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The role of residual neural networks for advancing fractional differential equations

Alice Antony and Lakshmi Narayan Mishra*

ABSTRACT: This study provides the first comprehensive demonstration of how to utilise ResNets to estimate
a family of generalized Caputo-type fractional differential equations and their solutions, and how to limit the
quantity of parameters present in these ResNets. The basis of our evidence is the variational iteration method.
It determines the differential equation’s exact solution with the use of the variational iteration method. Then
it shows how to estimate these equations using residual neural networks, using the structure produced by the
variational iteration method.
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1. Introduction

In the study of FDEs, researchers have noted that fractional-order operators display non-local prop-
erties, unlike integer-order operators. It also involves fractional derivatives of functions. FDEs find use in
diverse domains of physics and engineering, such as electromagnetism [30], heat transfer engineering [32],
viscoelasticity [35], and seepage flow [12]. Fractional differential equations are essential in the domains
of engineering, environmental phenomena, and the physical and engineering sciences [2,27,28]. Delay
differential equations also play a crucial role in these fields, contributing to a deeper understanding of
complex phenomena. It’s a growing area of study and importance as an extension of integer differential
equations. The effective memory function of fractional derivatives has made FDEs a popular tool for
representing a wide range of physical phenomena. For FDEs, a wide range of approximate analytical tech-
niques have been developed, including VIM [34], the Adomian decomposition method [36], the rectangle
decomposition method [25], the trapezoidal method [6] as well as the differential transform method [3].
Recent studies have analyzed weakly singular nonlinear Volterra integral equations using discretization
techniques. The solvability and approximation of weakly singular nonlinear Volterra integral equations
using discretization techniques have been demonstrated by a thorough investigation [7]. Given their close
relationship to fractional differential equations, these works highlight the power of classical numerical ap-
proaches. Many authors have spent years significantly refining VIM. The author He [13] created the
strong analytical method known as the VIM, which is used to solve FDEs. The Fokker-Planck equation
[20], the Lotka-Volterra formula [14], the fuzzy differential formula [19], and other differential formulas
of an integer nature can all be successfully solved with it. The fractional order differential equations
that it also works well with are the following: partially differential equations of fractional third order
dispersive [9]; Riesz differential equations [22]; left or right Caputo fractional derivatives [31]; left or right
Riemann-Liouville derivatives [5]; Erdélyi-Kober fractional derivatives [26]; left and right sided general-
ized k-fractional formula [37] and other fractional derivatives [10,16]. Fractional differential equations
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have been successfully utilized in interpolation problems, providing a powerful tool for modelling and
estimating missing data points in a more accurate and efficient manner [8]. FDEs are widely used to
represent fluid dynamics phenomena like turbulence, anomalous diffusion, and viscoelastic flows because
of their ability to capture memory and heredity effects [17]. More and more, fluid dynamics is simulating
complicated fluid behaviours with memory-dependent and non-local features using fractional calculus.

These days, open source machine learning software frameworks like PyTorch, TensorFlow, and Keras
allow us to build neural networks, even ones with tremendous structural complexity, with just a few
lines of code. The complex method of creating a neural network involves giving careful thought to a
number of variables, such as optimization techniques, activation functions, and network architecture. It
is possible to create, train, and evaluate these complex structures with the help of a variety of tools and
programs used in neural network development. This process involves carefully calibrating the level of
model complexity to achieve optimal generalizability, with the ultimate aim of developing a network that
can learn, adapt, and respond to new data.

Lately, numerical approximations of partial differential equations have been successfully achieved
through the use of neural networks. Neural networks form the foundation of deep learning, delivering
unparalleled results in tasks such as image classification, object detection, and language translation.
Also, numerous studies have shown that they can effectively approximate solutions to integro-differential
equations [15] and partial differential equations [33,23]. Jentzen et al. presented proof that deep artificial
neural networks can approximate broad models numerically, such as Kolmogorov partial differential
equations, and Baggenstos et al. [4] showed that ResNets can also approximate these models. It was
developed in order to solve the issue of vanishing gradients in deep networks, which was a major barrier
to the development of deep neural networks. A common problem with deep networks, local minima,
prevents the network from learning additional layers of features. This is made possible with the ResNets
architecture. The ResNet neural network architecture, introduced by Kaiming He, Xiangyu Zhang,
Shaoqing Ren, and Jian Sun in their 2015 paper ‘Deep Residual Learning for Image Recognition’, has
been a game-changer in computer vision research. ResNet’s innovative approach has significantly altered
the landscape of deep convolutional neural network training, with major implications for computer vision
tasks. The residual learning framework of ResNets is its key innovation, permitting the network to learn
residual functions, which alleviates the vanishing gradient problem and enables deeper networks. The
ResNets design is computationally more efficient since it produces better results with fewer parameters.
A lot of partial differential equations, including the Poisson equation, the Burgers equation [21], and
others, have been numerically approximated using ResNets.

In this work aims to analyse FDEs in the following format:

VI (EDSw)(0) + w(v) = —f(v), ve [0,V], W
w(0) = w(V) =0, )

where § € [%, 1)y I‘é/,g D3+ denote the right RLFI and left GCTFD, correspondingly. Based on the work,
it can be estimated that ResNets can solve Eq.(1.1). ResNets help resolve the issue of the vanishing
gradient and enable the training of much deeper networks. Deeper networks can be enabled generally
and efficiently with residual connections. To the best of our knowledge, this paper presents a pioneering
proof of numerical approximation for fractional differential equations using deep learning techniques,
marking a significant first in this field. ResNets can approximate the solution to illustrate Eq.(1.1) by
means of the VIM mediation [11]. Explicit or approximate solutions are found for both linear and
nonlinear differential equations using this method. Using the VIM, we shall establish the applicable
theorem of FDE with GCTFD. According to our findings, the ResNets need a polynomial number of
parameters to approximate the answer to Eq.(1.1) in both N, which is the number of the approximative
solution’s iterations obtained through VI, and K, which is the number of points chosen in the defining
domain.

The study’s second section starts with some basic fractional calculus equations and characteristics. It
has the required Laplace transform as well. It also demonstrates the convergence of the VIM and pro-
vides an iterative framework for precisely solving Eq.(1.1). Section 3 demonstrates how to use ResNets
to estimate the iterated value in Section 2, as it closely resembles the exact solution to Eq.(1.1). To help
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explain the findings, Section 4 offers a few instances. A presentation of the conclusion wraps up Section
5. In the sequel, we utilize the following notations:

e R: The collection of all real numbers,

e N: The collection of all natural numbers,

e C: The collection of all continuous function,

e FDEs: Fractional differential equations,

e GCTFD: Generalized Caputo-type fractional derivatives,
e RLFI: Riemann-Liouville fractional integrals,

e RLFD: Riemann-Liouville fractional derivatives,

e LT: Laplace transform,

e T”: Transpose of a matrix,

e .7 Identity matrix,

e VI: Variational iteration,

e VIF: Variational iteration formula,

e VIM: Variational iteration method,

e ResNets: Residual neural networks,

e FNNs: Neural networks with feedforward,

e RFNNs: FNN Realization,

e RResNets: ResNets Realization.

2. Initial and key findings
Definition 2.1 (RLFI on the left and right [7]). Given a function f that is defined on the interval [a,b],
when & > 0 is a positive integer, then fractional integrals of f(v) on the left and right are defined as

5 1

I = 5 | (o= 5 f(s)ds,

b
IS f(w) = ﬁ / (s — )" f(s) ds.

Definition 2.2 (RLFD on the left and right [38]). Consider a function f that is defined on the interval
[a,b]. The RLFD of function f(v) on the left and right, of order 8, are defined as

D) = 4 DE ) = gt ([ = ) as)

L(m —8) dv™
m _1\ym m b
D) = () G (P 0) = s ([0t sy as)

where m —1 <6 <m and m € N.

