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Generalized Homogeneous ¢-Shift Operator Applied
for Generalized Cigler’s Polynomials

Husam L. Saad* and Samaher A. Abdul-Ghani

ABSTRACT: In this paper, we establish the generalized homogeneous g¢-shift operator E(q*z04y) and the

generalised Cigler’s polynomials DS{*’”) (o1, ,0r,p1,°** ,Ps, T, Y, 2). Then, we apply this operator to de-
rive some g-identities such as: the generating function and its extension, Rogers formula and its exten-
sion, Mehler’s formula and its extension, Srivastava-Agarwal type bilinear generating functions to the poly-

nomials D%ain)(a1,~~- LOryP1y " 4 Ps, T, Y, 2). In addition, we supply some special values for the identi-
ties of DS{*‘”)(al, S O, Pl ,Psy X, Y, 2) In order to establish the same identities for the polynomials
D" (2,y,b) and U (2,y, 2|q).

Key Words: the homogeneous ¢-shift operator, Cigler’s polynomials, generating function, Rogers
formula, Mehler’s formula, Srivastava-Agarwal type bilinear generating function.
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1. Introduction

In this paper, we will follow common notations and definitions for the g-series that used in [11]. We
assume that 0 < ¢ < 1.
For § € C, the g¢-shifted factorial is defined by [9,10,11]

Gao=1 = []0-6), Ga)o = [J(1- "),
k=0 k=0

and the multiple g-shifted factorials by:

(01,02, ..., 003 @O)m = (01; Q) m (02;@Q)m - (613 @) s

where m € Z or co.
The basic hypergeometric series ¢ is presented as follows [11,15]:

ay a (a1 03 Q)0 Dg(3) Is—r
yeeey Qp _ ) ) ’ _ 1\l n
“‘55( bi,.... b "”) T;)(q,bh...,bs;q)n {( )"a } 5
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where ¢ # 0 when 7 > s + 1. Note that

o0
T+1¢T( az,l...,agﬂ ;q7x> :Z(a1,...70L7~+17Q)n$n7 2] < 1.
gy Op —

n=0 (qa bla ceey bT‘) Q)n
The g-binomial coeflicient is defined as [11]:
n (4 2)n
=————— for 0<k<n,
M (¢ D (¢ Dk
where n, k € N.
The Cauchy identity is given by [11,17]:
Sl . .
> Eggim P (((Zf’qq))“, |z < 1. (1.1)

m=0
For 6 = 0, Cauchy identity becomes Euler’s identity [11]:

o0 m

P L <1 (1.2)

(GDm  (¥79)s

m=0

which has the following inverse relation:
= (—)mg(Ham
f— x; q 00 - ]..3

mzz:o (¢ m (#59) (13)
The ¢-Chu-Vandermonde’s sum is given by [11]:
(/G Dn . (1.4)

(¢ @n

We will use the following identities in this paper [4,13]:

201(q" ", as¢:q,q) =

(407" @) = (a/a )n(~a)"q ). (15)
@@k _ 1] gk (5)-nk
(Gaor M( e ' o

The Cauchy polynomials are defined as follows [14,16,18,21]:

Pu(z,y) = (z —y)(z —aqy) - (& —¢""'y) = (y/ziq)n 2",
which have the following generating function [2,3,8,12]:

n

ZPn(x,y) (qt = (v @)oc |xt] < 1. (1.7)
n=0 ’

Dn (7590’

The Mehler’s formula for Cauchy polynomials P, (x,y) is [20]:

= t" (vt ) vju

In 2010, Saad and Sukhi [19] introduced the dual homogeneous g-difference operator 6,, as follows:

flg ™ e, y) — fx,qy)
¢ lr—y

Furthermore, the homogeneous g-shift operator L(z0,,) was introduced as follows:

= () (z0)k,

L#8e0) = = (G
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Proposition 1.1 [19]. We have

0 (Pu(y.a)} = (—1)F LD p 0y

(G Dk
(@0 k(@)
ew{(yt;q)m}_( 2 (t; @)oo

Abdlhusein [1] proposed the trivariate g-polynomials F,(x,y, z;¢) in 2016:

Faloapnza) = (0 @ 3 [1] 10O R .,

k=0

The g-identities for the trivariate g-polynomials were derived through the utilization of the homogeneous
g-shift operator L(z0,,). Also, Abdlhusein [1] defined the homogeneous g-shift operator L(a, b; 6,,) as

follows:

L(a,b;0,,) =

wy
k:O

In 2016, Cao and Niu [6] studied Cigler’s polynomials

n A

D%afn)(x’b) — Z |:a qk27nkbk (Q7Q)TL l,nfk'

= Lk (¢ @t

Wang and Cao [25] in 2018 introduced an extension of Cigler’s polynomials as follows:

D, y,b) = (~1)"g ) 37 _ﬂ (kB p (),

pardl} (¢ Dn—k

The following are some results for Cigler’s polynomials D7(La - (z,y,b):

Theorem 1.1 The generating function for ple=m (z,y,b) is [5,25]

> 2 e ¢ (2t,bt; Q) oo
~1)"¢B) D (2,y, = . ., max{|yt], |btg®|} < 1.
T;( : e )(q;q)n (yt, btq®; q) o {lytl. lbta™[}

The extended generating function for Dl (x,y,b) is [5,25]

o n n+k
S (1)) DR ()
= O

((L’t; q)oo(bt; Q)a q ", yt, btg®
=TT 30 . 3 q, , t| < 1.
(yt;q) 3%2 wt, bt q,9 |y |

The Rogers formula for Df{x_")(:r,y, b) is [5]

> tm om

n+m a—n—m
S (1)U DL ()

n+m

(¢ Dn (6 Dm

(xl,bl; q) oo yl,q*bl,0,0
= t/L|, |yl|, |g*bl 1.
(t/g’y&qab& Q)oo 4¢3 qg/t sz bl 74,9 max{| / ‘v ‘y |7 |q ‘} <

n=0

Srivastava-Agarwal type generating function for ple—m (z,y,b) is [25]

o0

_1)ng(3) pla=n)(y .

