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On Six Consecutive Pairs of Lucas and Fibonacci-Type p Entities connected to Chebyshev
Polynomials

R. Rangarajan, C. Goutham, K. Bharatha∗ and P. Siva Kota Reddy

abstract: Let p be a chosen positive integer parameter. Let Np = (p+1)2 +1 and Mp = 2(p+1)2 +1. We
denote the p-entities by {(λ6n+k, θ6n+k) : k = 0, 1, 2, 3, 4, 5;n = 0, 1, 2, 3, · · · }. When p = 1 they are equal to
(L6n+k, F6n+k) where Ln and Fn are the well known Lucas and Fibonacci numbers. Also, if x = λ6n+k and
y = θ6n+k, they satisfy generalised Pell’s equation x2 − Npy2 = ±(p + 1)2. In the present paper, it will be
shown that λ6n+k and θ6n+k are expressible in terms of Tn(Mp) and Un−1(Mp) where, Tn(x) and Un−1(x) are
well known Chebyshev polynomials of the first and the second kind. Some interesting combinatorial identities
are also derived for each p− entities.

Key Words: Fibonacci sequence, Lucas sequence, Generalized Combinatorial Entities, Chebyshev
Polynomials.
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1. Introduction

Combinatorial algebra of solving Pell’s equation [3,10], Combinatorial number theory of Lucas and
Fibonacci numbers, Pell and Pell-Lucas numbers and their generalizations [1,2,5,8,9,11,12,15,16,18,19,22]
and concrete Mathematics of combinatorics have [7] became very important for their well described the-
ory, endless scope for computation and many useful applications not only to pure Mathematics but also
to applied Mathematics. The main motive of the research works will be to create new combinatorial
entities and work with their beautiful combinatorial identities. The identities can also be approached via
geometrical configurations and their countings. For instance one can refer [4,14].

In [6], the D’Ocagne’s identity for the generalized Fibonacci and Lucas sequences is established in
terms of log convex identity of generalized Fibonacci and Lucas sequence by using mathematical induc-
tion. In [13], the authors constructed the sequences of Fibonacci and Lucas in any quadratic field Q(

√
d )

with d > 0 square free, noting that the general properties remain valid as those given by the classical
sequences of Fibonacci and Lucas for the case d = 5, under the respective variants. Further, for both
sequences, the authors [13] obtained the generating function, Golden ratio, Binet’s formula and some
identities that they keep.

Chebyshev polynomials are fine jewels of Mathematics to decorate in many places of number theory,
approximation theory and related areas. The present paper mainly focuses on generalized p entities
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of Lucas and Fibonacci numbers and their interconnections to Chebyshev polynomials. Some of the
interesting combinatorial identities are derived for those p entities. In [20], the required p entities are
obtained by the generalising the following identities of (L3n, F3n):

L3n : 2, 4, 18, 76, . . . , F3n : 0, 2, 8, 34, . . .

are even Lucas and Fibonacci numbers [9,12,19,22] given by the following binet forms:

L3n =

(
L3 + F3

√
5

2

)n

+

(
L3 − F3

√
5

2

)n

=
(
2 +

√
5
)n

+
(
2−

√
5
)n

√
5F3n =

(
L3 + F3

√
5

2

)n

+

(
L3 − F3

√
5

2

)n

=
(
2 +

√
5
)n

+
(
2−

√
5
)n

, n = 0, 1, 2 · · · .

It is very interesting to note that

2L3n+1 = L3n+3 − L3n; 2F3n+1 = F3n+3 − F3n,

2L3n+2 = L3n+3 + L3n; 2F3n+2 = F3n+3 + F3n, n = 0, 1, 2 · · · .

Definition: [20] Let p be chosen positive integer parameter. Put Np = (p+1)2 +1;αp = (p+1)+
√

Np

and βp = (p+ 1) +
√
Np.

