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The role of residual neural networks for advancing fractional differential equations

Alice Antony and Lakshmi Narayan Mishra∗

abstract: This study provides the first comprehensive demonstration of how to utilise ResNets to estimate
a family of generalized Caputo-type fractional differential equations and their solutions, and how to limit the
quantity of parameters present in these ResNets. The basis of our evidence is the variational iteration method.
It determines the differential equation’s exact solution with the use of the variational iteration method. Then
it shows how to estimate these equations using residual neural networks, using the structure produced by the
variational iteration method.
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1. Introduction

In the study of FDEs, researchers have noted that fractional-order operators display non-local prop-
erties, unlike integer-order operators. It also involves fractional derivatives of functions. FDEs find use in
diverse domains of physics and engineering, such as electromagnetism [30], heat transfer engineering [32],
viscoelasticity [35], and seepage flow [12]. Fractional differential equations are essential in the domains
of engineering, environmental phenomena, and the physical and engineering sciences [2,27,28]. Delay
differential equations also play a crucial role in these fields, contributing to a deeper understanding of
complex phenomena. It’s a growing area of study and importance as an extension of integer differential
equations. The effective memory function of fractional derivatives has made FDEs a popular tool for
representing a wide range of physical phenomena. For FDEs, a wide range of approximate analytical tech-
niques have been developed, including VIM [34], the Adomian decomposition method [36], the rectangle
decomposition method [25], the trapezoidal method [6] as well as the differential transform method [3].
Recent studies have analyzed weakly singular nonlinear Volterra integral equations using discretization
techniques. The solvability and approximation of weakly singular nonlinear Volterra integral equations
using discretization techniques have been demonstrated by a thorough investigation [7]. Given their close
relationship to fractional differential equations, these works highlight the power of classical numerical ap-
proaches. Many authors have spent years significantly refining VIM . The author He [13] created the
strong analytical method known as the VIM , which is used to solve FDEs. The Fokker-Planck equation
[20], the Lotka-Volterra formula [14], the fuzzy differential formula [19], and other differential formulas
of an integer nature can all be successfully solved with it. The fractional order differential equations
that it also works well with are the following: partially differential equations of fractional third order
dispersive [9]; Riesz differential equations [22]; left or right Caputo fractional derivatives [31]; left or right
Riemann-Liouville derivatives [5]; Erdélyi-Kober fractional derivatives [26]; left and right sided general-
ized k-fractional formula [37] and other fractional derivatives [10,16]. Fractional differential equations
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have been successfully utilized in interpolation problems, providing a powerful tool for modelling and
estimating missing data points in a more accurate and efficient manner [8]. FDEs are widely used to
represent fluid dynamics phenomena like turbulence, anomalous diffusion, and viscoelastic flows because
of their ability to capture memory and heredity effects [17]. More and more, fluid dynamics is simulating
complicated fluid behaviours with memory-dependent and non-local features using fractional calculus.

These days, open source machine learning software frameworks like PyTorch, TensorFlow, and Keras
allow us to build neural networks, even ones with tremendous structural complexity, with just a few
lines of code. The complex method of creating a neural network involves giving careful thought to a
number of variables, such as optimization techniques, activation functions, and network architecture. It
is possible to create, train, and evaluate these complex structures with the help of a variety of tools and
programs used in neural network development. This process involves carefully calibrating the level of
model complexity to achieve optimal generalizability, with the ultimate aim of developing a network that
can learn, adapt, and respond to new data.

Lately, numerical approximations of partial differential equations have been successfully achieved
through the use of neural networks. Neural networks form the foundation of deep learning, delivering
unparalleled results in tasks such as image classification, object detection, and language translation.
Also, numerous studies have shown that they can effectively approximate solutions to integro-differential
equations [15] and partial differential equations [33,23]. Jentzen et al. presented proof that deep artificial
neural networks can approximate broad models numerically, such as Kolmogorov partial differential
equations, and Baggenstos et al. [4] showed that ResNets can also approximate these models. It was
developed in order to solve the issue of vanishing gradients in deep networks, which was a major barrier
to the development of deep neural networks. A common problem with deep networks, local minima,
prevents the network from learning additional layers of features. This is made possible with the ResNets
architecture. The ResNet neural network architecture, introduced by Kaiming He, Xiangyu Zhang,
Shaoqing Ren, and Jian Sun in their 2015 paper ‘Deep Residual Learning for Image Recognition’, has
been a game-changer in computer vision research. ResNet’s innovative approach has significantly altered
the landscape of deep convolutional neural network training, with major implications for computer vision
tasks. The residual learning framework of ResNets is its key innovation, permitting the network to learn
residual functions, which alleviates the vanishing gradient problem and enables deeper networks. The
ResNets design is computationally more efficient since it produces better results with fewer parameters.
A lot of partial differential equations, including the Poisson equation, the Burgers equation [21], and
others, have been numerically approximated using ResNets.

In this work aims to analyse FDEs in the following format:{
vIδ

V (
c
0Dδ,ρ

v w)(v) + w(v) = −f(v), v ∈ [0, V ],

w(0) = w(V ) = 0,
(1.1)

where δ ∈ [ 12 , 1),v I
δ
V ,

c
0 Dδ,ρ

v denote the right RLFI and left GCTFD, correspondingly. Based on the work,
it can be estimated that ResNets can solve Eq.(1.1). ResNets help resolve the issue of the vanishing
gradient and enable the training of much deeper networks. Deeper networks can be enabled generally
and efficiently with residual connections. To the best of our knowledge, this paper presents a pioneering
proof of numerical approximation for fractional differential equations using deep learning techniques,
marking a significant first in this field. ResNets can approximate the solution to illustrate Eq.(1.1) by
means of the VIM mediation [11]. Explicit or approximate solutions are found for both linear and
nonlinear differential equations using this method. Using the VIM , we shall establish the applicable
theorem of FDE with GCTFD. According to our findings, the ResNets need a polynomial number of
parameters to approximate the answer to Eq.(1.1) in both N , which is the number of the approximative
solution’s iterations obtained through VI, and K, which is the number of points chosen in the defining
domain.

The study’s second section starts with some basic fractional calculus equations and characteristics. It
has the required Laplace transform as well. It also demonstrates the convergence of the VIM and pro-
vides an iterative framework for precisely solving Eq.(1.1). Section 3 demonstrates how to use ResNets
to estimate the iterated value in Section 2, as it closely resembles the exact solution to Eq.(1.1). To help
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explain the findings, Section 4 offers a few instances. A presentation of the conclusion wraps up Section
5. In the sequel, we utilize the following notations:
• R: The collection of all real numbers,
• N: The collection of all natural numbers,
• C: The collection of all continuous function,
• FDEs: Fractional differential equations,
• GCTFD: Generalized Caputo-type fractional derivatives,
• RLFI: Riemann-Liouville fractional integrals,
• RLFD: Riemann-Liouville fractional derivatives,
• LT: Laplace transform,
• T ′: Transpose of a matrix,
• I : Identity matrix,
• VI: Variational iteration,
• VIF: Variational iteration formula,
• VIM : Variational iteration method,
• ResNets: Residual neural networks,
• FNNs: Neural networks with feedforward,
• RFNNs: FNN Realization,
• RResNets: ResNets Realization.

2. Initial and key findings

Definition 2.1 (RLFI on the left and right [7]). Given a function f that is defined on the interval [a, b],
when δ > 0 is a positive integer, then fractional integrals of f(v) on the left and right are defined as

aIδ
v f(w) =

1

Γ(δ)

∫ v

a

(v − s)
δ−1

f(s) ds,

vIδ
b f(w) =

1

Γ(δ)

∫ b

v

(s− v)
δ−1

f(s) ds.

Definition 2.2 (RLFD on the left and right [38]). Consider a function f that is defined on the interval
[a, b]. The RLFD of function f(v) on the left and right, of order δ, are defined as

aDδ
vf(v) =

dm

dvm
(aDδ−m

v )f(v) =
1

Γ(m− δ)
dm

dvm

(∫ v

a

(v − s)
m−δ−1

f(s) ds

)
,

vDδ
b f(v) = (−1)m

dm

dvm
(vDδ−m

b )f(v) =
(−1)m

Γ(m− δ)
dm

dvm

(∫ b

v

(s− v)
m−δ−1

f(s) ds

)
.

where m− 1 ≤ δ < m and m ∈ N.

Definition 2.3 (GCTFD on left and right [24]). Given a function f that is defined on the interval [a, b]
of order δ > 0, where r − 1 < δ < r, r ∈ N, then the left and right GCTFD of f(v) are defined as

c
aDδ,ρ

v f(v) =
ρδ−r+1

Γ(r − δ)

(∫ v

a

sρ−1 (vρ − sρ)
r−δ−1

(
s1−ρ d

ds

)r

f(s)ds

)
,

c
vD

δ,ρ
b f(v) =

(−1)rρδ−r+1

Γ(r − δ)

(∫ b

v

sρ−1 (sρ − vρ)
r−δ−1

(
s1−ρ d

ds

)r

f(s)ds

)
.



