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Generalized Homogeneous q-Shift Operator Applied
for Generalized Cigler’s Polynomials

Husam L. Saad∗ and Samaher A. Abdul-Ghani

abstract: In this paper, we establish the generalized homogeneous q-shift operator E(qαzθxy) and the

generalised Cigler’s polynomials D(α−n)
n (σ1, · · · , σr, ρ1, · · · , ρs, x, y, z). Then, we apply this operator to de-

rive some q-identities such as: the generating function and its extension, Rogers formula and its exten-
sion, Mehler’s formula and its extension, Srivastava-Agarwal type bilinear generating functions to the poly-

nomials D(α−n)
n (σ1, · · · , σr, ρ1, · · · , ρs, x, y, z). In addition, we supply some special values for the identi-

ties of D(α−n)
n (σ1, · · · , σr, ρ1, · · · , ρs, x, y, z) in order to establish the same identities for the polynomials

D
(α−n)
n (x, y, b) and Ψ

(a,b)
n (x, y, z|q).

Key Words: the homogeneous q-shift operator, Cigler’s polynomials, generating function, Rogers
formula, Mehler’s formula, Srivastava-Agarwal type bilinear generating function.
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1. Introduction

In this paper, we will follow common notations and definitions for the q-series that used in [11]. We
assume that 0 < q < 1.

For δ ∈ C, the q-shifted factorial is defined by [9,10,11]

(δ; q)0 = 1, (δ; q)n =

n−1∏
k=0

(1− δqk), (δ; q)∞ =

∞∏
k=0

(1− δqk),

and the multiple q-shifted factorials by:

(δ1, δ2, . . . , δr; q)m = (δ1; q)m(δ2; q)m · · · (δr; q)m,

where m ∈ Z or ∞.
The basic hypergeometric series rϕs is presented as follows [11,15]:

rϕs

(
a1, . . . , ar
b1, . . . , bs

; q, x

)
=

∞∑
n=0

(a1, . . . , ar; q)n
(q, b1, . . . , bs; q)n

[
(−1)nq(

n
2)
]1+s−r

xn,
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where q ̸= 0 when r > s+ 1. Note that

r+1ϕr

(
a1, . . . , ar+1

b1, . . . , br
; q, x

)
=

∞∑
n=0

(a1, . . . , ar+1; q)n
(q, b1, . . . , br; q)n

xn, |x| < 1.

The q-binomial coefficient is defined as [11]:[
n

k

]
=

(q; q)n
(q; q)k (q; q)n−k

for 0 ⩽ k ⩽ n,

where n, k ∈ N.
The Cauchy identity is given by [11,17]:

∞∑
m=0

(δ; q)m
(q; q)m

xm =
(δx; q)∞
(x; q)∞

, |x| < 1. (1.1)

For δ = 0, Cauchy identity becomes Euler’s identity [11]:

∞∑
m=0

xm

(q; q)m
=

1

(x; q)∞
, |x| < 1 (1.2)

which has the following inverse relation:

∞∑
m=0

(−1)mq(
m
2 )xm

(q; q)m
= (x; q)∞. (1.3)

The q-Chu-Vandermonde’s sum is given by [11]:

2ϕ1(q
−n, a; c; q, q) =

(c/a; q)n
(c; q)n

an. (1.4)

We will use the following identities in this paper [4,13]:

(aq−n; q)n = (q/a; q)n(−a)nq−n−(n2). (1.5)

(q−n; q)k
(q; q)k

=

[
n

k

]
(−1)kq(

k
2)−nk. (1.6)

The Cauchy polynomials are defined as follows [14,16,18,21]:

Pn(x, y) = (x− y)(x− qy) · · · (x− qn−1y) = (y/x; q)n x
n,

which have the following generating function [2,3,8,12]:

∞∑
n=0

Pn(x, y)
tn

(q; q)n
=

(yt; q)∞
(xt; q)∞

, |xt| < 1. (1.7)

The Mehler’s formula for Cauchy polynomials Pn(x, y) is [20]:

∞∑
n=0

Pn(x, y)Pn(u, v)
tn

(q; q)n
=

(xvt; q)∞
(xut; q)∞

1ϕ1

(
v/u
xvt

; q, yut

)
, |xut| < 1. (1.8)

In 2010, Saad and Sukhi [19] introduced the dual homogeneous q-difference operator θxy as follows:

θxy {f(x, y)} =
f(q−1x, y)− f(x, qy)

q−1x− y
.

Furthermore, the homogeneous q-shift operator L(zθxy) was introduced as follows:

L(zθxy) =
∞∑
k=0

q(
k
2)(zθ)kxy
(q; q)k

.
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Proposition 1.1 [19]. We have

θkxy {Pn(y, x)} = (−1)k
(q; q)n

(q; q)n−k
Pn−k(y, x).

θkxy

{
(xt; q)∞
(yt; q)∞

}
= (−t)k (xt; q)∞

(yt; q)∞
.

Abdlhusein [1] proposed the trivariate q-polynomials Fn(x, y, z; q) in 2016:

Fn(x, y, z; q) = (−1)nq−(
n
2)

n∑
k=0

[
n

k

]
(−1)kq(

k
2)zkPn−k(y, x).

The q-identities for the trivariate q-polynomials were derived through the utilization of the homogeneous
q-shift operator L(zθxy). Also, Abdlhusein [1] defined the homogeneous q-shift operator L(a, b; θxy) as
follows:

L(a, b; θxy) =

∞∑
k=0

(a; q)k
(q; q)k

(bθxy). (1.9)

In 2016, Cao and Niu [6] studied Cigler’s polynomials

D(α−n)
n (x, b) =

n∑
k=0

[
α

k

]
qk

2−nkbk
(q; q)n

(q; q)n−k
xn−k.

Wang and Cao [25] in 2018 introduced an extension of Cigler’s polynomials as follows:

D(α−n)
n (x, y, b) = (−1)nq−(

n
2)

n∑
k=0

[
α

k

]
(−1)kq(

k
2)bk

(q; q)n
(q; q)n−k

Pn−k(y, x). (1.10)

The following are some results for Cigler’s polynomials D
(α−n)
n (x, y, b):

Theorem 1.1 The generating function for D
(α−n)
n (x, y, b) is [5,25]

∞∑
n=0

(−1)nq(
n
2)D(α−n)

n (x, y, b)
tn

(q; q)n
=

(xt, bt; q)∞
(yt, btqα; q)∞

, max{|yt|, |btqα|} < 1. (1.11)

The extended generating function for D
(α−n)
n (x, y, b) is [5,25]

∞∑
n=0

(−1)n+kq(
n+k

2 )D(α−n−k)
n (x, y, b)

tn+k

(q; q)n

=
(xt; q)∞(bt; q)α

(yt; q)∞
3ϕ2

(
q−n, yt, btqα

xt, bt
; q, q

)
, |yt| < 1. (1.12)

The Rogers formula for D
(α−n)
n (x, y, b) is [5]

∞∑
n=0

(−1)n+mq(
n+m

2 )D
(α−n−m)
n+m (x, y, b)

tn

(q; q)n

ℓm

(q; q)m

=
(xℓ, bℓ; q)∞

(t/ℓ, yℓ, qαbℓ; q)∞
4ϕ3

(
yℓ, qαbℓ, 0, 0
qℓ/t, xℓ, bℓ

; q, q

)
, max{|t/ℓ|, |yℓ|, |qαbℓ|} < 1. (1.13)

Srivastava-Agarwal type generating function for D
(α−n)
n (x, y, b) is [25]

∞∑
n=0

(−1)nq(
n
2)D(α−n)

n (x, y, b)(λ; q)n
tn

(q; q)n
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=
(λ, xt; q)∞(bt; q)α

(yt; q)∞
3ϕ2

(
yt, btqα, 0
xt, bt

; q, q

)
, |yt| < 1. (1.14)

Srivastava-Agarwal type bilinear generating function forD
(α−n)
n (x, y, b) is [5]

∞∑
n=0

(−1)nq(
n+1
2 )ψ(α)

n (u|q)D(β−n)
n (x, y, b)

tn

(q; q)n

=
(q/u, xutq, butq; q)∞

(αq, yutq, butq1+β ; q)∞
3ϕ3

(
1/αu, 1/xut, 1/but
q/u, 1/yut, q−β/but

; q, αxq1−β/y

)
, (1.15)

where max{|αq|, |yutq|, |butq1+β |} < 1.

