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Studying the First Non-Vanishing Cohomology Group of the Orlik-Solomon Algebra for
Triangle-Free Graph Related Graphic Arrangements
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ABSTRACT: In this work, we examine the vanishing of the second cohomology group of the OrlikSolomon
algebra A, (Ag), denoted by H? (A, (Ag);a), corresponding to the graphic arrangement Ag related with
a triangle-free graph G. Here, Ag specifies the number of edges in G and a is defined as a = as — ay, for ,
2 < s < t < £. Motivated by this goal, we investigate H? (A, (Ag);a) as a free module and show that it does
not vanish when G contains chordless 4-cycles including the edges es and e.
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1. Introduction

This work concentrates the concept of ”"a hyperplane arrangement” A, (shortened ”an arrange-
ment”) in a finite-dimensional vector space V over a field K, focusing on its complement M (A) =
V\ Ugea H and topological invariants in combinatorics. Fadell, Fox, and Neuwirth studied the coho-
mological group of complex space complements in 1962 [3], [2], followed by Orlik and Solomon, who
used generators and relations to calculate the cohomology algebra [6]. H*(M(A), K) is established by
constructing an algebra A.(A), named by their name and defined as the quotient of the exterior K-
algebra F,(A) = Ap>o (D q Ken), by the homogenous ideal I, (A), that generated by the relations,

Z?Zl(—l)k_leml by, ey, forall 1 <y < --- <ip < n, where {H;,,..., H;,} is a dependent
indicates the deletion of ep, [6].

b Ean)

subarrangement of A and the circumflex

Our aim will motivate us to embed the Orlik-Solomon algebra as a free submodule of the exterior
K-algebra F,. This submodule is called the broken circuit module, denoted by NBC'(A) and defined
as; NBCy(A) = K and NBC(A) for 1 <k </, be the free K-module of E}, with an NBC (no broken
circuit) monomial basis {ec | C € NBC}(A)} C Ej, where NBC}(A) is the set of all no k-broken circuit
subarrangement of A [5]. A circuit B refers to minimal dependent subarrangement of A and its broken
circuit is the subarrangement B — {H} of A, where H is the smallest hyperplne of B via a total order A
defined on the hyperplanes of A.

For any element a € A;(A), the cohomology of the Orlik-Solomon algebra, H* (A.(A);a), plays
a crucial role in understanding the cohomology with local coefficients, H*(M(A), L(a)). Although re-
searchers have computed the cohomology of the Orlik-Solomon algebra for specific types of arrangements
[4], [10], [12], considerably less is known about the higher cohomology groups H? (A.(A);a) for p > 1 in
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general. This gap motivates more research as, possibly, the topological and combinatorial structures of
arrangement complement M (A) can be better understood with a deeper understanding of these higher-
dimensional cohomologies of the Orlik-Solomon algebra.

This work focused on free triangles graphs, which is known as a subclass of the hypersolvable class
of graphs, which was first established by Papadima and Suciu in 2002 [8]. It is known that there
is a correspondence G — Ag maps finite, simple, undirected graph G = (V,¢), (where V and e be
its vertices set and edges set respectively), to a graphic arrangement Ag, defined via the bijection
[vi,vj] € € <> H; j € Ag, where H; j = {(x1,...2,) € C" : 2; = ;}. This duality can be used to transfer
known results from hypersolvable graphs into hypersolvable graphic arrangements and vice versa. The
hypersolvable class of arrangement was first described by Jambu and Papadima in 1998, [12] and 2002,
[1]. In section (2.3), the Orlik-Solomon algebra of a free tringles graph G was reconstructed straightly
from its bond lattice L(G) via the isomorphism L(G) — L (Ag) that results from the correspondence
G — Ag. Specifically, the duality between the notion of cycles in graph theory and the notion of circuits
in graphic arrangements play as an essential idea to consider a structure of the Orlik-Solomon algebra
for a free triangles graph as free submodule of the exterior algebra E.(G) = Ag>o (@cee Kec), of a
graph generated by an NBC (no broken cycles) monomial basis {ec | C € NBCy(G)} C Ex(G), where
N BCy(G) denots the set of all no broken cycles subgraphs of G with k edges and its elements are said to
be k-NBC base of G. Accordingly, the structure of the second cohomological group of the Orlik-Solomon
algebra for a free triangles graph H? (A, (Ag);a) was investigated for a = as — a,2 < s < t < /.
We proved that H? (A, (Ag);a) not vanished if G has chordless 4-cycles contains the edges e and e;
simultaneously. Finally, we provided a few illustrations of our results.