Define

(i) λ3n =
p+ 1

2

(
αn
p + βn

p

)
; θ3n =

p+ 1

2
√
Np

(
αn
p − βn

p

)
(ii) (p+ 1)λ3n+1 = λ3n+3 − pλ3n; (p+ 1)θ3n+1 = θ3n+3 − pθ3n

(iii) (p+ 1)λ3n+2 = p λ3n+3 + λ3n; (p+ 1)θ3n+2 = p θ3n+3 + θ3n, where n = 0, 1, 2, 3 · · · .

n λn θn
0 p+ 1 0
1 1 1
2 p2 + p+ 1 p
3 (p+ 1)2 p+ 1
4 p2 + 3p+ 3 p+ 2
5 2p3 +4p2 +4p+1 2p2 + 2p+ 1
6 2(p+1)2 +(p+1) 2(p+ 1)2

Table 1. Initial Values

If xn = L3n, L3n+1, L3n+2, F3n, F3n+1, F3n+2 then it satisfies simple three term relations xn+1 = 2(p +
1)xn + xn−1, n = 0, 1, 2 · · · with appropriate two initial points (See [20]).

If p = 1, λ3n+k = L3n+k and θ3n+k = F3n+k, k = 0, 1, 2;n = 0, 1, 2, · · · . Also, if x = L3n+k and y = F3n+k

it is shown that x2−Npy
2 = ±(p+1)2 (See [20]). They are regarded as three pairs of Lucas and Fibonacci

type p−entities.

The Chebyshev polynomials of first and second kind [14] are given by their binet forms as:

Tn(x) =
1

2

[(
x+

√
x2 − 1

)n
+
(
x−

√
x2 − 1

)n]
;

Un(x) =
1

2
√
x2 − 1

[(
x+

√
x2 − 1

)n+1

−
(
x−

√
x2 − 1

)n+1
]
,

where n = 0, 1, 2, . . .
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First, we would like to connect (L6n, F6n) to (Tn(9), Un−1(9)) as given below:

L6n =

(
L6 + F6

√
5

2

)n

+

(
L6 − F6

√
5

2

)n

=
(
9 + 4

√
5
)n

+
(
9− 4

√
5
)n

= 2 Tn(9).

√
5F6n =

(
L6 + F6

√
5

2

)n

+

(
L6 − F6

√
5

2

)n

=
(
9 + 4

√
5
)n

+
(
9− 4

√
5
)n

= 8
√
5 Un−1(9).

In the present paper, 9 is generalised as Mp = 2(p+ 1)2 + 1. We introduce a pair of sequences, namely,
(tn, un) given by tn = Tn(Mp), un = Un−1(Mp). They fit so well that (λ6n+k, θ6n+k) have neat expressions
in terms of tn and un (please see identities (2.1)). The coming sections are devoted to derive some
interesting combinatorial identities of {(tn, un) : n = 0, 1, 2, 3 · · · } as well as {(λ6n+k, θ6n+k) : k =
0, 1, 2, 3, 4, 5;n = 0, 1, 2, 3, · · · }.

2. Recurrence Relations

In this section, combinatorial identities of tn, un, λ6n+k, θ6n+k in the form of interrelations are stated
as main theorems. Ideas of proof are given before each theorem.

2.1. Identities for 3-term recurrence relations

The standard recurrence
relations satisfied by (Tn(x), Un(x)) directly yield the following identities satisfied by tn = Tn(Mp) and
un = Un−1(Mp), where Mp = 2(p+ 1)2 + 1 :

Theorem 2.1.

(a) tn+1 = 2 Mp tn − tn−1, t0 = 1, t1 = Mp, n = 1, 2, 3 · · · ;
un+1 = 2 Mp un − un−1, u0 = 0, u1 = 1.

(b) tn = Mp un − un−1, (M
2
p − 1)un = Mptn − tn−1.

(c) tn+1 = Mp tn + (M2
p − 1)un;un+1 = tn +Mpun.

