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Seidel Energy of Some Large Graphs

D. P. Pushpa, S. V. Roopa*, M. A. Sriraj and P. Siva Kota Reddy

ABSTRACT: The Seidel energy of a simple graph G is the sum of the absolute values of the eigenvalues of the
Seidel matrix of G. In this paper, we construct some large graphs using graph operations like lexicographic
product, corona and join operations on regular graphs and study their spectra and energy. As a consequence of
this, we obtain Seidel energy of particular graphs like Cr, [Km|, Kn[Cm], Cn[Cm], Kn[Km], Cn[Cay(Zm;Um)],
Kn[Cay(Zm; Um)]7 Cn Ocay(Zm§ Um)v Ky Ocay(Zm§ Um)y CnoNm, ChoKm, CroCm, KnoKpm, Wl,my
Wi, Wy 1. By applying the above operations, we construct new classes of non co-spectral Seidel equiener-
getic graphs.

Key Words: Seidel matrix of graphs, Seidel energy of graphs, Circulant and block circulant matrix,
Lexicographic product, Equienergetic graphs.
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1. Introduction

In spectral graph theory, energy of a graph, color energy, partition energy and many more energy like
quantities are studied extensively for more than 2 decades, see [1,4,16,28,29]. In [9], the Seidel matrix
of a graph G is defined as follows. Let G be a simple graph on n vertices and m edges with vertex set
V(G) = {v1,v2,...,v,}. The Seidel matrix of a graph G is an n x n real symmetric matrix S(G) = [s;;],
where s;; = —1 if the vertices v; and v; are adjacent, s;; = 1 if the vertices v; and v; are non adjacent
and s;; = 01if i = j.

The collection of the eigenvalues of the Seidel matrix of a graph is called the Seidel spectrum of G. The
Seidel energy SE(G) of a graph G is defined as:

n

SE(G) =Y _|oil. (1.1)

i=1

An interesting fact in literature is that, if o; is an eigenvalue of G then —oy; is the corresponding eigenvalue
of G. Hence G and G are non-cospectral and Seidel equienergetic graphs. Constructing new classes of
non-cospectral Seidel equienergetic graphs using graph operations like join on the existing Seidel equiener-
getic graphs is explored in [21]. More details about Seidel energy of a graph can be found in [9,19,20].

For graph terminologies and definitions like regular graph, circulant, block circulant, factor circulant
matrices, etc., one can refer to [7]. Numerous matrices can be related to a graph, and their spectrums
provide certain helpful information about the graph, see [2,3,10,14,15,17,18,22-27,29-36].
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Driven by this, we obtain Seidel energy of some large graphs built using graph operations like lexico-
graphic product, corona and join operations on regular graphs. We also attempt to construct new classes
of Seidel equienergetic graphs.

Some results which are used for computation of spectrum of the Seidel matrices are stated below:

Theorem 1.1 [7] All matrices in BCCBy,,, are simultaneously diagonalizable by the unitary matriz
F,, ® F,. Hence they commute. If the eigenvalues of the circulant blocks are given by Npy1,k =
0,1,2,...,m — 1, the diagonal matriz of the eigenvalues of the BCCB,, ,, matriz is given by

m—1

Z QF @ Apyr,

k=0
where Ajq1 = diag()\gkﬂ), /\gkﬂ), ol AEZ‘?“)), QF = diag(1*, ", ..., wm=Dk) and
w = exp(Eh).

Theorem 1.2 [5] Let C be an A-factor block circulant. Then
C=VaP(Da)Vy',

where Vy is block Vandermonde matriz and P(z) is the representor of C. Moreover, the set of A-factor
circulants coincides with the set of matrices of the form

Vadiag[My, Mo, ..., My,]Vit,
that is, P(D4) = diag[My, Ms, ..., M,,] for a matriz polynomial

P(2) =C1 + Coz+ ...+ Cpz™ if and only if [C1Cy ... Cp)Va = [M1 M, ... M,,].

The following result is a consequence of the above Theorem 1.2.