2. Basic Facts:

This section is to review the concepts and structures crucial to our work:

Definition 2.1 [I] Let V and ¢ be finite sets of m-vertices and n-edges respectively in an undirected
connected simple graph G = (V,e). A pair I¢ = (HV,HE), is said to be hypersolvable partition of G
and it is denoted by HP, if IV = (HY, .. ,H,‘q/l_l) and II° = (115, ...,II5) are partitions of V and ¢
respectively, that satisfy the following features:

HP; : I} = {vi,vo} as well II§ = {e1}, such that ey = [v1,v3], i.e. 1§ is a singleton.

HPy : For every 2 < j <m — 1, the block H;-/ 18 a singleton.

HP3 : For every 2 < k < ¢, the block 113, satisfying the following:

HP3i : For every e;,, e, € ITU.. . UII}, there is no edge e € 115, U...UIIj such that {e;, ,e;,,e} forms
a triangle.

HP3ii : There is a positive integer 1 < my < m — 1, such that Vi =11} U...U ka is a subset of V
that is contains every endpoints of the edges in II3 U ... UII}, i.e. Gy = (Vi,IITU ... UII},) makes up a
subgraph of G. Then, either.

1. I, = {e} such that Vi, = Vj_1, or;

2. 115 = {em...,eidk}, such that Vi\Vi—y = Ily, . =1}, = {v} and for 1 < j < dp,e;, =

[vij,v], for some v;; € mnyu...uly,

mME—1’

where {Um cy Uig, } CVeor =1L U.. . UIl,, , creates
a complete subgraph of G.

The number of the blocks of II¥ is called the length of IS and denoted by ¢(G) = £. The vector
d=(dy,...,d) is said to be the exponent vector (or d-vector) of IL if dj, = |II5| for 1 < k < {. The rank
of IT5, defined as rkIIf, = |Vi| — 1 and rk(G) = rkIl; = m — 1. The block II;, will be considered singular
if Vi1l = |Vk|, and it is non-singular if |Vi\Vk—_1| = 1. A hypersolvable partition TI¢ is considered
supersolvable if and only if, TI° contains no singular blocks. As well as, a hypersolvable partition TI,
is called m-generic if £ > m, the exponent vector d = (1,...,1) and every k-eadges of € cannot be an
k-cycle, 3 <k <m —1.

Proposition 2.2 [9,1] A graphic arrangement Ag is hypersolvable (supersolvable or generic), if and
only if, it is graph G is hypersolvable (supersolvable or generic).
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Note Let G be a hypersolvable graph. There are important points to take into consideration

1. The related graphic arrangement Ag has a hypersolvable partition IIA¢ = ( II;...II, ) derived
from the hypersolvable partition II¢ = (HV, HE) on G as; for 1 <k < /¢, Hy; € 11, if, and only if,
[i, j] € TI5. We will call IT4¢ the induced partition of TI¢, [1].

2. There is a bijection between S (HG) and S (HAG). As well as there is a bijection between S (HG)
and Sy (HAG), for1 <k <V

Definition 2.3 [7] Suppose that K is a commutative ring and < is an arbitrary total order defined on
the hyperplanes of a £-arrangement A. Define the Orlik-Solomon algebra A.(A) to be the quotient of the
exterior K-algebra Ey = N0 (D yea Key ) s by the homogenous ideal I,(A) is generated by the relations.

