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ABSTRACT: In this paper, we introduce the concept of extended quasi partial b-metric spaces as a gener-
alization of extended partial b-metric and quasi metric spaces. Some topological properties of the space and
some fixed point results are established. Our results generalize several well-known comparable results in the
literature. To validate our findings, we provide several illustrative examples. Finally, as an application, the
existence of a solution of the Volterra integral equation is presented.

Key Words: Extended quasi partial b-metric space, extended partial b-metric space, quasi metric
space, fixed point, Volterra integral equation.

Contents
1 Introduction and preliminaries 1
2 Main results 3
3 Fixed point theorems for generalized extended quasi partial b-metric spaces 7
4 Application to Volterra Integral Equations 15
5 Conclusion 16

1. Introduction and preliminaries

The fixed point theory in metric space is an important part of nonlinear functional analysis. In fixed
point theory the major developments are inspired by the classic Banach contraction principle. Fixed
point theory has many implications in analysis, applied mathematics, engineering, and its development
deeply rooted in metric space. In 1906, Maurice René Fréchet first introduced the concept of a metric
space and conducted pioneering work in functional analysis. The advancements in technology have lead
researchers to extend and improve the concept of a metric space. In 1993, Bakhtin [2] introduced the
concept of b-metric space and proved the Banach contraction Principle in b-metric space. Shukla [12]
proposed partial b-metric spaces that generalize both b-metric space and partial metric space.

In 2017, Kamran [6] introduces the notion of an extended b-metric space and established fixed point
theorems in extended b-metric space. Shatanawi [14,13,15] considered more interesting results on ex-
tended b-metric spaces. The concept is a generalization of a b-metric space. These spaces generalize
the metric spaces by adding additional elements. In 1994, Mathews [8] introduced the notion of partial
metric space as a denotational semantic of data flow network. The most important difference of a partial
metric rather than a standard metric is the existing possibility of a non zero self distance. O’Neill [9]
generalized the concept of a partial metric space further by admitting negative distances. The partial
metric defined by are daulistic partial metric. In a generalization by Heckmann [5], omitted the small self
distance axiom and called the partial metric a weak partial metric. Satish [12] introduces the concept
of partial b-metric space in 2014, and proved fixed point theorem of the Banach Contraction Principle
and Kanan type mapping in partial metric spaces. In 2015, the concept of quasi partial b-metric was
introduced [4]. Later, extended partial b-metric was introduced as its generalization by Parvaneh [10].
In which he generalized extended b-metric and partial b-metric.
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In [16], Zada, Shah, and Li advanced the theory of integral-type contractions by developing coupled
coincidence fixed point theorems in G-metric spaces. Subsequently, Wang, Zada, Shah, and Li in [17]
extended this line of research to dislocated metric spaces with common fixed point results for self-maps,
and further generalized these results to dislocated quasi-metric spaces in [18]. Continuing this trajec-
tory, Shah, Zada, and Li [19] introduced new common coupled fixed point theorems for integral-type
contractions in generalized metric spaces. The theoretical framework was broadened further by Zada,
Shah, and Li [20], who proposed fixed point theorems within ordered cone b-metric spaces. Additional
insights were provided by Shah and Zada [21], who explored fixed points for compatible mappings under
integral-type contractions in G-metric spaces, and by Shah [22], who contributed new results in the con-
text of b-metric-like spaces.

On the applied side, Turab and Sintunavarat [23,24] utilized fixed point theory to model complex bi-
ological and psychological systems, showcasing the Banach fixed point theorem’s relevance in practical
scientific applications.

In this paper, we shall focus on the very interesting generalization of metric spaces namely, extended
quasi partial b-metric spaces. Firstly, we are going to define extended quasi partial b-metric space and
examples to validate the definitions. We are introducing extended quasi partial b-metric type and estab-
lished some fixed point results for contractive mappings. We also present an example for Voltera integral
equation to validate our results. To begin with, let us recall some fundamental definitions.

Definition 1.1 [1] Let Y be a nonempty set and s > 1 be a given real number. A functiond : Y xY — R
1s called a b-metric for all u,v,w € Y the following conditions are satisfied:

1. d(u,v) =0 iff u =,
2. d(u,v) = d(v,u),
3. d(u,w) < s[d(u,v) + d(v, w)].
The pair (Y,d) is called a b-metric space.

Definition 1.2 [6] Let Y be a non empty set and 6 : Y x Y — [0,00). A functiondp : Y XY — [1,00)
is called extended b-metric space if for all u,v,w € Y it satisfies:
1. do(u,v) =0 iff u=w,
2. dg(u,v) = dg(v,u),
3. do(u, w) = O(u,w)[dg(u,v) + dg(v, w)].

