¥t )] - k.)) = (m) (m*)| <

and

Nm

ot (L [ol02) = bltem)] K92)) = ()| <

whence it follows from triangle inequality that,

— ’(m>/(m*) —m*< [0(t2) = (t)] .k(ﬁz)) -

<= [vt:) - wz__l)} - k(m)) — (m™)" (m")
< Jony () = (; [0t (e 0. )
(g [v(t) = v(ta0)] - kwa) — (m)""(m")| <.
Since € > 0 is arbitrary, hence proved. m

We state a theorem which gives the relationship between our definition of the Riemann-Stieltjes-Pettis
A-integral (Definition 3.6) and the definition of the scalarly Riemann-Stieltjes A-integral (Definition 3.3).

Theorem 3.4 If k is Riemann-Stieltjes-Pettis A-integrable on [x,y|r then, the function k is scalarly
Riemann-Stieltjes A-integrable on [z, y].

Proof: Given k is Riemann-Stieltjes-Pettis A-integrable on [z, y]r implies by Definition 3.6 that for
every functional m* € X*, the function m*(k) : [z, y]r — R is Riemann-Stieltjes A-integrable on [z, y|r
(Corollary 3.2), hence by Definition 3.3 it implies that & is scalarly Riemann-Stieltjes A-integrable on
[‘T7 y]']l' O

Below we define the weak Riemann-Stieltjes A-integral (Definition 3.8) and establish its relationship
with the Riemann-Stieltjes-Pettis A-integral (Definition 3.6).

Definition 3.8 Weak Riemann-Stieltjes A-integral: Let function k : [z,y]lr — X and let ¢ : [x,ylr = R
be a monotone increasing function. Function k with respect to ¢ on [z,y|r is said to be weak Riemann-
Stieltjes A-integrable if there exists an I € X such that for every e > 0 and every functional m* € X*
there exists 6 > 0 such that for any A-tagged partition Qs we have,

Jone( 2_; [pte2) — vtee-)] k02 - T) | <

Here I = (wRS) [Y k(t)Avy(t), where (wRS) [ k(t)Aw(t) is called weak Riemann-Stieltjes A-integral.

Theorem 3.5 If k is Riemann-Stieltjes-Pettis A-integrable on [z, y|r then, k is weak Riemann-Stieltjes
A-integrable on [z, y]r.
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Proof: Given k is Riemann-Stieltjes-Pettis A-integrable on [z, y]t implies by Definition 3.6 that for every
functional m* € X*, the function m*k is Riemann-Stieltjes A-integrable on [z, y|r, and that there exists
an element m € X such that

() = TS [ " (k) A (),

for all m* € X*.
By the weak Riemann-Stieltjes A-integral definition (Definition 3.8) and from Theorem 3.3 implying
the uniqueness of m(m*), for m € X and for all m* € X*, we conclude the theorem. O

Remark 3.2 If k is Riemann-Stieltjes-Pettis A-integrable on [z,y|r then, k is integrable on every
A-subinterval of [z, y]r.

The criterion of integrability for Riemann-Stieltjes-Pettis A-integral on time scales is as follows-

Theorem 3.6 Let k : [z, y]r — X be Riemann-Stieltjes-Pettis A-integrable, then for each ¢ > 0 there
exists 6 > 0 such that for any A-tagged partitions Q1, Q2 € P having mesh §, we have

‘m<§_j [0led) = v k(oD ) = (Z [pe) - v ] k)| <e 62

for all m* € X* (superscript 1 denotes elements from 9, and superscript 2 denotes elements from QQ)

Proof: Given k € (RSP)a ([z,y]r, X,v), implies for any & > 0 there exists § > 0 such that for A-tagged
partition Op and Qs of [, y]r with mesh §, we have

m (i [ph) = vy kL)) —m(m?)

<

[\Sl10)

and,

’m*(zz_l [w(tz) o w(tiﬂ)} k’(ﬁﬁ)) — m(m*)

z=1 1
< ‘m<z [z/z(ti) - w(t;_l)} k(z?i)) — m(m®)
z=1
+ ‘m(m*) - m*(z [¢(t§) - @b(tﬁfl)} . k(ﬁﬁ)) ’ <.
z=1
Hence, if k is given to be Riemann-Stieltjes-Pettis A-integrable then Eq. 3.2 holds. O

We proceed to define the V-integral, statements and proofs of theorems are omitted due to its similarity
with the A-integral.