(1.9)

(1.10)

(1.11)

(1.12)

(1.13)
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_ (A2t q)o (bt g)a yt, btg®, 0
- (yt; @)oo 3¢ at,bt D4 lyt| < 1. (1.14)

Srivastava-Agarwal type bilinear generating function forD%a_") (z,y,b) is [5]

o0

n+1 "
> (=17 )9 (wlg) DY (@, , b) ——
=~ (43 On
_ (q/u, zutq, butq; q) oo 1/au,1/zut,1/but 1-8
= (aq,yutq,butql+ﬁ;Q)oo 3¢3 q/u l/yut q B/but 14, axq /y s (1.15)

where max{|ag|, |yutq|, |butg' TP} < 1.

Proposition 1.2 [5].

nz%w( ()i g)n (¢; (J)n  (cq, Mitg; q)os 202 ( a/u,1/ Nt ’q’cq/A) (116)

In 2019, Srivastava et al. [22] introduced the generalized Cauchy polynomials P, (x,y,a) as follows:

n

(z,y,a Z { ] —1)kg(B)gn—hyk, (1.17)

Also, they constructed the homogeneous g¢-shift operator
o0
q)

L(a,b;0,,) = Z—’“(fbazy). (1.18)

In 2020, Srivastava and Arjika [23] established the generalized Al-Salam-Carlitz g-polyno-
. (a,b) . .
mials ¢y, (2, y|q) in the following form:

(a.b) (1 = M (01,02, ., Gs413 Ok (*$")=nk k, n—k
djn ( ’y|q) k;z:;) k (bl,bQ,-“abs;q)k q y

In 2021, the family of generalized ¢-hypergeometric polynomials were defined by Srivastava and Arjika
[24] as follows:

Ve o) = g (O3 ] Gt [t e a0
=0 gy Usgy

They [24] defined the homogeneous g-shift operator as follows:
oo

ap, - ,Qr (a17' o 7a7‘;Q)k k (k) Its—r k
D, g —lyy | = S A A @k e gk (s —20,,)" . 1.20
(5o st > o (0] (1.20)

Also, they [24] gave the following results:

Theorem 1.2 [24].
The generating function for gt (x,y,2|q) is:

o) n
—1)"q(2)t" (zt;q) ay, - ,a
Z\Pﬁf’b)(x,y,ZIQ)( = = b 0 gt ), (1.21)
=0 (¢ @)n (Ut @)oo by, -+, bs
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The extended generating function for \If%“”’) (z,y, z|q) is:

( 1)n+kq("+k)

(¢ Dn

tn

Z\IIM 2,9, 2[q)

_ ’“fﬂtqoo " gk, vt q)ig ai, -, ay ;
E qxtq syl 0t lyt| < 1. (1.22)
b b s Vs

The Rogers formula for Ui (x,y,2|q) is

a nTm t"
Z Z WA (2 y, 2]g) (—1)n ()

n=0m=0
(twig)oe <~ (ywiq)rd" 4y, ay .
B TS ’ 7 e ) 123
(t/w, yw; q) o kZ:O (¢, zw, qw/t; @) ¢ bi, - ,bs q,zwq ( )

where max{|t/w|, |yw|} < 1.
The Srivastava-Agarwal type bilinear generating functions for \If%“’b) (z,y,z|q) is

T8 (2 2|q) b (ulg)(—=1)" ("s") =
go (0 20 () (1) (@0)n  (0gq,yutq; ¢)o

1/au l/xut Dn k ( a1, - ,0Qp 1— k)
X axq/y)” +¢s T q uztg ; 1.24

provided that max{|ag|, luyt|} < 1.

In 2021, Cao et al. [7] constructed the following generalized trivariate ¢-Hahn polynomials as follows:

@b " (n] ¢(2) a,b,c;
W) = 32 (1 O P

The structure of this paper is as follows: In section 2, we will introduce the generalised homogeneous ¢-

shift operator E(q®z0,,) and then find some of its identities. In section 3, the generating function and its

extension for the polynomials [D)Sf‘*”)(

O1, * ,0r, P1, " 5 Ps, T, Y, 2) are presented. The operator approach
to Rogers formula and its extension for the polynomials ID)L“‘")(al, S O Pl Psy T, Y, 2) Will be ap-
plied in section 4. For the polynomials Die—™ (01, Oy P1,° "+ 4 Psy T, Y, Z), we establish Mehler’s for-

mula and its extension in section 5. In section 6, for the polynomials Dgf‘_") (01, Ory P10 5 Py Ty Yy 2)s
we develop a Srivastava-Agarwal type bilinear generating function.