(—1)k_1€Hi1 .'.éHiJ reH,, forall 1<ip <---<ip <n
1

k
Jj=

»An

where {H;,, ..., H;, } is a dependent subarrangement of A and the circumflex indicates the deletion
of em,; -

The broken circuit module is NBC.(A) of the exterior E, is defined as; NBCy(A) = K and
NBC(A) for 1 <k </, be the free K-module of Ey with an NBC' (no broken circuit) monomial basis

{ec | C € NBCy(A)} C Ey, i.e.;

4
NBCy(A) = & Kec and NBC.(A) =P NBCi(A).
CENBCI‘-,(.A) k=0

Theorem 2.4 [7] The restriction of canonical chain map ¢, : E. — A.(A) on the broken circuit
submodule NBC,(A), is an isomorphism defined as; for 1 < k < L4 (ec) = ec + Ix(A) = ac,
C € NBCk(A). Accordingly, the Orlik-Solomon algebra A.(A) embedded of the exterior algebra as a free
K -submodule by the following structure: A.(A) = @i:o (@CENBCK(A) Kac).

Definition 2.5 [7] Assume that a € Ai(A) with a =Y »_, Asas for A\s € K. multiplication by a give
a differentiation dy, : Ap(A) 2 Apy1(A) such that (A.(A),a) forms a complex. The cohomology of this
complez denoted by H*(A(A), a) and is said to be the cohomology of the Orlik-Solomon algebra.

3. The First Non-Vanishing Cohomology of Orlik-Solomon algebra of Free Triangle
Graphs:

The work consists of two parts. The first part reconstructs the Orlik-Solomon algebra of a graph using
its hypersolvable partition structure. This involves defining a total order on the graph’s edges using an
analogue of the hypersolvable partition for the complete graph @, with m verticies. The second part
examines the first non-vanishing cohomology of a given free triangles graph. This approach clarifies the
interplay between the combinatorial properties of the free triangles graph and its geometric structure,
laying a solid foundation for further cohomological analysis.

3.1 A Total Order of Graph:

Assume @, is a complete graph with m vertices and let Agm be any total order can be defined on its

vertices say Vg, = {vi,..., v }. Partitioned the set its edges ¢q,, as:
[rFem = (I, 9™ 159, .. 10 0™
= ({[U17v2]} 3 {[’UD’US] 3 [’U23U3]} 3 {[’l)17’l)4] 3 [U27U4] B [U3>’U4]} gy {[Uh vm] ) [U27’Um] gee ey [’Umflavm}})

Define a total order <¢, ~on g, as follows:

['Ul,UQ] S]am [Ul’v?’] S]EQ'm [U2’ US] S]am [’Ul,'U4] Slst [U2’ U4] SIEQNL [U37U4] Slst e

SIEQm [vlavm] Sngm [v2vvm} Sligm e Sli?m ['Umflvvm] .
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In fact, if 1 < k; < k2 < k3 < k, then the total order dg , = (ﬂgm,ﬁam) in the block H;Qm
satisfying:

L [oky, vk41] DG, (Vs k1] 95, [Uks s V1] and;
|

2. [Ukl ’ U’w] S]EQ,,,L [Uh ’ Uks] S’Z) Uk Uks]'
Now, assume G = (V, €) be a graph with m vertices, i.e., G is a subgraph of @,,. Put 45 = (Ag, Ag)
to be the restriction of Ag, on G.

Remark 3.1 If G = (V,¢) is a hypersolvable graph with m vertices and 11¢ = (HV,HE) be its HP, then
the total order g will satisfy:

1. Fori < j, then
1. (O Slg Uj.
ii. e g €', for every e € 11§ and €’ € TI5.

2. For 3 < k < 1, if e;,€i,,€i, € 11T and e;; <G ei, G eiy, then ey i, G €iy.is JG €ig,ig, where
{€i1,ins €1y €in 1 {Ci igs €irs €ig } s {€in igs €ins €ig ) are the triangles in G via the solvable property of
e,