Proposition 1.2 [5].

∞∑
n=0

ψ(c)
n (u|q)(λ; q)n

(λqt)n

(q; q)n
=

(q/u, utq; q)∞
(cq, λutq; q)∞

2ϕ2

(
1/cu, 1/ut
q/u, 1/λut

; q, cq/λ

)
. (1.16)

In 2019, Srivastava et al. [22] introduced the generalized Cauchy polynomials Pn(x, y, a) as follows:

Pn(x, y, a) =

n∑
k=0

[
n

k

]
(a; q)k(−1)kq(

k
2)xn−kyk. (1.17)

Also, they constructed the homogeneous q-shift operator

L̃(a, b; θxy) =

∞∑
k=0

(−1)kq(
k
2)(a; q)k

(q; q)k
(−bθxy). (1.18)

In 2020, Srivastava and Arjika [23] established the generalized Al-Salam-Carlitz q-polyno-

mials ψ
(a,b)
n (x, y|q) in the following form:

ψ(a,b)
n (x, y|q) =

n∑
k=0

[
n

k

]
(a1, a2, . . . , as+1; q)k
(b1, b2, . . . , bs; q)k

q(
k+1
2 )−nk xkyn−k.

In 2021, the family of generalized q-hypergeometric polynomials were defined by Srivastava and Arjika
[24] as follows:

Ψ(a,b)
n (x, y, z|q) = (−1)nq−(

n
2)

n∑
k=0

[
n

k

]
(a1, · · · , ar; q)k
(b1, . . . , bs; q)k

[
(−1)kq(

k
2)
]1+s−r

zkPn−k(y, x). (1.19)

They [24] defined the homogeneous q-shift operator as follows:

rΦs

(
a1, · · · , ar
b1, · · · , bs

; q,−zθxy
)

=

∞∑
k=0

(a1, · · · , ar; q)k
(q, b1, . . . , bs; q)k

[
(−1)kq(

k
2)
]1+s−r

(−zθxy)k . (1.20)

Also, they [24] gave the following results:

Theorem 1.2 [24].

The generating function for Ψ
(a,b)
n (x, y, z|q) is:

∞∑
n=0

Ψ(a,b)
n (x, y, z|q) (−1)nq(

n
2)tn

(q; q)n
=

(xt; q)∞
(yt; q)∞

rϕs

(
a1, · · · , ar
b1, · · · , bs

; q, zt

)
, (1.21)
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The extended generating function for Ψ
(a,b)
n (x, y, z|q) is:

∞∑
n=0

Ψ
(a,b)
n+k (x, y, z|q)

(−1)n+kq(
n+k

2 )tn

(q; q)n

=
t−k(xt; q)∞
(yt; q)∞

k∑
i=0

(q−k, yt; q)iq
i

(q, xt; q)i
rϕs

(
a1, · · · , ar
b1, · · · , bs

; q, ztqi
)
, |yt| < 1. (1.22)

The Rogers formula for Ψ
(a,b)
n (x, y, z|q) is:

∞∑
n=0

∞∑
m=0

Ψ
(a,b)
n+m(x, y, z|q)(−1)n+mq(

n+m
2 ) tn

(q; q)n

wm

(q; q)m

=
(xw; q)∞

(t/w, yw; q)∞

∞∑
k=0

(yw; q)kq
k

(q, xw, qw/t; q)k
rϕs

(
a1, · · · , ar
b1, · · · , bs

; q, zwqk
)
, (1.23)

where max{|t/w|, |yw|} < 1.

The Srivastava-Agarwal type bilinear generating functions for Ψ
(a,b)
n (x, y, z|q) is:

∞∑
n=0

Ψ(a,b)
n (x, y, z|q)ψ(α)

n (u|q)(−1)nq(
n+1
2 ) tn

(q; q)n
=

(q/u, xutq; q)∞
(αq, yutq; q)∞

×
∞∑
k=0

(−1)kq(
k
2)(1/αu, 1/xut; q)n

(q, q/u, 1/yut; q)k
(αxq/y)k rϕs

(
a1, · · · , ar
b1, · · · , bs

; q, uztq1−k

)
, (1.24)

provided that max{|αq|, |uyt|} < 1.

In 2021, Cao et al. [7] constructed the following generalized trivariate q-Hahn polynomials as follows:

ζ
(a,b,c

d,e )
n (x, y, z|q) =

n∑
k=0

[
n

k

]
q(

k
2)(a, b, c; q)k
(d, e; q)k

Pn−k(y, x)z
k.

The structure of this paper is as follows: In section 2, we will introduce the generalised homogeneous q-
shift operator E(qαzθxy) and then find some of its identities. In section 3, the generating function and its

extension for the polynomials D(α−n)
n (σ1, · · · , σr, ρ1, · · · , ρs, x, y, z) are presented. The operator approach

to Rogers formula and its extension for the polynomials D(α−n)
n (σ1, · · · , σr, ρ1, · · · , ρs, x, y, z) will be ap-

plied in section 4. For the polynomials D(α−n)
n (σ1, · · · , σr, ρ1, · · · , ρs, x, y, z), we establish Mehler’s for-

mula and its extension in section 5. In section 6, for the polynomials D(α−n)
n (σ1, · · · , σr, ρ1, · · · , ρs, x, y, z),

we develop a Srivastava-Agarwal type bilinear generating function.

2. Generalized homogeneous q-shift operator and some of its operator identities

In this section, we will begin by introducing the generalised homogeneous q-shift operator E(qαzθxy),

the generalised Cigler’s polynomials D(α−n)
n (σ1, · · · , σr, ρ1, · · · , ρs, x, y, z) and then we find some identities

for the operator E(q−α, σ1, · · · , σr, ρ1, · · · , ρs; q, qαzθxy).

Definition 2.1 We define the generalized homogeneous q-shift operator as follows:

E(q−α, σ1, · · · , σr, ρ1, · · · , ρs; q, qαzθxy)

=

∞∑
k=0

[
α

k

]
(σ1, · · · , σr; q)k
(ρ1, · · · , ρs; q)k

[
(−1)kq(

k
2)
]1+s−r

(−zθxy)k . (2.1)

• Setting α→ ∞, r = 1, s = 0 and z = −b in equation (2.1), we get the operator L(a, b; θxy) defined
by Abdlhusein [1] (equation (1.9)).
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• When α → ∞, r = s = 1 , and z = b in equation (2.1), we get the operator L̃(a, b; θxy) defined by
Srivastava et al. [22] (equation (1.18)).