2. Generalized homogeneous ¢-shift operator and some of its operator identities

In this section, we will begin by introducing the generalised homogeneous g-shift operator E(¢*26,,),

the generalised Cigler’s polynomlals ]D)( )(01, S Ory P10 Pss &, Y, 2) and then we find some identities
for the operator E(¢~%, 01, , 0,01, » Ps} G, ¢*205y)-

Definition 2.1 We define the generalized homogeneous g¢-shift operator as follows:

E(q_a 01, ,O0py, P1,° " 7P57q7qazexy)

_ Z [ }Ulf’Q)k [(_1)kq(’5)]1+s_r (—20,,)" . (2.1)

(1, 5 Ps; Qi

e Setting o — 00, r =1, s =0 and z = —b in equation (2.1), we get the operator L(a, b;8,,) defined
by Abdlhusein [1] (equation (1.9)).
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e When o« — 0o, 7 = s =1, and z = b in equation (2.1), we get the operator L(a, b; 0y) defined by
Srivastava et al. [22] (equation (1.18)).

ap, -+ ,ar

b b ;q,—zwa) introduced by
1, Vs

e Letting o — oo in equation (2.1), we get the operator ,.®g (
Srivastava and Arjika [24] (equation (1.20)).

Definition 2.2 We define the generalised Cigler’s polynomials as follows:

D%ain)(o-lf 5 0ps P10 7p87xay7z)
14+s—r

= e @3 IR Geri o (05T e @2)

e Settingr = s = 0, z = bin equation (2.2), we get an extension of Cigler’s polynomials D™ (x,y,b)
[25] (equation (1.10)).

e Setting &« — oo in equation (2.2), we get the generalized g¢-hypergeometric polynomials
\Ilgla’b)(ac7y,z|q) [24] (equation (1.19)).

Several previously mentioned polynomials can be generated by providing specific values to the generalised
Cigler’s polynomials; for additional information, see [1,6,22,23].
The following theorem is straightforward to prove:

Theorem 2.1 Let the operator E(q~%, 01, - 00,01, , Ps; q, (" 205y) be defined as in equation (2.1).
Then

E(q % 01, 0, p1,° P51 44" 200y) {(—1)"61_(3)&(%%)}

:D;ain)(alv"' yOry P15, 7psa$7yaz)' (23)
- a Tl q)oo
E(q OO, O P 5 P850, Zezy){gytqg}
14) oo
(wt; q |: ] o1, 0 Dk { k(5) Is=r k
= T\ —1)%g\2 ] z2t)", yt| < 1. 2.4
(Yt @)oo Z (P15 s P53 Dk - SO (24)

Lemma 2.1 Let the operator E(q~%, 01, 00,01, , ps; 4, q“20y) be defined as in equation (2.1).
Then

o o Pp(y, ) (xt;q
E(q 301, 5, 0ry P10 5 Ps54,4 Zexy){(.’lﬁgq)k)gytqioo

_(wt oot_k zk: ot qa JZ{ }017"'7‘7“@@ {(_1)9(](5)}1“4 (zt¢?)e,  (2.5)

St = (a,2t9); (p1,+  psi@)e
provided that |yt| < 1.

Proof: By using ¢-Chu-Vandermonde sum (1.4), we find that

Qoo (2/y; Q) ry"
oo (Tt;9)k
q)
q)

(xt;
(@t )k (W @)oo  (yt
(t
(yt

2R b1 (g Ryt ats 4, q)

k )
e e @M 9)) (et g)e
=t (@9); (@ytq)e (2:6)
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By using (2.6) and (2.4), we obtain

Cu o Pr(y,x) (2t;¢) o
E(q yO1y " 50y P17 0" 5 Ps54,4 Z@zy){ (xi Q)k) Eyt'qi
i b (o)

k —k. Gt
_ 9 %9)5 i —a o ¢’ xt;q) 0o
=t kE ( )quE(q y 01, 0y P1y° 0 5 Ps3 4,4 Zery){( = ) }

= (%9); (@yt; q)oo
k o0
kN (07 9); )oo H O1y 005 ) oqlds—r
— 4k 14); y Lo o Tridle [(_1)961(2)} (2tq%)°.
= (@9); ytqf QZO (P15 1 Ps30)0

3. The generating function for Dgf‘_") (01, s Ory P17+ 5 Psy T, Y, Z)

In this section, we use the operator representation (2.3) to drive an extension for the generat-
ing function for the generalised Cigler’s polynomials Dgf’ﬁn)(m, Cee O 1,0 Psy T, Y, 2). Special val-
ues are supplied for the parameters of the extension of the generating function for the polynomials
]D)%a_”)(ol, Ce O Pl Ps, T, Y, 2)  to get  the  genmerating  function  for ]D)S{X_”)(Jl, ceey
OryP1,° " 4 Psy &, Y, 2), the generating function and its extension for the polynomials D,(Z‘)‘_n)(:v,y7 b) and

P (2,1, 2|q).

Theorem 3.1 (Extension to the generating function for D%ain)(al, S Opy Ly s Psy 2, Y, 2)). Fora €
R, then
o0
n+tk k t"
Z(_l)n+k ("3 )D(a n— )(01’,.. SOy D1 s Py Ty Yy 2)
n=0 (Qaq)n
k [eS)
(xtvq 00 ,—k 7yt q ; |:C¥:| (017 e 7UT;Q)Q (g) e j
() o3 | O[T e [ ey T agye, (3)
~ (Wt9)e JZO (¢, 2t;9); QZ::‘) o] (p1,-+, ps; @)
where |yt| < 1.