Definition 1.3 [12] Let Y be a non empty set. A function ¥ x Y — [0, 00) is a partial b-metric on
Y, if there exists a real number o > 1 such that the following conditions hold for u,v,w € Y:

1. d(u,u) = d(u,v) iff u=w,

2. d(u,u) < d(u,v),

3. d(u,v) = d(v,u),

4. d(u,v) < afd(u, w) + d(w,v) — d(w, w)].

The pair (Y,d) is called a partial b-metric space.

Definition 1.4 [3] Let Y be non empty set and o : ¥ x Y — [1 4+ 00) be a continuous function a
function where o : ¥ x Y — [1,400) is called partial extended b-metric space if for all z,y,z € Y
it satisfies the following:

1. P,y(u,v) = Py(v,v) = Py(u,v)iff u=wv,
2. Po(u,v) < Po(u,v)
3. Pa(u,v) = Po(v,u),
4. Po(u [

[e3
yw) < afu,v)

)

P, (u,v) + Py(v,w) — Pa(w,w)].
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Definition 1.5 [10] Let Y be a (non-empty) set and Q : [0,00) — [0,00) be a strictly increasing
continuous function with Q=1(¢) <t < Q(t) for t € [0,00). A function p:Y x Y — R* is called an
extended partial b-metric, or a partial p-metric, if, for all u,v,w € Y, the following conditions are
satisfied:

1. u=v < p(u,u) = p(u,v) = p(v,v),

2. p(u,u) < p(u,v),

3. p(u,v) = p(v, u),

4. p(u,v) — p(u,u) < Q(p(u, w) + p(w,v) — p(w, w) — p(u,w)).

The pair (Y, p) is called an extended partial b-metric space.
Now, we give an example of extended partial b-metric space.

Example 1.1 Let Y = R? and define:

1
pla,0) = max {Ju = vl 3 = ol
where || - ||1 is the Ly norm and || - ||2 is the Euclidean norm. Specifically,
|lu—vlly = |uy —v1| + |ug — va.

and

lu—vll2 = V/(u1 — v1)? + (ug — v2)?.
Let Q: [0,00) — [0,00) be defined as Q(t) = 2t. Hence, (Y,p) is a partial extended b-metric space.

Definition 1.6 [4] A quasi partial b-metric on a non-empty set Y is a mapping qpb : ¥ x Y — Ry
such that for some real number s > 1 and all u,v,w € Y, the following conditions are satisfied:

1. gpb(u,u) = gpb(u,v) = gpb(v,v) = u =,

2. gpb(u, u) < qpb(u,v),

3. apb(u, u) < qpb(v, u),

4. qpb(u, v) < s[qpb(u, w) + qpb(v, w)] — qpb(w, w).

The pair (Y, gpb) is called quasi partial b-metric space.
An example of quasi partial b-metric is given below.

Example 1.2 Let Y = R and define the mapping qgpb: Y xY — R by

lu—p|l+1 ifu<p,
qapb(u,p) = )
2u—pl+1 ifu>p.
gpb(u, p) satisfies the conditions for a quasi-partial b-metric for some s > 1 and all u,p,w € Y.
Now, we present our main results in the upcoming section.
2. Main results

To begin with, we introduce the concept of the extended quasi-partial b-metric space in this context.

Definition 2.1 Let Y is a non-empty set and €2 : [0, 00) — [0, 00) be a strictly increasing continuous
function with Q=1(¢) <t < Q(t) for t € [0,00). A function pg : Y x Y — RT is called an extended
quasi partial b-metric if, for all u,v,w € Y, the following conditions are satisfied:

(1) u=viff po(u,u) = pa(u,v) = pa(v,v),
(2) pQ(ua u) < pQ(uv ”U),
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(3) pQ(ua U) < Q(pg(u, w) + pQ(wv 1)) - pﬂ(wa w) - pQ(ua u))
The pair (Y, pgq) is called an extended quasi partial b-metric space.

Remark 2.1 Every quasi partial b-metric space is an extended quasi partial b-metric space with
Q(t) = t, but the converse is not necessarily true.
Some examples of extended quasi partial b-metric spaces are presented below.

Example 2.1 Let Y =R and definep:Y xY — Ry by

elv=vl 41 ifu<w,
pQ(U,'U) = lu—v] .
2e +1 ifu>w.

and the function

Q) =e" +1.
1. u=v <= pa(u,u) = pa(u,v) = pa(v,v).
If u=w:
pa(wu) =" 41=¢"+1=2
pa(u,v) = pa(v,u) =2 (since u =v)
If u # v:

elv=vl 41 dfu<o,
pﬂ(U,’U) = lu—wv] .
2e +1 ifu>w

Thus, po(u,u) =2 and po(u,v) # 2 when u # v.