2.2. Connecting Identities I

By definition,

λ6n =
p+ 1

2

[
α2n
p + β2n

p

]
;

θ6n =
p+ 1

2
√
Np

[
α2n
p − β2n

p

]
.



4 R. Rangarajan, C. Goutham, K. Bharatha and P. Siva Kota Reddy

αp = (p+ 1) +
√
Np;

α2
p =

(
(p+ 1)2 +Np

)
+ 2(p+ 1)

√
Np, where, Np = (p+ 1)2 + 1,

Hence, α2
P = MP +

√
M2

p − 1.

Similarly, β2
P = MP −

√
M2

p − 1.

As a result,

λ6n = (p+ 1)tn; θ6n = 2(p+ 1)2un.

One may rewrite,
2(p+ 1)λ6n = θ0tn+1 + θ6tn;

θ6n = θ0un+1 + θ6un

2(p+ 1)λ6n+6 = θ6tn+1 + θ0tn;

θ6n+6 = θ6un+1 + θ0un.

Which implies,

4(p+ 1)2λ6n+3 = 2(p+ 1)[λ6n+6 − λ6n]

= (θ6 − θ0)tn+1 − (θ6 − θ0)tn

= 2(p+ 1)[θ3tn+1 − θ3tn]

So, 2(p+ 1)λ6n+3 = θ3tn+1 − θ3tn

Similarly, θ6n+3 = θ3un+1 − θ3un

Also, 2(p+ 1)2λ6n+1 = 2(p+ 1)[λ6n+3 − pλ6n]

= [λ6n+6 − λ6n]− (2p2 + 2p)λ6n

= λ6n+6 − (2p2 + 2p+ 1)λ6n

= (p+ 1)θ1tn+1 − (p+ 1)θ5tn

So, 2(p+ 1)λ6n+1 = θ1tn+1 − θ5tn.

Similarly, θ6n+1 = θ1un+1 − θ5un.

The computation for the cases 6n+ 2, 6n+ 4 and 6n+ 5 are quite similar. Hence one can combine all of
them and write the following compact identities:

Theorem 2.2.

(a) 2(p+ 1)λ6n+k = θktn+1 + (−1)kθ6−ktn.

(b) θ6n+k = θkun+1 + (−1)kθ6−kun.

2.3. Connecting Identities II

One may also write,

λ6n =(p+ 1)tn

=(p+ 1)[Mpun − un−1]

=(p+ 1)[un+1 −MPun]

=(p+ 1)un+1 − [2(p+ 1)3 + (p+ 1)]un

=λ0un+1 − λ6un.
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and θ6n = 2(p+ 1)2un

= (Mp − 1)un.

This further implies, (Mp + 1)θ6n =(M2
p − 1)un

= (Mp)tn − tn−1

= tn+1 −Mptn

2Npθ6n = tn+1 −Mptn

So, 2(p+ 1)Npθ6n = λ0tn+1 − λ6tn.

By a similar derivation, one obtain the following compact identities:

Theorem 2.3.

(a) λ6n+k = λk un+1 + (−1)k+1 λ6−k un.

(b) 2(p+ 1) Np θ6n+k = λk tn+1 + (−1)k+1 tn.

2.4. Connecting Identities III

One may write in another way as follows:

λ6n+6 =(p+ 1) tn+1

=(p+ 1) [Mp tn + (M2
p − 1) un].

Since, λ6 = (p+ 1) Mp, θ6 = 2(p+ 1)2 and Np = (p+ 1)2 + 1,

λ6n+6 = λ6tn + 2(p+ 1)Npθ6un,

θ6n+6 = 2(p+ 1)2un+1

= 2(p+ 1)2[tn +Mpun]

= θ6tn + 2(p+ 1)λ6un

Also, λ6n = (p+ 1)tn

= λ0tn + 2(p+ 1)Npθ0un;

θ6n = 2(p+ 1)2un

= θ0tn + 2(p+ 1)λ0un.