3.2 The Orlik-Solomon Algebra of Free Triangles Graphs as Free Modules:

From this point on, we assume that G = (V, €) be a simple connected free triangles graph such |V| = m > 4
and the number of its edges is || = ¢. Therefore, G is hypersolvable with an HP say I1¢ = (IIV,II°
with exponent vector d = (1,...,1) € R*. We will use definition (2.1) to define an order ¢ = (<%, <%
on G. By using the correspondence G — Ag that defined via the bijection [v;,v;] € € < H,
{(z1,..2,) € C" 1 z; =x;} € Ag, we shall establish an induced order J4, on the hyperplanes of Ag
based on the structure of its induced partition ITA¢. Accordingly, the isomorphism between the lattice
of bonds L(G) and the lattice of intersections L (A¢), will create the following bijections with regarding
the hypersolvable order < :

~——

1. f: NBCq,(G) = NBCq,_ (Ag), where NBCq,(G) be the set of all subgraphs with no broken
cycles of G via the order d¢ and NBCq, . (Ag) be the set of all no broken circuits subarrangements
of Ag via the induced order < 4.

2. For0<k<rk(Ag)=m-—1, fi: NBC’%G (G) = NBC%_ (Ag) will be the restriction of f on the
k- skeleton of NBCE _(G).

3. g: SS’G (HG) — SS]AG (H‘AG).
4. For 0 < k </(G),gx : S%G (HG) — S%AG (H“AG) will be the restriction of g on S%G (HG).
If ¢ = ¢(G) =Min{|C| : C is a j— cycle with no chord, j > 4}, then;

p(G) = Max {k||[NBC%_(G) |=|S&, (I19)|} = ¢ — 2, [10]

Using the following formula, we can designate the Orlik-Solomon algebra of a graph A.(G) as a free
K-module and classify the class of free triangles graphs into three subclasses:

1. If £(G) = m — 1, then G is a tree which is supersolvable, and the Orlik-Solomon algebra has the
following structure as:

A(Q) = P (eBCeSgG(HG)KaC) and for 1 < k < m — 1, Ax(G) Hcest_ @) Kac and,
b (A-(G) = (")



STUDYING THE FIRST NON-VANISHING COHOMOLOGY GROUP 5

2. If ¢(GQ) = (@) = m, then G is generic that form’s m-cycle with no chord, and the OrlikSolomon al-

gebra designated as: for 1 <k <m—2, Ag(GQ) = Seegr moyKac with by (AL(G)) = (") and,
Ye!
Ap1(G) = @CeNBngl(Mc) Ka. , where J\chgG—1 (Mg) = SR (I9) = {e — {[v1, v2]}}

and, bp,_1 (A, (G)) = m — 1. Thus,

m—2

) @ Kac | @ @ Kac

k=0 \ Cest (119) CeSg (M) —{e—{[v1,v2]}}

3. If ¢(G) = ¢ < m—1 < ¢ then G is neither supersolvable nor generic and for 1 < k < ¢ —
2, AK(G) = Boese_mo) Kac  with b (A.(G) = INBG(G) = (7)  and 4.,1(C) =
EBCENBc;;;(M@ Ka,, where NBCS 1(G) = 85! (I%) — BCS 1 (G), BCS_'(G) is the set of all

broken c-cycles via <%, and b._1 (A.(G)) = (/™)) — ‘BCC{C}(G)’. Thus:

i
—
o
|

N

A, (G) P Kac|= P Kac @(@)
k=0 \ CeNBCE_(G) k=0 \ Cesg ,(119)
m—1
aCESé_Gl(HG)*BCE;_G}(MG)KGC) @ @ KCZC

k=C \ CeNBCE_(G)

Lemma 3.2 Ifa = a., — a,, for2<s<t<{, then dim(Imd;) =¢— 1,

Proof: Due construction (2.3), Ax(G) = @Cesz ey Kac, we will examine the homomorphism, d; :

A1 (G) S As(G). So, for 1 < k < ¢, we have:

—Qe, Qe tk=sort
Qe le, — Qe Qe, 1<k <s<t</{
—Qe ), — Qepe, :1<s<k<t<{
—Qe Qe + Qe e, 1 <s<t<k<{

di (a’@k) = Gey, (aes - aet) =

Every 2-section C of II° cannot be a broken 3-cycle (triangle), since G is a free triangles graph.
Consequently, NBC%_(G) = SZ_ (IT¢).  Therefore, d; (ac,) # 0ay(c), for 1 < k < £, since it is a
combination of NBC monomials. As well as, since every 3 -section of I1¢ is either an NBC base or broken
circuit of Ag, hence:

LI1<k<s<t<l07" D (apac,a0) = ac,ae, +di (aey) # Oan(c-
2. fl<s<k<t<l{, 8A (@) (A, ey, Oe,) = —0c, e, — di (ae,) # 04,(q)-
3. Ifl<s<t<k< E,@?*(G) (Ge, Ge, ;) = e, e, + di (e, ) 7# 04,(c)-

Hence, d; (ae, ) # —ae,ae,. Therefore, dim (Imd;) = ¢ — 1, and our assumption were confirmed. O

Proposition 3.3 Ifa = a., — ae,, for 2 < s <t </{, then H' (A(Ag);a) vanished and;
1. If G is tree or ¢(G) = ¢ > 4, then dim (Imdy) = (552) + (£ —2).

2. If ¢(G) = 4, then dim (Im dy) = (Z 2) + (€ —2) — uy, where uy be the number of chordless 4-cycles
that includes es and e;.



6 NUMAN Y. NEAMAH AND HANA” M. ALI

Proof: To demonstrate our claim, we need to look at the homomorphism dy : A3(G) % A3(G). Fol-
lowing the construction (2.1), the value of ¢(G) has been defined as Min{|C| : C is a chord less j—
cycle,j > 4}, and plays a major role in the structure of OrlikSolomon algebra, since either ( G is tree
or ¢(G) > 4 and A3(G) = GBCGSiG(HG) Kac ) or ( ¢(G) =4 and A3(G) = @Cesgc(nc)fzacgc(c) Kac,
where NBC%_(G) = S, (I1%) — BC% _(G) and BC%_(G) obtained by deleting the minimal edge via
d¢ from the chordless 4-cycles), i.e. the basis for A3(G) depends on the scenario under discussion. For
1 <k < ko <¥, we have:

ds (a’ekl a’ekg) = Qey, Qey, (aes - a’et) (3'1)
OAg(G) cki=sand ko =t
—Qe, Qe Qe, 1<k =k<ko=s<torl<ki=k<s<ky=t
e, e, G, is=ki<t<ky=k</lors<ki=t<ko=k</
—Qe, e, G, s=ki <k =k<tors<ki=k<ky=t
Qe Qey, Qe, — Qey, Qey, Ae, 1< ki <ks<s<t

—Qey, Qe Aey, — ey, Aoy, Ae, 1 < k1 <s<hky <t
—Qey, Qe ey, + Qey Qe ey, - 1<k <s<t<ky</t

Ue,Gey, Oy, — Qey, Qey, Qe, 28 < k1 < kg <1
Qe ey, Aoy, + Qey Qe ey, 28 < k1 <t <hy </
e ey, Aoy, — Qe ey, Aoy, 28 <1< k1 < ko </

If G is tree or ¢(G) > 4, then there is no chordless 4-cycle, i.e. NBC’%G (Mg) = S%G (II%). 1t follows
from the formula (3.1), da (ae,ae,) = 04,(c) and, for the other cases for 1 < ki < ka < €, ds (e, ae,,) #
045(c), since it is expressed as a combination of NBCmonomials. Hence, ac ae, € kerdy. However,
e, ae, € Imdy, so, ker do = Imd;. Furthermore, dim (Imdsy) = (552) + (£ —2) is a straightforward result
of the formula (3.1).