Definition 2.3 (GCTFD on left and right [24]). Given a function f that is defined on the interval [a, ]
of order & > 0, where r — 1 < 6 <r, r € N, then the left and right GCTFD of f(v) are defined as

. S—r+1 v 5 B d T
D810 = gy ([ o7 o () ),

_1\r p0—7r+1 b r
i’DI?’pf(v) = (1}27’[)—5) <A Sp_l (Sp - ’Up)riéil (Sl_pi> f(s)ds) .
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Remark 2.1 When b € (0,1) and f is defined on the interval [0, V], the right RLFI can be expressed in
terms of the right GCTFD

I, f(v) = I(v) — $Dy” f(v),

where  I(v) =

fV)
(

r(1=38)(V—-wv)

It is possible to express the right GCTFD with respect to the left GCTFD.

13

_ v
f;D?/:pf(U) :I‘(lifié) </v 8’071(3” — Up)é(slpds)f(S)dS>
5 \4
=(-1)"° mp 5 (/ (v~ S”)_[’if(s)ds>
Vv v
=5 /0 i [ )

S D [ s
S <>ds—m_5)/0<v )7 (s)ds

14
r(11)_5 /o f'(s)ds + (=1)7° §Dy* f(v).

The left GCTFD can be used to express the right RLFI,
I,° f(v) = (=)' 2§D f(v) + X (v) = Y (v), (2.1)

\V4 -1 1-6 .0 |4 ,
where X (v) = F(I—Jgg(V—v)é’ Y(v) = (1“(1)—6/))/0 (vP — sP) "2 f'(s)ds

Definition 2.4 (/29]) LT of the term D3P % (v) is given as

m—1
LEDSrU () = LU (s) — > U (0F)s>1

§=0
where £ is denoted as the LT, % (s) = L|% (v)).

Letting La(v)] = a(s) and Z[b(v)] = b(s) as assumptions, then the convolution theorem is defined
as

a(v) * b(v) = /Ov a(v —7)b(r")dr’,
and
Zla(v) *b(v)] = Z[a(v)].Z[b(v)] = a(s)b(s).
We create a new equation by converting Eq.(1.1):
D5 w(v) —y(v) = (a)

wIyy(v) + w(v )+f( ) (b) (2.2)
w(0) = w(v) =
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Theorem 2.1 Eq.(2.2)(a) and Eq.(2.2)(b) have exact solutions that are represented by the VIFs w(v)
and y(v), respectively

W1 (v) = w(0) = oY D wa (1) = yu ()], (2.3)

Yn1(0) = yu(0) + oIy [ Ty 2y (1) +wa(r) + f(7)]. (2.4)

Proof: One method that can be used to discover the convergent successive approximation or the exact
solution of a differential equation in confined as well as unconfined domains is VIM. To begin with, we
demonstrate that the VIF for w(v) is given by Eq.(2.3). With the use of the Caputo-type derivative,
VIM approximates the solutions to the FDE and we quote a theorem in it.

Let us define % (v) on [0, V]. Linear and nonlinear operators are represented by the symbols L, and
N,, respectively. In the event that the functional correction for

6D U (v) + Laol% (0)] + Na[% (v)] = f(v), (2.5)
is determined by the left RLFI
Un11(v) = Un(v) + OISA(”’ T/)[S’D?—;p%n(T/) + Lo (7)) + Nao| %o (7)) = f(7)],

where the multiplier of Lagrange is known to be A(v,7') = —1 in which the terms L,[%,] and N,[%,],
which are constrained variations.
The iteration formula for Eq.(2.5) can thus be found here:

Un1(v) = Up(v) — OIS [(C)Df}p%n(Tl) + Lo (7)) + Nao| % (7)) — f(7)].

The approximate solution %, (v) can be obtained using any zeroth approximation %(v). Thus, for w(v),
the VIF is

W1 (v) = wa(v) = oI [P wn(7') = yu (7). (2.6)

Then, we demonstrate that y(v) has a VIF of Eq.(2.4). The following equation’s correction functional
asks us to figure out the Lagrange multiplier. Consider the equation:

oIy U (0) + Lol (0)] + No[% (v)] = f(v), (2.7)
where v € [0, V]. From Eq.(2.1), right RLFD can be expressed in terms of the left GCTFD, we have
T (0) = (1)1 0 D50 () + X (0) - Y (),

_ w (V) (=188 b s
S Ta—o —op YW= F(l_é)/o (vF — s°) U (s)ds.

Now the correction functional for Eq.(2.7) can be established using the right RLFI, where 0 < 8 < 1,

where X (v)

U1 (v) =% (0) + LIP A0, 7)[(=1)' 7§D U(7) + X ()

) ! ) ) (2.8)
= Yo(r") + La| % (7)) + Na[%o ()] — f(7')],

thus, A(v,7’) = 1 may be used to determine the Lagrange multiplier, where Y, X,,, L,[%,], and N,[%,]
are restricted variations. Applying LT on both sides of Eq.(2.8),

Uns1(5) =(s) + LLIPA, ) [(=1)'° D3 (7') + Xo(7')

) | , } (2.9)
= Yo (7') + La[ % (7')] + Na[%.(7))] = f(7')]].
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Now,

\%
IV, (=10 6D U ()] = 7/ (' fv)ﬁ‘l,\(v,f’)(q)l*f’ D2 U (1) dr’

b / (' — v)()il Mo —7)(=1)""° D% U (7') dr
0

INO)

= F(v) — ﬁ /O (v—7)° " (=1 Aw = ) (=1)' 0§D U () dr
) — < (o — Y (o) DY (1) dr

=P =g | =) T A D5 () a

— A(/U)ru‘s_l c o,p

=F(v) — T(5) x0 Dy’ Un (v)

= F(v) —m(v) x§ DU (v), (2.10)

v v ’Ué*l
where F(v) = i)/o (' — o) Ao, ) (1) §D5 () dr m(v) = DU and Ao, 1) =

(6
Alv=71").
Applying LT on both side of Eq.(2.10) is given as

LIy, T)(=1)' 70§D U (7)) =F(s) = (s) [s° %n(s) — Ua(0%)s° 7]

On each side of Eq.(2.9), take the derivative of the classical variation d. Since X,,, Y,,, Lo[%,] and N,[%,]
are seen as limited variants; hence, F(v) is not the functional of %, (v), Eq.(2.9) is computed as

U s1(5) =0y (5) + 0[—(s)[s° W (s) — U, (0F)s®71]]
=[1 — m(s)s°)6%(s).
Then 1—m(s)s® = 0,m(s) = &, m(v) = L= As m(v) = 2200 @) = 1.
Then, for Eq.(2.7), the iterations formula is
Un+1(v) =%y (v) + vI\é/[(_l)l_é Spi;p%n(T/) + Xo (1) = You(7') + Lo (7)) + Nao| %o (7)) — f(7')]
= (0) + IV Ty Un(T') + LalUn (7)) + Na[%a (7)) = f(7')].
Thus, VI calculation of y(v) is:
Yn+1(0) = yn(v) + UIX(S/[ T/ x;syn(T/) +wn (') + (7). (2.11)
This brings Theorem 2.1’s proof to a close. O

Theorem 2.2 Let wo(v) = $(v), where $(0) = w(0). The precise answers w(v) and y(v) can be reached
by this {wy,(v)} and {y,(v)} sequence that were derived from Theorem 2.1.