4 A. Antony and L. N. Mishra

Remark 2.1 When δ ∈ (0, 1) and f is defined on the interval [0, V ], the right RLFI can be expressed in
terms of the right GCTFD

vI−δ
V f(v) = I(v)− c

vD
δ,ρ
V f(v),

where I(v) =
f(V )

Γ(1− δ)(V − v)δ
.

It is possible to express the right GCTFD with respect to the left GCTFD.

c
vD

δ,ρ
V f(v) =

−ρδ

Γ(1− δ)

(∫ V

v

sρ−1(sρ − vρ)−δ(s1−ρ d

ds
)f(s)ds

)

=(−1)1−δ ρδ

Γ(1− δ)

(∫ V

v

(vρ − sρ)−δ d

ds
f(s)ds

)

=
(−1)1−δρδ

Γ(1− δ)

(∫ V

0

(vρ − sρ)−δf ′(s)ds−
∫ v

0

(vρ − sρ)−δf ′(s)ds

)

=
(−1)1−δρδ

Γ(1− δ)

∫ V

0

(vρ − sρ)−δf ′(s)ds− (−1)1−δρδ

Γ(1− δ)

∫ v

0

(vρ − sρ)−δf ′(s)ds

=
(−1)1−δρδ

Γ(1− δ)

∫ V

0

(vρ − sρ)−δf ′(s)ds+ (−1)−δ c
0Dδ,ρ

v f(v).

The left GCTFD can be used to express the right RLFI,

vI−δ
V f(v) = (−1)1−δ c

0Dδ,ρ
v f(v) +X (v)−Y (v), (2.1)

where X (v) =
f(V )

Γ(1− δ)(V − v)δ
, Y (v) =

(−1)1−δρδ

Γ(1− δ)

∫ V

0

(vρ − sρ)−δf ′(s)ds.

Definition 2.4 ( [29]) LT of the term c
0Dδ,ρ

v U (v) is given as

L [c0Dδ,ρ
v U (v)] = sδŪ (s)−

m−1∑
j=0

U (j)(0+)sδ−1−j ,

where L is denoted as the LT, Ū (s) = L [U (v)].

Letting L [a(v)] = ā(s) and L [b(v)] = b̄(s) as assumptions, then the convolution theorem is defined
as

a(v) ∗ b(v) =
∫ v

0

a(v − τ ′)b(τ ′)dτ ′,

and

L [a(v) ∗ b(v)] = L [a(v)]L [b(v)] = ā(s)b̄(s).

We create a new equation by converting Eq.(1.1):
c
0Dδ,ρ

v w(v)− y(v) = 0, (a)

vIδ
V y(v) + w(v) + f(v) = 0, (b)

w(0) = w(v) = 0.

(2.2)
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Theorem 2.1 Eq.(2.2)(a) and Eq.(2.2)(b) have exact solutions that are represented by the VIFs w(v)
and y(v), respectively

wn+1(v) = wn(v)− 0Iδ
v [

c
0D

δ,ρ
τ ′ wn(τ

′)− yn(τ
′)], (2.3)

yn+1(v) = yn(v) + vIδ
V [τ ′I−δ

V yn(τ
′) + wn(τ

′) + f(τ ′)]. (2.4)

Proof: One method that can be used to discover the convergent successive approximation or the exact
solution of a differential equation in confined as well as unconfined domains is VIM . To begin with, we
demonstrate that the VIF for w(v) is given by Eq.(2.3). With the use of the Caputo-type derivative,
VIM approximates the solutions to the FDE and we quote a theorem in it.

Let us define U (v) on [0, V ]. Linear and nonlinear operators are represented by the symbols La and
Na, respectively. In the event that the functional correction for

c
0Dδ,ρ

v U (v) + La[U (v)] +Na[U (v)] = f(v), (2.5)

is determined by the left RLFI

Un+1(v) = Un(v) + 0Iδ
vλ(v, τ

′)[c0D
δ,ρ
τ ′ Un(τ

′) + La[Un(τ
′)] +Na[Un(τ

′)]− f(τ ′)],

where the multiplier of Lagrange is known to be λ(v, τ ′) = −1 in which the terms La[Un] and Na[Un],
which are constrained variations.

The iteration formula for Eq.(2.5) can thus be found here:

Un+1(v) = Un(v)− 0Iδ
v [

c
0D

δ,ρ
τ ′ Un(τ

′) + La[Un(τ
′)] +Na[Un(τ

′)]− f(τ ′)].

The approximate solution Un(v) can be obtained using any zeroth approximation U0(v). Thus, for w(v),
the VIF is

wn+1(v) = wn(v)− 0Iδ
v [

c
0D

δ,ρ
τ ′ wn(τ

′)− yn(τ
′)]. (2.6)

Then, we demonstrate that y(v) has a VIF of Eq.(2.4). The following equation’s correction functional
asks us to figure out the Lagrange multiplier. Consider the equation:

vI−δ
V U (v) + La[U (v)] +Na[U (v)] = f(v), (2.7)

where v ∈ [0, V ]. From Eq.(2.1), right RLFD can be expressed in terms of the left GCTFD, we have

vI−δ
V U (v) = (−1)1−δ c

0Dδ,ρ
v U (v) +X (v)−Y (v),

where X (v) =
U (V )

Γ(1− δ)(V − v)δ
, Y (v) =

(−1)1−δρδ

Γ(1− δ)

∫ b

0

(vρ − sρ)−δU ′(s)ds.

Now the correction functional for Eq.(2.7) can be established using the right RLFI, where 0 < δ < 1,

Un+1(v) =Un(v) + vIδ
V λ(v, τ

′)[(−1)1−δ c
0D

δ,ρ
τ ′ Un(τ

′) +Xn(τ
′)

−Yn(τ
′) + La[Un(τ

′)] +Na[Un(τ
′)]− f(τ ′)],

(2.8)

thus, λ(v, τ ′) = 1 may be used to determine the Lagrange multiplier, where Yn, Xn, La[Un], and Na[Un]
are restricted variations. Applying LT on both sides of Eq.(2.8),

Ūn+1(s) =Ūn(s) + L [vIδ
V λ(v, τ

′)[(−1)1−δ c
0D

δ,ρ
τ ′ Un(τ

′) +Xn(τ
′)

−Yn(τ
′) + La[Un(τ

′)] +Na[Un(τ
′)]− f(τ ′)]].

(2.9)
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Now,

vIδ
V λ(v, τ ′)[(−1)1−δ c

0Dδ,ρ
τ ′ Un(τ

′)] =
1

Γ(δ)

∫ V

v

(
τ ′ − v

)δ−1
λ(v, τ ′)(−1)1−δ c

0Dδ,ρ
τ ′ Un(τ

′) dτ ′

=
1

Γ(δ)

∫ V

0

(
τ ′ − v

)δ−1
λ(v, τ ′)(−1)1−δ c

0Dδ,ρ
τ ′ Un(τ

′) dτ ′

− 1

Γ(δ)

∫ v

0

(
τ ′ − v

)δ−1
λ(v − τ ′)(−1)1−δ c

0Dδ,ρ
τ ′ Un(τ

′) dτ ′

= F (v)− 1

Γ(δ)

∫ v

0

(
v − τ ′)δ−1

(−1)δ−1λ(v − τ ′)(−1)1−δ c
0Dδ,ρ

τ ′ Un(τ
′) dτ ′

= F (v)− 1

Γ(δ)

∫ v

0

(
v − τ ′)δ−1

λ(v, τ ′) c
0Dδ,ρ

τ ′ Un(τ
′) dτ ′

= F (v)− λ(v)vδ−1

Γ(δ)
∗c0 Dδ,ρ

v Un(v)

= F (v)− m(v) ∗c0 Dδ,ρ
v Un(v), (2.10)

where F (v) =
1

Γ(δ)

∫ V

0

(τ ′ − v)
δ−1

λ(v, τ ′)(−1)1−δ c
0D

δ,ρ
τ ′ Un(τ

′) dτ ′,m(v) =
λ(v)vδ−1

Γ(δ)
and λ(v, τ ′) =

λ(v − τ ′).
Applying LT on both side of Eq.(2.10) is given as

L [vIδ
V λ(v, τ

′)[(−1)1−δ c
0Dδ,ρ

v Un(τ
′)]] =F (s)− m̄(s)

[
sδŪn(s)− Un(0

+)sδ−1
]
.

On each side of Eq.(2.9), take the derivative of the classical variation δ. Since Xn,Yn, La[Un] and Na[Un]
are seen as limited variants; hence, F (v) is not the functional of Un(v), Eq.(2.9) is computed as

δŪn+1(s) =δŪn(s) + δ[−m̄(s)[sδŪn(s)− Ūn(0
+)sδ−1]]

=[1− m̄(s)sδ]δŪn(s).

Then 1− m̄(s)sδ = 0, m̄(s) = 1
sδ
,m(v) = vδ−1

Γ(δ) . As m(v) = λ(v)vδ−1

Γ(δ) , λ(v) = 1.