• Letting α→ ∞ in equation (2.1), we get the operator rΦs

(
a1, · · · , ar
b1, · · · , bs

; q,−zθxy
)

introduced by

Srivastava and Arjika [24] (equation (1.20)).

Definition 2.2 We define the generalised Cigler’s polynomials as follows:

D(α−n)
n (σ1, · · · , σr, ρ1, · · · , ρs, x, y, z)

= (−1)nq−(
n
2)

n∑
k=0

[
n

k

][
α

k

]
(σ1, · · · , σr; q)k
(ρ1, . . . , ρs; q)k

(q; q)k

[
(−1)kq(

k
2)
]1+s−r

zkPn−k(y, x). (2.2)

• Setting r = s = 0, z = b in equation (2.2), we get an extension of Cigler’s polynomialsD
(α−n)
n (x, y, b)

[25] (equation (1.10)).

• Setting α → ∞ in equation (2.2), we get the generalized q-hypergeometric polynomials

Ψ
(a,b)
n (x, y, z|q) [24] (equation (1.19)).

Several previously mentioned polynomials can be generated by providing specific values to the generalised
Cigler’s polynomials; for additional information, see [1,6,22,23].

The following theorem is straightforward to prove:

Theorem 2.1 Let the operator E(q−α, σ1, · · · , σr, ρ1, · · · , ρs; q, qαzθxy) be defined as in equation (2.1).
Then

E(q−α, σ1, · · · , σr, ρ1, · · · , ρs; q, qαzθxy)
{
(−1)nq−(

n
2)Pn(y, x)

}
= D(α−n)

n (σ1, · · · , σr, ρ1, · · · , ρs, x, y, z). (2.3)

E(q−α, σ1, · · · , σr, ρ1, · · · , ρs; q, qαzθxy)
{
(xt; q)∞
(yt; q)∞

}
=

(xt; q)∞
(yt; q)∞

∞∑
k=0

[
α

k

]
(σ1, · · · , σr; q)k
(ρ1, · · · , ρs; q)k

[
(−1)kq(

k
2)
]1+s−r

(zt)k, |yt| < 1. (2.4)

Lemma 2.1 Let the operator E(q−α, σ1, · · · , σr, ρ1, · · · , ρs; q, qαzθxy) be defined as in equation (2.1).
Then

E(q−α, σ1, · · · , σr, ρ1, · · · , ρs; q, qαzθxy)
{
Pk(y, x)

(xt; q)k

(xt; q)∞
(yt; q)∞

}
=

(xt; q)∞
(yt; q)∞

t−k
k∑

j=0

(q−k, yt; q)j
(q, xt; q)j

qj
∞∑
ϱ=0

[
α

ϱ

]
(σ1, · · · , σr; q)ϱ
(ρ1, · · · , ρs; q)ϱ

[
(−1)ϱq(

ϱ
2)
]1+s−r

(ztqj)ϱ, (2.5)

provided that |yt| < 1.

Proof: By using q-Chu-Vandermonde sum (1.4), we find that

Pk(y, x)

(xt; q)k

(xt; q)∞
(yt; q)∞

=
(xt; q)∞
(yt; q)∞

(x/y; q)ky
k

(xt; q)k

=
(xt; q)∞
(yt; q)∞

t−k
2ϕ1(q

−k, yt;xt; q, q)

= t−k
k∑

j=0

(q−k; q)j
(q; q)j

(qjxt; q)∞
(qjyt; q)∞

qj . (2.6)
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By using (2.6) and (2.4), we obtain

E(q−α, σ1, · · · , σr, ρ1, · · · , ρs; q, qαzθxy)
{
Pk(y, x)

(xt; q)k

(xt; q)∞
(yt; q)∞

}
= t−k

k∑
j=0

(q−k; q)j
(q; q)j

qjE(q−α, σ1, · · · , σr, ρ1, · · · , ρs; q, qαzθxy)
{
(qjxt; q)∞
(qjyt; q)∞

}

= t−k
k∑

j=0

(q−k; q)j
(q; q)j

qj
(xtqj ; q)∞
(ytqj ; q)∞

∞∑
ϱ=0

[
α

ϱ

]
(σ1, · · · , σr; q)ϱ
(ρ1, · · · , ρs; q)ϱ

[
(−1)ϱq(

ϱ
2)
]1+s−r

(ztqj)ϱ.

2

3. The generating function for D(α−n)
n (σ1, · · · , σr, ρ1, · · · , ρs, x, y, z)

In this section, we use the operator representation (2.3) to drive an extension for the generat-

ing function for the generalised Cigler’s polynomials D(α−n)
n (σ1, · · · , σr, ρ1, · · · , ρs, x, y, z). Special val-

ues are supplied for the parameters of the extension of the generating function for the polynomials

D(α−n)
n (σ1, · · · , σr, ρ1, · · · , ρs, x, y, z) to get the generating function for D(α−n)

n (σ1, · · · ,
σr, ρ1, · · · , ρs, x, y, z), the generating function and its extension for the polynomials D

(α−n)
n (x, y, b) and

Ψ
(a,b)
n (x, y, z|q).

Theorem 3.1 (Extension to the generating function for D(α−n)
n (σ1, · · · , σr, ρ1, · · · , ρs, x, y, z)). For α ∈

R, then

∞∑
n=0

(−1)n+kq(
n+k

2 )D(α−n−k)
n+k (σ1, · · · , σr, ρ1, · · · , ρs, x, y, z)

tn

(q; q)n

=
(xt; q)∞
(yt; q)∞

t−k
k∑

j=0

(q−k, yt; q)j
(q, xt; q)j

qj
∞∑
ϱ=0

[
α

ϱ

]
(σ1, · · · , σr; q)ϱ
(ρ1, · · · , ρs; q)ϱ

[
(−1)ϱq(

ϱ
2)
]1+s−r

(ztqj)ϱ, (3.1)

where |yt| < 1.

Proof: By using (2.3)), we get

∞∑
n=0

(−1)n+kq(
n+k

2 )D(α−n−k)
n+k (σ1, · · · , σr, ρ1, · · · , ρs, x, y, z)

tn

(q; q)n

=

∞∑
n=0

(−1)n+kq(
n+k

2 )

× E(q−α, σ1, · · · , σr, ρ1, · · · , ρs; q, qαzθxy)
{
(−1)n+kq−(

n+k
2 )Pn+k(y, x)

} tn

(q; q)n

= E(q−α, σ1, · · · , σr, ρ1, · · · , ρs; q, qαzθxy)

{ ∞∑
n=0

Pn+k(y, x)
tn

(q; q)n

}

= E(q−α, σ1, · · · , σr, ρ1, · · · , ρs; q, qαzθxy)

{
Pk(y, x)

∞∑
n=0

Pn(y, q
kx)

tn

(q; q)n

}

= E(q−α, σ1, · · · , σr, ρ1, · · · , ρs; q, qαzθxy)
{
Pk(y, x)

(qkxt; q)∞
(yt; q)∞

}
(by using (1.7))

= E(q−α, σ1, · · · , σr, ρ1, · · · , ρs; q, qαzθxy)
{
Pk(y, x)

(xt; q)k

(xt; q)∞
(yt; q)∞

}
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=
(xt; q)∞
(yt; q)∞

t−k
k∑

j=0

(q−k, yt; q)j
(q, xt; q)j

qj
∞∑
ϱ=0

[
α

ϱ

]
(σ1, · · · , σr; q)ϱ
(ρ1, · · · , ρs; q)ϱ

[
(−1)ϱq(

ϱ
2)
]1+s−r

(ztqj)ϱ.