Corollary 1.1 [5] The factor circulant C' can also be expressed as

C =ME},, P(KQ)F®R 1,
where Fy,y, is a block Fourier matriz, Q = diag[l,wl,w?I,...,w™ ] (w= ea:p(%)), K is the principal
m' root of the non -singular matriz A and R = diag[IKK?... K™~ Y. In particular if C is a block
circulant then it can be represented as

C=F], PQ)Fnn.
2. Seidel Energy of Lexicographic Product of Two Regular Graphs

Let G and H be two graphs with n and m vertices respectively. Then lexicographic product of two graphs
G and H is formed by taking n copies of H and joining any two vertices (u,v) and (z,y) if, and only if,
either u is adjacent to = in G or u = z and v is adjacent to y. It is represented by G[H] [11].

In this section, we consider the graphs G[H], G[H| where G and H are regular graphs and obtain Seidel
energy of these graphs in terms of the Seidel energy of the component graph H. Also, we come up with
Seidel energy of some particular graphs like C,,[K.y,]|, Kn[Cnm], Cn[Cnl, Kn[Kn], CnlCay(Z,,;Uy)] and
KnlCay(Zon: Un).

We prove the following result which is necessary while discussing the spectra of the main graphs considered
in this manuscript.
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Theorem 2.1 Let H be a r-reqular graph with m vertices, then the characteristic polynomial of S(H) +
USmxm 18
bs(m)(0)

DS (H)F it (0) = T—(m—2r—1) [0 — (m—2r —1+um)],

where u is a constant.

Proof: Let 0y, 01, -+, o0m—1 be the eigenvalues of S(H). Since H is r-regular, the Seidel matrix H will
have the row sum og = m —2r — 1 as an eigenvalue. It can be observe that the corresponding eigenvector
is Jimx1- Also the row sum in any row of J,, . is m. This implies that m is an eigenvalue of J,;, x,, with
the corresponding eigenvector J,,,x1 and its remaining eigenvalues are zeros.

Consider

(S(H) 4+ uJmxm)Imx1 = (S(H) + upmxm)Imx1
= S(H)mel + (Umem)mel
= (m—2r — 1)Jmx1 +umdpmx1
=(m—2r — 1+ um)Jmx1

which implies that m — 2r — 1 + wm is an eigenvalue of S(H) + uJysm.

Let X; = (z¢1), a2y, = - » x(im))T be the eigenvector of S(H) corresponding to the eigenvalue o; for
t=1, 2, ---, m—1. This implies that
Ty + T2y + 0+ Tiim) = 0. (2.1)

It can be observed from equation (2.1) that X; is also is an eigenvector of J,,x, corresponding to the
zero eigenvalues.
Therefore for i =1, 2, -+, m — 1.

Hence

P(S(H)+ud ) (0) = —— (Zi(}i) (2(;)_ ) [0 — (m—2r —1+um)].

Theorem 2.2 Let G be a ri-reqular circulant graph with n vertices and H be ro-regular graph with m
vertices. Then

n—1
())SE(G|H]) =nSE(H) —nlm — 2rs — 1| 4+ [nm — 2(ro + rym) — 1| + Z |2r9 + 1 4 2may|
t=1
n—1
(ii)SE(G[H]) =nSE(H) — n|m — 2ry — 1| + |m(2r; —n +2) — 2ry — 1| + Z [2m(1 + ay) — 2ry — 1],
t=1

where o are adjacency eigenvalues of G.

Proof: (i) The Seidel matrix of G[H] is a block circulant of order nm denoted by
S(G[H]) = bCiTC(Hh Hg, Hg, “ee 7Hn)n><n
The block circulant structure of S(G[H]) is due to the circulant nature of the graph G. Also, since G is

r1- regular, S(G[H]) has only three different types of blocks namely S(H) along the principal diagonal,
numbers of —J,,, x,, matrices and (n —r; — 1) numbers of J,,x,, matrices. Without loss of generality we
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denote Hy = S(H), Hs = —Jmxm and Hz = Jpyxm. From Corollary 1.1, the diagonal form of S(G[H])
is

dlag(S(H) + (?’l —2r - 1)Jm><ma S(H) - (1 + 2a1)Jme7 Ty S(H) - (1 + Qan—l)mem)

where oy are adjacency eigenvalues of G.
Since H is ro -regular, let the Seidel eigenvalues of H be o9 =m —2ry — 1, o1, -+, op_1.
Then from Theorem 2.1, the characteristic polynomial of S(H) + usJpmxm is

bs(m)(0)
o—(m—2ry —1)

[0 — (m —2rs — 1+ um)].