Proof: We will demonstrate in this section that the order in which {y,(v)} and {w,(v)} originated
converge to w(v) and y(v) the exact from Theorem 2.1.
It is evidently possible to acquire that

w(v) =w(v) = oIy [ §D} w(r’) = y(r')],
y(v) =y(v) + oIy [+ Iy () + w(r) + F(7)].
Let e, (v) = wp(v) — w(v), €,(v) = yn(v) — y(v), we can get that

eni1(v) = en(v) = o[ D en(r) — en(r)], (2.12)
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€ni1(v) = €, (v) + Q,I‘B,[ T/I‘;éen(T') +en(7)]. (2.13)

When & € (0,1), 0Z2[ §D3Pw(v)] = w(v) — w(0),
5—1 —5—1
and I3[ I, °w(v)] =, 0 w(v)|poy L2 — UI‘lﬁéw(v)hzv%. If w(v) is bounded on

T(5) r'(-9)
[0, V], then
1-5 v 5 1 v 5
‘UIV w( ‘— 17—6)/ (s —v)Pw(s)ds| < m/ﬂ (s —v)~°%|w(s)|ds
1 v s 1 (V—u)t?®

< _ — ds = .

< e ) vy / (s =) s = me 0Ol 55y 128
When v = V| JIE P w (v )‘ _y < 0, which means ‘UI‘l/_éw(v)‘ = 0. Similarly, when

v=1V, |1)I‘1,+5w(v)‘vz < 0, which means | I‘l,+6w(v)| =0.

It is proved that e, (0) = 0 and €, is bounded on [0, V]. Then Eq.(2.12) and Eq.(2.13) can be made easier
to

en+1(v) :OIS en('),
€nt1(v) =€n(v) +o Ty en(r).

Taking the absolute value of e, 1(v) and €,41(v), we have

lent1(v)] =|oZlen(r)]|
1 !
— v—1")°" e, (7)dr’
“lr ]
1 Y 6 1 / 2
gm ; va len(7")| dT
1
SW/ v — 7)1 (max |en (7)) )dr' =0 T8 en ()]
llen] [0 [lenl|V®
lewss 01 = s s ()] < x| = mae Bl 2 7
and
leny1(v)| = ‘en + Iven( /)’ < len(v)] + |vI\6/en(T/)‘ < |vI\5/en(T/)| < vI\éfHenH~
Wl [(V = 1)®
s (0] = mx lensa(0)] < max Tl = max LB — oz |

Because Z8[ .22 f(v)] = oZ2*P f(v) holds if function f is continuous for almost all v € [a, b] and for any
5,8 > 0.

llent1 () + llent1 ()] 0Ty llenll + 0TV llenll =0 Zv-([lenl| + [leall) < 26(Ilen—1|| + [len—1l])
n +‘”60” _
<. < I( +1)8 ()1 T le lleol| V — ) +e=1
leoll + lleoll) = 557 /. -9

nd+o
ol + leoll [v ] (2.14)

- T(nd+08) [nd+0d
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When T'(nd + 8) ~ v/2me~ " (n8)"3+3=2  then
1 b5 yne+s 1
'(nd + ) {né + 5] T ame—ns (n8)"®+3=3 (nd +9)
Yndts end (ng)z
V21 (nd)nd+38 (nd +9)

1 eV " te (né)%
v (os)  wste (219)

~

Putting Eq.(2.15) in Eq.(2.14), we get

||60|| HeOH el (TLE);
Un%ayx](le'n:l»l(v” |En+1(v)|) = ||€n+1(’U)|| H€n+l(v)|| = 6\/7 né (’I’LB 6)

Since ||eo]| + ||eo|] and V' are constants, let n — oo, then we have

lleol| + [leol] <eV)""’” (nd)?
(

lim  max (|en+1(v)‘ + |€n+1(v)|) < lim no m

n—oo Ue[07V] n—o0o 66\/27{'

5+5 1
leoll lleoll (VY e
T ed/2x  nooo \ nd (nd +8) '
As n approaches infinity, the sum of these two terms converges to 0. This completes the proof of Theorem
2.2. O

3. Approximation based on ResNets

After the proof of Theorem 2.2, we identify wy(v) and yy(v) as the approximate solutions of
Eq.(2.2)(a) and Eq.(2.2)(b), respectively. Let’s discuss about various concepts and lemmas related to
FNNs and ResNets as follows:

Definition 3.1 (FNNs [18]). The whole collection of FNNs is known as
F= UHEIN U@o,fl,...lHE]N (xflzl(IR‘éjXZJ_l X Réj)))

and Py, L4, L, 0f : F — N, T : F — (UgexN), D, : F — Ny are identified as the functions that
satisfy H € N, lo7l1,...,lH € N, 0 = ((217%1)7(ZQ,%Q),...7(ZH,%H)) S (Xszl(RlJlefl X IRlJ'))

that L4(0) = H, Z,(0) = lo, Ou(0) = Iy, Pa(0) = Zle Li(li—1+ 1), TO) = (lo,l,...,lu), and
D,(0) = l,,7 = 0,1,..., H. The depth of 8 and the layer size i are L,(0) and l;, respectively. 0 is
referred to as a FNN. The input and output dimensions are Z4(0) and O4(0), respectively; for 6 and
T(0), the complexity is Pq(0), and the structure of 6 is represented by ID,.(6).

Definition 3.2 (RFNNs [1]). Let’sa’ € C(R,R). Ry is displayed as something that satisfy the desires
of all wg € R, w; € R, ...,wy_1 € Rb#—1

(Ra8)(wo) = Zrwp—1 + Bu,

where wj = Mo(Zjwj—1+ B;), j=1,...,H—1. R0 € C(R*,R). The function of a’ is commonly
known as the activation function, while the function of 0 is Rq/0.

Lemma 3.1 ([18]) If (-)e(-) {(01,02) € F x F|Zq(02) = Oq(01)} — F is represented as the function
which occurs for

01 =((21,B1),(22,B2),...,(Z£.,Bc.)),

02 = ((Zla f%l)a (Z27*%2)7 ey (ZHV@H))a
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that
92 .91 = ((Zlvlgl)a (ZQaB2>7 ceey (Zﬁn—178£5—1)7 (leﬁcleBl:n +ggl)a (Z27<%2)7' ) (ZH7‘%H))7
then

T (02 001) = (Do(61),D1(61), .., Dreg,)—1(01),D1(02),D2(62), ..., D, (9,)(02)),
Ra(02 001) = [Ra(02)] o [Ra(61)]-

Lemma 3.2 ([18]) Let r € N, then
P, : {(91,92, R 79r) € ]F|£a(91) = Ea(QZ) == Ea(ﬁr)} —TF
is denoted as the function

b = ((lev%%)’(Zévﬁ%)a""(z}ﬁ[’%}i))v
02 = ((Z127<%%)3(2227<%§)5a(Z%h‘%?{)):

0, = ((va'%){)v (Z;N%;)v EERE) (Z;IN%;I))

ZL 0 ... 0 B ZE 0 ... 0 7

0o 22 ... o |# 0o 2 ... o |=
P’l"(01792""70’l"): . . . ) . b) . . . . ) . 9

o o0 ... zi) \@z 0o o0 ... zv) \@

ZL 0 ... 0 BY

0 7% ... 0 B2

o 0 ... zy) \#y

Let 0 = (01,04,...,0,) € F", then

T

T (P(0)) = (ZDO(Hj)szl(ej)a-~-vZD£u(01)<9j)> ,
Ra (Pr(0)) (w1, wa, ..., w.) = (Reb1)(w1), (Rab2)(ws), ..., (Raeb:)(w,).

Lemma 3.3 ([18]) Let 0 = ((Z1,%1),(Z2, %), ..., (Zu, By)), Z € R™*41 7, € RP*" FNNs Z®0 as

well as 8 ® Z are indicated correspondingly,

Z00=((Z1,%),(Z2,PB2),....,(Za-1,PBtu-1),(Z2Zu,ZPBu)),
9 ® Z - ((lew%l); (227%2)7 ey (ZH,%H)),

then Rq(Z ®0) € C(RT) R™), R, (0 ® Z) € C(R",R(),

(Ra(Z2 ©0)) (w) =Z(Rab(w)),
(Ra(0 ® 2)) (w) =Rab(Zw).