2. pa(u,u) < pa(u,v).
Foru <w:

po(u,u) =2
po(u,v) =€’ “+1
Since, e*"" > 1, it follows that e~ +1 > 2. For u > v:
po(u,u) =2
pa(u,v) =27 +1
Since, 2¢¥~" + 1 > 2, Thus Condition (2) is satisfied.
3. pa(u,v) < Q(pa(u, w) + po(w,v) — po(w,w) — pa(u,u)), where Q(t) = et + 1, For u < v:
pa(u,v) = (""" +1)=€e""+1

For u > v:
po(u,v) = (2e"7"4+1)=2e"""+1

Foru <w <w, , we can write:

po(w,w) =2
implies that ("™ +1) < Qe ™" +1+e" " +1-2)
e+ 1 < Qe eV 42 -2)

w—u_ v—w
€ €
<e + —1.
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For u>w < w, It can be expressed that:
po(u,w) =27 +1
po(w,v) =€e""" +1
po(w,w) = 2.
implies that2e" ™" +1 < Q2" +14+e"" " +1-2)
26"+ 1< Q28"+ TV 42 -2)

v—w

< 626“_“)4‘6 1

Condition (3) is fulfilled as the right-hand side, containing Q, increases more rapidly than the left-
hand side because of the exponential term. Moreover, pq(u,v) together with Q(t) meets all conditions
necessary for an extended quasi partial b-metric.

Example 2.2 Let Y = [0,00]|. Consider the function pg : Y xY — [0,00) defined by
pa(w,y) = 2* +y? + [z —yl.

Let Q : [0,00) — [0,00) be given by Q(t) = t2. We aim to verify whether the function pq satisfies the
conditions required to be an extended quasi partial b-metric on the space Y .

1. If u=wv: We have,

pa(v,v) = 22,
Thus, po(u,u) = po(u,v) = po(v,v) when u=v.
2. pa(u,u) < palu,v). We may write,
po(u,u) = 2u>
pa(u,v) = u? + v + |u —vl.

We need to verify,

2u? < u? + 0%+ |u— |
u? < v+ |lu— vl
This inequality is always true because |u — v| > 0.
3. pa(u,v) < Qpa(u, w) + pa(w,v) — po(w, w) — pa(u,u)) where Qt) = t2,
(u? + v + Ju —v]) = Q1 + w0 + |u —w|) + (W? + v + |w —v|)
— (w? + w?) — 2u?)
= Q(u? +v? + Ju — w| + |w —v| — 2u?)

v —u? + |u—v| < (WP + 0%+ |u—w| + |w—v| - 2u?)%

Observe that the right-hand side expression,
(u® +0* + [u — w| + |w = v])?,

grows substantially faster than the left-hand side expression,

v —u? + |u—vl.

As a result, the generalized triangle inequality required for an extended quasi partial b-metric is satisfied.
Therefore, the function po(u,v) = u? + v? + |u — v| meets all the conditions necessary to be an extended

quast partial b-metric.
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Example 2.3 Let Y = C([a,b],R) be the space of all continuous real-valued functions defined on the
closed interval [a,b]. Define a function pg : Y xY — [0,00) by

pa(u,v) = tzl[lpb](U(t) —o() +1,

and let  : [0,00) — [0,00) be given by Q(t) = t2. Then (Y,pq) is a complete extended quasi partial

b-metric space.

In an extended quasi partial b-metric space, we introduce the concepts of Cauchy sequences and conver-
gence.

Definition 2.2 Let (Y, po) be an extended quasi partial b-metric space. Consider a sequence {u,} CY
and a point u € Y. Then the following statements hold:

1. The sequence {u,} converges to u in (Y, pq) if and only if

lim pq(tn,u) = 0.
n—r oo

2. The sequence {u,} is a Cauchy sequence in (Y, pq) if and only if

lim  po(tn, uy,) = 0.
n,Mm— 00

3. The space (Y, pq) is said to be complete if every Cauchy sequence in Y converges to a point in
Y’; that is, for every Cauchy sequence {u,} C Y, there exists u € Y such that

Jim pa(un, u) = 0.

Lemma 2.1 Let (Y,pq) be an extended quasi partial b-metric space. If the function pq is continuous,
then every convergent sequence in'Y has a unique limit.