The characteristic polynomial of S(G[H]) is the product of the characteristic polynomial of S(H) +
U mxm, for t =10, 1, ..., n—1.
Hence the characteristic polynomial of S(G[H]) is

(M)n [ — (m—2r2 — 1+ m(n—2r 71))}71:[1[07(1%727’ —l4m(=1-2a)]. (22
o—(m—2ry—1) 2 1 1 2 )] - .

Hence,
n—1
SE(G[H]) = nSE(H) — n|m — 2rg — 1| + [nm — 2(rg +r1m) — 1| + > _ [2r2 + 1+ 2mav|.
t=1
(ii) As G is (n— 71 — 1) regular, The characteristic polynomial of S(G[H]) is obtained by replacing r1 by (n —r1 — 1) and
at by (—1 — o) in equation (2.2) which are adjacency eigenvalues of G

n n—1
(%) o= (m—2ry — L4+ m(2ry —n+1)] [] lo = (m = 2r2 — 1+ m(1 + 2a))].

(m—2ry — 1) bl
Hence,
n—1
SE(G[H]) = nSE(H) — n|m — 2ry — 1| + [m(2r1 —n +2) — 2ra — 1| + > _ [2m(1 + at) — 2ra — 1.
t=1 O
Observation

As G[H] = G[H|, G[H]= G[H). It follows that

1. G[H] and G[H| are Seidel equienergetic.
2. G[H] and G[H] are Seidel equienergetic.

Following are some of the particular cases which are deduced from Theorem 2.2.
Case-1. If G=C,, H=K,,, 11 =2, 12 =m —1 and oy = 2cos (22£), then

SE(Ch[Kn]) =nSE(Ky) —n(m—1) + |nm —6m + 1] + Z

2t
1—-2m (1+2005 (F>>‘
n
t=1

Case-2. f G=K,, H=C,,, 1 =n—1, 1o =2 and oy = —1, then

n—1

SE(K,[Cp]) =nSE(Cyp) —n|m — 5|+ [2m — nm — 5| + (n — 1)|2m — 5|.

Case-3. If G=C,, H=Cyp,, 11 =2, 79 =2 and oy = 2cos (%), then

—4m cos (27#) — 5‘ .
n

Case-4. If G=K,, H=K,,, 1 =n—1, o, =m —1 and oy = —1, then

n—1
SE(Cy[Ch]) = nSE(Cyn) — nlm — 5| + [nm — 4m — 5| + >

t=1

SE(Ku[Km]) = nSE(Kp) + 2(n — 1).
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Case-5. If G = C,,, H = Cay(Z,,; Uy,) which represents the unitary Cayley graph on m vertices with
degree ¢(m), r1 =2, ro=¢(m) and ay = 2cos (%), then

SE(ChCay(Zm; Un)]) = nSE(Cay(Zm; Um)) + [nm — 2(¢p(m) + 2m) — 1
27t

—2¢(m) — 1 — 4m cos <) ‘ .

n

n—1
—nlm = 20(m) — 1|+ 3
t=1

Case-6. If G = K,,, H = Cay(Z,; Up,) which represents the unitary Cayley graph on m vertices with
degree ¢(m), 1 =n—1, ro =¢(m) and oy = —1, then

SE(K,[Cay(Zm; Un)]) = nSE(Cay(Zm; Un)) + |nm — 2(¢(m) + m(n — 1)) — 1]
—n|m —2¢(m) — 1|+ (n — 1) |-2¢(m) — 1 4+ 2m|.

3. Seidel Energy of Wheel, Multi-Wheel and Windmill Graphs

In this section, we take r-regular graph H and construct two semi-regular graphs Hy = HVK; and
G = ( UH)VK1. For H = C,,, H; will be a wheel and G will be a multi-wheel graph. Also for

H = K,,, G will be windmill graph. We obtain Seidel spectra and hence energy of H; and G, and in
particular for wheel, multi-wheel and windmill graphs.