Then, for Eq.(2.7), the iterations formula is

Un+1(v) =Un(v) + vIδ
V [(−1)1−δ c

0D
δ,ρ
τ ′ Un(τ

′) +Xn(τ
′)−Yn(τ

′) + La[Un(τ
′)] +Na[Un(τ

′)]− f(τ ′)]

=Un(v) + vIδ
V [ τ ′I−δ

V Un(τ
′) + La[Un(τ

′)] +Na[Un(τ
′)]− f(τ ′)].

Thus, VI calculation of y(v) is:

yn+1(v) = yn(v) + vIδ
V [ τ ′I−δ

V yn(τ
′) + wn(τ

′) + f(τ ′)]. (2.11)

This brings Theorem 2.1’s proof to a close. 2

Theorem 2.2 Let w0(v) = ϕ(v), where ϕ(0) = w(0). The precise answers w(v) and y(v) can be reached
by this {wn(v)} and {yn(v)} sequence that were derived from Theorem 2.1.

Proof: We will demonstrate in this section that the order in which {yn(v)} and {wn(v)} originated
converge to w(v) and y(v) the exact from Theorem 2.1.

It is evidently possible to acquire that

w(v) =w(v)− 0Iδ
v [

c
0D

δ,ρ
τ ′ w(τ

′)− y(τ ′)],

y(v) =y(v) + vIδ
V [ τ ′I−δ

V y(τ ′) + w(τ ′) + f(τ ′)].

Let en(v) = wn(v)− w(v), ϵn(v) = yn(v)− y(v), we can get that

en+1(v) = en(v)− 0Iδ
v [

c
0D

δ,ρ
τ ′ en(τ

′)− ϵn(τ
′)], (2.12)
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ϵn+1(v) = ϵn(v) + vIδ
V [ τ ′I−δ

V ϵn(τ
′) + en(τ

′)]. (2.13)

When δ ∈ (0, 1), 0Iδ
v [

c
0Dδ,ρ

v w(v)] = w(v)− w(0),

and vIδ
V [ vI−δ

V w(v)] =v I1−δ
V w(v)|v=V

(V−v)δ−1

Γ(δ) − vI1+δ
V w(v)|v=V

(V−v)−δ−1

Γ(−δ) . If w(v) is bounded on

[0, V ], then

∣∣
vI1−δ

V w(v)
∣∣ = ∣∣∣∣∣ 1

Γ(1− δ)

∫ V

v

(s− v)−δw(s)ds

∣∣∣∣∣ ≤ 1

Γ(1− δ)

∫ V

v

(s− v)−δ |w(s)| ds

≤ max
s∈[t,V ]

|w(s)| 1

Γ(1− δ)

∫ V

v

(s− v)−δds = max
s∈[v,V ]

|w(s)| 1

Γ(1− δ)
(V − v)1−δ

1− δ
.

When v = V,
∣∣
vI1−δ

V w(v)
∣∣
v=V

≤ 0, which means
∣∣
vI1−δ

V w(v)
∣∣ = 0. Similarly, when

v = V,
∣∣
vI1+δ

V w(v)
∣∣
v=V

≤ 0, which means
∣∣
vI1+δ

V w(v)
∣∣ = 0.

It is proved that en(0) = 0 and ϵn is bounded on [0, V ]. Then Eq.(2.12) and Eq.(2.13) can be made easier
to

en+1(v) =0Iδ
v ϵn(τ

′),

ϵn+1(v) =ϵn(v) +v Iδ
V en(τ

′).

Taking the absolute value of en+1(v) and ϵn+1(v), we have

|en+1(v)| =
∣∣
0Iδ

v ϵn(τ
′)
∣∣

=

∣∣∣∣ 1

Γ(δ)

∫ v

0

(v − τ ′)δ−1ϵn(τ
′)dτ ′

∣∣∣∣
≤ 1

Γ(δ)

∫ v

0

(v − τ ′)δ−1 |ϵn(τ ′)| dτ ′

≤ 1

Γ(δ)

∫ v

0

(v − τ ′)δ−1(max |ϵn(τ ′)|)dτ ′ =0 Iδ
v ||ϵn(τ ′)||.

||en+1(v)|| = max
v∈[0,1]

|en+1(v)| ≤ max 0Iδ
v ||ϵn|| = max

||ϵn||vδ

Γ(δ)δ
=

||ϵn||V δ

Γ(δ)δ
= 0Iδ

V ||ϵn||,

and

|ϵn+1(v)| =
∣∣ϵn(v) + vIδ

V en(τ
′)
∣∣ ≤ |ϵn(v)|+ |vIδ

V en(τ
′)| ≤ |vIδ

V en(τ
′)| ≤ vIδ

V ||en||.

||ϵn+1(v)|| = max
t∈[0,1]

|ϵn+1(v)| ≤ max vIδ
V ||en|| = max

||en||(V − t)δ

Γ(δ)δ
= 0Iδ

V ||en||.

Because aIδ
v [ aIβ

v f(v)] = aIδ+β
v f(v) holds if function f is continuous for almost all v ∈ [a, b] and for any

δ, β > 0.

||en+1(v)||+ ||ϵn+1(v)|| ≤0Iδ
V ||ϵn||+ 0Iδ

V ||en|| =0 Iδ
V (||ϵn||+ ||en||) ≤ 0I2δ

V (||ϵn−1||+ ||en−1||)

≤ · · · ≤ 0I(n+1)δ
V (||ϵ0||+ ||e0||) =

||ϵ0||+ ||e0||
Γ(nδ+ δ)

∫ V

0

(V − s)nδ+δ−1ds

=
||ϵ0||+ ||e0||
Γ(nδ+ δ)

[
V nδ+δ

nδ+ δ

]
. (2.14)
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When Γ(nδ+ δ) ∼
√
2πe−nδ(nδ)nδ+δ− 1

2 , then

1

Γ(nδ+ δ)

[
V nδ+δ

nδ+ δ

]
∼ V nδ+δ

√
2πe−nδ(nδ)nδ+δ− 1

2

1

(nδ+ δ)

∼ V nδ+δ.enδ√
2π(nδ)nδ+δ

(nδ)
1
2

(nδ+ δ)

=
1

eδ
√
2π

(
eV

nδ

)nδ+δ
(nδ)

1
2

(nδ+ δ)
. (2.15)

Putting Eq.(2.15) in Eq.(2.14), we get

max
v∈[0,V ]

(|en+1(v)|+ |ϵn+1(v)|) ≤ ||en+1(v)||+ ||ϵn+1(v)|| ≤
||ϵ0||+ ||e0||
eδ
√
2π

(
eV

nδ

)nδ+δ
(nδ)

1
2

(nδ+ δ)
.

Since ||ϵ0||+ ||e0|| and V are constants, let n→ ∞, then we have

lim
n→∞

max
v∈[0,V ]

(|en+1(v)|+ |ϵn+1(v)|) ≤ lim
n→∞

||ϵ0||+ ||e0||
eδ
√
2π

(
eV

nδ

)nδ+δ
(nδ)

1
2

(nδ+ δ)

≤||ϵ0||+ ||e0||
eδ
√
2π

lim
n→∞

(
eV

nδ

)nδ+δ
(nδ)

1
2

(nδ+ δ)
= 0.

As n approaches infinity, the sum of these two terms converges to 0. This completes the proof of Theorem
2.2. 2

3. Approximation based on ResNets

After the proof of Theorem 2.2, we identify wN (v) and yN (v) as the approximate solutions of
Eq.(2.2)(a) and Eq.(2.2)(b), respectively. Let’s discuss about various concepts and lemmas related to
FNNs and ResNets as follows:

Definition 3.1 (FNNs [18]). The whole collection of FNNs is known as

F = ∪H∈N ∪ℓ0,ℓ1,...,ℓH∈N (×H
j=1(R

ℓj×ℓj−1 ×Rℓj )),

and Pa,La, Ia,Oa : F → N, T : F → (∪H∈NN
H),Dn : F → N0 are identified as the functions that

satisfy H ∈ N, l0, l1, . . . , lH ∈ N, θ = ((Z1,B1), (Z2,B2), . . . , (ZH ,BH)) ∈ (×H
j=1(R

lj×lj−1 × Rlj ))

that La(θ) = H, Ia(θ) = l0, Oa(θ) = lH , Pa(θ) =
∑H

j=1 lj(lj−1 + 1), T (θ) = (l0, l1, . . . , lH), and
Dr(θ) = lr, r = 0, 1, . . . , H. The depth of θ and the layer size i are La(θ) and li, respectively. θ is
referred to as a FNN. The input and output dimensions are Ia(θ) and Oa(θ), respectively; for θ and
T (θ), the complexity is Pa(θ), and the structure of θ is represented by Dr(θ).

Definition 3.2 (RFNNs [1]). Let’s a′ ∈ C(R,R). Ra′ is displayed as something that satisfy the desires
of all w0 ∈ Rℓ0 , w1 ∈ Rℓ1 , ..., wH−1 ∈ RℓH−1

(Ra′θ)(w0) = ZHwH−1 + BH ,

where wj = Ma(Zjwj−1 + Bj), j = 1, . . . , H − 1. Ra′θ ∈ C(Rℓ0 ,Rℓ1). The function of a′ is commonly
known as the activation function, while the function of θ is Ra′θ.