(by using (2.5))

2

• Setting k = 0 in equation (3.1), we obtain the generating function for

D(α−n)
n (σ1, · · · , σr, ρ1, · · · , ρs, x, y, z).

Corollary 3.1 (Generating function for D(α−n)
n (σ1, · · · , σr, ρ1, · · · , ρs, x, y, z)). For α ∈ R, we

have

∞∑
n=0

(−1)nq(
n
2)D(α−n)

n (σ1, · · · , σr, ρ1, · · · , ρs, x, y, z)
tn

(q; q)n
=

(xt; q)∞
(yt; q)∞

×
∞∑
k=0

[
α

k

]
(σ1, · · · , σr; q)k
(ρ1, · · · , ρs; q)k

[
(−1)kq(

k
2)
]1+s−r

(zt)k, |yt| < 1. (3.2)

∗ Setting r = s = 0, z = b in equation (3.2), we recover the generating function for the polyno-

mials D
(α−n)
n (x, y, b) (equation (1.11)).

∗ Setting α → ∞ in equation (3.2), we regain the generating function for the polynomials

Ψ
(a,b)
n (x, y, z|q) (equation (1.21)).

• For r = s = 0, z = b in equation (3.1), we recover the extension of the generating function for

D
(α−n)
n (x, y, b) (equation (1.12)).

• Letting α → ∞ in equation (3.1), we regain the extension of the generating function for

Ψ
(a,b)
n (x, y, z|q) (equation (1.22)).

4. Rogers formula for D(α−n)
n (σ1, · · · , σr, ρ1, · · · , ρs, x, y, z)

In this section, we will present an operator approach to the extension of the Rogers formula for the

generalized Cigler’s polynomials D(α−n)
n (σ1, · · · , σr, ρ1, · · · , ρs, x, y, z). The Rogers formula for the poly-

nomials D(α−n)
n (σ1, · · · , σr, ρ1, · · · , ρs, x, y, z), the Rogers formula and its extension for the polynomials

D
(α−n)
n (x, y, b) and Ψ

(a,b)
n (x, y, z|q) are obtained by incorporating special values for the parameters in the

extension of the Rogers formula for the polynomials D(α−n)
n (σ1, · · · , σr, ρ1, · · · , ρs, x, y, z).

Theorem 4.1 (Extension of Rogers formula for D(α−n)
n (σ1, · · · , σr, ρ1, · · · , ρs, x, y, z)). For α ∈ R, then

∞∑
n=0

∞∑
m=0

∞∑
k=0

(−1)n+m+kq(
n+m+k

2 )D(α−n−m−k)
n+m+k (σ1, · · · , σr, ρ1, · · · , ρs, x, y, z)

tn

(q; q)n

ℓm

(q; q)m

τk

(q; q)k

=
(xτ ; q)∞

(yτ, t/τ, ℓ/τ ; q)∞

∞∑
i=0

∞∑
j=0

(yτ, q)i+j(−1)i+jq−(
i+j
2 )

(xτ, q−(i+j)ℓ/τ ; q)i+j(q−it/τ ; q)i

(t/τ)i

(q; q)i

(ℓ/τ)j

(q; q)j

×
∞∑
ϱ=0

[
α

ϱ

]
(σ1, · · · , σr; q)ϱ
(ρ1, · · · , ρs; q)ϱ

[
(−1)ϱq(

ϱ
2)
]1+s−r

(zτqi+j)ϱ, (4.1)

where max{|yτ |, |t/τ |, |ℓ/τ |} < 1.
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Proof:

∞∑
n=0

∞∑
m=0

∞∑
k=0

(−1)n+m+kq(
n+m+k

2 )D(α−n−m−k)
n+m+k (σ1, · · · , σr, ρ1, · · · , ρs, x, y, z)

tn

(q; q)n+m

ℓm

(q; q)m

τk

(q; q)k

=

∞∑
n=0

∞∑
m=0

∞∑
k=0

(−1)n+m+kq(
n+m+k

2 )

× E(q−α, σ1, · · · , σr, ρ1, · · · , ρs; q, qαzθxy)
{
(−1)n+m+kq−(

n+m+k
2 )Pn+m+k(y, x)

}
× tn

(q; q)n

ℓm

(q; q)m

τk

(q; q)k

= E(q−α, σ1, · · · , σr, ρ1, · · · , ρs; q, qαzθxy)
{ ∞∑

n=0

∞∑
m=0

Pn+m(y, x)
tn

(q; q)n

ℓm

(q; q)m

×
∞∑
k=0

Pk(y, q
n+mx)

τk

(q; q)k

}

= E(q−α, σ1, · · · , σr, ρ1, · · · , ρs; q, qαzθxy)

{ ∞∑
n=0

∞∑
m=0

Pn+m(y, x)
tn

(q; q)n

ℓm

(q; q)m

(qn+mxτ, q)∞
(yτ ; q)∞

}
(by using (1.7))

=

∞∑
n=0

∞∑
m=0

tn

(q; q)n

ℓm

(q; q)m
E(q−α, σ1, · · · , σr, ρ1, · · · , ρs; q, qαzθxy)

{
Pn+m(y, x)

(xτ ; q)n+m

(xτ ; q)∞
(yτ ; q)∞

}

=

∞∑
n=0

∞∑
m=0

tn

(q; q)n

ℓm

(q; q)m
τ−(n+m) (xτ ; q)∞

(yτ ; q)∞

n+m∑
k=0

(q−(n+m), yτ, q)kq
k

(q, xτ ; q)k

×
∞∑
ϱ=0

[
α

ϱ

]
(σ1, · · · , σr; q)ϱ
(ρ1, · · · , ρs; q)ϱ

[
(−1)ϱq(

ϱ
2)
]1+s−r

(zτqk)ϱ (by using (2.5))

=
(xτ ; q)∞
(yτ ; q)∞

∞∑
n=0

∞∑
m=0

(t/τ)n

(q; q)n

(ℓ/τ)m

(q; q)m

n+m∑
k=0

[
n+m

k

]
(−1)kq(

k
2)−(n+m)k+k (yτ, q)k

(xτ ; q)k

×
∞∑
ϱ=0

[
α

ϱ

]
(σ1, · · · , σr; q)ϱ
(ρ1, · · · , ρs; q)ϱ

[
(−1)ϱq(

ϱ
2)
]1+s−r

(zτqk)ϱ

=
(xτ ; q)∞
(yτ ; q)∞

∞∑
n=0

∞∑
m=0

(t/τ)n(ℓ/τ)m

(q; q)n(q; q)m

n∑
i=0

m∑
j=0

[
n

i

][
m

j

]
q(n−i)j(−1)(i+j)q(

i+j
2 )−(n+m)(i+j)+i+j

× (yτ, q)i+j

(xτ ; q)i+j

∞∑
ϱ=0

[
α

ϱ

]
(σ1, · · · , σr; q)ϱ
(ρ1, · · · , ρs; q)ϱ

[
(−1)ϱq(

ϱ
2)
]1+s−r

(zτqi+j)ϱ (by using (1.6))