Definition 3.1 [12] An n-wheel graph Wy, , is a graph obtained from n copies of cycles Cy, and one
copy of vertex v, such that all vertices of every copy of Cy, are adjacent to v.

Definition 3.2 [13] The (n, m)-windmill graph W is the graph obtained by taking n-copies of complete
graph K., with a verter in common.

Theorem 3.1 Let H be a r-reqular graph with m vertices and Hy = HVK;. Then

SE(H,) = SE(H) — |m — 2r — 1]+ /(2r — m + 1)2 + 4m.
Proof: Let Hy = HV K, the matrix S(H;) is of the form,
S(H)  —Jmx1
—JEem 0
From ([6], p. 62, Lemma 2.2 ).
o1 = S(HY)| = 0T — S(H)| |0 = JE, (0T — SCH)) V|

adj (oI — S(H))

— — — — T
oI — S(Hy)| = |oI — S(H)| |0 — Jism ol — ()| Tmx1|- (3.1)
Consider
JEadj(ol — S(H))Jpmx1 = sum {cl — S(H)}
= oI — S(H) + Jmxm| — |cI — S(H)|.
Thonadi(oT = S Juer ol = (SCH) ~ )] | 5

loI — S(H)| N loI — S(H)|
Substituting (3.2) in (3.1), we get

o] — S(HL)| = |oT — S(H)| ’a _ ("’I ‘S(f[)s(‘HJ)"”W' _ 1) ‘
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DS(H)—Tre) (O)
b5 (0) = ¢ o |:0'+1— e 3.3
S(H )( ) S(H)( ) ¢S’(H)(U) ( )
Since H is r-regular, the eigenvalues of S(H) will be of the form o9 =m —2r —1, o1, ..., Opm_1.
Setting © = —1 in Theorem 2.1 and substituting in equation (3.3), we get
1 bscy(0)(o — (m —2r —1 —m))
= 1- .
éscne) = s (0 [ +1.- (5 ) (LIS
¢S(H) (U) 2
= 2r — 1) — .
Psam(0) = oo oy o0 o —m 1) —m]
Hence the spectra of S(H) is
o;j for i=1,2,.... m—1 once
—(27”—7n+1)i1/2(2r—m+1)2+4'm once,
further
—@2r—m+1)+/2r—m+1)2+4m >0
and
—2r—m+1) = /(2r—m+1)2+4m < 0.
Hence,
SE(H,) = SE(H) — |m —2r — 1| ++/(2r — m + 1)2 + 4m.
O
Corollary 3.1 Let Wi ,, represent the wheel graph. Then
SE(W1,m) =SE(Cy) —|m =5+ /(5 —m)2 + 4m,
where Cyy, 1is the cycle with m vertices.
Proof: If we choose H = C,,, in Theorem 3.1, then H; = W ,,
SEW; ) =SE(Cy,) — |m — 5| + /(6 —m)? + 4m.
O

Theorem 3.2 Let G' = U H, where H s a r-reqular graph with m-vertices. Then

n

SE(G')=nSE(H) —n|m —2r — 1|+ [nm —2r — 1| + (n — 1)(2r + 1).

Proof: The Seidel matrix of G’ is a block circulant matrix with circulant blocks of order nm which is

denoted as follows:
S(G') = beire(Hy, Ha, - -+ , Hy,)

where H1 = S(H),Hg = Hd = .= Hn = Jdmxm-
Let o9, 01, -+, 0m—1 be the Seidel eigenvalues of H. Since H is r-regular, 0o = m — 2r — 1. We know
that Ay = diag(m —2r—1, o1, --+, om—1) and Ay = diag(m, 0, ---, 0) are the matrices of eigenvalues

of S(H) and Hs respectively. Then from Theorem 1.1, the diagonal form S(G’) is

diag(/\l + (’Il - 1)/\27 A1 — /\Qa R N1 — /\Q)mnxmn~
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Here
A1+ (n— 1Ay =diag(nm —2r — 1, o1, -+, Om—1)

and
A= Ag = diag(=2r =1, a1, -+, o).

Hence, the eigenvalues of S(G’) are

o;j for i=1,2,...,m—1 n times
nm —2r —1 once
—2r—1 (n—1) times.