Proof: By using (2.3)), we get

= n n+k a—n—k "
Z(_l) ‘HCq( 2 )Dfi—i-k )(0-17... s Opy P1y " ’p57x’y’z)‘7
n=0 (qa Q)n

- i(_gn%q("ék)
n=0

—a n+k ('L+k) "
XE(q ; 01, ,0r, P15, ,Ps,4,4 Ze y){ 2 Pn+k(y7m)} .
(@ Dn
0o m
:E(q_a7017"'aa—raplv"'7ps;Qaqa29zy ZPnJrk .7
= (4 Dn

(q zt;q)oo

Py

:E(qiavglv"'ao—rapla"'apS;Qaqazazy y L

)——= 0 Do } (by using (1.7))
z) (

(
_ xt Q)oo
=F a7 sy HUry y 'ty Pss 4, “20, k(y
(¢ o1 Trs 1 Ps; @5 4% 20:y) Gt D 0 )

_ tn
=E(q" %01, 00,01, , P51 0, % 202y) {Pk ZP y,¢"x) @om }
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Oot_ki - ,ytqa jZ[Z] (01, ,0010), [( 1)eg ()]1+s T(thj)g'

yt Do = (@atiq); — S le] (o1 5psia)e
(by using (2.5))

O
e Setting k = 0 in equation (3.1), we obtain the generating function for
]D)sla_n)(o—la 0y P15 Ps L Y, Z)
Corollary 3.1 (Generating function for DSL&*") (01, Oy P1, " 4 Py X, Y, 2)). For a € R, we

have

oo

n tn t: IS
Z(_l)"q(Z)D;a_n)(Ul, e Op, Pl s Py T y,z)( _ (l‘ ,(])

o Ga)n (Y9

3 [ e O] < o)

* Setting r = s = 0, z = b in equation (3.2), we recover the generating function for the polyno-
mials D™ (z,y,b) (equation (1.11)).

* Setting o — 0o in equation (3.2), we regain the generating function for the polynomials
glab) (z,y, z|q) (equation (1.21)).

e For r = s = 0, 2 = b in equation (3.1), we recover the extension of the generating function for
D (x,y,b) (equation (1.12)).

e Letting @ — oo in equation (3.1), we regain the extension of the generating function for
TP (2,y, 2|q) (equation (1.22)).

4. Rogers formula for D%Oﬁn)(al, O Pl Psy Ty Yy Z)

In this section, we will present an operator approach to the extension of the Rogers formula for the

generalized Cigler’s polynomials D' "

(Oé*n)(

nomials Dy,

)(01, cee L OpPL, Py T, Y, 2). The Rogers formula for the poly-
O1,  ,0r, P1, " 5 Pss T, Y, 2), the Rogers formula and its extension for the polynomials
ple—m) (x,y,b) and glP) (7,9, z|q) are obtained by incorporating special values for the parameters in the

extension of the Rogers formula for the polynomials D%a_n)(ol, e Oy Py Py Ty Y 2.
Theorem 4.1 (Extension of Rogers formula for Dg,a_n)(al, e O P10 Py T, Y, 2)). For a € R, then

n+7n+k —n—m—=k
Z ZZ ”+m+k 2 )Dgir:tzrl:l )(017"' yOry P1y " apsvx7yaz)(

n=0m=0 k=0

T3 ) ifﬁ (7, sy ()T (5 /)i ey

/Tl 9)e0 i (ama T T )i (7T )i (459)i (a59);

) Z[ }010)9 [( )q(g)}l-&-s—r (e )0, (4.1)

pla"' s Psy q )g

¢ D (G Dm (G Dk

where max{|yt|, [t/7|, |¢/T|} < 1.
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Proof:

+ +k n+m+k (a—n—m—k) T
E E n m 2 )Dn+m+]€ (01?"' yOry P1, 7 7psaxay72)(

o SN ¢ Dntm (G Dm (6 Dk

oo oo o0

I I ke

n=0m=0 k=0

_(ntmtk
X E(qiavala"' yOry Py aps;qaqazgzy){(fl)nerJrkq ( 2 )Pn+m+k(yax)}
tn m ’Tk
X
(€ D)n (6 Dm (6 9)k
— (e} gm
:E(q yO01, " 5 0r; P15 5, Ps54,4 Zamy{zz Pn+m Y,z ( A
— a4q )n(q,Q)m
k
.
X Pk: n+7n }
Z (q;q)k

o (@TTET, ) oo
q) (GDm (YT 00

(by using (1.7))

Poym(y,2) (275¢) 0 }
(75 @)ntm (YT5 @)oo

= E(qiavo—lv"' yOry P1y° " aps;%qazgzy {Z Z Pn+m Y, T (

n=0m=0

E(qiaﬂjla 0y P10 7ps§Q7qa29$y) {

= i i & o —(ntm) (T3 @)oo Tir‘j (™) Y7, q)rq
; (Y7 9) (¢, 273 q)k

0
. i [Z] W [(_1)gq(g)}l+s_r (Zqu)g (by using (2.5))