=
(xτ ; q)∞
(yτ ; q)∞

∞∑
i=0

∞∑
j=0

∞∑
n=i

∞∑
m=j

(t/τ)n(ℓ/τ)m

(q; q)n−i(q; q)m−j(q; q)i(q; q)j
q(n−i)j(−1)(i+j)q(

i+j
2 )−(n+m)(i+j)+i+j

× (yτ, q)i+j

(xτ ; q)i+j

∞∑
ϱ=0

[
α

ϱ

]
(σ1, · · · , σr; q)ϱ
(ρ1, · · · , ρs; q)ϱ

[
(−1)ϱq(

ϱ
2)
]1+s−r

(zτqi+j)ϱ

=
(xτ ; q)∞
(yτ ; q)∞

∞∑
i=0

∞∑
n=0

(t/τ)n+i(−1)iq−(
i
2)−ni

(q; q)i(q; q)n

∞∑
j=0

∞∑
m=0

(ℓ/τ)m+j(−1)jq−(
j
2)−m(i+j)−ij

(q; q)m(q; q)j

× (yτ, q)i+j

(xτ ; q)i+j

∞∑
ϱ=0

[
α

ϱ

]
(σ1, · · · , σr; q)ϱ
(ρ1, · · · , ρs; q)ϱ

[
(−1)ϱq(

ϱ
2)
]1+s−r

(zτqi+j)ϱ
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=
(xτ ; q)∞
(yτ ; q)∞

∞∑
i=0

∞∑
j=0

(t/τ)i(ℓ/τ)j(−1)i+jq−(
i
2)−(

j
2)−ij

(q; q)i(q; q)j

1

(q−it/τ ; q)∞(q−(i+j)ℓ/τ ; q)∞

× (yτ, q)i+j

(xτ ; q)i+j

∞∑
ϱ=0

[
α

ϱ

]
(σ1, · · · , σr; q)ϱ
(ρ1, · · · , ρs; q)ϱ

[
(−1)ϱq(

ϱ
2)
]1+s−r

(zτqi+j)ϱ

=
(xτ ; q)∞

(yτ, t/τ, ℓ/τ ; q)∞

∞∑
i=0

∞∑
j=0

(t/τ)i(ℓ/τ)j(−1)i+jq−(
i
2)−(

j
2)−ij

(q; q)i(q; q)j

1

(q−it/τ ; q)i(q−(i+j)ℓ/τ ; q)i+j

× (yτ, q)i+j

(xτ ; q)i+j

∞∑
ϱ=0

[
α

ϱ

]
(σ1, · · · , σr; q)ϱ
(ρ1, · · · , ρs; q)ϱ

[
(−1)ϱq(

ϱ
2)
]1+s−r

(zτqi+j)ϱ.

2

• Letting ℓ = 0 and τ = ℓ in equation (4.1), we get Rogers formula for the polynomials

D(α−n)
n (σ1, · · · , σr, ρ1, · · · , ρs, x, y, z).

Corollary 4.1 (Rogers formula for D(α−n)
n (σ1, · · · , σr, ρ1, · · · , ρs, x, y, z)). For α ∈ R, we have

∞∑
n=0

∞∑
m=0

(−1)n+mq(
n+m

2 )D(α−n−m)
n+m (σ1, · · · , σr, ρ1, · · · , ρs, x, y, z)

tn

(q; q)n

ℓm

(q; q)m
=

(xℓ; q)∞
(t/ℓ, yℓ; q)∞

×
∞∑
k=0

(yℓ; q)k
(q, xℓ, qℓ/t; q)k

qk
∞∑
ϱ=0

[
α

ϱ

]
(σ1, · · · , σr; q)ϱ
(ρ1, · · · , ρs; q)ϱ

[
(−1)ϱq(

ϱ
2)
]1+s−r

(zℓqk)ϱ, (4.2)

where max{|t/ℓ|, |yℓ|} < 1.

∗ Rogers formula for the polynomials D
(α−n)
n (x, y, b) (equation (1.13)) can be preserved by set-

ting r = s = 0, z = b in equation (4.2).

∗ Setting α → ∞ in equation (4.2), we regain the Rogers formula for the polynomials

Ψ
(a,b)
n (x, y, z|q) (equation (1.23)).

• Setting r = s = 0, z = b in equation (4.1), we get an extension to the Rogers formula for the

polynomials D
(α−n)
n (x, y, b) .

Corollary 4.2 (Extension of Rogers Formula for D
(α−n)
n (x, y, b)). For α ∈ R, we have

∞∑
n=0

∞∑
m=0

∞∑
k=0

(−1)n+m+kq(
n+m+k

2 )D
(α−n−m−k)
n+m+k (x, y, b)

tn

(q; q)n

ℓm

(q; q)m

τk

(q; q)k

=
(xτ, bτ ; q)∞

(t/τ, ℓ/τ, bτqα, yτ ; q)∞

∞∑
i=0

∞∑
j=0

(yτ, bτqα; q)i+j(−1)i+jq−(
i+j
2 )

(bτ, xτ, q−(i+j)ℓ/τ ; q)i+j(q−it/τ ; q)i

(t/τ)i

(q; q)i

(ℓ/τ)j

(q; q)j
,

where max{|t/τ |, |ℓ/τ |, |yτ |, |bτqα|} < 1.

• Setting α → ∞ in equation (4.1), we get an extension to the Rogers formula for the polynomials

Ψ
(a,b)
n (x, y, z|q) .

Corollary 4.3 (Extension of Rogers Formula for Ψ
(a,b)
n (x, y, z|q). For α ∈ ℜ, we have

∞∑
n=0

∞∑
m=0

∞∑
k=0

(−1)n+m+kq(
n+m+k

2 )Ψ
(a,b)
n+m+k(x, y, z|q)

tn

(q; q)n

ℓm

(q; q)m

τk

(q; q)k
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=
(xτ ; q)∞

(yτ, t/τ, ℓ/τ ; q)∞

∞∑
i=0

∞∑
j=0

(−1)i+jq−(
i+j
2 )(yτ, q)i+j

(xτ, q−(i+j)ℓ/τ ; q)i+j(q−it/τ ; q)i

(t/τ)i

(q; q)i

(ℓ/τ)j

(q; q)j

× rϕs

(
a1, · · · , ar
b1, · · · , bs

; q, zτqi+j

)
, max{|yτ |, |t/τ |, |ℓ/τ |} < 1.

5. Mehler’s formula for D(α−n)
n (σ1, · · · , σr, ρ1, · · · , ρs, x, y, z)

In this section, we construct an extension of the Mehler’s formula for the generalized Cigler’s poly-

nomials D(α−n)
n (σ1, · · · , σr, ρ1, · · · , ρs, x, y, z) using the operator representation (2.3). Mehler’s formula

for the polynomials D(α−n)
n (σ1, · · · , σr, ρ1, · · · , ρs, x, y, z), Miller’s formula and its extension for polyno-

mials D
(α−n)
n (x, y, b) and Ψ

(a,b)
n (x, y, z|q) are derived by providing special values for the variables in the

extension of Mehler’s formula for the polynomials D(α−n)
n (σ1, · · · , σr, ρ1, · · · , ρs, x, y, z).