Lemma 3.4 ([18]) Let K € N,¢g1,92,...,9x € R,01,05,...,0 € F satisfy that T(01)=T (62)= ...
T(0x) = (bo,lr,...,Lg). ThenI 1 € F such thatV w € RTO) it holds that Rqtp € C(RT«(1) RO«(01)),

Pa(p) < K?*Pq(61) and
K
(Ra)) (w) = Zgi[(RaGi) (w)], (3.1)
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where
=A@ Pr(01,02,...,0K)® Ay, (3.2)
with
Iy,
A= |, A= (0lg.  .9xln). (3.3)
Iy,

Next, we define ResNets and discuss some of its qualities. FNNs and general ResNets differ primarily
in their use of shortcut connections between layers.

Definition 3.3 (ResNets [4]) The collection of all ResNets is denoted as
N = UnElNN’m
where ¥V n € N,

0. €T 1,(0,) = d; 1, 0(60;) = d.
Na :=Uldg.du....dn)EN" {(F1,917F2792,~-,Fn,9n) Fjj c Rdjux(df,)l VjJE 1{1 5(]) n} ’ }

Let n € N,dg,dy,...,d, € N, and let the ResNets ( € N be given by
C=T1,601,T2,02,...,Ty,6,),

for every j € 1,2,...,n we have Iy(0;) = dj_1, Ou(0;) = d; and T; € R%*%-1. We call § =
(01,02, ...,0,) € E™ the residual blocks of ¢, and I'; is referred to as the shortcut. Also, £, Py N — N
are the length and complezity of C by the functions that satisfy £(C) = n and P(Q) = Y i, (Palb;) +
did;_1), respectively. Moreover Dy : N' — Ugen N are denoted by the function that fulfills 2,(C) =
(do, diy ..., djﬁ(&))

Definition 3.4 (RResNets [}]). a € C(R,R) and %, is the function it is applicable to all { =
(Fla 017F27 92, DR
Fr, 97«) € ./\[, and wy € RI“(91)71,U1 S RIC.((%) = RO°(91)7 Lo, We € Roq(e"') with w; = T'w;_1 +Ra9i(wi,1)
Vi € {1,2,...,7} that (Z.0)(wy) = w,. The activation function is denoted by a, while the function
R, € (D(]RI“(gl),IRO“(OT)) is called the RResNets (.
Lemma 3.5 ([/]) Let r,m € N, the ResNets (! = (I'},01,15,05,...,TL 0), (2 = (I'%,0%,13,03,...,
2 602%) satisfy O, (91) =7, (92) the composition of (' and (2 is defined as

el = (TL,6L,TL, 6L, ..., T 01 T2,62.T2,62,... T2 62) € N,

subsequently the subsequent characteristics are true

R (P 0 1) =R, (CP) 0 Bu (),
Py (el =P, (%) + P ().

Lemma 3.6 ([4])Let52/ n €N, the ResNets (7 = (T4,01,1%,65,...,T3.67) e N forallj e {1,2,...%}.
Assume that T (0}) = - ’T(O%) forallie {1,2,...,n}. Then IP’% is defined as
I} r} 02 . 0
0 0 T2 ... 0
%(Cl,c27...,c%) = : 9179%7'~-a91%)7 : : .. : )
0 0 0 r¥
0
... 0
Py (03,03,...,07),. . | P (0),67, .. 07)
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Py, is still a ResNets. Let w}, w3, ..., wo% € RIH((’%), then
Ko (P (¢, 07) (wo, wds - wd’) = (ZaCh) (wp), (ZaCP)(w]), -, (Bal” ) (wi))
P (P (¢, .., 07)) <P 2(0).

The claim asserts a parallelized ResNets realization is equivalent to the total of its realizations of individual
ResNets that make up the ResNets.

Proposition 3.1 Let % ,n € N and let {J = (I‘{,GLF%Q%,...,F%,@%) e N, jel2..,%, satisfy
T (911) =...=T (9?) foralli € {1,2,...,n}, i.e., all the ith residual blocks have the same architecture.

Then there exists a ResNets \p such that for all w € IRI“(G%),
(Za)(w) = ((ZaCh)(w), (ZaCP) (W), ..., (Zal¥ )(w))

and \p’s complexity, which meets the following property: P.(b) < %2 P.(C1).

Proof: Let do,dy,....,d, € NV j € {1,2,...,u}, Z,(F) = (do, d, ..., dyp). Set

' o ... 0 rh o ... 0
0o I?2 ... 0 0o I2 ... 0
ve=| | . T {APL@Le. e eA | L T T | Pau(6h,65.....67),
0 0 r# 0 0 r#
| 0
0 I? 0

where A € R%d0xdo gatisfy

A= :
14,
Then, setting

Z0 =w,
rt o 0
0o T2 ... 0 Loy W
Z1 = . . . . (AZO)+[RG (P%(enaewm"'?en )®A)}(20)
0 0 %
rt o 0
0o T2 ... 0 Loy w
= : . . . (AZO) —|— Ra (Pq/ (97” On, ey Gn )) (AZO)
0 0 %
rt o 0
o 12 ... ol|(" v
=1. ... D+ RaPa (65,605, 0/)]
0 0 rz ) \* v
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It is in line with the circumstances in Lemma 3.6, thus (ZoV)(w) = ((ZaC')(w),(ZaC?)(w),
(RBal” )W) Let T(0) =T (62) = - =T (07) = (die1, 64, b, ..., d;) e NEOD Vi e (1,2, n}.

n

P) = [Pa (Poy (04, 07,...,0)) + Udr% di_1] + Pa (P (61,67,...,07) @ A) + do% dy

k=2

=Y Ody + U0 + (UWGULG_+UG) | +UU Ly g1y + U dy + do dy

=2

+Z P@/ Hk,ek,...,ﬂ,f/)) "r%dk%dk—l]

k=2

SUPa (0}) + Udido + Y _[%*Pa (6}) + U dydi 1]
k=2

<U*P. (0 +d1d0+z (01) + didy—1]] = %> 2(1).
This completes the proof. O

Theorem 3.1 The approzimate answers to Egs. (2.2)(a) and (b) are wy(v) and yn(v), respectively,
which were derived from Eq.(2.3) and Eq.(2.4). It is then possible to obtain wy(v) and yy(v) using a
ResNets. The complexity of the ResNets increases multinomially in K, which is the quantity of points
obtained in [0,V], and N, which is the approzimate solution’s iteration count.

Proof: After studying ResNets and FNNs, we proceed to demonstrate Theorem 3.1. To be more precise,
it implies we demonstrate the existence of a ResNets U, whose input is (wg yo) and (wy yn) being
the output, where w, = (w,(v0), ..., wy (v 1)) Yr = (Wr(v0)s s yr(Wr41))" , 7 = 0,1,..., N. On the
interval [0, V], K points are noted, Av = v; = jAv, j =0,1,..., K +1. K is a massive number.
This is the structure of the proof.

v
K+1°

(i) We demonstrate how (w, y,.) is converted to wyy1, 7 =0,1,..., N — 1, via the ResNets .

(ii) We outline how to build the ResNets s, which takes r = 0,1,..., N — 1 and transforms (w,, y,-) into
Yr+1-

(iii) We explain the construction of U via @ and s.

The three items mentioned above are then independently verified.
(i): Initially, we demonstrate the conversion of (w, y,) to w,+; using a ResNets w. To be more specific,

w's input is (wy), = (w,(v0), .- we(vrc1),4r(00), - (vrc41))” and the output is (w4 (vo), .,

T

Wy 41(VK11))

Figure 1 depicts ResNets @’s structure. A shortcut IV and four FNNs, (1, 04up, 0L g1, and 0,, make up
ResNets w. Next, we demonstrate a five-step method for creating w.