Lemma 2.2 Let (Y,pq) be an extended quasi partial b-metric space. Then for any u € Y, it holds that
palu,u) > 0.
Lemma 2.3 Let (Y,pq) be an extended quasi-partial b-metric space and (Y,dq) be the corresponding

b-metric space. Then (Y,dq) is complete if (Y, pq) is complete.

Proof: Since, (Y,pq) is complete, every Cauchy sequence {u,} in Y converges with respect to 7,, to a
point u € Y such that

palu,u) = n,}}goopﬂ(“”’ Um) = nvggm P (U, ). (2.1)

Consider a Cauchy sequence {u,} in (u,dq). We will show that {u,} is Cauchy in (u,pq). Since {u,} is
Cauchy in (u,dq), limy, m—soo da(Un, Uy, ) exists and is finite. Also,

dQ(Unaum) :pQ(Unaum) +pQ(um7un) 7pQ(Unaun) 7pQ(um7Um)~

Clearly, limy, 100 PO (Un, Ur,) and limy, ;o0 Do (Um, Uy, ) exist and are finite. Therefore, {u,,} is a Cauchy
sequence in (Y,pq). Now, since (Y, pq) is complete, the sequence {u,} converges with respect to 7,
to a point u € Y such that (2.1) holds. For {u,} to be convergent in (Y,dq), we will show that
do(u,u) = lim, 00 do(u, uy,).

It follows from the definition of dq that dg(u,u) = 0. Also,

nlggo do (u, un) = nlLH;o [pQ (U, Un) + pa (Um U) — Pa (Um Un) - pQ(“v u)]

=0 by (1) and the definition of convergence in (Y, pq).

Hence, do(u,u) = lim, o0 do(u, uy). O
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3. Fixed point theorems for generalized extended quasi partial b-metric spaces

In this section, we prove several fixed point theorems within the framework of complete extended
quasi partial b-metric spaces. We begin by establishing the following result, which serves as a gener-
alization of the Banach fixed point theorem within the framework of extended quasi-partial b-metric
spaces. Throughout this section, for the mapping T : Y — Y and ug € Y, O(ug) = {ug, T?ug, T3ug, ...}
represent the orbit of ug.

Theorem 3.1 Let (Y, pq) be a complete extended quasi partial b-metric space such that pq is a continuous
functional. Let T : Y —'Y satisfy
pa(Tu, Tv) < Apa(u,v), (3.1)

for all u,v € Y, where 0 < XA < 1, and assume that for each ug € Y, and Q : [0,00) — [0,00) be a strictly
increasing continuous function with Q=1(t) <t < Q(t) for t € [0,00). where u,, = T"ug. Then, T has a
unique fized point u* € Y.

Proof: To begin the proof, we show that any fixed point of T', if it exists, must be unique. Let u*,
u** €'Y be distinct fixed points of T'. It follows from (3.1) that

po(u”,u™) = po(Tu*, Tu™) < Apo(u™, u™) < pa(u®,u™™),

which is a contradiction. Therefore, we must have pg(u*,u**) = 0. Furthermore, if v* is a fixed point
and po(u*,u*) > 0, then from (3.1) we get

pQ(U*7U*) :pQ(TU/*>TU*) < )\pQ(U*aU*) <pQ(U*7U*)7

a contradiction. Thus, po(u*,u*) = 0. We choose any uo € Y arbitrarily and define the iterative sequence

{un} by:
uo, Tug=mu1, uy="Tuy=T(Tug) =T?(ug), ..., un="T"u,

Then, by successively applying inequality (3.1), we obtain:
P (Un, Uny1) < AN'pa(uo, ur). (3.2)

By the triangular inequality and inequality (3.2), for m > n, we have:

P (tn, Um) < Qpa(Un, Unt1) + patni, Unm)

= P (Un+1,Unt1) — Po(Un, Un)]

< Qpa(tn, Uni1) + Qpa(tni1, Uny2) + P (Uni2, Um)
— Pa(Un+2, Unt2) = PQ(Un+1, Unt1)]
= P (Un+1, Unt1) — P (Un, Un)]

< Qpa(tn, uny1) + Qpa(Unt1, Uni2) + -
+ Qlpa(tum—1, Um—2) —pg(um_l,um-l)
_pQ(um72’ um72) — .. ]
= pa(Unt1, Unt1)] — patn, un)]

< Q\"palug, ur) + QA M pe (ug, ur) + . ..
+ Q™ pa(uo, u1) — Po(Um—1, Um—1)
*pQ(Um—Q, Um—2) .. ]

= P (Un+1, Unt1)] — P (Un, Un)]-
Since, A\"pq (ug, u1) + A" pg (ug, ur) + -+ + A™ Ipa(ug, u) is bounded above by,