There are two outcomes for the consideration ¢(G) =4 :

1. If m = 4, then G is 4-generic and has just one chordless 4-cycle (i.e., us(G) =1). So, BCZ _(G) =
{e = {e1}} and we have: -

A (G) _ aAL(G) _ o
84 (a‘ﬁ) - a4 (a’el Qe,y a€3a€4) = Oeylezley — OeyUezley + Qe,UeyUey — GeyGey ey = 0A3(G) (32)
= QepleyOey = Qe Qeyley — OeqUepley + Qey GeyOey
4 4 3
4 4 3 4 4 B
(2] a ~ m b A Ut C N
1 1 2 1 1 2 1 2

Figure 1: 4-generic graph with all values of 1 < s <t <4 can be chosen.

Thus, for 1 < k; < ko <4, below are three scenarios for values of s and ¢ as shown in figure 1:
a. If s =2 and t = 3, then:
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do (a‘el a‘€2) = —ds (a‘el a‘es) = Qe  Qey Uegs da (a‘el a‘€4) =~ GeyQey + ey Qey ey

da (a€2ae3) = OAa(G') and da (a€2a€4) =dy (a63a64) =ds (a81a82) +da (a81a84)

b. If s =2 and t = 4, then:

do (a€1 aez) =ds (a’el a’€4) = —Qey Qey a€4’d2 (a‘61 a‘63) = TQeyAey ez — Uey ez ley

do (a‘€2a€4) = 0A3(G) and d (aezaes) = —d (a’83a84) = —d (a’81a82) + do (a61a63)

c. If s=3 and t =4, then:

do (a€1 aEQ) = OeyQey ez — ey ey ey s do (a’el a€3) =ds (a€1a64) = —Qey Qezley
do (aez aes) =ds (a62a64) = —ds (a61a62) + do (a61a64) , and dy (a83 a€4) =044 (G)

Therefore, dim (Im ds) = (3) +2—1=2kerd, = Imd; and H' (A(Ag);a) vanished.
2. If m > 4, then G has at least five vertices. Let ¢4(G) = ¢4 be the number of all chordless 4cycle of G
and assume that we have ug > 1 of chordless 4-cycles that contain e, and e;. Thus, we have ( ¢4 —uy ) of
4-cycles that does not simultaneously contain e; and e;. Let S = {eq,, €4, €qq, €q, } represent a chordless
4-cycle. Subsequently, its related broken 4-cycle monomial can be represented as:

aeqz aeqs. aem = aetn a’eqs aeu - aetn aeq2 aeq4 + a’eql aem aqu (33)

Therefore, we have the following possible cases:

b.1. For (¢4 — uy) of 4-cycles that do not contain e; and e; at the same time, we have the following cases:

b.1.1.

In the first case, assuming that eg,e; ¢ S, then for 1 < i < j < 4,dy (aqi aqj) is written as a
combination of NBC-monomials, as shown in formula (3.1).

. Suppose either e; € S or e; € S for case two. If e, € S, for 1 <i< j<4andi,j+#sort, we

get da (ae,ac, ) = Fda (ae, ac,) = Fac,ae, a., and dy (aeqi Qc,, ) = Qe e, e, Fac, e, e,

Conclude that either ds (aeqi aeqj) is a combination of NBC monomials if Qe e, Oe,, #*

Fae,, Ge,y, e, OF if Ge, e, e, = Fle,, ey, ey, represent a broken 4-cycle monomial related
to S, then by substitute formula (3.3) in ds (aeqi ey, ), it will be written as a combination of

NBCmonomials. Thus, in this case we have (4;2) + (4 — 2) = 3 monomials will be added to

the Imds ’s basis. Similarly, if e, € S, one can deduce, three monomials will be added to the
Im ds ’s basis.