Step 1 (Constructing (;): ¢ is composed with FNN O¢cgputo and FNN 6; and we first describe
how to construct Ocqputo-

Proposition 3.2 There exists a FNN 0caputo that (RaOcaputo) (wr) =§ DS w,..

Proof: If & € (0,1), the GCTFD can be discretized by L1 method. With a step size of dx=h, discretize
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—a o o e

]

Figure 1: ResNets w’s structure

the interval into n points as v1,...,v, and consider v = v,..

S—m+1 v d m
CDB,P i — pi p—1 P __ 4P m—56—1 1-p & .

1 ) (/0 P~ (v — )0 (t“f’i) wr(t)> dt

— ")
1 ) )" W (t)dt

0
—t7)7°
175 /O )" wl(t)dt

1 O] (VP —tP)™° wL(t)dt)

r—1 UJ+1 5
1 ) Z/ v — )2 Wl (t)dt.
JZO i

Now we replace first order derivative by forward difference quotient,

5 r—l v ) _ )
Spé’pwr(v) __r ) / (v — tp)*é (wr(vj+1) wr(”ﬂ)) dt

r@-3 j=0""?i h
p5 S Vi+1 s
_ hF(l — 5) ; (wr(vj—i—l) — wr(vj /vJ (Up . tp) dt
1

13

By gamma property I'(2 — 8) = (1 — 8)I'(1 — 8) and assuming v, = rh,v; = jh and v; 41 = (j + 1)h, then
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we get
-1 r—1 _ -5 p _ ,,P\1=0
. —p? vP ”g+1 (vP vj)
(5D w,) (v) = 72 (wr(vj41) — wr(v)) < - =
=5 & %
5_1 r—1 -5 . 1-5
p [(rh)? — (G + 1)h) I [(rh)? — (jh)*]
=" wy(V; — wy(v; ;
hF(2 — 5) ]Z:O( r( j+1 T ] < j + 1 h) (Jh)pfl
5—1p1—8p T—1 1-5 p\1—5
_ P (r"—(+1)") (r* = 3°)
=@ 5 ;o (wr (V1) = wr(vy) ( T
5—17—8p T—1
p° " h
DY Pw,) (v) = Sm—= Y wy (we(vi1) — we(vy)),
I'(2-5%) =
5—1p—8p 71
§Dw, (vj41) ~ Lo S s (wn(vg41) — (),
r'(2-5%) =
—(nP—(j py1—8 nP—jPy1—>3
where w; = ( (jJ(rJJ,},)l) + ¢ J,)] )
ZCaputo =
0 0 0 0 0 0 0 O 0 O
0 wo 0 0 0 -1 1 0 0 O
pé—lh—ép. 0 w1 wo 0 0 0o -1 1 0  RUKH2) % (K 42)
['(2-3) : : : : : : : : : ’
0 WK-1 WK—-2 ... wo 0 0 0 0 ... 1 0
0 WK WK -1 w1 Wo 0 0 0 ... -1 1
Bcaputo = (0,..., O)T' € RE+2) guch that
6D wi(vo) w; (vo)
: = ZCaputo + %Caputw
600 wi(vic+1) wi(VK+1)

When 0caputo receives an input of w,., then the output is

T/
(SDS’pwr(vo), 4 DS’pr(vKH)) .
O

Of certainly, there is a FNN 0, = (Zy,B.) where Z, = .# € RET2x(K+2) 2, — (0,..,0)T €
RE+2) and (Ra61) (yr) = yr resulting in the input and output being both y,..
From Lemma 3.2 Ly(Bcaputo) = La(01) = 1, then there exists a FNN ¢ = Py (0caputo,01),
T(C1)=(2(K + 2),2(K +2)). Definition 3.1 provides an explanation of L, and 7. Let {3 = ((Z1, %1)),

then
_ ZCaputo 0 By — <%76‘111)'11,t0
Zl_( 0 Zj>’ 1_(@f '

When the input of {; is (wy),, then the output is

’

(BDS’pr(UO), cee 78 Dg’pwr(vK—Fl)a yr(UO)a cee 7yr(vK+1))
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Step 2 (Constructing 0,,,): Set FNN 0,5 = (Zoup, Bsup), Where Zyp = (S — .F) € REH2)x2K+2)
and Beup = (0,...,0)7" € REF2) then (Ro0su) (w,y) = w — y, Yw,y € RE+2),
When the input of B, is
T/

(BDS’pr.(vo), S0 DS’pwr(UKH), Yr (o), - .- ayr('UK-‘rl)> )

then the output is
co,p cMo,p T’
(ODU wr(’l}o) - yT(UO)a 50 DU wr(UK+1) - yr(UK+1))

Step 3 (Constructing 01rr):
Proposition 3.3 There exists a FNN 01 r; that (RaOrrr) (h) =9 Z3h, Yh = (h(vo), ..., h(vi11))T

’

Proof: One way to discretize the left RLFI is as

oToh(v;) = ﬁ /0 (v; = 7)° " () dr

N Av
T T()

27 R(0) + (v; = v1) M h(vr) + (05 = v2)® M h(va) 4 -+ (v — vj—1)® T h(vj1)].

Then, a FNN is present 0rrr = (Zrrr, Zrrr) with the input (h(v0)7...,h(vK+1))T/ and the output
(0Z8h(v0), - -0 Zoh(vi41))T", where

0 0 0 0 0 0
vy 0 0 0 0 0
vyt (v —0)* ! 0 0 0 0
Zimr = 20 [ og™h (s —w)*h (v —w)® 0 0 N )
I'(5)
vt (v — '1)1)_671 (vg —v2)®" 1 (vkx —w3)® 1 ... 0 0
VIR (Vo) (V)T (Vimws) T (Vi— k)T 0
Brrr = (0,...,007" € RE+2) such that
0Z3h(vg) h(vo)
: = ZLRI : + BLrr-
oL h(vrc+1) h(vk+1)
Hence proved. O
When the input of 8,y is
(65 7wr(v0) — yr(vo), . § DY - "
0~v r\Y0 Yr ’UO)a'"vO v wT(UK-l-l) yr(UK+1)) ;
then the output is
T/

(0Zy [§D0 P wr(vo) = yr(v0)] - - 0 I3 [§D5Pwr (Vi 1) = Y (VK 41)])

Step 4 (Developing 0,): Let FNN 0, = (Z,,%,), where Z, = —(.%) € REF2x(E+2) 5 —
(0,...,0)7" € RE+2) | then (R40,)(w) = —w,Vw € RE+2). Thus when the input of 0, is

(0Z [6D5 wr(v0) — yr(v0)] 5 - - - 0 L [§D5Pwy (VK 41) — yr(UK-‘rl)])T ;

then the output is

(—0Z2 [§D2Pwr(vo) — yr(v0)] s - .-, —0Zd [§DY P wy (v 41) — yr(UK+1)])T .
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Step 5 (Constructing w):The notation for ResNets w is @ = (I',Q), IV = (.#,0) € RUK+2)x2(K+2)
with .#,0 € RUEF2DX(K+2) where 0 is the null matrix. An FNN can be inferred from Lemma 3.1.
Q=0,00Lr @0y, @ {3 when the input of Q is (wy),, then the output is

(=0Z [§D5Pwr(vo) — yr(v0)] -, =0T [§D5 P wy(vK41) — yr(vK+1)])T :

where Q = (Z,0,%0),Za = ZoZrriZswZ1 € RETDAUERD) B0 = 7, (Zrr1(Zsuv B + Bsup)
+Brri)+ B, € REF2 and T(Q) = (2(K +2), K+2). Thus (Z,@) (w) = T'w+R.Q(w), Vw € R2E+2)
when the input of w is (wy),, then the output is