Lemma 3.1 ( [18]) If (·)•(·) :{(θ1, θ2) ∈ F × F|Ia(θ2) = Oa(θ1)} → F is represented as the function
which occurs for

θ1 = ((Z1,B1), (Z2,B2), . . . , (ZLa
,BLa

)),

θ2 = ((Z1,B1), (Z2,B2), . . . , (ZH ,BH)),
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that

θ2 • θ1 = ((Z1,B1), (Z2,B2), . . . , (ZLa−1,BLa−1), (Z1ZLa
, Z1BLa

+ B1), (Z2,B2), . . . , (ZH ,BH)),

then

T (θ2 • θ1) = (D0(θ1),D1(θ1), . . . ,DL(θ1)−1(θ1),D1(θ2),D2(θ2), . . . ,DLa(θ2)(θ2)),

Ra(θ2 • θ1) = [Ra(θ2)] ◦ [Ra(θ1)].

Lemma 3.2 ( [18]) Let r ∈ N, then

Pr : {(θ1, θ2, . . . , θr) ∈ F|La(θ1) = La(θ2) = · · · = La(θr)} → F

is denoted as the function

θ1 = ((Z1
1 ,B

1
1), (Z

1
2 ,B

1
2), . . . , (Z

1
H ,B

1
H)),

θ2 = ((Z2
1 ,B

2
1), (Z

2
2 ,B

2
2), . . . , (Z

2
H ,B

2
H)),

...

θr = ((Zr
1 ,B

r
1), (Z

r
2 ,B

r
2), . . . , (Z

r
H ,B

r
H)).

Pr(θ1, θ2, . . . , θr) =




Z1
1 0 . . . 0
0 Z2

1 . . . 0
...

...
. . .

...
0 0 . . . Zr

1

 ,


B1

1

B2
1
...

Br
1


 ,



Z1
2 0 . . . 0
0 Z2

2 . . . 0
...

...
. . .

...
0 0 . . . Zr

2

 ,


B1

2

B2
2
...

Br
2


 ,

. . . ,



Z1
H 0 . . . 0
0 Z2

H . . . 0
...

...
. . .

...
0 0 . . . Zr

H

 ,


B1

H

B2
H
...

Br
H



 .

Let θ = (θ1, θ2, . . . , θr) ∈ Fr, then

T (Pr(θ)) =

 r∑
j=1

D0(θj),

r∑
j=1

D1(θj), . . . ,

r∑
j=1

DLa(θ1)(θj)

 ,

Ra (Pr(θ)) (w1, w2, . . . , wr) = (Raθ1)(w1), (Raθ2)(w2), . . . , (Raθr)(wr).

Lemma 3.3 ( [18]) Let θ = ((Z1,B1), (Z2,B2), . . . , (ZH ,BH)),Z ∈ Rm×ℓH ,Z ∈ Rℓ0×n, FNNs Z ⊗ θ as
well as θ ⊗Z are indicated correspondingly,

Z ⊗ θ = ((Z1,B1), (Z2,B2), . . . , (ZH−1,BH−1), (ZZH ,ZBH)),

θ ⊗ Z = ((Z1Z,B1), (Z2,B2), . . . , (ZH ,BH)),

then Ra(Z ⊗ θ) ∈ C(RIa(θ),Rm),Ra(θ ⊗Z) ∈ C(Rn,ROa(θ)),

(Ra(Z ⊗ θ)) (w) =Z(Raθ(w)),

(Ra(θ ⊗Z)) (w) =Raθ(Zw).

Lemma 3.4 ( [18]) Let K ∈ N, g1, g2, ..., gK ∈ R, θ1, θ2, . . . , θK ∈ F satisfy that T (θ1)=T (θ2)= . . . =
T (θK) = (ℓ0, ℓ1, . . . , ℓH). Then ∃ ψ ∈ F such that ∀ w ∈ RIa(θ1) it holds that Raψ ∈ C(RIa(θ1), ROa(θ1)),
Pa(ψ) ≤ K2Pa(θ1) and

(Raψ) (w) =

K∑
i=1

gi[(Raθi) (w)], (3.1)
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where
ψ = A2 ⊗PK(θ1, θ2, . . . , θK)⊗A1, (3.2)

with

A1 =

Iℓ0...
Iℓ0

 , A2 = (g1IH . . . gKIH) . (3.3)

Next, we define ResNets and discuss some of its qualities. FNNs and general ResNets differ primarily
in their use of shortcut connections between layers.

Definition 3.3 (ResNets [4]) The collection of all ResNets is denoted as

N := ∪n∈NNn,

where ∀ n ∈ N,

Nn := ∪(d0,d1,...,dn)∈Nn

{
(Γ1, θ1,Γ2, θ2, . . . ,Γn, θn)

∣∣∣∣ θj ∈ F, Ia(θj) = dj−1,Oa(θj) = dj ,
Γj ∈ Rdj×dj−1 , ∀j ∈ {1, 2, . . . , n}

}
.

Let n ∈ N, d0, d1, . . . , dn ∈ N, and let the ResNets ζ ∈ N be given by

ζ = (Γ1, θ1,Γ2, θ2, . . . ,Γn, θn),

for every j ∈ 1, 2, ..., n we have Ia(θj) = dj−1, Oa(θj) = dj and Γj ∈ Rdj×dj−1 . We call θ =
(θ1, θ2, ..., θn) ∈ Fn the residual blocks of ζ, and Γj is referred to as the shortcut. Also, Lx,Px : N → N

are the length and complexity of ζ by the functions that satisfy Lx(ζ) = n and Px(ζ) =
∑n

i=1(Pa(θi) +
didi−1), respectively. Moreover Dx : N → ∪H∈NN

H are denoted by the function that fulfills Dx(ζ) =
(d0, d1, ..., dLx(ζ)).

Definition 3.4 (RResNets [4]). a ∈ C(R,R) and Ra is the function it is applicable to all ζ =
(Γ1, θ1,Γ2, θ2, . . . ,
Γr, θr) ∈ N , and w0 ∈ RIa(θ1), w1 ∈ RIa(θ2) = ROa(θ1), . . . , wr ∈ ROa(θr) with wi = Γiwi−1+Raθi(wi−1)
∀i ∈ {1, 2, ..., r} that (Raζ)(w0) = wr. The activation function is denoted by a, while the function
Raζ ∈ C(RIa(θ1),ROa(θr)) is called the RResNets ζ.

Lemma 3.5 ( [4]) Let r,m ∈ N, the ResNets ζ1 = (Γ1
1, θ

1
1,Γ

1
2, θ

1
2, . . . ,Γ

1
r, θ

1
r), ζ

2 = (Γ2
1, θ

2
1,Γ

2
2, θ

2
2, . . . ,

Γ2
m, θ

2
m) satisfy Oa

(
θ1r
)
= Ia

(
θ21
)
, the composition of ζ1 and ζ2 is defined as

ζ2 • ζ1 = (Γ1
1, θ

1
1,Γ

1
2, θ

1
2, . . . ,Γ

1
r, θ

1
n,Γ

2
1, θ

2
1,Γ

2
2, θ

2
2, . . . ,Γ

2
m, θ

2
m) ∈ N ,

subsequently the subsequent characteristics are true

Ra(ζ
2 • ζ1) =Ra(ζ

2) ◦ Ra(ζ
1),

Pa(ζ
2 • ζ1) =Pa(ζ

2) + Pa(ζ
1).

Lemma 3.6 ( [4])Let U , n ∈ N, the ResNets ζj = (Γj
1, θ

j
1,Γ

j
2, θ

j
2, . . . ,Γ

j
n, θ

j
n) ∈ N for all j ∈ {1, 2, ...,U }.

Assume that T
(
θ1i
)
= · · · = T

(
θU
i

)
for all i ∈ {1, 2, ..., n}. Then PU is defined as

PU (ζ1, ζ2, . . . , ζU ) =



Γ1
1 0 . . . 0
0 Γ2

1 . . . 0
...

...
. . .

...
0 0 . . . ΓU

1

 ,PU (θ11, θ
2
1, . . . , θ

U
1 ),


Γ1
2 0 . . . 0
0 Γ2

2 . . . 0
...

...
. . .

...
0 0 . . . ΓU

2

 ,

PU (θ12, θ
2
2, . . . , θ

U
2 ), . . . ,


Γ1
n 0 . . . 0
0 Γ2

n . . . 0
...

...
. . .

...
0 0 . . . ΓU

n

 ,PU (θ1n, θ
2
n, . . . , θ

U
n )

 .



The role of residual neural networks for advancing fractional differential equations 11

PU is still a ResNets. Let w1
0, w

2
0, . . . , w

U
0 ∈ RIa(θ

1
1), then

Ra

(
PU (ζ1, ζ2, . . . , ζU )

) (
w1

0, w
2
0, . . . , w

U
0

)
=
(
(Raζ

1)(w1
0), (Raζ

2)(w2
0), . . . , (Raζ

U )(wU
0 )
)
,

Px

(
PU (ζ1, ζ2, . . . , ζU )

)
≤U 2Px(ζ

1).