An(1 — Amny

pQ(Uo,Ul) : -
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and,
Q [N"pa(ug, ur) + Q[N pa (ug, ur) + -+ + Q [N pa(uo, u1) — po(tm—1, um—-1)]]]
is bounded above by:
1—m—n
1—A
Since, A < 1, as n — 00, A™ — 0. This implies that:

Q |pa(uo,ur) - — P (Um—1, Um—1)
A'pa(ug,u1) — 0

. Thus, the series converges to a finite value, since the geometric series converges. Letting n — oo, we
conclude that {u,} is a Cauchy sequence. Since, Y is complete, letting u,, — u* € Y, we have:

po(Tu*,u*) < Q(pa(Tu”, un) + pa(tn, u*) — po(un, un) — po(Tu”, Tu"))
< Q(Apa(u*,un—1) + pa(tn, u*) — pa(un, un) — po(Tu*, Tu"))
<QO0-0-0)=0asn— 0.

Hence, v is a fixed point of T. O
Now, we present some examples for the validation of Theorem (3.1).
Example 3.1 Let Y = [0,00). Define po(u,v):Y xY — RT and Q(t) : [0,00) — [0,00) as:
1
palu,v) =lu—2v[+5, Q=t+2

Then, pq is a complete extended quasi partial b-metric on X. Define T :Y =Y by T(u) = 2u. We have:
1

T3

u  2v

po(Tu, Tv) = 5~ %

1
< §(|u—2v\+1)
< Apa(u,v),

and Q : [0,00) — [0,00) is defined as Q(t) =t + 2 for t € [0,00). All conditions of Theorem (3.1) are
satisfied. Hence, T has a unique fized point.

Example 3.2 Let Y = [0,00). Define pa(u,v):Y xY — RT and Q(t) : [0,00) — [0,00) as:
1
pa(u,v) = le* —v| + 2 Q) =e" +1

Then, pq is a complete extended quasi partial b-metric on'Y. Define T : Y =Y by T(u) =u+1. We
have:

po(Tu,Tv) = |e“+1 —(v+ 1)| +%
_ |put+l 1
7|e v 1|+2.

In general, since et = e - e*, the inequality would be:

1 1
|e~e“v1+2§)\<e“v+2)
< Apa(u,v).

By examining the inequality, we identify a suitable . Given that T(u) = u + 1 induces a shift in the
exponential function, it becomes straightforward to find such a X. Therefore, all the assumptions of
Theorem 3.1 hold, guaranteeing the uniqueness of the fixed point of T
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Corollary 3.1 Let (Y,pq) be a complete extended quasi partial b-metric space such that pg is a contin-
wous functional. Let T :Y —'Y satisfy

pa(T"u, T"v) < Apq(u,v) (3.3)

for allu,v € Y, where 0 < X\ < 1, and assume that for each ug € Y, and Q : [0,00) — [0,00) be a strictly
increasing continuous function with Q=(t) <t < Q(t) for t € [0,00). where u,, = T"ug. Then T has a
unique fized point u* €Y.

Proof: The proof of this corollary follows by writing 7' = T", from Theorem (3.1), so that 7™ has a
unique fixed point. O

In [7], Karapinar et al. proved a fixed point theorem in quasi partial metric spaces. Motivated by their
work, we have extended these results to the setting of extended quasi partial b-metric spaces.

Theorem 3.2 Let (Y,pq) be a complete extended quasi partial b-metric space, where Q(t) : [0,00) —
[0,00) and let T : Y — Y. Then the following hold:

(a) There exists ¢ : Y — Ry such that
po(u,Tu) < p(u) —p(Tu) foralueYY
if and only if

Zpg (T™u, T ) converges for all u € Y.
n=0

(b) There exists o : u — RY such that
pa(u, Tu) < o(u) — p(Tu) for all u € O(u)
if and only if

[ee]
Zpg (T"u, T" ) converges for all u € O(u).
n=0

Proof: Let u € Y, and let
pa(u, Tu) < p(u) = (Tu).
Define the sequence {u, }22; in the following way:

— Tn+1

up = u and Upy1 = Ty, ug, forallmn=20,1,2,....