Definition 3.9 Riemann-Stieltjes-Pettis V-integral: Let function k : [z,y]lr — X and let ¢ : [z,y]r = R
be a monotone increasing function. Function k with respect to v on [z,y]r is said to be Riemann-
Stieltjes-Pettis V-integrable on [x,y|r if for each functional m* € X*, the function m*(k) : [z,ylr — R is
Riemann-Stieltjes V-integrable on [z, y|r, and there exists an element m € X such that

m(m*) = RS / " (k1)) V1)

for all m* € X*, then k is said to be Riemann-Stieltjes-Pettis V-integrable on [x,y|r. The element m is
called the Riemann-Stieltjes-Pettis V-integral of k over [x,y|r, and is denoted by (RSP) ff E(t)Vi(t).
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The set of all Banach valued Riemann-Stieltjes-Pettis V-integrable functions on [z, y]r will be denoted
by (RSP)V ([fE, y]Ta %7 1/)) .

Definition 3.8 gives the weak Riemann-Stieltjes A-integral, V-integral is given below.

Definition 3.10 Weak Riemann-Stieltjes V-integral: Let function k : [x,ylr — X and let ¢ : [z,y]r = R
be a monotone increasing function. Function k with respect to ¢ on [z,y|r is said to be weak Riemann-
Stieltjes V-integrable if there exists an I € X such that for every € > 0 and every functional m* € X*
there exists § > 0 such that for any V-tagged partition Rs we have,

o (32 [ote0) vt )] wee 1) <=

z=1

Here I = (wRS) [Y k(t)Vi(t), where (wRS) [V k(t)Vi(t) is called weak Riemann-Stieltjes V-integral.

3.3. Riemann-Stieltjes-Gelfand integral

Definition 3.11 Riemann-Stieltjes-Gelfand A-integral: Let function k : [z,ylr — X* and let ¢ :
[z,y]r — R be a monotone increasing function. Function k with respect to ¢ on [x,y]r is said to be
Riemann-Stieltjes-Gelfand A-integrable on [z, y|1 if for each m € X, the function k(m) : [z, y]r — R is
Riemann-Stieltjes A-integrable on [x,y]r, and there exists an element m* € X* such that

() = RS [ m(k(0) (0

for allm € X, then k is said to be Riemann-Stieltjes-Gelfand A-integrable on [x,y]r. The element m* is
called the Riemann-Stieltjes-Gelfand A-integral of k over [z, ylr and is denoted by (RSG) [¥ k(t) A (t).

The set of all Banach valued Riemann-Stieltjes-Gelfand A-integrable functions on [z,y|r will be
denoted by (RSG)a{[z,y]r,X,v}.

Corollary 3.3 If k is Riemann-Stieltjes-Gelfand A-integrable on [x,y|r then, for each m € X the func-
tion k(m) is Riemann-Stieltjes A-integrable on [z, y]r.

We provide the ¢ — § definition of the Riemann-Stieltjes-Gelfand A-integral.
Definition 3.12 Riemann-Stieltjes-Gelfand A-integral: Let function k : [z,ylr — X* and let ¢ :
[z,y]r — R be a monotone increasing function. Function k with respect to ¢ on [x,y]r is said to be

Riemann-Stieltjes-Gelfand A-integrable on [x,ylr if there exists an element m* € X* such that for any
e > 0 and every m € X there exists 6 > 0 hence for any A-tagged partition Qs we have,

(SR o0 = vtt0] ) = )] <=

Here m* = (RSG) [Y k(t)Av(t), where (RSG) [Y k(t)Av(t) is called the Riemann-Stieltjes-Gelfand A-
integral.

Below we define the weak* scalarly Riemann-Stieltjes A-integral (Definition 3.13) and establish its
relationship with the Riemann-Stieltjes-Gelfand A-integral (Definition 3.11).

Definition 3.13 Weak* scalarly Riemann-Stieltjes A-integral: Let function k : [z,ylr — X* and let
Y [z, y]lr — R be a monotone increasing function. Function k with respect to v on [z, y|r is said to be
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weak* scalarly Riemann-Stieltjes A-integrable on [x,y|r if there exists an I € R such that for every e > 0
and every m € X there exists 6 > 0 hence for any A-tagged partition Qs we have,

Zi: [w(tz) - w(tz_l)} -m(k(9,)) — 1’ <e.

z=1

Here I = (wsRS) [V k(t)Aw(t), where (wsRS) [¥ k(t)Av(t) is called the weak® scalarly Riemann-Stieltjes
A-integral.