The computations for the cases 6n+k, k = 1, 2, 3, 4, 5 are quite similar, hence one may write the following
compact identities:

Theorem 2.4.

(a) λ6n+k = λktn + 2(p+ 1)Npθkun.

(b) θ6n+k = θktn + 2(p+ 1)λkun, k = 0, 1, 2, 3, 4, 5;n = 0, 1, 2, 3 . . .

2.5. Computational Identities

As a consequence of the above identities, one can derive the following computational identities:
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Theorem 2.5.

(a) λ6(n+1)+k = 2MPλ6n+k − λ6(n−1)+k

λ6+k =

{
2(p+ 1)λ3+k + λk if k = 0, 1, 2.

(4(p+ 1)2 + 1)λk + 2(p+ 1)λk−3 if k = 3, 4, 5.

λk : λ0 = p+ 1, λ1 = 1, λ2 = p2 + p+ 1, λ3 = (p+ 1)2, λ4 = p2 + 3p+ 3, λ5 = 2p3 + 4p2 + 4p+ 1.

n = 1, 2, 3 · · ·
(b) θ6(n+1)+k = 2MP θ6n+k − θ6(n−1)+k

θ6+k =

{
2(p+ 1)θ3+k + θk if k = 0, 1, 2.

(4(p+ 1)2 + 1)θk + 2(p+ 1)θk−3 if k = 3, 4, 5.

θk : θ0 = 0, θ1 = 1, θ2 = p, θ3 = (p+ 1), θ4 = p+ 2, θ5 = 2p2 + 2p+ 1.
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These identities will be used to derive some more interesting identities in the next two sections.

3. Matrix Identities, Cassini-type Identities and Generating Functions

Identities 2.1 (c) may be written as[
tn un

(M2
p − 1)un tn

]
=

[
Mp 1

(M2
p − 1) Mp

] [
tn−1 un−1

(M2
p − 1)un−1 tn−1

]
and identities 2.1 (a) may be written as[

tn−1 tn
tn tn+1

]
=

[
tn−2 tn−1

tn−1 tn

] [
0 −1
1 2Mp

]
and [

un−1 un

un un+1

]
=

[
un−2 un−1

un−1 un

] [
0 −1
1 2Mp

]
.

By iterating the above identities, one obtain the following matrix identities:

Theorem 3.1.

(a)

[
tn un

(M2
p − 1)un tn

]
=

[
Mp 1

(M2
p − 1) Mp

]n
(b)

[
tn−1 tn
tn tn+1

]
=

[
1 Mp

Mp 2M2
p − 1

] [
0 −1
1 2Mp

]n−1

(c)

[
un−1 un

un un+1

]
=

[
0 1
1 2Mp

] [
0 −1
1 2Mp

]n−1

.

n = 1, 2, 3, . . .
Identities (2.4) may be rewritten as (with M2

p − 1 = 4(p+ 1)2Np)[
2(p+ 1) λ6n+k θ6n+k

2(p+ 1) Np θ6n+k λ6n+k

]
=

[
2(p+ 1) λk θk

2(p+ 1) Np θk λk

] [
tn un

(M2
p − 1)un tn

]
.

Using 3.1(a), we deduce the following identity:

Corollary 3.2.[
2(p+ 1) λ6n+k θ6n+k

2(p+ 1) Np θ6n+k λ6n+k

]
=

[
2(p+ 1) λk θk

2(p+ 1) Np θk λk

] [
Mp 1

(M2
p − 1) Mp

]n
, k = 0, 1, ..., 5; n = 1, 2, 3, . . .

By computing determinants on both sides of the identities 3.1 (a), (b), (c) and (3.2) one obtain the
following Cassini-type identities:

Corollary 3.3.
(a) t2n − (M2

p − 1) u2
n = 1

(b) tn−1 tn+1 − t2n = M2
p − 1

(c) un−1 un+1 − u2
n = −1

(d) λ2
6n+k −NP θ26n+k = λ2

k −Np θ2k = (−1)k (p+ 1)2,

k = 0, 1, 2, 3, 4, 5;n = 0, 1, 2, 3, . . .