The claim asserts a parallelized ResNets realization is equivalent to the total of its realizations of individual
ResNets that make up the ResNets.

Proposition 3.1 Let U , n ∈ N and let ζj := (Γj
1, θ

j
1,Γ

j
2, θ

j
2, . . . ,Γ

j
n, θ

j
n) ∈ N , j ∈ 1, 2, ...,U , satisfy

T
(
θ1i
)
= · · · = T

(
θU
i

)
for all i ∈ {1, 2, ..., n}, i.e., all the ith residual blocks have the same architecture.

Then there exists a ResNets ψ such that for all w ∈ RIa(θ
1
1),

(Raψ)(w) =
(
(Raζ

1)(w), (Raζ
2)(w), . . . , (Raζ

U )(w)
)
,

and ψ’s complexity, which meets the following property: Px(ψ) ≤ U 2Px(ζ
1).

Proof: Let d0, d1, ..., dn ∈ N ∀ j ∈ {1, 2, ..., u},Dx(ζ
j) = (d0, d1, ..., dn). Set

ψ :=



Γ1
1 0 . . . 0
0 Γ2

1 . . . 0
...

...
. . .

...
0 0 . . . ΓU

1

A,PU (θ11, θ
2
1, . . . , θ

U
1 )⊗A,


Γ1
2 0 . . . 0
0 Γ2

2 . . . 0
...

...
. . .

...
0 0 . . . ΓU

2

 ,PU (θ12, θ
2
2, . . . , θ

U
2 ),

. . . ,


Γ1
n 0 . . . 0
0 Γ2

n . . . 0
...

...
. . .

...
0 0 . . . ΓU

n

 ,PU (θ1n, θ
2
n, . . . , θ

U
n )

 ,

where A ∈ RU d0×d0 satisfy

A =

Id0

...
Id0

 .

Then, setting

z0 =w,

z1 =


Γ1
1 0 . . . 0
0 Γ2

1 . . . 0
...

...
. . .

...
0 0 . . . ΓU

1

 (Az0) + [Ra

(
PU (θ1n, θ

2
n, . . . , θ

U
n )⊗A

)
](z0)

=


Γ1
1 0 . . . 0
0 Γ2

1 . . . 0
...

...
. . .

...
0 0 . . . ΓU

1

 (Az0) +Ra

(
PU (θ1n, θ

2
n, . . . , θ

U
n )
)
(Az0)

=


Γ1
1 0 . . . 0
0 Γ2

1 . . . 0
...

...
. . .

...
0 0 . . . ΓU

1


w...
w

+Ra[PU (θ1n, θ
2
n, . . . , θ

U
n )]

w...
w

 .
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It is in line with the circumstances in Lemma 3.6, thus (Raψ) (w) =
(
(Raζ

1)(w), (Raζ
2)(w),

. . . (Raζ
U )(w)

)
. Let T

(
θ1i
)
= T

(
θ2i
)
= · · · = T

(
θU
i

)
=
(
di−1, ℓ

i
1, ℓ

i
2, . . . , di

)
∈ NL(θ1

i ) ∀ i ∈ {1, 2, . . . , n}.

P(ψ) =

n∑
k=2

[Pa

(
PU (θ1k, θ

2
k, . . . , θ

U
k )
)
+ U dkU dk−1] + Pa

(
PU (θ11, θ

2
1, . . . , θ

U
1 )⊗A

)
+ d0U d1

=U ℓ11d0 + U ℓ11 +

[ La(θ
1
1)−1∑

j=2

(U ℓ1jU ℓ1j−1 + U ℓ1j )

]
+ U d1U ℓ1La(θ1

1)−1 + U d1 + d0U d1

+

n∑
k=2

[Pa

(
PU (θ1k, θ

2
k, . . . , θ

U
k )
)
+ U dkU dk−1]

≤U 2Pa

(
θ1i
)
+ U 2d1d0 +

n∑
k=2

[U 2Pa

(
θ1k
)
+ U 2dkdk−1]

≤U 2[Pa

(
θ1i
)
+ d1d0 +

n∑
k=2

[Pa

(
θ1k
)
+ dkdk−1]] = U 2Px(ζ

1).

This completes the proof. 2

Theorem 3.1 The approximate answers to Eqs. (2.2)(a) and (b) are wN (v) and yN (v), respectively,
which were derived from Eq.(2.3) and Eq.(2.4). It is then possible to obtain wN (v) and yN (v) using a
ResNets. The complexity of the ResNets increases multinomially in K, which is the quantity of points
obtained in [0, V ], and N , which is the approximate solution’s iteration count.

Proof: After studying ResNets and FNNs, we proceed to demonstrate Theorem 3.1. To be more precise,
it implies we demonstrate the existence of a ResNets ℧, whose input is (w0 y0) and (wN yN ) being

the output, where wr = (wr(v0), ..., wr(vK+1))
T ′
, yr = (yr(v0), ..., yr(vK+1))

T ′
, r = 0, 1, ..., N . On the

interval [0, V ], K points are noted, ∆v = V
K+1 , vj = j∆v, j = 0, 1, . . . ,K + 1. K is a massive number.

This is the structure of the proof.

(i) We demonstrate how (wr yr) is converted to wn+1, r = 0, 1, ..., N − 1, via the ResNets ϖ.

(ii) We outline how to build the ResNets κ, which takes r = 0, 1, ..., N − 1 and transforms (wr, yr) into
yr+1.

(iii) We explain the construction of ℧ via ϖ and κ.

The three items mentioned above are then independently verified.
(i): Initially, we demonstrate the conversion of (wr yr) to wr+1 using a ResNets ϖ. To be more specific,

ϖ’s input is (wy)r = (wr(v0), . . . , wr(vK+1), yr(v0), . . . , yr(vK+1))
T ′

and the output is (wr+1(v0), . . . ,

wr+1(vK+1))
T ′
.

Figure 1 depicts ResNets ϖ’s structure. A shortcut Γ′ and four FNNs, ζ1, θsub, θLRI , and θo, make up
ResNets ϖ. Next, we demonstrate a five-step method for creating ϖ.

Step 1 (Constructing ζ1): ζ1 is composed with FNN θCaputo and FNN θI and we first describe
how to construct θCaputo.

Proposition 3.2 There exists a FNN θCaputo that (RaθCaputo) (wr) =
c
0 Dδ,ρ

v wr.

Proof: If δ ∈ (0, 1), the GCTFD can be discretized by L1 method. With a step size of dx=h, discretize
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Figure 1: ResNets ϖ’s structure

the interval into n points as v1, . . . , vr and consider v = vr.

c
0Dδ,ρ

v wr(v) =
ρδ−m+1

Γ(m− δ)

(∫ v

0

tρ−1 (vρ − tρ)
m−δ−1

(
t1−ρ d

dt

)m

wr(t)

)
dt

=
ρδ

Γ(1− δ)

(∫ v

0

tρ−1 (vρ − tρ)
−δ

(
t1−ρ d

dt

)
wr(t)

)
dt

=
ρδ

Γ(1− δ)

∫ v

0

(vρ − tρ)
−δ
w′

r(t)dt

=
ρδ

Γ(1− δ)

∫ vr

0

(vρr − tρ)
−δ
w′

r(t)dt

=
ρδ

Γ(1− δ)

(∫ v1

0

(vρr − tρ)
−δ
w′

r(t)dt+ · · ·+
∫ vr

vn−1

(vρr − tρ)
−δ
w′

r(t)dt

)

=
ρδ

Γ(1− δ)

r−1∑
j=0

∫ vj+1

vj

(vρr − tρ)
−δ
w′

r(t)dt.

Now we replace first order derivative by forward difference quotient,

c
0Dδ,ρ

v wr(v) =
ρδ

Γ(1− δ)

r−1∑
j=0

∫ vj+1

vj

(vρr − tρ)
−δ

(
wr(vj+1)− wr(vj)

h

)
dt

=
ρδ

hΓ(1− δ)

r−1∑
j=0

(wr(vj+1)− wr(vj))

∫ vj+1

vj

(vρr − tρ)
−δ
dt

=
−ρδ−1

h(1− δ)Γ(1− δ)

r−1∑
j=0

(wr(vj+1)− wr(vj))

(
(vρr − tρ)1−δ

tρ−1

)vj+1

vj

.