Theorem 3.7 Ifk is Riemann-Stieltjes-Gelfand A-integrable on [z, y|r then, k is weak™ scalarly Riemann-
Stieltjes A-integrable on [x,y|r.

Proof: Given k is Riemann-Stieltjes-Gelfand A-integrable on [z, y|r implies by Definition 3.11 that for
every m € X, the function m(k) : [z, y]r — R is Riemann-Stieltjes A-integrable on [z, y|r (Corollary 3.3),
hence by Definition 3.13 it implies that & is weak* scalarly Riemann-Stieltjes A-integrable on [z, y]r. O

Remark 3.3 If k£ is Riemann-Stieltjes-Gelfand A-integrable on [z, y]r then, k is integrable on every
A-subinterval of [z, y]r.

The criterion of integrability for Riemann-Stieltjes-Gelfand A-integral is as follows-

Theorem 3.8 Let k : [x,y]r — X* be Riemann-Stieltjes-Gelfand A-integrable then, for each e > 0 there
exists 6 > 0 such that for any A-tagged partitions Q1, Qo € P both having mesh 0, we have

'm(;;kw;). [wied) — vttt 0] ) - m(;sz» [wie) - vtz )] )| < (33

for allm € X (superscript 1 denotes elements from 9, and superscript 2 denotes elements from Qg)

Proof: Given k € (RSG)A{[(IJ, ylT, X, ¢} implies for any € > 0 there exists § > 0 such that for A-tagged
partition 9, and 9, of [, y]T both with mesh &, we have

(S D[ - wlel )]) = mm)| <

oo

and,

(S 2. [0~ w2 )]) = ()| <

o

Therefore we have,

i

‘m<zkwi>. vt - Wifl)]) - m{ ;’““ﬁ)' [ - witi)] H

z=1

o ) = (k0. [0e) — wi20] ) <
z=1
Hence, if k is given to be Riemann-Stieltjes-Gelfand A-integrable then Eq. 3.3 holds. O

We proceed to define the V-integral, statements and proofs of theorems are omitted due to its similarity
with the A-integral.
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Definition 3.14 Riemann-Stieltjes-Gelfand V-integral: Let function k : [x,ylr — X* and let ¢ :
[z,y]r — R be a monotone increasing function. Function k with respect to ¥ on |x,y|r is said to be
Riemann-Stieltjes-Gelfand ¥V -integrable on [z, y|r if for each m € X, the function k(m) : [z,y]r — R is
Riemann-Stieltjes V-integrable on [z,y|r, and there exists an element m* € X* such that

m*(m) = &S/ym(k}(t))vw(t)

for all m € X, then k is said to be Riemann-Stieltjes-Gelfand V-integrable on [x,y]r. The element m* is
called the Riemann-Stieltjes-Gelfand V-integral of k over [z, ylr and is denoted by (RSG) [¥ k(t)V(t).

The set of all Banach valued Riemann-Stieltjes-Gelfand V-integrable functions on [z, y]t will be denoted
by (RSG)v{[z, ylr, X, v}
Definition 3.13 gives the weak* scalarly Riemann-Stieltjes A-integral, V-integral is given below.

Definition 3.15 Weak* scalarly Riemann-Stieltjes V-integral: Let function k : [z,y]lr — X* and let
¥ : [z, ylr = R be a monotone increasing function. Function k with respect to ¥ on [x,y|r is said to be
weak™ scalarly Riemann-Stieltjes V-integrable on [x,y|r if there exists an I € R such that for every e > 0
and every m € X there exists 6 > 0 hence for any V-tagged partition Rs we have,

5 (e - 0] - mlk(en) — 1] <e

z=1

Here I = (wsRS) [V k(t)V(t), where (wsRS) [ k(t)Vip(t) is called the weak® scalarly Riemann-Stieltjes
V-integral.

4. Convergence theorems

The convergence theorem involving the notion of uniform convergence for Riemann-Stieltjes-Dunford
integral; Riemann-Stieltjes-Pettis integral and Riemann-Stieltjes-Gelfand integral on time scales are for-
mulated in this section.

We first introduce the concept of RSD-equiintegrable; RSP-equiintegrable and RSG-equiintegrable on
time scales, and using these definitions of equiintegrability we obtain the convergence results.