Hence,
SE(G"Y=nSE(H)—n|m —2r — 1|+ |nm —2r — 1|+ (n — 1)(2r + 1).

Theorem 3.3 Let G = G'VK; where G' = U H and H is a r-reqular graph with m-vertices. Then

n

SE(G)=nSE(H) —nlm —2r — 1|+ (n — 1)(2r + 1) + /(2r — mn + 1) + 4mn.

Proof: Since G’ is r-regular graph with mn-vertices. From Theorem 3.1, the characteristic polynomial
of S(G) is
b5 (o)

2
2r — 1) — .
afmn+2r+1[a +o(2r—mn+1) mn}

bs(q)(0) =

From Theorem 3.2,

Ps(c)(0) = <m> (o +2r + 1)~ [0 + o(2r —mn +1) —mn] .
Hence, the spectrum is
o; fori=1,2,....m—1 n times
—2r—1 (n—1) times

—(2r—mn+1)£/(2r—mn+1)2+4mn

5 once,

where o; are Seidel eigenvalues of H.

Further

—(2r —mn+1)+/(2r —mn +1)2 + 4mn > 0
and

—(2r —mn+1) —\/(2r — mn +1)2 4 4mn < 0.
Hence,

SE(G)=nSE(H) —nlm—2r — 1|+ (n — 1)(2r + 1) + /(2r — mn + 1)2 + 4mn.
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Corollary 3.2 Let Wy, ,, represent the multi-wheel graph. Then

SE(Wyn) = nSE(Cy,) —n|m — 5|+ 5(n — 1) + /(5 — mn)2 + 4mn,

where Cy, is the cycle with m vertices.

Proof: If we choose H = Cy, in Theorem 3.3, then G = W, ,,

. SEWyn.) = nSE(Cp) — nlm — 5| + 5(n — 1) + /(5 — mn)2 + 4mn.

|
Corollary 3.3 Let W | represent the windmill graph. Then
SEW 1) =nSE(Ky) +m(n—2) + 14+ /(2m — mn — 1)2 + 4mn,
where K, is the complete graph with m vertices.
Proof: If we choose H = K,;, in Theorem 3.3, then G' = W[ ,;
L SE(W. ) =nSE(Ky;) +m(n—2) +1++/(2m —mn —1)2 + 4mn.
O

4. Seidel Energy of Corona of Two Regular Graphs

In this section, we consider two regular graphs G and H, where G is a circulant and construct a new
graph called corona of G with H denoted by G o H. We obtain Seidel spectra of this graph in terms
of spectra of its component graph H and obtain Seidel energy of particular graphs like C), o N,,,, C), o
K., ChoCy, KoKy, C,oCay(Zy;Uy,) and K,, o Cay(Z,;Up,).

Definition 4.1 [8] Let Gy and Gs be two graphs on n and m vertices respectively. The corona Gy o Gy
of G1 and G2 is defined as the graph obtained by taking one copy of G1 and n copies of Ga, and then
joining the i-th vertex of G1 to every vertex in the i-th copy of Ga.

We first obtain the following result which is necessary to find spectra of large graphs like (G o H).

Theorem 4.1 Let H be a r-regular graph with m vertices and Hy = HV K, and u is a constant. Then
the characteristic polynomial of S(H1) 4 wJ(ymi1)x (m+1) 18

¢s(m)(0)
(c—m+2r+1)

[0 +o(2r —u(m+1) —m+1) +u(3m —2r — 1) —m).

Proof: The matrix of S(H1) + uJ(m+1)x(m+1) Will be of the form
S(H) 4+ udmxm (u—1)Jmx1
(U - 1)‘],1T><m u

From ( [6], p. 62, Lemma 2.2 ).

|oI—(S(Hy) + ud(m+1)x (m+1))
= |oI — (S(H) 4 umxm)| |(c] —u) — (u—1)2JE,,, (0 = (S(H) + uJmxm)) " Jmx1| (4.1
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with similar discussion as in Theorem 3.1, we get

JT. (01 — (SCH) + )~ s = PIS(H)+(u=1) Jmxm) (0) 1

¢[S(H)+UJNLXHL] (O-)

using Theorem 2.1, this can be further simplified as

m
c—m+2r+1—mu

substituting this in (4.1) and simplifying, we get ¢(s(m, (o) as follows:

)+ud (ma1)x (ma1))

b5 (o)

o+ (2 = ulm 1) = m 1)+ u(m = 2 = 1) = ]

a

Theorem 4.2 Let G be a r1-regular circulant graph and H be ro-regular graph with n and m vertices
respectively. Then

n—1
SE(G o H) = nSE(H) = nlm = 2ry = 1| + B+ p| + 18 = pl + Y _lIxe + &l + Ixe = &),
t=1
where
B _ —(2r142ra4+2—nm—n) o= \/(2r1+2r2+27nm7n)274[n(3m72r271)+2r1 (2r2+1—mn)+2ro+1—4m)]
= 2 5 — 2 )

xe=—(ro+1+a), &=+/(ra+1+ay)?—[2rs —4m+1+20;(2r2 + 1)] and oy are adjacency eigen-
values of G .

Proof: Since G is circulant, the Seidel matrix G o H is a block circulant matrix of order n(m + 1) which
is denoted by
S(Go H) =bcirc(S(Hy), Ha, ..., Hy)

where S(H;) = S(HVK;) and remaining H!s are either J matrices or matrices with first entry —1 and
all other entries as one’s. These matrices are of order (m + 1).

Let us take Hy as the matrix in which first entry is —1 and all other entries are one’s and H3z =
Jm+1)x(m+1)- Since G is r1- regular, there will be 71 numbers of H> matrices and (n — 71 — 1) numbers
of J(m+1)x(m+1) matrices. Thus the diagonal form of S(G o H) is

diag(Ao, Al, ey An—l)
where
Ao = S(Hy) +7r1Hy + (n— 11 — 1)J (g 1) x (m1) s
Ay = S(Hy) 4+ e Ho + (=1 — o) Jm41)x(meg1) for t =1, 2, ..., n—1
and oy = Y ag e for t = 0, 1, ..., n—1 are adjacency eigenvalues of G.
k=1
Consider

Ay = S(Hl) +riHy + (n - ry— 1)J(m+1)><(m+1)
= S(H1) + r1(Jims1)x(mt1) — 2H') + (0 =11 = 1) Tt 1) x (m41)
= S(Hl) + (TL — 1)J(m+1)><(m+1) - 27‘1HI,

where Hy = Jim11)x(m+1) — 2H" and H' is the matrix in which first entry is one and all other entries are
zero’s. It can be observed that

D(40)(0) = A(S(HD) +uT i1y my1) (O) T 2P1D(S(H) F ) (0)- (4.2)
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Choosing © = n — 1 and r = ry in Theorem 2.1 and 4.1 and substituting in equation 4.2, we get the
characteristic polynomial of Ay as

ps (o)
(c—m+2r+1)

[02 4+ 0(2r1 427y +2 —nm —n) +n(3m — 2ry — 1) 4+ 211 (2ry + 1 — mn) + 2ry + 1 — 4m).

Thus, the spectra of Ay is

o; for i=1,2,...,m—1 once

—(2r14+2ro+2—nm—n)=+ 2r14+2ro+2—nm—n)2—4[n(3m—2rs—1)+27r1 (2ro+1—mn)4+2rs+1—4m
ﬂ:l:pz(l 2 )£/ (2r1+2r; )2[( 2—1)+27r1 (272 )+272 ] once,

where o; are Seidel eigenvalues of H.
Let At = S(Hl)—l—OétHQ+(—1—Ozt)J(m+1)X(m+1) = S(Hl)—J(m+1)><(m+1) —QOth/ fort = 1, 2, ey n—1.
The characteristic polynomial of A; as

D(a)(0) = D(S(HY) Tty (mary) (T) + 206D (S(H) T, 1) (O)- (4.3)
Choosing u = —1 and r = ry in Theorem 2.1 and 4.1 and substituting in equation 4.3, we get ¢(4,)(c) as
bs(m)(0)

(0—m+2r+ 1)[02 +0(2ro + 2+ 20¢) 4 2ro — 4dm + 1 + 24 (2r2 + 1)].