The identities in 2.1(a) and 2.5(a), (b) directly help us to obtain the following generating functions (The
derivations are exactly same as those for obtaining generating functions of Tn(x), Un(x), Fn and Ln):
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Theorem 3.4.

(a)

∞∑
n=0

tn xn =
1−Mp x

1− 2 Mp x+ x2

(b)

∞∑
n=0

un xn =
x

1− 2 Mp x+ x2

(c)

∞∑
n=0

λ6n+k xn =
λk − (λ6+k − 2 Mp λk) x

1− 2 Mp x+ x2

(d)

∞∑
n=0

θ6n+k xn =
θk − (θ6+k − 2 Mp θk) x

1− 2 Mp x+ x2
, k = 0, 1, 2, 3, 4, 5.

4. Summation and Convolution Identities

A simple consequences of identities in 2.1(a), (b) are:

2 (Mp − 1) tk =

{
2(t1 − t0) if k = 0

(tk+1 − tk)− (tk − tk−1) if k = 1, 2, · · · , n.

2 (Mp − 1)uk =

{
0 if k = 0

(uk+1 − uk)− (uk − uk−1) if k = 1, 2, · · · , n.
As a result one can directly derive the following identities:

Theorem 4.1.

(a) (Mp − 1)

n∑
k=0

tk = [tn+1 − tn] + [t1 − t0]

(b) 2 (Mp − 1)

n∑
k=0

uk = [un+1 − un]− [u1 − u0], n = 0, 1, 2, · · · .

Applying the identities 2.4(a), (b) and the identities 4.1(a), (b), one can directly deduce the following
identities:

Corollary 4.2.

(a) 2 (Mp−1)

n∑
r=0

λ6r+k = λk[(tn+1 − tn) + (t1 − t0)] + 2(p+ 1)Npθk[(un+1 − un)− (u1 − u0)];

(b) 2 (Mp − 1)

n∑
r=0

θ6r+k = θk[(tn+1 − tn) + (t1 − t0)] + 2(p+ 1)λk[(un+1 − un)− (u1 − u0)].

Put γ = Mp +
√
M2

p − 1 and δ = Mp −
√
M2

p − 1. Then, tn =
1

2
[γn + δn]; un =

γn − δn

γ − δ
.

Applying the above binet forms and summing suitable geometric series into powers of
γ

δ
and

δ

γ
, one can

deduce the following convolution identities:

Theorem 4.3.

(a)

n∑
k=0

tktn−k =
1

2
[(n+ 1)tn + un+1];

(b)

n∑
k=0

ukun−k =
1

2(M2
p − 1)

[(n+ 1)tn − un+1];

(c)

n∑
k=0

tkun−k =

n∑
k=0

uktn−k =
n+ 1

2
un.
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Applying the identities 2.4(a), (b) and identities 4.3(a), (b) and (c), with suitable simplifications one can
finally derive the following convolution identities:

Corollary 4.4.

(a)

n∑
r=0

λ6r+kλ6(n−r)+k =

(
λ2
k +Npθ

2
k

2

)
(n+ 1)tn + 2Np(p+ 1)(n+ 1)λkθkun +

(
λ2
k −Npθ

2
k

2

)
(un+1)

(b)

n∑
r=0

θ6r+kθ6(n−r)+k =

(
λ2
k +Npθ

2
k

2NP

)
(n+ 1)tn + 2(p+ 1)(n+ 1)λkθkun +

(
λ2
k −Npθ

2
k

2Np

)
(un+1)

(c)

n∑
r=0

λ6r+kθ6(n−r)+k =

n∑
r=0

θ6r+kλ6(n−r)+k

= λkθk(n+ 1)tn + (p+ 1)(λ2
k +Npθ

2
k)(n+ 1)un.
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