(@710 Z Z t/7- )" ym "*Zm [n—l—m} (_1)kq(§)_(n+m)k+k (y7,q)k
yT7 )OO n=0m= 0 n m k=0 k (‘TT;Q)k’
0o a (0.17... 7Jr§q)g (g) 1+s—r &
X B —]_ gq 2 Z’Tq o
Qz:% [Q] (P15 5 P53 0)0 [( ) ] )
(273 @) (t/T)" (/7)™ S~ (7] [ iy (i49) (757) = (nbm) (i+5) +itg
" (g )OOZZ D (e Om 22 illil? ) T

n=0m= 0 i=0 5=0

(s $ [0 0050 [ O] erg)e oy i (1)

i lel (oo spsia)e

oo o 0 oo

)"/ T)™ g3 (1)) g (75) = (rbm) 4 ik

(t/
=i i (@G04 0)m—3(09)i(¢59);
)o

JZHM

z+
’L+j =0 pla 7psaq).9

- e 5y (T

[(~1)24)] T gty

C1)ig(3) = &2 & () ymt (—1)i g~ (B)-mli+)—id

i=0 n=0 (q’q) =0 m=0 (QaQ)m(Q7q)J
(W it 5~ [@ w e @1 (rgitine
- (I'T;q)i+j 0=0 L)} (p1, ,Ps3q) |:( D :| (zra™)
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ool S8 0 1
0o == 4 0)i(¢9); (@/73 @) (a™ /T3 q) o
(y7, Q)i+ {a} (01, ,0r19)0 eyt i+
x L7 —_— —1)Qq(2) quH'J Q
(xTaq)i—O—j ng 0 (Pl"" 7P35(I)9 |:( i| ( )
R Ll i AR 1
Wt/ T q)s (¢ 0)i(g;0); (¢'t/750)i(a= /T q)is;
oo
q i+j l:Oé:| (0'17 .. ,0'7-§Q)Q [( 1)9 (g):|1+57’r‘ itive
————=|(-1)% (z27q .
+J 92:;) 0 (ph T 7ps;Q)Q )
O
e Letting £ = 0 and 7 = £ in equation (4.1), we get Rogers formula for the polynomials
Dglain)(ala 0y P10 5 PsH T, Y, Z)
Corollary 4.1 (Rogers formula for ]D)ﬁ{x_n)(ol, e O P10 Psy T, Y, 2)). For a € R, we have
n+m 7L+m)]]))(a*"*m) 1.+ . O 2 il = (.ﬁf, Q)oo
n-+m ) ) 'l")p ) 7p8’$7y7z -
nZOmZ:O +m (1 ' @0 @O~ Wb
o oo
(yl; @) X {a] (01, 1003 Q)g { . (g):|1+sz e
X q 1 T8 (—1)%\2 20q")?, 4.2
kZ:O (¢, z¢, qt/t; )k Qz:% ] (p1,-++ 5 psia)e = ) 2

where max{|t/¢|, |yl|} < 1.

« Rogers formula for the polynomials D™ (z,,b) (equation (1.13)) can be preserved by set-
ting r = s =0, z = b in equation (4.2).
* Setting @« — oo in equation (4.2), we regain the Rogers formula for the polynomials

\Ifﬁ?’b) (z,y, z|q) (equation (1.23)).

e Setting r = s = 0, z = b in equation (4.1), we get an extension to the Rogers formula for the
polynomials ple—m (x,y,b) .

Corollary 4.2 (Extension of Rogers Formula for D™ (z,y,b)). For a € R, we have

o0 oo oo n m k
n+m+k "+m+’“)D(a n—m—Fk) (.%' b t y4 T
DI 2Dl om R (4 ) ——— ,
n=0m=0 k=0 (q7Q)n (q7 Q)m (qaq)k
(7, 7 ) i i (yr.bra® )iy (~1) =) (1)7)i (0)7)

~ /7, 6/T, 674, YT @)oo (br, 27, D)5 )i (7t /T30)i (4:0)i (450);

i=0 j=
where max{|t/7|, |¢/T], lyT], [brq*|} < 1.

e Setting a — oo in equation (4.1), we get an extension to the Rogers formula for the polynomials

TP (2,y, 2]q) -

Corollary 4.3 (Extension of Rogers Formula for g(P) (z,9,2|q). For a € R, we have

oo o0 oo

(k) g ab t" o T
D030 St E W sl s s

v S @G Dn (G Dm (¢ D

k
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L @T e S )it (D yr, ey (/1) (4/7)
(Y /T T ) ZZ (27, q= D75 q)iv i (a7t /750)i (459)i (459);

=0 j=0

<o (5 zrqiﬂ') - syl /7, 6/} < 1
) yYSs

5. Mehler’s formula for D{® " (O1, 5 Or PLy 5 Py Ty Yy Z)

In this section, we construct an extension of the Mehler’s formula for the generalized Cigler’s poly-
nomials Dﬁ{"”)(al, See  Op P10, Psy T, Y, 2) using the operator representation (2.3). Mehler’s formula
for the polynomials ]D)Sla_n)(al, Ce L Op P10 Psy T, Y, 2), Miller’s formula and its extension for polyno-
mials Dgf‘_") (z,y,b) and \Ilsla’b) (z,y, z|q) are derived by providing special values for the variables in the

extension of Mehler’s formula for the polynomials D%ain)(oh S Opy PLy s Psy Ty Yy Z)e

Theorem 5.1 (Extension of Mehler’s formula for ]D)Ef"