By setting:

n n
Sn = Zpsz(uk, Upy1) = ZPS)(Tkuo,Tk+1uo).
k=0 k=0

Then, we have:

S < [9(T*ug) — (T ug)

k=0
= [p(uo) — e(Tuo)] + - - + [(T"ug) — (T )]
= p(ug) — p(T" ug) < @(ug) = p(u). (2.1)

Thus, (2.1) implies that {S,} is bounded. Also, {S,} is non-decreasing by definition, and hence it is
convergent. Define:

n

o(u) = ZpQ(T”u, T ) and S, (u) = ZpQ(Tku,TkHu).
n=0 k=0
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Then,
o(Tu) = ZpQ(T"'Hu, T 2y) and S, (Tu) = ZpQ(TkaTk”u).
n=0 k=0
Using these definitions, we get:

n

Sp(u) — Sp(Tu) = ZpQ(Tku, TF ) — ZpQ(Tk'Hu, T+ 2y)
k=0 k=0
= pa(u, Tu) — po(T" u, T 2u).

Since, Y07 po(T™u, T u) converges for all u € Y,

lim S, (u) = ¢(u) and ILm po(T"u, T" 'u) = 0.

n—oo

Letting n — oo in (2.2) yields
pa(u, Tu) = p(u) — ¢(Tu),

and hence the proof is complete. The proof of (b) follows analogously and is therefore omitted.

To validate Theorem 3.2, we offer the following examples.
Example 3.3 Let Y = [0,00). Define:
pa(u,y) = [u—yl+|u, and Q(t) =1

Clearly, pqa satisfy the axioms of evtended quasi partial b-metric spsace. Define T'(u) = 5.
- - e o] n n+1 .
series is convergent Y~ o po(T"u, T" " u) is convergent.

n=0

SS{ RS NN
nZOS"—l 3" 3" —1
S

n:03" 3 -1

_OOSu

71203”

_ 3u _9u

S 1-3 2

Thus, all the conditions of Theorem (3.2) are satisfied for ¢(u) = 2.

Example 3.4 Let Y = (0,00). Define the metric po(u,y) and the function Q(t) as follows:

po(u,y) =|lu—y|+e ",  where Qt) =1+ 2.

Then the

Clearly, pq satisfies the axioms of an extended quasi partial b-metric space. Define T :'Y — Y by
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T(u) = %. Then the series is convergent o po(T"u, T u) is convergent, we may write:

oo (o)

U u
E pa(T"u, T" u) = E :pQ(QTL’ 2n+1)
n=0 n=0

£ ()

3
Il
<

I
Ao
[\)
Fle
_l’_
g
)
g

|
.
]
[\)
=
+
(]
%

n=0 n=0
[eS)

T

=u-1+ g e 2"
n=0

and ZZOZO e~ 27, converges to a finite value. Thus, the total sum converges to a positive real number.
Hence, it follows that

o
o(u) =u- 1+Ze_2i".
n=0
Thus, all the conditions of Theorem (3.2) are satisfied for p(u).

The following result provides conditions for the existence of fixed points of operators on extended quasi
partial b-metric spaces.

Theorem 3.3 Consider two complete extended quasi partial b-metric spaces (Y,pq) and (Y1,pq). Let
mappings T :Y =Y, R:Y — Y, and a function ¢ : R(Y) — R be given. If there exist a point u € Y
and a constant ¢ > 0 such that for all v € O(u), the inequality

max{pq (v, Tv), cpa(Rv, RTv)} < ¢(Rv) — ¢(RTv) (3.4)
holds, then the following are true:

(A) The limit lim,, oo T"u = w exists in Y.

(B) The point w satisfies Tw = w if and only if the function G(u) = pa(u,Tu) is T-orbitally lower
semi-continuous at u.

Proof:
(A) Let u € Y. Define the sequence {u,}52, as follows:
up=u and U, = Tu, =T" My, foralln=0,1,2,....
We will show that the sequence {u,}52, is Cauchy. By applying the triangle inequality, we have:

Psz(un, Un+2) < Q(Psz(um un+1) +Psz(un+1, un+2) - Psz(un+17 un+1) - psz(um Un))
and similarly,
PQ(Un, Unt3) < QPa(Un, Uni2) + P (Ung2, Unt3) — Po(Uni2, Ung2) — Pa(tn, Un))

< QQUpa(Un, Unt1) + Po(Uni1; Unt2) = Po(Unt1, Unt1) — PQ(Un, Un))
+ pa (un+27 Un+3) —Pa (un+27 un+2) —Pa (Um Un))
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Now,

PQ(Um Un+4) < Q(psz (Um Un+3) +pQ(un+37 Un+4) - pQ(Un+37 Un+3) - pQ(Um Un))
< QUQUQUpa (tn, Unt1) + Do (Unt1, Unt2) — D(Unt1; Unt1) — Do (Un, Un))
+ pa(Unt2, Unt3) — P (Unt2, Unt2) — P (Un, Un)) + Do (Unt3, Unta)