T/
(wr(vo) —0 I (6D wy (v0) — yr(v0)] s - - -y wr(vi41) —0 T3 [§DY P wr(vii1) — yr(vis1)])”
Furthermore, w’s complexity is

P(w) =2(K+2) (K+2)+ (K+2)+2(K+2)- (K+2)
=(K+2)[4(K+2)+1]. (3.4)
(ii): Following the construction of w, we will present the processes for ResNets s where 3 converts
(wy, Yr) to yr11. Particularly, the input of s is (wy),, then the output is

’

(Yr+1(v0), -+, Yr1(VE11))

The structure of ResNets s is seen in Figure 2. Five FNNs, (3,0444,0¢,0rrr, and 0,, plus a shortcut
IV, make up ResNets s. We will show you how to construct » in 5 steps.

o o om0 -

)
L

Figure 2: ResNets »’s structure

Step 1 (Constructing (3): (3 is made up of FNN ¢y and FNN 0;. {5 is composed with FNN
G’C(wuto, FNN 0,, and FNN 04. Firstly we find how to construct 0,, and 0g,.
yr(V) (1) %p® /V iy
X, Y, (v) = P— P dr.
Let consider p =1

50+ 100) = o) S ey
BN Y S P
s [ e
- F((_llz_;)(v)‘éyrm) + F((_lli_;é /Ov(v )y (r)dr

= (br(v) + ﬂr(’U%
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_1)-0 sV
where ¢, (v) = lg(ll)é)(v)_syr(O) and n,(v) = 15(11)6)6/0 (v— T)_é_lyT(T)dT.

There is a FNN 04 = (Z¢, %Bg) with (RaB¢)(yr) = ¢r that convert the input y, to the output
(br(vo), - ¢T(UK+1))T , where

-8
Vg 0 0
s 5
Z¢—-(‘l) us 0 e REFDX(E+2) g, — (0,0,...,0)7 e RE+?),
I(1—09)
)
Vg1 0o ... 0

Additionally, FNN exists 0, = (Zy, %,) with (R.0y)(y) = 0, that convert the input y, to the output
(Mr(vo), - - - ,ﬂr(UKH))T , where

0 (—vy)~071 (—vg)™%"t .. (~wg)®t 0

111_5_1 0 (v1 —wg) 7871 (v —vg)™"t 0

1}2_5_1 (vg —wp)7%71 0 coo (vg—wg)™L 0

g (=1)7° sAw | v3% (v3—01) 0L (g —wg) O (v3 —vr) 81 0
YT kel B . . |
vl (v —01) 70 (ug — )T L 0 0

VTl (V=) (V=)™ L (V—wg) % 0

€ RIK+2)x(K+2),

and %, = (0,0,...,0)7" € R(K+2),

In keeping with preposition 3.2, a FNN O’Caputo = ((=1)"°Zcaputos Bcaputo) exists that convert the
input y,

to the output

T/
(0756020, o), (D) 56D] Ptrcsn))

As T(0Gaputo) = T(0g) = T(6y) = (K + 2, K + 2), therefore, based on Lemma 3.4, there is a FNN
Co = (Z2, Ps), where

ZCaputo 0 0 54
(9 7 9) Zy 0|7 | e REFDxEFD),
0 Z S
ﬂCaputo
(v 7 9) € RIEF2),
(RaC2) (w) = (R 0 aputo) (W) + (Rab + (Ra0y) (w),Vw € REF2). When the input of (s is y,,

then the output is

’

T
((=1) 726D Py (v0) + br(v0) +1r(v0), - - ., (1) 26D Py, (Vi 41) + br (Vi 1) + MUK 41)) "
. _ _ T/
Le., (_UITéyr(UO)v ceey T Téyr(UK+1))

From Lemma 3.2, L4(C2) = Lq(01) = 1, then there exists a FNN (3 = P3(04, ),
T(Cg) = (2(K+ 2),2(K+ 2)) Let (3 = ((Zg,ggg)), then

_(Zs O (B
2= 2)m-(%)
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Thus when the input of {3 is (wy),, then the output is

_ _ T’
(wT(UO)7 e 7w’r‘(vK+1)7 v VéyT(vO)7 ceey T W VéyT(UK+1)) .

Step 2 (Constructing 0,44): Set FNN 0,40 = (Zadd, Bada), where Zyqq = (7, .7) € RE+H2)x2(K+2)
and PBuqqa = (0, ..., O)T/ € RE+2) then (Ry0aaq) (w y) = w+y, Yw,y € RE+2). When the input of 8444
is

(wr(v0)s - wr(VK41), =0 Loy (v0), - - -, —oToyr(VK41))
then the output is

/

(wT(UO) - UI\E/yT<v0)a v awT(UKJrl) - UI\é/yr(UKJrl))

Step 3 (Constructing 0(): Let us consider FNN 0; = (Z;, By), where Z; = .# € RIE+2)x2(K+2)
and  ZB; = (f(wo), f(v1) .., floxs1)" €  RUEFD then (Robf)(w) = w +
f=fwo)f(v1)..., flogs1)", Vw € RE+2. When the input of 0y is

(wr(v0) = wIoYr(00), - - s Wy (Vi 41) — wZoYr (VK 41)) "
then the output is

(wr(v0) = o Tpyr (o) + f(v0), - - - wr (VK1) = o Toyr (Vi 41) + fVR41))

Step 4 (Constructing Orgr):

’

Proposition 3.4 There exists a FNN Orpy that (Ro.Orrr) (h) =, ZGh, Vh = (h(vp),. .., h(viki1))T

Proof: The right RLFI can be discretized as

1 v 5-1
W / (T —v5) h(r)dr

~ FA(;))[(UJ‘H —07)° T h(vj1) + (Vg2 = 07)° T h(vj42) + - 4+ (V= 05)° T R(V)).

vIlé/h(Uj) =

Then, a FNN is present Orrr = (Zrrr, Brrr) with the input (h(vg),.. .,h(vK_H))T/, and the output
(wZ&h(v0), -« - o Z&h(vK+1))T, where

0 (1}1 —’()0)6_1 (1}2 —’U())(S_1 (1}3 —’U())ZS_1 (’UK —U0)8_1 (V—’Uo)é_l
0 0 (1}2 —’01)5_1 (U3 —’111)5_1 (’UK —’111)5_1 (V—Ul)5_1
A 0 0 0 (Ug —’1}2)5_1 (’UK —’Ug)s_l (V—02)5_1
v 5-1 5-1
A — 0 0 0 0 (’UK —’Ug) (V—’U3)

HTTE) : : . : :
0 0 0 0 0 (V — v )s1

0 0 0 0 0 0

€ RUE+2)x(K+2)
and Brrr = (0,...,0)T € RE+2) such that
vwI-h(vo) h(vo)
: = ZRRI : + PBRRI.

oIy (V1) h(vk+1)
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Hence proved. O

When the input of Oz is

(wr(v0) = oZoyr(v0) + F(v0), -y we(vks1) — o ToYr (ics1) + Florsr))

then the output is

(T [wn(00) =T (0) + F0)] -0 T [0 (vrcs1) = o To9e (0 11) + floresn)])

Step 5 (Constructing »): ResNets s can be denoted as » = (I', ¥). As we can see from Lemma
3.1, a FNN exists ¥ =0, e Orpr @ 05 0,44 ® (3 with the input of ¥ is (wy),, then the output is

’

(=T [wr(vo) = Ty (v0) + F(00)] s s =T [wr(vrcr1) = o Toyr (vics1) + Flrsn)])

where U = (Wg, By), Wy = WoWrrRIW i WaaaWs c R(K+2)x2(K+2)
By = Wo {Wgrri[Ws(WagaBs + Bada) + Bf] + Brri} + B, € RE+2 and T(¥) = (2(K + 2), K + 2).
The notation for the ResNets s is »c = (I, ¥) then when the input of s is (wy),, then the output is