4.1. RSD-equiintegrable convergence theorem

Definition 4.1 RSD A-equiintegrable: A collection (RSD)a of functions is called Riemann-Stieltjes-
Dunford A-equiintegrable on [x,y|r if for every k € (RSD)a, k : [z,y]r — X with respect to a monotone
increasing function ¢ : [x,y|lr — R, there exists an element m** € X** such that for any € > 0 and every
functional m* € X* there exists § > 0 hence for any A-tagged partition Qs we have,

<eg,

b (32 [ote0) — 0 2)] £ ) = o)

z=1

for each k € (RSD)a.

Definition 4.2 RSD V-equiintegrable: A collection (RSD)v of functions is called Riemann-Stieltjes-
Dunford V-equiintegrable on [z,y|r if for every k € (RSD)vy, k : [z,ylr — X with respect to be a
monotone increasing function ¥ : [x,y]r — R, there exists an element m** € X** such that for any e > 0
and every functional m* € X* there exists § > 0 hence for any V-tagged partition Rs we have,

<eg,

‘m(z [(t:) = ()] -k(@)) —m(m”)

z=1

for each k € (RSD)y.
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Using the concept of RSD A-equiintegrable we formulate the convergence theorem for Riemann-
Stieltjes-Dunford A-integrals. The case of the V-integral can be obtained in a similar manner using the
above V-integral definition (Definition 3.4 and Definition 4.2) hence not explicitly stated here.

Theorem 4.1 Let {k,} be a sequence of functions that are RSD A-equiintegrable on [x, y]r that converges
uniformly to k on [z, y|r then, k is also Riemann-Stieltjes-Dunford A-integrable on [z, y|r and
y

RS [ m* (k())A(t) = lim RS / " (e (8)) A 2).

T T—00

Proof: Let {kr} be a sequence of functions that are RSD A-equiintegrable on [z, y]r implies for every
functional m* € X* there exists an m;* € X** for each k, such that {m*(k,)} is Riemann-Stieltjes
A-integrable and m;*(m*) = RS [ m* (k. (t)) Ay (t) for each r. Given {k,} converges uniformly to k on
[z, y]r implies {m*(k,)} also converges uniformly to m*(k), thus for every e > 0 there exists N € N such

that for all » > N and all ¢ € [z, y)r we have ‘m* (kr(t)) —m* (k(t))‘ <e.
Consequently if »,p > N, then

‘m* (ke (t)) — m* (kp(t))’ < ’m* (ke (£)) — m* (k(t))‘ + )m* (k(t)) —m* (kp(t))) <2
for all t € [z,y)r.
Hence ‘m* (kr(t)) —m* (kp(t))’ < SUPse(y,y)r
m* (kp(t)) < 2¢ for all ¢ € [z, y)r. Thus,

—2e(y—x) < ﬁ/y m* (k- (t)) Av(t) — ﬁ/y m* (kp(t)) A(t) < 2e(y — ).

m* (k,(t)) —m* (kp(t))’ < 2e, implying —2e < m* (k,(t)) —

Since £ > 0 is arbitrary, hence the sequence (ﬁ [V m* (k:r(t))A¢(t)> is a Cauchy sequence and therefore

converges to some number say m*(m*), given m}* € X** and every functional m* € X*.
We will now show that &k € (RSD)a{[z,y]r,X,v} with integral m}*(m*). It

0= {(v., [tzfl,tz)qr)}i

be any A-tagged partition of [z,y|r and if » > N, then
1

e (g 102) ~vtte2)] o)) (32 [0 — )] 4002 )

-y [0(t) = (t)] ]m* (kv (9.)) = m*(kw)\ <ely - a).

We now choose p > N such that ’ﬁ L2 m* (kp () A (t) — mi*(m*)

T

that ‘ﬁ JYm* (kp(t)) A (t) —m* ((ﬁ)(/ﬂp; de,g ; 1/1)) ‘ < ¢ whenever length of the A-subintervals in the
A-partition is less than d, .. Then we have,

< ¢, and we let d, . > 0 be such

jm ((RS) (k3 B, ) ) = i (m)

< |m* (®S)(k: s, 59)) = m* (RS (hy: G, 3)) |+
o ()05 05,509) TS [ (i) 200 |+ RS [ 50) 80t0) -0

But since & > 0 is arbitrary, it follows that k& € (RSD)a{[z,y)r,%,%} and RS [ m* (k(t))Ayp(t) =
#*(m*), and for all r > N it follows that RS [ m* (k(t)) Ay (t) = lim, o RS [/ m* (k. (1)) Ay(t). O

<e(y—z+2).

m

Theorem 4.1 is called the uniform convergence theorem for sequence of functions, here the sequence
of functions under consideration are RSD A-equiintegrable.