Thus, the spectra of A; is

o; for i=1,2,....m—1 (n—1)times

Xt:l:{,g:—(rg—l—l—i—at):lz\/(r2+1+at)2—[2r2—4m+1+2at(27"2—|—1)] 1<t<n-—1 once,

where o; are Seidel eigenvalues of H and «; are adjacency eigenvalues of G.
Hence, the spectra of S(G o H) is:
o; for i=1,2,....m—1 n times

B + p= 7(27’1+2T2+27nm7n):t\/(27"1+2r2+27nm7n)2274[n(3m72r271)+2r1 (2r24+1—mn)+2ry+1—4m] once

Xt +& = —(7‘2+1—|—o¢t):|:\/(7“2—|—1+04t)2 —[2ra—4dm 41420 (2ra+1)] 1<t<n—1 once.
Hence,

n—1
SE(Go H) =nSE(H) —nlm —2ry — 1|+ B+ pl + 18— pl + Y _ [ + &l + e — &l
t=1
where
6 _ —(2r1+2r2+2—nm—n) o \/(2r1+2r2+27nm7n)274[n(3m72r271)+2r1(2r2+17mn)+2r2+174m]
- 2 ’ - 2 ?

xe=—(re+1+a), &=+/(r2+1+a)?—2ro —4m+ 1+ 204(2r2 + 1)]

and o4 are adjacency eigenvalues of G. |
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Some particular cases obtained from Theorem 4.2 are:
Case-1. If G=C,, H=N,,, 11 =2, 12 =0 and oy = 2cos (%), then

SE(Cyp o Np,) =nSE(Ny,) —n(m —1)

—(6—mn—n)+\/(G—mn—n)2—4(5—4m—mn—n)
2

_|_

f(Gfmnfn)f\/(Gfmnfn)274(5f4mfmnfn)
2

B (e (1)) o (1o (20
51 (s (22)) < (e (32)) e (32

Case-2. IfG=C,, H=K,,, 1 =2, ro=m—1 and oy = 2cos (%), then

27t
—1+4m — 4cos <W>
n

SE(Cy o Ky) =nSE(K,,) —n(m —1)

—(4+2m—mn—n)+\/(4+2m—mn—n)2—4(n—3mn+6m—5)
+
2

7(4+2mfmnfn)f\/(4+2mfmnfn)2—4(n73mn+6m75)
2

5| (2o (22)) (o 2em (32)
+7§ - <m+2cos (?)) —\/<m+2cos (T>>2—4(2m—1)c08 (T) +2m+1].

Case-3. IfG=C,, H=C,,, r1 =2, ro=2and ay = 2cos (%), then

2 2mt
> —4(2m — 1) cos (n) +2m+1

SE(Cy o Cp) =nSE(Cy) —n|lm — 5|

N —(1O—mn—n)+\/(10—mn—n)2—4(n(3m—5)+4(5—mn)+5—4m)
2

—(1O—mn—n)—\/(10—mn—n)2—4(n(3m—5)+4(5—mn)—|—5—4m)
+ 2

O S ) RSN 1)
B oo (5) o (B (e ()
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Case-4. If G=K,, H=K,,, mm=n—1, ro=m—1and oy = —1,
where t =1,2,...,n — 1 then
SE(K, oK) =nSE(K,)—n(m-—1)

—(2m —2—mn+n)++/2m -2 —mn +n)2 —4(Tmn — 6m + 1 — n — 2mn2)
2

+‘—(2m—2—mn+n)—\/(2m—2—mn+n)2—4(7mn—6m+1—n—2mn2)
2

(1) Hf(m— D+/(m-12_( 76m)‘ + ’—(mf 1) = Vim =12 = (1= 6m)| .

Case-5. If G = C,,, H = Cay(Z,,; Uy,) which represets the unitary cayley graph on m vertices with
degree ¢(m), r1 =2, ro=¢(m) and ay = 2cos (22), then SE(C), 0 Cay(Zm;Up)) =

nSE(Cay(Zm;Um)) — nlm — 2¢(m) — 1|
—(6 4 2¢(m) — n(m + 1)) + /(6 + 2¢(m) — n(m + 1))2 — 42¢(m)(5 — n) + 5 — n(m + 1) — 4m) ‘

2
—(6+ 2¢(m) — n(m + 1)) — \/(6 + 2¢(m) — n(m + 1))2 — 4(2¢(m)(5 — n) + 5 — n(m + 1) — 4m) ’
2
— 27t — 27t
+ —(o(m)+14+2cos| — ) | + R+ —(é(m)+1+4+2cos|{ — | | — R|,
5 (a2 5 om0 (2)
where R = \/ +1+2cos(2”t))2—2¢(m)+4m—1—4(2¢>( ) + 1) cos (2£%).