Theorem 5.1 (Extension of Mehler’s formula for D(α−n)
n (σ1, · · · , σr, ρ1, · · · , ρs, x, y, z)). For α ∈ R and

β ∈ R, we have

∞∑
n=0

qn
2−nD(α−n−m)

n+m (σ1, · · · , σr, ρ1, · · · , ρs, x, y, z)D(β−n)
n (c1, · · · , cr, d1, · · · , ds, u, v, w)

tn

(q; q)n

=
(q−mxvt; q)∞
(q−myvt; q)∞

∞∑
k=0

[
β

k

]
(c1, ..., cr; q)k
(d1, ..., ds; q)k

[
(−1)kq(

k
2)
]1+s−r

(w/v)k(−1)mq(
m+1

2 )(vt)−m

×
∞∑

n=0

(−1)nq(
n
2)(u/v)n

(q; q)n

n+m+k∑
j=0

(q−(n+m+k), q−myvt; q)jq
j

(q, q−mxvt; q)j

×
∞∑
ϱ=0

[
α

ϱ

]
(σ1, · · · , σr; q)ϱ
(ρ1, · · · , ρs; q)ϱ

[
(−1)ϱq(

ϱ
2)
]1+s−r

(zvtqj−m)ϱ, |yvt| < 1. (5.1)

Proof:

∞∑
n=0

q(n
2−n)D(α−n−m)

n+m (σ1, · · · , σr, ρ1, · · · , ρs, x, y, z)D(β−n)
n (c1, · · · , cr, d1, · · · , ds, u, v, w)

tn

(q; q)n

=
∞∑

n=0

q(n
2−n)E(q−α, σ1, · · · , σr, ρ1, · · · , ρs; q, qαzθxy)

{
(−1)n+mq−(

n+m
2 )Pn+m(y, x)

}
× D(β−n)

n (c1, · · · , cr, d1, · · · , ds, u, v, w)
tn

(q; q)n

= E(q−α, σ1, · · · , σr, ρ1, · · · , ρs; q, qαzθxy)

{ ∞∑
n=0

(−1)n+mq(
n
2)−(

m
2 )−nmPn+m(y, x)

× D(β−n)
n (c1, · · · , cr, d1, · · · , ds, u, v, w)

tn

(q; q)n

}

= E(q−α, σ1, · · · , σr, ρ1, · · · , ρs; q, qαzθxy)

{ ∞∑
n=0

(−1)mq−(
m
2 )−nmPn+m(y, x)

tn

(q; q)n

×
n∑

k=0

[
n

k

][
β

k

]
(c1, . . . , cr; q)k
(d1, . . . , ds; q)k

Pn−k(v, u)(q; q)kw
k
[
(−1)kq(

k
2)
]1+s−r

}
(by using (2.2))

= E(q−α, σ1, · · · , σr, ρ1, · · · , ρs; q, qαzθxy)
{ ∞∑

k=0

∞∑
n=k

[
β

k

] [
(−1)kq(

k
2)
]1+s−r
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× (−1)mq−(
m
2 )−nmPn+m(y, x)Pn−k(v, u)

wktn

(q; q)n−k

(c1, ..., cr; q)k
(d1, ..., ds; q)k

}
= E(q−α, σ1, · · · , σr, ρ1, · · · , ρs; q, qαzθxy)

{ ∞∑
k=0

∞∑
n=0

[
β

k

] [
(−1)kq(

k
2)
]1+s−r

× (−1)mq−(
m
2 )−(n+k)mPn+m+k(y, x)Pn(v, u)

wktn+k

(q; q)n

(c1, ..., cr; q)k
(d1, ..., ds; q)k

}
= E(q−α, σ1, · · · , σr, ρ1, · · · , ρs; q, qαzθxy)

{ ∞∑
k=0

[
β

k

]
Pm+k(y, x)(wt)

k
[
(−1)kq(

k
2)
]1+s−r

× (−1)mq−(
m
2 )−mk (c1, ..., cr; q)k

(d1, ..., ds; q)k

∞∑
n=0

Pn(v, u)Pn(y, q
m+k

x)
(q−mt)n

(q; q)n

}

= E(q−α, σ1, · · · , σr, ρ1, · · · , ρs; q, qαzθxy)
{ ∞∑

k=0

[
β

k

]
Pm+k(y, x)(wt)

k
[
(−1)kq(

k
2)
]1+s−r

× (−1)mq−(
m
2 )−mk (c1, ..., cr; q)k

(d1, ..., ds; q)k

(qm+k−mxvt; q)∞
(q−myvt; q)∞

1ϕ1

(
qm+kx/y
qkxvt

; q, q−muyt

)}
(by using (1.8))

= E(q−α, σ1, · · · , σr, ρ1, · · · , ρs; q, qαzθxy)
{ ∞∑

k=0

[
β

k

]
Pm+k(y, x)(wt)

k
[
(−1)kq(

k
2)
]1+s−r

× (−1)mq−(
m
2 )−mk (c1, ..., cr; q)k

(d1, ..., ds; q)k

(qkxvt; q)∞
(q−myvt; q)∞

∞∑
n=0

(−1)nq(
n
2)Pn(y, q

m+kx)(q−mut)n

(q, qkxvt; q)n

}

=

∞∑
k=0

[
β

k

]
(wt)k

(c1, ..., cr; q)k
(d1, ..., ds; q)k

(−1)mq−(
m
2 )−mk

[
(−1)kq(

k
2)
]1+s−r ∞∑

n=0

(−1)nq(
n
2)−mn (ut)n

(q; q)n

× E(q−α, σ1, · · · , σr, ρ1, · · · , ρs; q, qαzθxy)
{

Pn+m+k(y, x)

(q−mxvt; q)n+m+k

(q−mxvt; q)∞
(q−myvt; q)∞

}
=

∞∑
k=0

[
β

k

]
(wt)k

(c1, ..., cr; q)k
(d1, ..., ds; q)k

(−1)mq−(
m
2 )−mk

[
(−1)kq(

k
2)
]1+s−r ∞∑

n=0

(−1)nq(
n
2)−nm

× (ut)n

(q; q)n

(q−mxvt; q)∞
(q−myvt; q)∞

(q−mvt)−(n+m+k)
n+m+k∑

j=0

(q−(n+m+k), q−myvt; q)jq
j

(q, q−mxvt; q)j

×
∞∑
ϱ=0

[
α

ϱ

]
(σ1, · · · , σr; q)ϱ
(ρ1, · · · , ρs; q)ϱ

(zvtqj−m)ϱ
[
(−1)ϱq(

ϱ
2)
]1+s−r

=
(q−mxvt; q)∞
(q−myvt; q)∞

∞∑
k=0

[
β

k

]
(w/v)k

(c1, ..., cr; q)k
(d1, ..., ds; q)k

(−1)mq(
m+1

2 )(vt)−m
[
(−1)kq(

k
2)
]1+s−r

×
∞∑

n=0

(−1)nq(
n
2)(u/v)n

(q; q)n

n+m+k∑
j=0

(q−(n+m+k), q−myvt; q)jq
j

(q, q−mxvt; q)j

×
∞∑
ϱ=0

[
α

ϱ

]
(σ1, · · · , σr; q)ϱ
(ρ1, · · · , ρs; q)ϱ

(zvtqj−m)ϱ
[
(−1)ϱq(

ϱ
2)
]1+s−r

.