B € R, we have

n)(Ula"' yOrs P17 7Ps,$7yaz))- For a € R and

a—n—m _ t"
an _nDn+m )(0-17"' s Opry P11yt 7p87xayﬂz)D£LB n)(cla"' 7C’Hd17"' ,dS,U,U,'UJ) (qq)
(4" 2vt; @)oo N - m (1s s Cri @i [ S RN (") (11—
= (@0 Qe 5 O s D [ qg8)] T (gl ) (o)
(q myvt;Q)ookZ:O k| (dy,....ds; q)k
n, (5 n ntm+k —(n+m —m j
x i (=173 ufoyr "ELE (g R gyt )07
~ (¢ @)n = (¢; g~ ™avt; q);
- [a] (01, ovia)e [ ()T*S r -
X -— =< 1)@ zotg? 78, |yvt| < 1. 5.1
IO el (etg™% et o
Proof:
™ (n2 )y (a—n—m) (B—n) ¢
Zq ]D)n+m (017"'uo—rvpla"'7psvmayvz)Dn (cla"'707’7d17"'7d87uavaw)(q.q)
n=0 s Y)n
= 3 (nz—n)E o . a0 _1)ntm —("J;’")P
- Zq (q ;3 01, s Ory P1, yPs 4,49 = a:'q) ( ) q ner(yax)
n=0
n
XD%B_TL)(CIW" 7C’I‘ad1a"' 7d87u7v7w
)(q;q)n

m

=E(q %01, 00, p1, ,ps;q,q“wmy){ Z(—D”*mq(g)_(?)_"m it (Y T)

= E(q_aaala 50 P10 5 Ps3 4, qaze$y){ Z(_l)mq_(2)_nm n+’m(yﬂ Z‘) (q q)

. kz_;) m m mpn—k(v7u)(Q§Q)kwk [(—1)’“q(’5)}1+5’”} (by using (2.2))

o o . = 5 1+s—r
:E(q y01,° " ,0pr,P1,° " ,Ps,4,4 Zezy){ |:k':| |:(_1)kq(2)i|
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X (—1)mq7(7;)7nm n+m(ya x)Pnfk(Uvu)

wktn (Cl7"'707’;q)k }
(q' Q)n—k (d1, ey ds; Q)k

= E(q %01, ,0m, P15 5 0554, 4% 20y {ZZ[ } { )]Hs '

k=0n=0
kin+k .
_(m\_ w"t (cla"'ac’MQ)k)
x (=1)™q (%) (ntkymp Y, ) Py (v, u)
( +mk(9:7) (G On (d1, .. ds; @)k

o0

= E(qiaaala"' yOry P1y " 7ps;q7qa29my){ Z |:£:| Pm—i—k(y,z)(wt)k |:(71)kq(g):|1+s_r
k=0
_1ym,—(3)—mk \C1s - Cri Uk (c1,-,0r3 9 mtk (qmt)n}
* (D) (d1, .. dsiq ZP HOREE ) (4 @)n
_ —« . a S ﬂ k k (k’) 1+s—r
- E(q y01,° " ,0pryP1,°° , Ps3 4,4 Zgity) Z k Pm-i-k(y,z)(wt) |:(71) q\? :|
k=0

% (71)mq*(g/)*mk (Clw'-aCT;Q)k (qurkimxvt; Q)oo 1¢1 < m—i—kx/y .q qmuyt> }
(di,....ds; @) (¢7™yvt; @)oo ¢Favt 0T

(by using (1.8))

s ] 1+s—r
=E(q %01, 00, p1, ,ps;q,q"‘zexy){ > m Py iy, @) (wt)* [(—qu(?)} .
k=0
g () (e ek (@t Qe Sy (3)Pn(%q’”*kx)(q_mut)"}
< (=D" (dy, o ds; Ok (@™ Yvt; @)oo ZO( b (¢, ¢"xvt; @)
_ LS G k(Cl,...,Cr§Q)k _1)ym _(gl)_mk 14s—1r X2 (Ut)n
2 ot G R I MR
—« . @ Pn—i—m—i—k(y, .Z’) (qum]t; q)oo
X E(q 301y sO0py P15y 5 Ps54,4 Zemy){(quvtq)n+m+k ( 7my'l)tq) }
_ > B k:(clv”'vcr;q)k: _q\ym,,— ’;‘ —mk B Ths—r
‘kZ_O[k](w“ eI (SR B
(wt)™ ("2 Qoo , —m _(n+m+k)n+m+ (gt R g myut; q)¢0
G0 (@ ot ) ; (¢, ™zvt;q);
s . . 0 1+s—r
S T S
Q:O ) ) S
_ (@Mt ) {5} R (O Dk vm (Y e [k ()]
(g~ yut; Q)oogo k) () (dl,---,ds;q)k( D7e ) [( D' ]
S (1)"g) (o) T (), gyt )7
) 7;) (4 Dn ];) (¢, ¢~ ™ avt; q);
> . . o1 lts—r
S ot
0=0 ) sy Ms» o

e Setting m = 0 in equation (5.1), we get recover Mehler’s formula for
Dglain)(ala 50 Py 5 P T Y, Z)
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Corollary 5.1 (Mehler’s formula for ]D)%a_") (01, yOry P15, 4 Pss X, Y, 2)). Fora € R and p € R,
then

- —n a—n —n t’nl
Zq(n2 )D’I(’L l)(a-lv"'ao-rapla"'7,057xayaz)D£LB )(Cla"'7cTad17"'7d87uav?w)(q,q)
(zvt; q (c1y s Cr; Q) [ & (k):|1+5*7“ A as n (2) (u/v)™
= (=1 2 w/v -1 2
(yvt; ¢)oo Z[ } (d, .o ds; @i (=1 (/) ,;( e (¢ @)n
n+k —(n+k) 0 . 14+s—r
q ,yvt,q) 7 |:Oé:| (017"' aUTaQ)Q [ 0 (g) + j
X q =L [(=1)%\2 ] zotg’)?, 5.2
2 (¢, zvt;q); > o] (P17 P53 Q) =1) ( ) (5:2)

7=0 0=0
where |yvt| < 1.