Case-6. If G = K,,, H = Cay(Z,,;U,,) which represents the unitary Cayley graph on m vertices with
degree ¢(m), 1 =n—1, ro=¢(m) and ay = —1, then

SE(K, o Cay(Zy; Upn, )) = nSE(Cay(Zm; Un)) —n|m —2¢(m) — 1|
—(n(1 = m) + 2¢(m)) + /(n( )+ 26(m))2 — 4(n(5m + 1) + 26(m)(n — 1) — 1 — 2m(n? + 2)) |

+

2

+

—(n(1 = m) + 26(m)) — /(L —m) + 2(m))” — 4(n(om + 1) + 26(m) (n — 1) — L — Zm(n? + 2))‘
2

+ (0= 1) [|=m) + V(6(m)? +26(m) + dm + 1| + | ~p(m) — /(6(m))? + 20(m) + dm + 1] .

5. Construction of Seidel Equienergetic Graphs

In [21], the authors have constructed non-cospectral Seidel equienergetic graphs which are having same
number of vertices and are same regular. They have also constructed a new class of graphs which are
Seidel equienergetic using join operations. Motivated by this, we also construct new class of Seidel
equienergetic graphs using the graph operations as: Consider the graphs H, and Hj, with same number
of vertices and are 3-regular as shown in Figure 1.

The characteristic polynomials of H, and Hy are: ¢(H, : o) = (0 —5)(c — 3)3(c — 1)3(c + 1)%(0 + 5)3
and ¢(Hy : 0) = (0 —5)*(0c — 3)%(c — 1)(0 + 1)*(0 + 3)(0 + 5)?. Then SE(H,) = SE(H,) = 34. Hence
they are non co-spectral Seidel equienergetic.
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Figure 1: Seidel equienergetic graphs H, and H,
Let G be any ri-regular circulant graph. Then by Theorem 2.2
n—1

SE(G[H,)) = nSE(H,) — bn + [12n — 24ry — 7|+ Y | = 7 — 24|

t=1
n—1

=nSE(H,) — 5n+[12n — 24r — 7|+ Y | = 7 — 24y
t=1

— SE(G[H,)).

Thus, G[H,] and G[H}] are non co-spectral Seidel equienergetic.
Similarly, from Theorem 4.2, we have:

SE(GoH,)=nSE(H,) —5n

N —(2r1 +8 — 13n) + \/(2r1 + 8 — 13n)2 — 4(29n + 2r1 (7 — 12n) — 41)
2

N —(2r1 +8 — 13n) — \/(2r1 + 8 — 13n)2 — 4(29n + 2r1 (7 — 12n) — 41)
2

n—1
+y ‘—(4 )+ V@ + a2 r Al - 1404,5’
t=1

n—1
+y ‘—(4 b)) — V@ T a2 r Al - 1404,5’
t=1

=SE(Go Hy). (. SE(H,)=SE(Hy))
The above construction lead to the following Theorem:

Theorem 5.1 Let G be a ri-regular circulant graph with n vertices. If Hy and Hs are ro-regular graphs
with m wvertices which are non co-spectral Seidel equienergetic graphs then
(1) G[H1] and G[H2] are Seidel equienergetic.

(i) G o Hy and G o Hy are Seidel equienergetic.

Note: We know that if H; and Hy are Seidel equienergetic then their complements also Seidel equiener-
getic. Using this in the above theorem, we have the following:

1. The pairs G[H;] and G[Hs], G[H;| and G[Hz|, G[H;] and G[H,] are Seidel equienergetic

2. The pairs Go[H;] and Go[Hs], Go[H;| and Go[Hs], G o [H;] and G o [H,] are Seidel equienergetic.
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