2

• Setting m = 0 in equation (5.1), we get recover Mehler’s formula for

D(α−n)
n (σ1, · · · , σr, ρ1, · · · , ρs, x, y, z).
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Corollary 5.1 (Mehler’s formula for D(α−n)
n (σ1, · · · , σr, ρ1, · · · , ρs, x, y, z)). For α ∈ R and β ∈ R,

then

∞∑
n=0

q(n
2−n)D(α−n)

n (σ1, · · · , σr, ρ1, · · · , ρs, x, y, z)D(β−n)
n (c1, · · · , cr, d1, · · · , ds, u, v, w)

tn

(q; q)n

=
(xvt; q)∞
(yvt; q)∞

∞∑
k=0

[
β

k

]
(c1, ..., cr; q)k
(d1, ..., ds; q)k

[
(−1)kq(

k
2)
]1+s−r

(w/v)k
∞∑

n=0

(−1)nq(
n
2) (u/v)

n

(q; q)n

×
n+k∑
j=0

(q−(n+k), yvt; q)j
(q, xvt; q)j

qj
∞∑
ϱ=0

[
α

ϱ

]
(σ1, · · · , σr; q)ϱ
(ρ1, · · · , ρs; q)ϱ

[
(−1)ϱq(

ϱ
2)
]1+s−r

(zvtqj)ϱ, (5.2)

where |yvt| < 1.

∗ Setting r = s = 0, z = b in equation (5.2), we get Mehler’s formula for the polynomials

D
(α−n)
n (x, y, b).

Corollary 5.2 (Mehler’s formula for D
(α−n)
n (x, y, b)). For α ∈ R and β ∈ R , we have

∞∑
n=0

q(n
2−n)D(α−n)

n (x, y, b)D(β−n)
n (u, v, w)

tn

(q; q)n

=
(xvt, bvt; q)∞

(yvt, bvtqα; q)∞

∞∑
k=0

[
β

k

]
(−1)kq(

k
2)(w/v)k

∞∑
n=0

(−1)nq(
n
2)(u/v)n

(q; q)n

× 3ϕ2

(
q−(n+k), yvt, bvtqα

xvt, bvt
; q, q

)
, max{|yvt|, |bvtqα|} < 1.

∗ Setting α → ∞, β → ∞ in equation (5.2), we get Mehler’s formula for the polynomials

Ψ
(a,b)
n (x, y, z|q).

Corollary 5.3 (Mehler’s formula for Ψ
(a,b)
n (x, y, z|q)). We have

∞∑
n=0

q(n
2−n)Ψ(a,b)

n (x, y, z|q)Ψ(c,d)
n (u, v, w|q) tn

(q; q)n

=
(xvt; q)∞
(yvt; q)∞

∞∑
k=0

(c1, ..., cr; q)k
(q, d1, ..., ds; q)k

[
(−1)kq(

k
2)
]1+s−r

(w/v)k
∞∑

n=0

(−1)nq(
n
2) (u/v)

n

(q; q)n

×
n+k∑
j=0

(q−(n+k), yvt; q)j
(q, xvt; q)j

qj rϕs

(
a1, · · · , ar
b1, · · · , bs

; q, zvtqj
)
, |yvt| < 1.

• Setting r = s = 0, z = b in equation (5.1), we get an extension of Mehler’s formula forD
(α−n)
n (x, y, b).

Corollary 5.4 (Extension of Mehler’s formula for D
(α−n)
n (x, y, b)). For α ∈ R and β ∈ R , we

have

∞∑
n=0

q(n
2−n)D

(α−n−m)
n+m (x, y, b)D(β−n)

n (u, v, w)
tn

(q; q)n
=

(q−mxvt, bvt; q)∞
(q−myvt, bvtqα; q)∞

×
∞∑
k=0

[
β

k

]
(−1)kq(

k
2)(w/v)k

∞∑
n=0

(−1)nq(
n
2)(u/v)n

(q; q)n
(−1)mq(

m+1
2 )(vt)−m

×
n+m+k∑

j=0

(q−(n+m+k), q−myvt; q)jq
j

(q, q−mxvt; q)j

(bvtqα; q)j−m

(bvt; q)j−m
, max{|yvt|, |bvtqα|} < 1.
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• Setting α → ∞, β → ∞ in equation (5.1), we get Mehler’s formula for the polynomials

Ψ
(a,b)
n (x, y, z|q).

Corollary 5.5 (Extension of Mehler’s formula for Ψ
(a,b)
n (x, y, z|q)). We have

∞∑
n=0

q(n
2−n)Ψ

(a,b)
n+m(x, y, z|q)Ψ(c,d)

n (u, v, w|q) tn

(q; q)n

=
(q−mxvt; q)∞
(q−myvt; q)∞

∞∑
k=0

(c1, ..., cr; q)k
(q, d1, ..., ds; q)k

[
(−1)kq(

k
2)
]1+s−r

(w/v)k
∞∑

n=0

(−1)nq(
n
2) (u/v)

n

(q; q)n

× (−1)mq(
m+1

2 )(vt)−m
n+m+k∑

j=0

(q−(n+m+k), q−myvt; q)j
(q, q−mxvt; q)j

qj

× rϕs

(
a1, · · · , ar
b1, · · · , bs

; q, zvtqj−m

)
, |yvt| < 1.

6. The Srivastava-Agarwal type bilinear generating functions for

D(α−n)
n (σ1, · · · , σr, ρ1, · · · , ρs, x, y, z)

In this section, we create the Srivastava-Agarwal type bilinear generating function and Srivastava-
Agarwal type generating function for the generalized Cigler’s polynomials

D(α−n)
n (σ1, · · · , σr, ρ1, · · · , ρs, x, y, z). In addition, we use parameter values to reconstruct the Srivastava-

Agarwal type generating function for the polynomials D
(α−n)
n (x, y, b) and Ψ

(a,b)
n (x, y, z|q).

Theorem 6.1 (Srivastava-Agarwal type bilinear generating function for

D(α−n)
n (σ1, · · · , σr, ρ1, · · · , ρs, x, y, z)). For α ∈ R , we have

∞∑
n=0

ψ(c)
n (u|q)D(α−n)

n (σ1, · · · , σr, ρ1, · · · , ρs, x, y, z)
(−1)nq(

n+1
2 )tn

(q; q)n

=
(q/u, xutq; q)∞
(cq, yutq; q)∞

∞∑
n=0

(−1)nq(
n
2)(1/cu, xutq1−n; q)n

(q, q/u, yutq1−n; q)n
(cq)n

×
∞∑
k=0

[
α

k

]
(σ1, · · · , σr)k
(ρ1, · · · , ρs; q)k

[
(−1)kq(

k
2)
]1+s−r

(zutq1−n)k, max{|cq|, |qyut|} < 1. (6.1)

Proof:

∞∑
n=0

ψ(c)
n (u|q)D(α−n)

n (σ1, · · · , σr, ρ1, · · · , ρs, x, y, z)
(−1)nq(

n+1
2 )tn

(q; q)n

=

∞∑
n=0

ψ(c)
n (u|q)E(q−α, σ1, · · · , σr, ρ1, · · · , ρs; q, qαzθxy)

{
(−1)nq−(

n
2)Pn(y, x)

} (−1)nq(
n+1
2 )tn

(q; q)n

= E(q−α, σ1, · · · , σr, ρ1, · · · , ρs; q, qαzθxy)