By gamma property Γ(2− δ) = (1− δ)Γ(1− δ) and assuming vr = rh, vj = jh and vj+1 = (j +1)h, then
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we get

(c0Dδ,ρ
v wr)(v) =

−ρδ−1

hΓ(2− δ)

r−1∑
j=0

(wr(vj+1)− wr(vj))

(
(vρr − vρj+1)

1−δ

vρ−1
j+1

−
(vρr − vρj )

1−δ

vρ−1
j

)

=
ρδ−1

hΓ(2− δ)

r−1∑
j=0

(wr(vj+1)− wr(vj))

(
− [(rh)ρ − ((j + 1)h)ρ]

1−δ

((j + 1)h)
ρ−1 +

[(rh)ρ − (jh)ρ]
1−δ

(jh)ρ−1

)

=
ρδ−1h1−δρ

hΓ(2− δ)

r−1∑
j=0

(wr(vj+1)− wr(vj))

(
−(rρ − (j + 1)ρ)1−δ

(j + 1)ρ−1
+

(rρ − jρ)1−δ

jρ−1

)

(c0Dδ,ρ
v wr)(v) =

ρδ−1h−δρ

Γ(2− δ)

r−1∑
j=0

wj (wr(vj+1)− wr(vj)) ,

c
0Dδ,ρ

v wr(vj+1) ≈
ρδ−1h−δρ

Γ(2− δ)

r−1∑
j=0

wj (wr(vj+1)− wr(vj)) ,

where wj =
−(nρ−(j+1)ρ)1−δ

(j+1)ρ−1 + (nρ−jρ)1−δ

jρ−1 .

ZCaputo =

ρδ−1h−δρ

Γ(2− δ)
·



0 0 0 . . . 0 0
0 w0 0 . . . 0 0
0 w1 w0 . . . 0 0
...

...
...

...
...

0 wK−1 wK−2 . . . w0 0
0 wK wK−1 . . . w1 w0


·



0 0 0 . . . 0 0
−1 1 0 . . . 0 0
0 −1 1 . . . 0 0
...

...
...

...
...

0 0 0 . . . 1 0
0 0 0 . . . −1 1


∈ R(K+2)×(K+2),

BCaputo = (0, . . . , 0)T
′ ∈ R(K+2) such that

c
0Dδ,ρ

v wi(v0)
...

c
0Dδ,ρ

v wi(vK+1)

 = ZCaputo

 wi(v0)
...

wi(vK+1)

+ BCaputo.

When θCaputo receives an input of wr, then the output is

(
c
0Dδ,ρ

v wr(v0), . . . ,
c
0 Dδ,ρ

v wr(vK+1)
)T ′

.

2

Of certainly, there is a FNN θ1 = (ZI ,BI ) where ZI = I ∈ R(K+2)×(K+2), BI = (0, ..., 0)T
′ ∈

R(K+2) and (Raθ1) (yr) = yr resulting in the input and output being both yr.
From Lemma 3.2 La(θCaputo) = La(θ1) = 1, then there exists a FNN ζ1 = P2 (θCaputo, θ1),
T (ζ1)=(2(K + 2), 2(K + 2)). Definition 3.1 provides an explanation of La and T . Let ζ1 = ((Z1,B1)),
then

Z1 =

(
ZCaputo 0

0 ZI

)
,B1 =

(
BCaputo

BI

)
.

When the input of ζ1 is (wy)r, then the output is(
c
0Dδ,ρ

v wr(v0), . . . ,
c
0 Dδ,ρ

v wr(vK+1), yr(v0), . . . , yr(vK+1)
)T ′

.
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Step 2 (Constructing θsub): Set FNN θsub = (Zsub,Bsub), where Zsub = (I − I ) ∈ R(K+2)×2(K+2)

and Bsub = (0, . . . , 0)T
′ ∈ R(K+2) then (Raθsub) (w, y) = w − y,∀w, y ∈ R(K+2).

When the input of θsub is(
c
0Dδ,ρ

v wr(v0), . . . ,
c
0 Dδ,ρ

v wr(vK+1), yr(v0), . . . , yr(vK+1)
)T ′

,

then the output is (
c
0Dδ,ρ

v wr(v0)− yr(v0), . . . ,
c
0 Dδ,ρ

v wr(vK+1)− yr(vK+1)
)T ′

.

Step 3 (Constructing θLRI):

Proposition 3.3 There exists a FNN θLRI that (RaθLRI) (h) =0 Iδ
vh, ∀h = (h(v0), . . . , h(vK+1))

T ′
.

Proof: One way to discretize the left RLFI is as

0Iδ
vh(vj) =

1

Γ(δ)

∫ vj

0

(vj − τ)
δ−1

h(τ) dτ

≈ ∆v

Γ(δ)
[vδ−1

j h(0) + (vj − v1)
δ−1h(v1) + (vj − v2)

δ−1h(v2) + · · ·+ (vj − vj−1)
δ−1h(vj−1)].

Then, a FNN is present θLRI = (ZLRI ,BLRI) with the input (h(v0), . . . , h(vK+1))
T ′

and the output

(0Iδ
vh(v0), . . . ,0 Iδ

vh(vK+1))
T ′
, where

ZLRI =
∆v

Γ(δ)



0 0 0 0 . . . 0 0

vδ−1
1 0 0 0 . . . 0 0

vδ−1
2 (v2 − v1)

δ−1 0 0 . . . 0 0

vδ−1
3 (v3 − v1)

δ−1 (v3 − v2)
δ−1 0 . . . 0 0

...
...

...
...

...
...

vδ−1
K (vK − v1)

δ−1 (vK − v2)
δ−1 (vK − v3)

δ−1 . . . 0 0

V δ−1 (V − v1)
δ−1 (V − v2)

δ−1 (V − v3)
δ−1 . . . (V − vK)δ−1 0


∈ R(K+2)×(K+2),

BLRI = (0, . . . , 0)T
′ ∈ R(K+2) such that 0Iδ

vh(v0)
...

0Iδ
vh(vK+1)

 = ZLRI

 h(v0)
...

h(vK+1)

+ BLRI .

Hence proved. 2

When the input of θLRI is(
c
0Dδ,ρ

v wr(v0)− yr(v0), . . . ,
c
0 Dδ,ρ

v wr(vK+1)− yr(vK+1)
)T ′

,

then the output is(
0Iδ

v

[
c
0Dδ,ρ

v wr(v0)− yr(v0)
]
, . . . ,0 Iδ

v

[
c
0Dδ,ρ

v wr(vK+1)− yr(vK+1)
])T ′

.

Step 4 (Developing θo): Let FNN θo = (Zo,Bo), where Zo = −(I ) ∈ R(K+2)×(K+2), Bo =
(0, ..., 0)T

′ ∈ R(K+2), then (Raθo)(w) = −w, ∀w ∈ R(K+2). Thus when the input of θo is(
0Iδ

v

[
c
0Dδ,ρ

v wr(v0)− yr(v0)
]
, . . . ,0 Iδ

v

[
c
0Dδ,ρ

v wr(vK+1)− yr(vK+1)
])T ′

,

then the output is(
−0Iδ

v

[
c
0Dδ,ρ

v wr(v0)− yr(v0)
]
, . . . ,−0Iδ

v

[
c
0Dδ,ρ

v wr(vK+1)− yr(vK+1)
])T ′

.
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Step 5 (Constructing ϖ):The notation for ResNets ϖ is ϖ = (Γ′,Ω), Γ′ = (I , 0) ∈ R(K+2)×2(K+2)

with I , 0 ∈ R(K+2)×(K+2) where 0 is the null matrix. An FNN can be inferred from Lemma 3.1.
Ω = θo • θLRI • θsub • ζ1 when the input of Ω is (wy)r, then the output is(

−0Iδ
v

[
c
0Dδ,ρ

v wr(v0)− yr(v0)
]
, . . . ,−0Iδ

v

[
c
0Dδ,ρ

v wr(vK+1)− yr(vK+1)
])T ′

,

where Ω = (ZoΩ,BΩ) , ZΩ = ZoZLRIZsubZ1 ∈ R(K+2)×2(K+2),BΩ = Zo [ZLRI(ZsubB1 + Bsub)
+BLRI ]+Bo ∈ R(K+2) and T (Ω) = (2(K+2),K+2). Thus (Raϖ) (w) = Γ′w+RaΩ(w), ∀w ∈ R2(K+2)

when the input of ϖ is (wy)r, then the output is(
wr(v0)−0 Iδ

v

[
c
0Dδ,ρ

v wr(v0)− yr(v0)
]
, . . . , wr(vK+1)−0 Iδ

v

[
c
0Dδ,ρ

v wr(vK+1)− yr(vK+1)
])T ′

.

Furthermore, ϖ’s complexity is

Px(ϖ) = 2(K + 2) · (K + 2) + (K + 2) + 2(K + 2) · (K + 2)

= (K + 2) [4(K + 2) + 1] . (3.4)

(ii): Following the construction of ϖ, we will present the processes for ResNets κ where κ converts
(wr, yr) to yr+1. Particularly, the input of κ is (wy)r, then the output is

(yr+1(v0), . . . , yr+1(vK+1))
T ′
.

The structure of ResNets κ is seen in Figure 2. Five FNNs, ζ3, θadd, θf , θRRI , and θo, plus a shortcut
Γ′, make up ResNets κ. We will show you how to construct κ in 5 steps.

Figure 2: ResNets κ’s structure

Step 1 (Constructing ζ3): ζ3 is made up of FNN ζ2 and FNN θI . ζ2 is composed with FNN
θ′Caputo, FNN θη and FNN θϕ. Firstly we find how to construct θη and θϕ.