(5 (00) =0 T [0 (00) = T 00) + F00)] -0 (0rc2) = T [ oesn) = o Tonosesn) + S(orcin)])

(iii) Now, let us explain how to create U using w and ». When the input is (wy),, the output of w
and s are (W (Vg i1, ..., we(vg 1)’ and (Yr(Vks1,-. . wr(vis1)” , respectively. As T(Q) = T(¥) =
(2(K +2), K 4 2), in line with Proposition 3.1, a ResNets A made out of @ and s exists, and when the

input be (wy),, then the output be

’

(wr+1(UO)v~-~7wr+1(vK+1)7yr+l(U0)v~'~7yr+l(UK+1))T )
dA= A, Py(QU)RA), A= <+>).
. ((0 F) A1) ) <f2(1<+2>

AsUG =Ae---e A, N numbers of A combined into one composition, we express U. According to Lemma
3.5, when U’s input is

/

(wo(vo), ..., wo(vr+1),Yo(vo)s - -, yo(VE41))"

then the output is

’

(wn(vo), .-, wN (Vi 41), YN (Vo) - - YN (VE41))

We thus demonstrate that a ResNets may be able to provide the approximate answers wy (t) and yy (¢).
When used with Eq.(2.15), U’s complexity

P(0) = NP(A) < N -4P () = AN(K + 2)4(K +2) +1].

This suggests that the parameter count of the estimated ResNets has a superior constraint and expand
polynomially in K and N. Theorem 3.1 has a thorough proof. O

To gain a better understanding the previously mentioned notions, let’s solve a few problems.

4. Examples
Example 4.1 Approach the function f(z) = 2% + z using the idea (R40caputo) (wn) =§ DS w,.
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Solution : To solve this, we use the Proposition 3.2, i.e.,

5—1p,—6p n—1
m JZ::O wj X [f(vj+1) - f(v])} s

D07 f(vj41) ~

where w; = =WZUHDITS | ()t

Let us assume for $ =0,n=1,p=1,h =1 and K = 1, then we have wg = 1 and w; = 1. Then,

0 0 O 0 0 O
ZCaputozr o 1 of-[=1 1 o0
0 1 1 0 -1 1
0 0
1 1 0
-1 0 1
Now,
§D9 f (uo) F(w0) }
(C)Ds’pf(vl) - ZCaputo f(vl) + %Caputoa where t%C’aputo = (0; ey 0)
SDS”’f(vg) f(v2)
0 0 () 0
=1-11 vi |+ (0
-1 0 V2 0

0

0

1
=1%o + vy
—vVg + Vg

By using the Definitions 2.3, we get

D810 = s [ =)0 L pas

/ e dm-/’.(2x+1)dx

24 x)o" = v;(v; + 1).

When ¢ = 0,
§D5P f(vg) =0
Uo(U0+1) =0=v9=0,—-1.
When i =1,
8@519 (v1) = —vo +v1
’01(1)1 + 1) = —Ug + V1 = ’U% = —9.

If vg = 0 then v; = 0 and if vg = —1 then v; = 1, —1, thus we get v; = —1,0, 1.
SDSQP (v2) = —vo + V2
vo(vg + 1) = —vg 4 v2 = v5 = —p.

If vg = 0 then vo = 0 and if vg = —1 then vy = 1,—1. We get vo = —1,0, 1.

Example 4.2 This problem displays the outcome for a matrix when f(z) = 22 + 3z + 2 is used in

(RaGCaputo) (wn)
=5 Dg’pwn.



THE ROLE OF RESIDUAL NEURAL NETWORKS FOR ADVANCING FRACTIONAL DIFFERENTIAL EQUATIONS
Solution: To solve this, we use the Proposition 3.2, i.e.,

Blhép

6D f(vj41) ~ TE=3) Zw] fjs1) — f(u)],

(P (] py1—3 p_;p\1—8
where w; = (n (jJ(rJS,},)l) + o jpj—g

Let us assume for 6 =1/2,n=3,p=1,h =1 and K = 2, we get
wj ===+ +B-7)",

when j =0, 1,2, then we have wy = V3 — V2, w1 = v/2 — 1,ws = 1. Now

0 0 0 0 0 0 0 0
7 PR 0w 0 0| [-1 1 0 0
Coruto = TP %) [0 wi wy 0 0 -1 1 0
0 W W1 Wo 0 0 -1 1
0 0 0 0 0 0 0 0
R T EURRVEERVD 0 0 -1 1 0 0
T Ir3/2) |0 xﬂi 1 V3-2 0 0 -1 1 0
0 V2—-1 V3-V2 0 0 -1 1
0 0 0 0
2 [v2-vB  v3-v2 0 0
VTl 1-v2 o 2v2-v3-1 V3-V2 0
~1 2-2 2V2-V3-1 V3-V2
Spg’pf(%) f(vo)
6Dy " f(v fv y ’
(C)Dg’pfgvlg = ZCaputo fEU;; + r%Caputoa where ﬂcg,puto = (07 07 01 O)T
6D f(vs) f(vs)
0 0 0 0 v 0
_ 2 [vV2-v3 VB- \/5 0 0 vi| |0
TVm | 1-V2 2v2—-3- V3 -2 0 Vs 0
-1 2-v2 2vV2—-vV3-1 V3-v2/) \us 0
0
_ 2 —(V3=vV2)vo + (V3 —V2)ns
VT (1—\[)Uo+(2\/§—\/§—1)?)1+(\[—\[)v2

—vo+ (2—=V2)v1 + (2vV2 = V3 = Dve + (V3 — V2)us

By using the Definitions 2.3, we get

80500 = g [ - () s

When i = 0,

6D f(vg) =0=0=0.

Vo

21
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When ¢ =1,
§D5 f(or) = 7[ (v3 = V2)uo + (V3 = V2]
0= 7[([ V2)oo + (V3 = V2)ui
When i = 2,
SDYF f(v2) %(1—\/§)U0+(2\[—\/§—1)U1+(\/§—\/§)U2
0= 7(1—\/5)v0+(2\f—\/§—1)v1+(\/§—\/§)v2

Similarly when ¢ = 3, we get vz = vy.

5. Conclusions

In this paper, we have demonstrated that VIM handles residual neural network approximations to
fractional differential equation solutions. The VIM has been applied to FDEs containing RLFI and
GCTFD and it mainly focused on left RLFI and left GCTFD. The technique first defines VIF for the
solution and then uses a residual neural network to establish the iteration format’s convergence. This
study demonstrates that it is possible to approximate a solution using a neural network by applying VI
approach. Lastly, some examples are provided to help you grasp the improved understanding.

References

1. Agarwal, S., Mishra, L. N., Attributes of residual neural networks for modeling fractional differential equations, Heliyon.
10, 38332, (2024).

2. Ansari, M., Mishra, L. N., Common solution to a coupled system of fractional differential equations and nonlinear
integral equations via weakly altering distance functions and w-distance, Adv. Stud.: Euro-Thbil. Math. J. 18(2), 149-
174, (2025).

3. Arikoglu, A., Ozkol, 1., Solution of fractional differential equations by using differential transform method, Chaos Solit.
Fractals. 34, 1473-1481, (2007).

4. Baggenstos, J., Salimova, D., Approxzimation properties of residual neural networks for Kolmogorov PDFEs, Discrete
Contin. Dyn. Syst. - Ser. B. 28, 3193-215, (2023).

5. Bhadana, K. G., Meena, A. K., Mishra, V. N., Some unified integral formulae involving with general class of polynomials
and generalized Hurwitz-Lerch zeta function, AIP Conf. Proc. 2768, 020018, (2023).