Remark 4.1 If {k‘r} be a sequence of functions that are RSD A-equiintegrable on [z, y]r that con-
verges uniformly to a Riemann-Stieltjes-Dunford A-integrable function &k on [z, y]r. Then the func-
tion k is unique.
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4.2. RSP-equiintegrable convergence theorem

Definition 4.3 RSP A-equiintegrable: A collection (RSP)a of functions is called Riemann-Stieltjes-
Pettis A-equiintegrable on [z,y|r if for every k € (RSP)a, k : [z,y]lr — X with respect to a monotone
increasing function v : [z,ylr — R, there exists an element m € X such that for any € > 0 and every
functional m* € X* there exists & > 0 hence for any A-tagged partition Qs we have,

<e,

i (32 [0 00t ] -0} )

z=1

for each k € (RSP)a.

Definition 4.4 RSP V-equiintegrable: A collection (RSP)v of functions is called Riemann-Stieltjes-
Pettis V-equiintegrable on [x,y|r if for every k € (RSP)v, k : [x,y]lr — X with respect to a monotone
increasing function v : [z,ylr — R, there exists an element m € X such that for any € > 0 and every
functional m* € X* there exists § > 0 hence for any V-tagged partition Rs we have,

<e,

‘m(z [0122) = v(t-0)] -6 ) = o)

z=1

for each k € (RSP)y.

Using the concept of RSP A-equiintegrable we present the convergence theorem for Riemann-Stieltjes-
Pettis A-integrals. The case of the V-integral can be obtained in a similar manner using the above
V-integral definition (Definition 3.9 and Definition 4.4) hence not explicitly stated here.

Theorem 4.2 Let {kr} be a sequence of functions that are RSP A-equiintegrable on [x,y|r that converges
uniformly to k on [z, y|r thenk is also Riemann-Stieltjes-Pettis A-integrable on [z, y|r and

Y

ﬁ/y m* (k(t))Ay(t) = lim RS | m* (k. (t)) Avp(t).

r—00 T

Remark 4.2 If {kr} be a sequence of functions that are RSP A-equiintegrable on [z, y|r that con-
verges uniformly to a Riemann-Stieltjes-Pettis A-integrable function k on [z, y]r. Then the function
k is unique.

4.3. RSG-equiintegrable convergence theorem

Definition 4.5 RSG A-equiintegrable: A collection (RSG)a of functions is called Riemann-Stieltjes-
Gelfand A-equiintegrable on [x,y|r if for every k € (RSG)a, k : [x,y]r — X with respect to a monotone
increasing function ¢ : [z,y]lr — R, there exists an element m* € X* such that for any ¢ > 0 and every
m € X there exists 6 > 0 hence for any A-tagged partition Qs we have,

]m(;sz»[wz) —w(tz_n}) - m*(m)’ <,

for each k € (RSG)a.

Definition 4.6 RSG V-equiintegrable: A collection (RSG)v of functions is called Riemann-Stieltjes-
Gelfand V-equiintegrable on [z, y|r if for every k € (RSG)v, k : [z,y]r — X with respect to a monotone
increasing function ¢ : [z,y]lr — R, there exists an element m* € X* such that for any € > 0 and every
m € X there exists § > 0 hence for any V-tagged partition Rs we have,

]m(;k@z).[wz) ~lte)] ) = )| <

for each k € (RSG)v.
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Using the concept of RSG A-equiintegrable we present the convergence theorem for Riemann-Stieltjes-
Gelfand A-integrals. The case of the V-integral can be obtained in a similar manner using the above
V-integral definition (Definition 3.14 and Definition 4.6) hence not explicitly stated here.

Theorem 4.3 Let {kr} be a sequence of functions that are RSG A-equiintegrable on [z, y|r that converges
uniformly to k on [z, y|r then, k is also Riemann-Stieltjes-Gelfand A-integrable on [z, y|r and

Y

m/ym(k(t))m/}(t) — 1im BS [ m(ke (1) Au(t).

r—00 z

Remark 4.3 If {kr} be a sequence of functions that are RSG A-equiintegrable on [z, y]r that con-
verges uniformly to a Riemann-Stieltjes-Gelfand A-integrable function &k on [z, y|r. Then the func-
tion k is unique.

5. Conclusion

This paper explores the theory of Riemann-Stieltjes and Riemann-Stieltjes-type integrals for Banach-
valued functions on time scales and discuss a few fascinating results.
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