Xr(v) +Yr(v) =
yr(V )

Γ(1− δ)(V − v)δ
+

(−1)1−δρδ

Γ(1− δ)

∫ V

0

(vρ − τρ)−δy′r(τ)dτ.

Let consider ρ = 1

Xr(v) +Yr(v) =
yr(V )

Γ(1− δ)(V − v)δ
+

(−1)1−δ

Γ(1− δ)

∫ V

0

(v − τ)−δy′r(τ)dτ

=
yr(V )

Γ(1− δ)(V − v)δ
+

(−1)1−δ

Γ(1− δ)
(v − V )−δyr(V )− (−1)1−δ

Γ(1− δ)
(t)−δyr(0)

− (−1)1−δ

Γ(1− δ)
δ

∫ V

0

(v − τ)−δ−1yr(τ)dτ

=
(−1)−δ

Γ(1− δ)
(v)−δyr(0) +

(−1)−δ

Γ(1− δ)
δ

∫ V

0

(v − τ)−δ−1yr(τ)dτ

= ϕr(v) + ηr(v),
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where ϕr(v) =
(−1)−δ

Γ(1− δ)
(v)−δyr(0) and ηr(v) =

(−1)−δ

Γ(1− δ)
δ

∫ V

0

(v − τ)−δ−1yr(τ)dτ .

There is a FNN θϕ = (Zϕ,Bϕ) with (Raθϕ)(yr) = ϕr that convert the input yr to the output

(ϕr(v0), . . . ,ϕr(vK+1))
T ′
, where

Zϕ =
(−1)−δ

Γ(1− δ)


v−δ
0 0 . . . 0

v−δ
1 0 . . . 0
...

...
...

v−δ
K+1 0 . . . 0

 ∈ R(K+2)×(K+2),Bϕ = (0, 0, . . . , 0)T
′
∈ R(K+2).

Additionally, FNN exists θη = (Zη,Bη) with (Raθη)(yr) = ηr that convert the input yr to the output

(ηr(v0), . . . ,ηr(vK+1))
T ′
, where

Zη =
(−1)−δ

Γ(1− δ)
δ∆v



0 (−v1)−δ−1 (−v2)−δ−1 . . . (−vK)−δ−1 0

v−δ−1
1 0 (v1 − v2)

−δ−1 . . . (v1 − vK)−δ−1 0

v−δ−1
2 (v2 − v1)

−δ−1 0 . . . (v2 − vK)−δ−1 0

v−δ−1
3 (v3 − v1)

−δ−1 (v3 − v2)
−δ−1 . . . (v3 − vK)−δ−1 0

...
...

...
...

...

v−δ−1
K (vK − v1)

−δ−1 (vK − v2)
−δ−1 . . . 0 0

V −δ−1 (V − v1)
−δ−1 (V − v2)

−δ−1 . . . (V − vK)−δ−1 0


∈ R(K+2)×(K+2),

and Bη = (0, 0, . . . , 0)T
′ ∈ R(K+2).

In keeping with preposition 3.2, a FNN θ′Caputo = ((−1)−δZCaputo, BCaputo) exists that convert the
input yr
to the output (

(−1)−δc
0D

δ,ρ
t yr(t0), . . . , (−1)−δc

0D
δ,ρ
t yr(tK+1)

)T ′

.

As T (θ′Caputo) = T (θϕ) = T (θη) = (K + 2,K + 2), therefore, based on Lemma 3.4, there is a FNN
ζ2 = (Z2,B2), where

Z2 =
(
I I I

)(−1)−δZCaputo 0 0
0 Zϕ 0
0 0 Zη

I
I
I

 ∈ R(K+2)×(K+2),

B2 =
(
I I I

)BCaputo

Bϕ

Bη

 ∈ R(K+2).

(Raζ2) (w) =
(
Raθ

′
Caputo

)
(w) + (Raθϕ) (w) + (Raθη) (w),∀w ∈ R(K+2). When the input of ζ2 is yr,

then the output is(
(−1)−δc

0Dδ,ρ
v yr(v0) + ϕr(v0) + ηr(v0), . . . , (−1)−δc

0Dδ,ρ
v yr(vK+1) + ϕr(vK+1) + ηr(vK+1)

)T ′

,

i.e.,
(
−vI−δ

T yr(v0), . . . ,−vI−δ
T yr(vK+1)

)T ′

.

From Lemma 3.2, La(ζ2) = La(θ1) = 1, then there exists a FNN ζ3 = P2 (θ1, ζ2),
T (ζ3) = (2(K + 2), 2(K + 2)). Let ζ3 = ((Z3,B3)), then

Z3 =

(
ZI 0
0 Z2

)
, B3 =

(
BI

B2

)
.
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Thus when the input of ζ3 is (wy)r, then the output is(
wr(v0), . . . , wr(vK+1),−vI−δ

V yr(v0), . . . ,−vI−δ
V yr(vK+1)

)T ′

.

Step 2 (Constructing θadd): Set FNN θadd = (Zadd,Badd), where Zadd = (I ,I ) ∈ R(K+2)×2(K+2)

and Badd = (0, ..., 0)T
′ ∈ R(K+2) then (Raθadd) (w y) = w+ y, ∀w, y ∈ R(K+2). When the input of θadd

is (
wr(v0), . . . , wr(vK+1),−vIδ

V yr(v0), . . . ,−vIδ
V yr(vK+1)

)T ′

,

then the output is (
wr(v0)− vIδ

V yr(v0), . . . , wr(vK+1)− vIδ
V yr(vK+1)

)T ′

.

Step 3 (Constructing θf): Let us consider FNN θf = (Zf , Bf ), where Zf = I ∈ R(K+2)×2(K+2)

and Bf = (f(v0), f(v1) . . . , f(vK+1))
T ′

∈ R(K+2), then (Raθf ) (w) = w + f,

f = (f(v0)f(v1) . . . , f(vK+1))
T ′
, ∀w ∈ R(K+2). When the input of θf is(

wr(v0)− vIδ
V yr(v0), . . . , wr(vK+1)− vIδ

V yr(vK+1)
)T ′

,

then the output is(
wr(v0)− vIδ

V yr(v0) + f(v0), . . . , wr(vK+1)− vIδ
V yr(vK+1) + f(vK+1)

)T ′

.

Step 4 (Constructing θRRI):

Proposition 3.4 There exists a FNN θRRI that (RaθRRI) (h) =v Iδ
V h, ∀h = (h(v0), . . . , h(vK+1))

T ′
.

Proof: The right RLFI can be discretized as

vIδ
V h(vj) =

1

Γ(δ)

∫ V

vj

(τ − vj)
δ−1

h(τ) dτ

≈ ∆v

Γ(δ)
[(vj+1 − vj)

δ−1h(vj+1) + (vj+2 − vj)
δ−1h(vj+2) + · · ·+ (V − vj)

δ−1h(V )].

Then, a FNN is present θRRI = (ZRRI ,BRRI) with the input (h(v0), . . . , h(vK+1))
T ′
, and the output

(vIδ
V h(v0), . . . ,v Iδ

V h(vK+1))
T ′
, where

ZRRI =
∆v

Γ(δ)



0 (v1 − v0)
δ−1 (v2 − v0)

δ−1 (v3 − v0)
δ−1 . . . (vK − v0)

δ−1 (V − v0)
δ−1

0 0 (v2 − v1)
δ−1 (v3 − v1)

δ−1 . . . (vK − v1)
δ−1 (V − v1)

δ−1

0 0 0 (v3 − v2)
δ−1 . . . (vK − v2)

δ−1 (V − v2)
δ−1

0 0 0 0 . . . (vK − v3)
δ−1 (V − v3)

δ−1

...
...

...
...

...
...

0 0 0 0 . . . 0 (V − vK)δ−1

0 0 0 0 . . . 0 0


∈ R(K+2)×(K+2),

and BRRI = (0, . . . , 0)T
′ ∈ R(K+2) such that vIδ

V h(v0)
...

vIδ
V h(vK+1)

 = ZRRI

 h(v0)
...

h(vK+1)

+ BRRI .
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Hence proved. 2

When the input of θRRI is(
wr(v0)− vIδ

V yr(v0) + f(v0), . . . , wr(vK+1)− vIδ
V yr(vK+1) + f(vK+1)

)T ′

,

then the output is(
vIδ

V

[
wr(v0)− vIδ

V yr(v0) + f(v0)
]
, . . . ,v Iδ

V

[
wr(vK+1)− vIδ

V yr(vK+1) + f(vK+1)
])T ′

.