6. Bhat, I. A., Mishra, L. N., Mishra, V. N., Comparative analysis of nonlinear Urysohn functional integral equations via
Nystrom method, Appl. Math. Comput. 494, 129287, (2025).

7. Bhat, I. A., Mishra, L. N., Mishra, V. N., Abdel-Aty, M., Oasymeh, M., A comprehensive analysis for weakly singular
nonlinear functional Volterra integral equations using discretization techniques, Alex. Eng. J. 104, 564-575, (2024).

8. Bhat, I. A., Mishra, L. N.; Mishra, V. N., Tung, C., Tung, O., Precision and efficiency of an interpolation approach to
weakly singular integral equations, Int. J. Numer. Methods Heat Fluid Flow. 34, 1479-1499, (2024).

9. Chu, Y. M., Bani Hani, E. H., El-Zahar, E. R., Ebaid, A., Shah, N. A., Combination of Shehu decomposition and vari-
ational iteration transform methods for solving fractional third order dispersive partial differential equations, Numer.
Methods Partial Differ. Equations. 40(2), e22755, (2024).

10. Farid, G., Bibi, S., Rathour, L., Mishra, L. N., Mishra, V. N., Fractional versions of Hadamard inequalities for strongly
(s, m)-convez functions via Caputo fractional derivatives, Korean J. Math. 31(1), 75-94, (2023).

11. Ghorbani, A., Momani, S., An effective variational iteration algorithm for solving Riccati differential equations, Appl.
Math. Lett. 23, 922-927, (2010).

12. He, J. H., Approzimate analytical solution for seepage flow with fractional derivatives in porous media, Comput.
Methods Appl. Mech. Eng. 167, 57-68, (1998).

13. He, J. H., Variational iteration method-some recent results and new interpretations, J. Comput. Appl. Math. 207, 3-17,
(2007).



14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.
36.

37.

38.

THE ROLE OF RESIDUAL NEURAL NETWORKS FOR ADVANCING FRACTIONAL DIFFERENTIAL EQUATIONS 23

Higazy, M., Alsallami, S. A. M., Abdel-Khalek, S., El-Mesady, A., Dynamical and structural study of a generalized
Caputo fractional order Lotka-Volterra model, Results Phys. 37,105478, (2022).

Hogeme, M. S., Woldaregay, M. M., Rathour, L., Mishra, V. N.; A stable numerical method for singularly perturbed
Fredholm integro differential equation using exponentially fitted difference method, J. Comput. Appl. Math. 441, 115709,
(2024).

Inc, M., Parto-Haghighi, M., Akinlar, M. A., Chu, Y., New numerical solutions of fractional-order Korteweg-de Vries
equation, Results Phys. 19, 103326, (2022).

Jamshed, W., Nisar, K. S., Computational single-phase comparative study of a Williamson nanofluid in a parabolic
trough solar collector via the Keller box method, Int. J. Energy Res. 45, 10696-10718, (2021).

Jentzen, A., Salimova, D., Welti, T., A proof that deep artificial neural networks overcome the curse of dimensionality
in the numerical approrimation of Kolmogorov partial differential equations with constant diffusion and nonlinear drift
coefficients, Commun. Math. Sci. 19, 1167-205, (2021).

Kumar, S., Nieto, J. J., Ahmad, B., Chebyshev spectral method for solving fuzzy fractional Fredholm—Volterra integro-
differential equation, Math. Comput. Simul. 192, 501-513, (2022).

Liu, F., Anh, V., Turner, 1., Numerical solution of the space fractional Fokker—Planck equation, J. Comput. Appl.
Math. 166, 209-219, (2004).

Liu, Z., Yang, Y., Cai, Q., Neural network as a function approzimator and its application in solving differential
equations, Appl. Math. Mech. 40, 237-248, (2019).

Mao, Z., Chen, S., Shen, J., Efficient and accurate spectral method using generalized Jacobi functions for solving Riesz
fractional differential equations, Appl. Numer. Math. 106, 165-181, (2016).

Negero, N. T., Duressa, G. F., Rathour, L., Mishra, V. N.; A novel fitted numerical scheme for singularly perturbed
delay parabolic problems with two small parameters. Partial Differ, Equations Appl. Math. 8, 100546, (2023).

Odibat, Z., Baleanu, D., Numerical simulation of initial value problems with generalized Caputo-type fractional deriva-
tives, Appl. Numer. Math. 156, 94105, (2020).

Odibat, Z. M., Rectangular decomposition method for fractional diffusion-wave equations, Appl. Math. Comput. 179,
92-97, (2006).

Pathak, V. K., Mishra, L. N., Mishra, V. N., On the solvability of a class of nonlinear functional integral equations
involving Erdélyi—Kober fractional operator, Math. Methods Appl. Sci. 46, 14340-14352, (2023).

Paul, S. K., Mishra, L. N.; Mishra, V. N., Results on integral inequalities for a generalized fractional integral operator
unifying two existing fractional integral operators, Nonlinear Anal.: Model. Control. 29(6), 1080-1105, (2024).

Paul, S. K., Mishra, L. N., Mishra, V. N.; Baleanu, D., An effective method for solving non linear integral equations
involving the Riemann-Liouville fractional operator, AIMS Math. 8(8), 17448-17469, (2023).

Sheng, H., Li, Y., Chen, Y. Q., Application of numerical inverse Laplace transform algorithms in fractional calculus,
J. Franklin Inst. 348, 315-330, (2011).

Stefanski, T. P., Gulgowski, J., Signal propagation in electromagnetic media described by fractional-order models,
Commun. Nonlinear Sci. Numer. Simul. 82, 105029, (2020).

Tavares, D., Almeida, R., Torres, D. F. M., Caputo derivatives of fractional variable order: numerical approzimations,
Commun. Nonlinear Sci. Numer. Simul. 35, 69-87, (2016).

Ullah, A., Alj, S., Awwad, F. A., Ismail, E. A., Analysis of the convective heat transfer through straight fin by using
the Riemann-Liouville type fractional derivative: Probed by machine learning, Heliyon. 10(4), (2024).

Woldaregay, M. M., Hunde, T. W., Mishra, V. N., Fitted exact difference method for solutions of a singularly perturbed
time delay parabolic PDE, Partial Differ. Equations Appl. Math. 8, 100556, (2023).

Wu, G., A fractional variational iteration method for solving fractional nonlinear differential equations, Comput. Math.
Appl. 61, 2186-2190, (2011).

Yang, X., Gao, F., Ju, Y., General Fractional Derivatives with Applications in Viscoelasticity, Academic Press. (2020).

Wu, G., Lee, E. W. M., Fractional variational iteration method and its application, Phys. Lett. A. 374, 2506-2509,
(2010).

Yadav, A. K., Pandey, R. M., Mishra, V. N., Agarwal, R., Some Integral Inequalities Involving a Fractional Integral
Operator with Extended Hypergeometric Function, Dolomites Res. Notes Approx. 18(1), 17-26, (2025).

Zuo, J., Yang, J., Approzimation properties of residual neural networks for fractional differential equations, Commun.
Nonlinear Sci. Numer. Simul. 125, 107399, (2023).



24 A. ANTONY AND L. N. MISHRA

Alice Antony,

Department of Mathematics,

Vellore Institute of Technology,
Vellore 632 014, Tamil Nadu, India.

E-mail address: aliceantony13@gmail.com
and

Lakshmi Narayan Mishra,
Department of Mathematics,

Vellore Institute of Technology,
Vellore 632 014, Tamil Nadu, India.

E-mail address: lakshminarayanmishra04@gmail.com, lakshminarayan.mishra@vit.ac.in



	Introduction
	Initial and key findings
	Approximation based on ResNets
	Examples
	Conclusions