{ ∞∑
n=0

ψ(c)
n (u|q)Pn(y, x)

(qt)n

(q; q)n

}

= E(q−α, σ1, · · · , σr, ρ1, · · · , ρs; q, qαzθxy)

{ ∞∑
n=0

ψ(c)
n (u|q)(x/y; q)n

(qyt)n

(q; q)n

}

= E(q−α, σ1, · · · , σr, ρ1, · · · , ρs; q, qαzθxy)
{
(q/u, xutq; q)∞
(cq, yutq; q)∞

2ϕ2

(
1/cu, 1/xut
q/u, 1/yut

; q, cqx/y

)}
(by using (1.16))
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= E(q−α, σ1, · · · , σr, ρ1, · · · , ρs; q, qαzθxy)
{
(q/u, xutq; q)∞
(cq, yutq; q)∞

×
∞∑

n=0

(−1)nq(
n
2)(1/cu, xutq1−n; q)n(cq)

n

(q, q/u, yutq1−n; q)n

}

=
(q/u; q)∞
(cq; q)∞

∞∑
n=0

(−1)nq(
n
2)(1/cu; q)n(cq)

n

(q, q/u; q)n

× E(q−α, σ1, · · · , σr, ρ1, · · · , ρs; q, qαzθxy)
{
(xutq1−n; q)∞
(yutq1−n; q)∞

}
=

(q/u; q)∞
(cq; q)∞

∞∑
n=0

(−1)nq(
n
2)(1/cu; q)n(cq)

n

(q, q/u; q)n

(xutq1−n; q)∞
(yutq1−n; q)∞

∞∑
k=0

[
α

k

]
(σ1, · · · , σr)k
(ρ1, · · · , ρs; q)k

×
[
(−1)kq(

k
2)
]1+s−r

(zutq1−n)k (by using (2.4))

=
(q/u, xutq; q)∞
(cq, yutq; q)∞

∞∑
n=0

(−1)nq(
n
2)(1/cu, xutq1−n; q)n(cq)

n

(q, q/u, yutq1−n; q)n

∞∑
k=0

[
α

k

]
(σ1, · · · , σr)k
(ρ1, · · · , ρs; q)k

×
[
(−1)kq(

k
2)
]1+s−r

(zutq1−n)k.

2

• Setting r = s = 0, z = b in equation (6.1), we get Srivastava-Agarwal type bilinear generating

functions for D
(α−n)
n (x, y, b) (equation (1.15)).

• Setting α → ∞ in equation (6.1), we regain Srivastava-Agarwal type bilinear generating functions

for Ψ
(a,b)
n (x, y, z|q) (equation (1.24)).

Theorem 6.2 For α ∈ R, we have

∞∑
n=0

(−1)nq(
n
2)Pn(v, u)D(α−n)

n (σ1, · · · , σr, ρ1, · · · , ρs, x, y, z)
tn

(q; q)n

=
(xvt; q)∞
(yvt; q)∞

∞∑
n=0

(−1)nq(
n
2)(u/v)n

(q; q)n

∞∑
k=0

(q−n, yvt; q)kq
k

(q, xvt; q)k

×
∞∑
ϱ=0

[
α

ϱ

]
(σ1, · · · , σr; q)ϱ
(ρ1, · · · , ρs; q)ϱ

[
(−1)ϱq(

ϱ
2)
]1+s−r

(ztqk)ϱ, |yvt| < 1. (6.2)

Proof:

∞∑
n=0

(−1)nq(
n
2)Pn(v, u)D(α−n)

n (σ1, · · · , σr, ρ1, · · · , ρs, x, y, z)
tn

(q; q)n

=

∞∑
n=0

(−1)nq(
n
2)Pn(v, u)E(q−α, σ1, · · · , σr, ρ1, · · · , ρs; q, qαzθxy)

{
(−1)nq−(

n
2)Pn(y, x)

} tn

(q; q)n

= E(q−α, σ1, · · · , σr, ρ1, · · · , ρs; q, qαzθxy)

{ ∞∑
n=0

Pn(v, u)Pn(y, x)
tn

(q; q)n

}

= E(q−α, σ1, · · · , σr, ρ1, · · · , ρs; q, qαzθxy)
{
(vxt; q)∞
(vyt; q)∞

1ϕ1

(
x/y
vxt

; q, uyt

)}
(by using (1.8))
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= E(q−α, σ1, · · · , σr, ρ1, · · · , ρs; q, qαzθxy)

{
(vxt; q)∞
(vyt; q)∞

∞∑
n=0

(−1)nq(
n
2)(ut)n

(q; q)n

Pn(y, x)

(vxt; q)n

}

=

∞∑
n=0

(−1)nq(
n
2)(ut)n

(q; q)n
E(q−α, σ1, · · · , σr, ρ1, · · · , ρs; q, qαzθxy)

{
Pn(y, x)

(vxt; q)n

(vxt; q)∞
(vyt; q)∞

}

=
(xvt; q)∞
(yvt; q)∞

∞∑
n=0

(−1)nq(
n
2)(u/v)n

(q; q)n

∞∑
k=0

(q−n, yvt; q)k
(q, xvt; q)k

qk
∞∑
ϱ=0

[
α

ϱ

]
(σ1, · · · , σr; q)ϱ
(ρ1, · · · , ρs; q)ϱ

×
[
(−1)ϱq(

ϱ
2)
]1+s−r

(ztqk)ϱ.

2

• Setting u/v = λ and vt→ t in equation (6.2), we get the following corollary:

Corollary 6.1 (Srivastava-Agarwal type generating function for

D(α−n)
n (σ1, · · · , σr, ρ1, · · · , ρs, x, y, z)). For α ∈ R, we have

∞∑
n=0

(−1)nq(
n
2)D(α−n)

n (σ1, · · · , σr, ρ1, · · · , ρs, x, y, z)(λ; q)n
tn

(q; q)n

=
(xt; q)∞
(yt; q)∞

∞∑
n=0

(−1)nq(
n
2)λn

(q; q)n

∞∑
k=0

(q−n, yt; q)k
(q, xt; q)k

qk

×
∞∑
ϱ=0

[
α

ϱ

]
(σ1, · · · , σr; q)ϱ
(ρ1, · · · , ρs; q)ϱ

[
(−1)ϱq(

ϱ
2)
]1+s−r

(ztqk)ϱ, |yt| < 1. (6.3)

• Substituting r = s = 0, z = b into equation (6.3), we Srivastava-Agarwal type generating function

for D
(α−n)
n (x, y, b) (equation (1.14)).

• Setting α → ∞ in equation (6.3), we regain Srivastava-Agarwal type generating functions for

Ψ
(a,b)
n (x, y, z|q).

Corollary 6.2 (Srivastava-Agarwal type generating function for Ψ
(a,b)
n (x, y, z|q)).

We have

∞∑
n=0

(−1)nq(
n
2)Ψ(a,b)

n (x, y, z|q)(λ; q)n
tn

(q; q)n

=
(xt; q)∞
(yt; q)∞

∞∑
n=0

(−1)nq(
n
2)λn

(q; q)n

∞∑
k=0

(q−n, yt; q)k
(q, xt; q)k

qk rϕs

(
a1, · · · , ar
b1, · · · , bs

; q, ztqk
)
, |yt| < 1.
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