* Setting r = s = 0, z = b in equation (5.2), we get Mehler’s formula for the polynomials

DS{kn)(w, y,b).
Corollary 5.2 (Mehler’s formula for Dl (z,y,0)). Fora € R and B € R, we have

S = D (3, ) DE (v, 1) ——
= (¢ @)n
(@0t, bVt Qo < m = (1)) (ufo)
= - (w/v
(yvubvtq“;q)ookz:o B %) z_: (¢ Dn

—(n+k)
q s yvt, butg™ a
<o (AT ) et bt} < 1.

% Setting @ — 00, f — oo in equation (5.2), we get Mehler’s formula for the polynomials

P (2, y, 2(g).

Corollary 5.3 (Mehler’s formula for \Il%a’b)(:n,y, z|q)). We have

n?—n),(a,b) cd)
q v (@, y, 2lg u, v, w|q
}03 (2, 2ha) W4 ) s

n

(208 Qoo o~ (€1, Cri Qi BT e (1) (u/v)"
= -1 2 w/v —1)"g\2

(Wvt; @)oo =4 (@ d, -y ds; Q) [( S ] w/v) nz::o( Sla (¢ O)n
ntk —(n+k) vt: . . ai. - .Q .
X Z (q (q $U7t/iyq)’,Q)] ¢ rPs ( b? - ’br ;Q,thq]) ) |y'Ut| < 1.
j:0 ) 9 Vi ) -

e Settingr = s =0, z = bin equation (5.1), we get an extension of Mehler’s formula for Déa_") (z,9,b).

Corollary 5.4 (Extension of Mehler’s formula for ple—m (x,y,0)). Fora € R and 8 € R, we
have

(n®—n) (a n—m) (B—n) |2 _ (g~ "zvt, but; q) oo
nzoq On (oo DIDT 0 0) (@) (g7 "yvt, butg™; q)eo
2 [ﬂ (=1 ) Z “/ D ayg ) oty

bk
N (g EmER) gyt q) ¢7 (butg®;q)j—m

x Z maut;q), (bvt; @) jmm

max{|yvt|, |[bvtg™|} < 1.
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e Setting @« — o0, f — o0 in equation (5.1), we get Mehler’s formula for the polynomials
(a,b)
\Iln (x,ysz)

Corollary 5.5 (Extension of Mehler’s formula for g@P) (x,y,2|q)). We have

(n?—n)p,(a,b) (¢,d) "
5 q v 2, 2|q) ¥ (u, v, wlg) ———
n+m( | ) ( ‘ )(Q§Q)n

n

_ (q_ xvt; q)oo [ (Cl, ceey Cpj q)k [(_1)kq(12c):| 14+s—r (w/v)k i(—l)nq(g) (U/U)

(¢~"yvt; @)oo 1= (¢:dr, o ds; )k (4 @)n

. ntm+k —(n+m+k) ,—m
X(_1>mq( ;1)(vt)—m Z (q 4

=0

<o (50T st ) et <1

VS

Yt )i
(g, g ™zvt;q);

6. The Srivastava-Agarwal type bilinear generating functions for

ngain)(glf" yOry P1, 7;0573%.%2)

In this section, we create the Srivastava-Agarwal type bilinear generating function and Srivastava-
Agarwal type generating function for the generalized Cigler’s polynomials
]D)%a_”)(ol, Cee L Op P10 Psy T, Y, 2). In addition, we use parameter values to reconstruct the Srivastava-
Agarwal type generating function for the polynomials ple—m (z,y,b) and gl (z,9,2|q)-

Theorem 6.1 (Srivastava-Agarwal type bilinear generating function for

D%Oﬁn)(al,-n s Oy P17 5 Ps, X, Y, 2)). For a € R, we have
n+1

oo ) - _1 ’I’Lq( 2 )t"l

ng‘)(u‘q)ﬂ);’ )(0-17"' s Ory P11, apquf%yﬁz)L

n=0 (Q7Q)n

_ (a/u, zutg; q oo Z 2 (1/cu, wutg! D g

(cq, yutq; q) (2,9 /u yutq' =" q)n
x Z [ ]"”’“ (0] Gutg =, max{leql lgyut) <1 (6.1)
,01, o 7PS;Q)k
Proof:
e —1)" (njl)tn
Z¢5LC)(U|Q)DE{X_”)(017 s Ory P1y" 0 7p85$7y7z)L
= (¢ @)
o0 n+1
c —a «a n_—(5 -1 q( 2 )tn
= W (ulg)E(q 01, 0m 1 ps100q zt%y){(—l) q (Q)Pn(y,:v)} ( :
n=0 (D)
=E(g " 14, %20,y (¢) (gt)"
- q , 01, s Ory P1, yPsy 4,9 2 Zw u|q ) R
= (¢ 2)n