— P (Un—O—Sa un+3) — DPQ (una un))

On generalization, we get:

pQ(unaum) S Q(Q( Q(pQ(Umun-H) +pQ(un+1aun+2)
= P (Un+1, Unt1) — pa(tn, un)) +pQ(un+2,un+3)
— Pa (Un+2» Un+2) pQ(Una un)) -+ Dpa (Umflv um)

- pQ(Um—h Um—l) - pQ(Um Un))

PQ(Un, Um) < Q(Q<Q((W§ (pQ(Ui7Ui+1) —pn(ui,ui))) + (fm(um,um)))))

m—2 m—2
<Q <Z (pa(T'u, T u) — po(T'u, T'u)) + Z pSz(TiHu,T”Qu))

Since, €2 is an increasing function, we have:

m—2 2
Q <Z (pQ(Tiu7Ti+1u) —pQ(Tiu,Tiu))> <0 (Z pQ(Ti%Ti—&-lu))

Y49} (uny U'rn <Q (Z pQ 7Ti+1u) (35)
Set 2, (u) = Q372 po(Tu, T u). From 3.4, we have:
m—2 m—
Z Qpa(TFu, TFu) < Q Z max {po (T u, T" ), cpo(RT u, RT*u)}
= z,(u) <Q (Z max {po (T u, T"'u), cpo(RT " u, RT’Hu)})
< Q(¢(RT"u) — ¢(RT™ 'w))
< Q((RT™u) — ¢(RT™ ') + (¢(RT" ) — ¢(RT™w))
+ 4 (B(RT™ 2u) — ¢(RT™ ')
< Q6(RT™u) — o(RT™u))
< Q(¢(RT"u))
Thus, Q2 Z:’;:Lz po(Thu, T 1u) is convergent.
[ee]
it implies Z s po(T™u, T"1u)} is convergent.
n=0
Taking the limit as n,m — oo in the equation (3.5) above, we get:
m}lvilgoopﬂ(um Um) = m}}fgoo(szl(u) — zn-1(u)) = 0. (3.6)
Using similar arguments, we can write:
lim pQ(”ma“n) = 0. (37)

m,n— oo
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Thus, the sequence {u,} is Cauchy in (Y, pq). Moreover,
lim po(T"u,w) =0,
n—oo

which implies

lim T"u = w.
n— o0

(B) Assume that Tw = w and that u, is a sequence in O(u) with u,, = w. By Lemma (2.3),

lim do(w,u,) =0 <= do(w,w) = lim do(w,u,) = lim dq(un,tmn).
n—oQ n—oo n,m—oQ

13

(3.8)

Then, G(w) = do(w, Tw) = do(w,w) < lim, e inf do(uy, Tuy) = lim, o inf G(u,). Thus, G is
T-orbitally lower semi-continuous at u. Conversely, suppose that uw, = T"u — w and that G is

T-orbitally lower semi-continuous at u. Then

0 < do(w, Tw) = G(w) < lim infG(u,) = lim inf do(T™u, T" )

n— o0 n— o0
= lim inf do(un, tnt1) = do(w,w) = 0.
n— oo

Thus, we have Tw = w.

Example 3.5 Let Y =Y, =0,2]. Define
pa(u,v) = |u—v| + 2v.

Then pq is a quasi-partial b-metric with constant s = 1. Consider the mappings

u

T:Y =Y, T(u):§, R:Y =Y, R(u)=2u,

and the function
¢:RY)—=RY  ¢(u) =2u.

For ¢c=2 and v € [0,2], we analyze

max{pq(v,Tv), c- po(Rv, RTv)}.

Note that
v v 3v
pa(v,Tv) = ’U_E +2'§=?,
po(Rv, RTv) = |2v — v| 4+ 2 - v = 3v,
¢ po(Rv, RTv) =2 - 3v = 6v,
3
max{ 5 ,6v » = 6o,
¢(Rv) — ¢(RTv) = 4v —v = 3v
Since,

max{pq(v,Tv),c- pa(Rv, RTv)} = 6v > 3v = ¢(Rv) — ¢(RTv),

the inequality condition from the theorem is not satisfied. Nevertheless, we proceed to verify claims (A)

and (B) of the above theorem.
(A)

. . u
lim T"u= lim — =0=w.
n—o00 n—oo 21

Thus, the limit lim, .o T"u = w exists.
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(B) By part (A), we have w = 0. Therefore,

which holds trivially. Hence, if G(u) = pa(u, Tu) is T-orbitally lower semi-continuous at u, then
Tw = w.