Step 5 (Constructing κ): ResNets κ can be denoted as κ = (Γ,Ψ). As we can see from Lemma
3.1, a FNN exists Ψ = θo • θRRI • θf • θadd • ζ3 with the input of Ψ is (wy)r, then the output is

(
−vIδ

V

[
wr(v0)− vIδ

V yr(v0) + f(v0)
]
, . . . ,−vIδ

V

[
wr(vK+1)− vIδ

V yr(vK+1) + f(vK+1)
])T ′

,

where Ψ = (WΨ, BΨ), WΨ = WoWRRIWfWaddW3 ∈ R(K+2)×2(K+2),

BΨ = Wo {WRRI [Wf (WaddB3 +Badd) +Bf ] +BRRI} + Bo ∈ R(K+2) and T (Ψ) = (2(K + 2),K + 2).
The notation for the ResNets κ is κ = (Γ,Ψ) then when the input of κ is (wy)r, then the output is

(
yr(v0)−v Iδ

V

[
wr(v0)− vIδ

V yr(v0) + f(v0)
]
, . . . , yr(vK+1)−v Iδ

V

[
wr(vK+1)− vIδ

V yr(vK+1) + f(vK+1)
])T ′

.

(iii) Now, let us explain how to create ℧ using ϖ and κ. When the input is (wy)r, the output of ϖ

and κ are (wr(vK+1, . . . , wr(vK+1)
T ′

and (yr(vK+1, . . . , wr(vK+1)
T ′
, respectively. As T (Ω) = T (Ψ) =

(2(K + 2),K + 2), in line with Proposition 3.1, a ResNets Λ made out of ϖ and κ exists, and when the
input be (wy)r, then the output be

(wr+1(v0), . . . , wr+1(vK+1), yr+1(v0), . . . , yr+1(vK+1))
T ′
,

and Λ =

((
Γ 0
0 Γ

)
A, P2(Ω,Ψ)⊗A

)
, A =

(
I2(K+2)

I2(K+2)

)
.

As ℧ = Λ • · · · •Λ, N numbers of Λ combined into one composition, we express ℧. According to Lemma
3.5, when ℧’s input is

(w0(v0), . . . , w0(vK+1), y0(v0), . . . , y0(vK+1))
T ′
,

then the output is

(wN (v0), . . . , wN (vK+1), yN (v0), . . . , yN (vK+1))
T ′
.

We thus demonstrate that a ResNets may be able to provide the approximate answers wN (t) and yN (t).
When used with Eq.(2.15), ℧’s complexity

P(℧) = NP(Λ) ≤ N · 4P(φ) = 4N(K + 2)[4(K + 2) + 1].

This suggests that the parameter count of the estimated ResNets has a superior constraint and expand
polynomially in K and N . Theorem 3.1 has a thorough proof. 2

To gain a better understanding the previously mentioned notions, let’s solve a few problems.

4. Examples

Example 4.1 Approach the function f(x) = x2 + x using the idea (RaθCaputo) (wn) =
c
0 Dδ,ρ

v wn.
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Solution : To solve this, we use the Proposition 3.2, i.e.,

c
0Dδ,ρ

v f(vj+1) ≈
ρδ−1h−δρ

Γ(2− δ)

n−1∑
j=0

wj × [f(vj+1)− f(vj)] ,

where wj =
−(nρ−(j+1)ρ)1−δ

(j+1)ρ−1 + (nρ−jρ)1−δ

jρ−1 .

Let us assume for δ = 0, n = 1, ρ = 1, h = 1 and K = 1, then we have w0 = 1 and w1 = 1. Then,

ZCaputo =
1

Γ(2)
·

0 0 0
0 1 0
0 1 1

 ·

 0 0 0
−1 1 0
0 −1 1


=

 0 0 0
−1 1 0
−1 0 1

 .

Now, c
0Dδ,ρ

v f(v0)
c
0Dδ,ρ

v f(v1)
c
0Dδ,ρ

v f(v2)

 = ZCaputo

f(v0)f(v1)
f(v2)

+ BCaputo, where BCaputo = (0, . . . , 0)T
′

=

 0 0 0
−1 1 0
−1 0 1

v0v1
v2

+

0
0
0


=

 0
−v0 + v1
−v0 + v2

 .

By using the Definitions 2.3, we get

c
0Dδ,ρ

vi f(vi) =
1

Γ(1)

∫ vi

0

(vi − x)
1−0−1 d

dx
f(x)dx

=

∫ vi

0

f ′(x)dx =

∫ vi

0

(2x+ 1)dx

= (x2 + x)vi0 = vi(vi + 1).

When i = 0,

c
0Dδ,ρ

v0 f(v0) = 0

v0(v0 + 1) = 0 ⇒ v0 = 0,−1.

When i = 1,

c
0Dδ,ρ

v1 f(v1) = −v0 + v1

v1(v1 + 1) = −v0 + v1 ⇒ v21 = −v0.

If v0 = 0 then v1 = 0 and if v0 = −1 then v1 = 1,−1, thus we get v1 = −1, 0, 1.

c
0Dδ,ρ

v2 f(v2) = −v0 + v2

v2(v2 + 1) = −v0 + v2 ⇒ v22 = −v0.

If v0 = 0 then v2 = 0 and if v0 = −1 then v2 = 1,−1. We get v2 = −1, 0, 1.

Example 4.2 This problem displays the outcome for a matrix when f(z) = z2 + 3z + 2 is used in
(RaθCaputo) (wn)
=c

0 Dδ,ρ
v wn.
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Solution: To solve this, we use the Proposition 3.2, i.e.,

c
0Dδ,ρ

v f(vj+1) ≈
ρδ−1h−δρ

Γ(2− δ)

n−1∑
j=0

wj × [f(vj+1)− f(vj)] ,

where wj =
−(nρ−(j+1)ρ)1−δ

(j+1)ρ−1 + (nρ−jρ)1−δ

jρ−1 .

Let us assume for δ = 1/2, n = 3, ρ = 1, h = 1 and K = 2, we get

wj = −(3− (j + 1))1/2 + (3− j)1/2,

when j = 0, 1, 2, then we have w0 =
√
3−

√
2, w1 =

√
2− 1, w2 = 1. Now

ZCaputo =
ρδhρ(1−δ)−1

Γ(2− δ)


0 0 0 0
0 w0 0 0
0 w1 w0 0
0 w2 w1 w0

 ·


0 0 0 0
−1 1 0 0
0 −1 1 0
0 0 −1 1



=
1

Γ(3/2)
·


0 0 0 0

0
√
3−

√
2 0 0

0
√
2− 1

√
3−

√
2 0

0 1
√
2− 1

√
3−

√
2

 ·


0 0 0 0
−1 1 0 0
0 −1 1 0
0 0 −1 1



=
2√
π


0 0 0 0√

2−
√
3

√
3−

√
2 0 0

1−
√
2 2

√
2−

√
3− 1

√
3−

√
2 0

−1 2−
√
2 2

√
2−

√
3− 1

√
3−

√
2

 .


c
0Dδ,ρ

v f(v0)
c
0Dδ,ρ

v f(v1)
c
0Dδ,ρ

v f(v2)
c
0Dδ,ρ

v f(v3)

 = ZCaputo


f(v0)
f(v1)
f(v2)
f(v3)

+ BCaputo, where BCaputo = (0, 0, 0, 0)T
′

=
2√
π


0 0 0 0√

2−
√
3

√
3−

√
2 0 0

1−
√
2 2

√
2−

√
3− 1

√
3−

√
2 0

−1 2−
√
2 2

√
2−

√
3− 1

√
3−

√
2



v0
v1
v2
v3

+


0
0
0
0



=
2√
π


0

−(
√
3−

√
2)v0 + (

√
3−

√
2)v1

(1−
√
2)v0 + (2

√
2−

√
3− 1)v1 + (

√
3−

√
2)v2

−v0 + (2−
√
2)v1 + (2

√
2−

√
3− 1)v2 + (

√
3−

√
2)v3

 .

By using the Definitions 2.3, we get

c
0Dδ,ρ

vi f(vi) =
1

Γ(5/2)

∫ vi

0

(vi − z)
3− 1

2−1

(
d

dz

)3

f(z)dz

=
4

3
√
π

∫ vi

0

(vi − z)
3/2

f ′′′(z)dz

= 0.

When i = 0,

c
0Dδ,ρ

v0 f(v0) = 0 ⇒ 0 = 0.
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When i = 1,

c
0Dδ,ρ

v1 f(v1) =
2√
π

[
−(

√
3−

√
2)v0 + (

√
3−

√
2)v1

]
0 =

2√
π

[
−(

√
3−

√
2)v0 + (

√
3−

√
2)v1

]
v1 = v0.

When i = 2,

c
0Dδ,ρ

v2 f(v2) =
2√
π
(1−

√
2)v0 + (2

√
2−

√
3− 1)v1 + (

√
3−

√
2)v2

0 =
2√
π
(1−

√
2)v0 + (2

√
2−

√
3− 1)v1 + (

√
3−

√
2)v2

v2 = v0.

Similarly when i = 3, we get v3 = v0.

5. Conclusions

In this paper, we have demonstrated that VIM handles residual neural network approximations to
fractional differential equation solutions. The VIM has been applied to FDEs containing RLFI and
GCTFD and it mainly focused on left RLFI and left GCTFD. The technique first defines VIF for the
solution and then uses a residual neural network to establish the iteration format’s convergence. This
study demonstrates that it is possible to approximate a solution using a neural network by applying VI
approach. Lastly, some examples are provided to help you grasp the improved understanding.
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