—a o — £y
=E(q %01, 0, P15+ 5 P53 G, G 201y) {Zwé)(uIQ)(x/y;q)n(qy)}

= (¢ 9)n
- (9/u, zutg; q)oo 1/cu,1/zut
= E(q“ O 1y Pei Qs @20y 4 L B ) g,
(%01, 00,01 Ps; 4,92 .y){ (0, yuld: D)o 202 o/ 1 fyut 1 cqz/y
(by using (1.16))
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_ u, rUlq;
:E(q (X?Ulu"' s Ory P1y" 0 7p87q7qazezy){(€1/q€7)(30

(cq,yutq; q)
" Z 1/cu zutq'™ ;q)n(cq)”}
(¢, q/u, yutg*="; q)y
Q/U q o z 1/CU q)nlcq)"
(cq;q (q, q/u @
_ (zutq'™™; q)oo
E(q—® O Pl Psi 720 M )0
x E(q"%, 01, , 00, p1 Psiq,q"% a:y){(yutql_n; Do
q/u Q) oo i 1/cu Q)nlcq)™ (zutg*—™;q) i [ } 01, 500 )k
(ct;Q)oe 2 (4, q/u Dn (yutq" =" @)oo {=4 L] (P15 s psi Dk
k: l+s r &
X [ q } zutqk") (by using (2.4))
_ (a/u, xutqqooi 2)(1/cu, utq'~ 7q "i{ } Ula"'70r)k
(cq, yutq; @)oo 2= (4, Q/U yutq =" q)n k] (p1s psi @k

X [(—1)’%1(2)}“rs T(zutql‘")’“-
O

e Setting r = s = 0, z = b in equation (6.1), we get Srivastava-Agarwal type bilinear generating
functions for D%ain)(m, y,b) (equation (1.15)).

e Setting v — 0o in equation (6.1), we regain Srivastava-Agarwal type bilinear generating functions
for TP (x,y,z|q) (equation (1.24)).

Theorem 6.2 For a € R, we have

0 n
Z(_l)nq(g)Pn(U’ u)]Dgza_n)(o-l’ 0, P10 5 Pss Ty Y, Z)
n=0 (q;Q)n

(0t Z ) (/) S (a7, yvt g

(yvt; q)oo Q7Q)n = (g zot

. : o\11+s—r
x Z [ }"”) [(=12g®) 7 atatye, et < 1. (6.2)
p17"'7ps;Q)Q

[eS) . m
Z(il)nq(z)Pn(v,U)D’Elaf’n)(o-l’ e O, P15 Pss T, Y, Z)(i

= 4GP
N (D) e o n —(2) t"
- Z(_l) q\? Pn(v,u)E(q ;01,5 0r,P1,° 4, Psy4,4 Zamy) (_]—) q \? Pn(yvx) TN
n=0 (@ @)n
n
= E(q_a701u"' yOry P1y " 7ps;Q7qazezy ZP v, u )
(@)
- (Uxt7Q)oo /y
=F @ ry P1s s Ps) 70‘9m AR s q, uyt
(@ %01, 00,1 Psiq,q" % y){(vyt;q)oo 191 g FD Y

(by using (1.8))
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Tt ) oo —1”("> ut)” P,
:E(q—a,gl,...,anph_..,ps;q’qazew){< 9) <> (ut)” Paly, >}

(vyt; @)oo 2= Ga)n  (vtiq)n
o 'n.
Ut) _ Yy, x ’U"Et q)
-~ 7 T ~ ' F @ cee S, X0
EZ: n (q y 01, Ory P1 Ps; 4,4 my { vt q vyt q) }
’Ut’q Z U/’l}ni ,yUtQk kZ|: :|(O—17 o a-Taq)
y?}t q q;9 n k—0 q733vt q (pla ‘o Psy 4 )

x [(—l)gq(g)]mﬂ (=tq")e.

O
e Setting u/v = X and vt — ¢ in equation (6.2), we get the following corollary:
Corollary 6.1 (Srivastava-Agarwal type generating function for
]1]),({3‘7@(017 e O P10 P8y T, Y, 2)). For a € R, we have
— n (ﬂ) (a—n) . "
Z(il) q\? Dn (017 50y P15 Pss XL Y, Z)(Av Q)”
=0 (¢:90)n
(7t q)oo i )" ")/\” i (798 Dk
Wt = (@30 = (q,2t;q)k
.. 14+s—7r
[‘; . ;“ (ool [oqyeg O] gty el <1 (6.3

e Substituting » = s = 0, z = b into equation (6.3), we Srivastava-Agarwal type generating function
for D7(f‘_n)(an‘,g/7 b) (equation (1.14)).

e Setting @ — oo in equation (6.3), we regain Srivastava-Agarwal type generating functions for
(a,b)
Uy (2, 21q).

Corollary 6.2 (Srivastava-Agarwal type generating function for \115?"’) (z,y,2|q))-

We have
Z<—1>"q<2>w;”v”><x,y,z|q><A;q>n( .
n=0 q:49)n
(i 0 Z i (q_n’yt;q)qu N Y lyt] <1
yt7q k=0 (qaxt;Q)k e blv"' 7bs T ’ '
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