Conversely, suppose Tw = w. We aim to prove that the function G is T-orbitally lower semi-
continuous at u, i.e.,

G(w) < liminf G(u,) Y{u,} C O(u), u, — w.
Let {un} C O(u) be a sequence converging to w. Then,

G(w) = po(w, Tw) = po(w,w) = w.

G(w) = pa(w,Tw) = po(w,w) = w

3 n
= 7w (since w =0) = linrr_1>ioréf %
e Unp
= liminf pg (un, —)
n— 00 2
= liminf po (un, Tuy)
n—oo

= liminf G(uy).

n—oo

Hence,
G(w) = liminf G(uy,).

n—oo

Corollary 3.2 Let (Y,pq) be a complete extended quasi partial b-metric space. Let T :' Y — Y and
¢:Y — RT. Suppose there exists u € Y such that

pa(v,Tv) < ¢p(v) — ¢(Tv)  for all v € O(u). (3.10)
Then the following hold:
(A) nh_)rr;oT u=w exists.

(B) Tw = w if and only if G(u) = pa(u, Tu) is T-orbitally lower semi-continuous at u.
Proof: Take Y =Y, R = I (the identity mapping), and ¢ = 1 in Theorem 3.3. O

Corollary 3.3 Let (Y,pq) be a complete be a complete extended quasi partial b-metric space, and let
0 <k <1. Suppose that T :' Y — Y and that there exists u € Y such that

pa(Tv, T?v) < kpa(v, Tv) for all v € O(u). (3.11)
Then the following hold:
(A) limy, 0o T"u = w exists.

(B) Tw = w if and only if G(u) = pa(u,Tu) is T-orbitally lower semi-continuous at u.
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Proof: Set ¢(v) = t2pa(v,T) for v € O(u). Let v = T"u in (16). Then

Pa (T”Hu, T”+2u) < kpa(T"u, T"Hu)

and
po(T™u, T" ) — kpo(T™u, T" M u) < po(T™u, T u) — po (T u, T 2u).
Thus,
po(T"u, T" u) < 1 i . [po(T™u, T" ) — po (T, T 2u)]
or
pa(v,Tv) < [p(v) — ¢(Tv)].
The result follows immediately from Corollary 3.2. O

In the following section, we apply the established fixed point results to study the existence and uniqueness
of solutions for a class of Volterra integral equations.

4. Application to Volterra Integral Equations
In this section, we present an existence theorem for the Volterra integral equation.

Theorem 4.1 Let Y = C([a,b],R) denote the space of all continuous real-valued functions defined on
the interval [a,b]. Note thatY is a complete extended quasi partial b-metric space when equipped with the
function
palu,v) = sup (u(t) = v(t)) + 1,
te(a,b]

where Q : [0,00) — [0,00) is defined by Q(t) = t2. Consider the following Volterra integral equation:

u(t) :/ F(t,s,u(s))ds+ f(t), t,s¢€]Ja,b], (4.1)

where f:[a,b] > R and F : [a,b] X [a,b] Xx R = R are continuous functions.
Define the operator T : Y — Y by

(Tu)(t) = /t F(t,s,u(s))ds+ f(t), te€la,b].
Assume further that the following condition holds:
F(t,s,u(s)) — F(t,s,v(s)) < Z(u(s) —v(s)+1) forallt,sé€[a,b], andu,v €Y.
Then the Volterra integral equation (4.1) has a solution.

Proof: We need to show that the operator T' satisfies the conditions of Theorem 3.1. For any u € Y, we
have

po(Tu, T?u) = t:l[lpb}((T uw)(t) — (T*u)(t)) + 1.

Using the definition of T, it follows that

t t

(Tu)(t) — (T2u)(t) = / F(t, 5,u(s)) ds + £(t) - / F(t, s, (Tu)(s)) ds — f(t)

a a
t

(F(t,s,u(s)) — F(t,s, (Tu)(s))) ds

t

IN

T

> w

(u(s) = (Tw)(s) + 1) ds

IN
W= w

(b—a) - pa(u,Tu).
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Thus,
po(Tu, T?u) < z(b —a)po(u,Tu) + 1.

By choosing the interval length (b — a) suitably or considering the constant, all conditions of Theo-

rem 3.1 are satisfied. Hence, the operator T has a fized point, which is a solution to the Volterra integral
equation (4.1). O

5. Conclusion

We established fixed point theorems for several types of contractive mappings in the context of ex-

tended quasi partial b-metric spaces. An application to a Volterra integral equation was provided to
illustrate the practical relevance of the results. These findings extend classical fixed point theory by
confirming that contractive mappings admit fixed points within this generalized framework.
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