b.2. Assume S be one of the uy, chordless 4 -cycle including e; and e;. As a next step, we will clarify
how our selection of ¢ < s < t < ¢4 excludes a monomial from being an element of Im ds ’s basis

as follows:
b.2.1. If s = gy and t = gy : dy (ac,, ae,, ) = da (ac,, Ge,, ) — da2 (ac,, ac,,).
b.2.2. If s = g1 and t = g3 : dy (ac,, ae,, ) = da (ac,, e, ) — d2 (ac,, ac,,).
b.2.3. If s = q1 and t = q4 : d (ae,, e, ) = da (ae,, e, ) — da (e, ae,,)-
b.2.4. If s = qo and t = g3 : da (ac,, ac,,) = da (ae,, ac,,) — da (e, Ge,,)-
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b.2.5. If s=q and t = q4 : ds (aeq2 aeqa) =dy (aeq1 aeqs) —dsy (aeq1 aeqz).

b.2.6. If s=q3 and t =q4 : ds (aeq2 aqu) =ds (aeql aqu) —dsy (aeql aeqz).

In this case, the generators added to the Imd, ’s basis, are exactly two elements calculated as:
() +4-2)—1=2

Qa qa Ga

b.2.1 b.2.3

Q3
Q2
q
92
q
92

o q: aq:

kil L N

Figure 2: One of the uy4, chordless 4-cycle including es and e; with all values of ¢; < s <t < g4 can be
chosen.

a. The number of generators that will be added to Imds s basis is (°;%) + (6 —2) — 2 = 8 , if two

chordless 4 -cycles intersected with e, and e;. All configurations for two
chordless 4-cycles intersected by e; and e; are shown in figure 3, noting that three resultant 4-cycles are
present.

o S >~ AN
TN, AT N A
z NZd N A

Figure 3: Two of the uy, chordless 4-cycle intersected by es and e; with all possible values of ¢; < 5 <
t < g¢ can be chosen.

b. If two chordless 4-cycles intersected with eg or e;, the number of generators added to the basis of

Imdsy ’s basis is either (7;2) +(7—2)=150r (7;2) +(7—2)—1= 14, depending on whether one of

them contains e; and e, as illustrated in figure 4.
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Figure 4: Two, chordless 4-cycle intersected by e or e; with all values of ¢; < s <t < ¢y can be chosen.
Therefore, dim (Im ds) = (5;2) + (£ —2) — uy. O

Theorem 3.4 If a = a., — a.,, for 2 <s <t </, then:

1. If G is tree or ¢(G) > 4, then kerds = Imdy and dim (Imds) = (%2) + (652),

-2

2. If ¢(G) =5, then kerds = Imds and dim (Imds) = (552) + (@2 ) — us.
3. If G is 4-generic graph, then kerds = A3(G).

4. If ¢(G) = 4, then dim (kerds) = dim (Imds) + (u3(G) + 2 (ua(G) — u3(G))) and dim (Imdg) =
(5 +(33) = ((ualt = 4) = ba) + (v + vk = 0*) + (it 2 (ua = u§) + (ca + u5).

where cq be the number of chordless 4 -cycles, us be the number of chordless 5 -cycles that includes es and
et,uy be the number of chordless 4-cycles that include each of es and e; with es is the minimal edge via
dg,v] be the number of broken cycles that related to chordless 4-cycle that contains eg as not minimal
edge via g, v} be the number of broken cycles that related to chordless 4-cycle that contains e; as not
minimal edge via g and vZ’t be the number of broken cycles B that related to chordless 4-cycle that
contains es as not minimal edge via g such that (B —{es}) U {e:} is a broken cycles that related to
chordless 4-cycle that contains e; as not minimal edge via <g.

Proof: The structure of A4(G) depends on the value of ¢(G), as per construction (2.1). So, we have the
following:

L. If G is tree or ¢(G) > 5, then NBC%_(G) = S%_ (1) and A4(G) = Py (I9) Kac.
= = el

2. If ¢(G) = 5, then NBC% _(G) = §%, (II°) — BC%,(G) and;

@ Kac

Ces (16)-BCi_(G)

IR

A4(G)

3. If ¢(G) = 4, then NBCY_(G) = 84 (19) — (BCY4_(G) U C4_(G)) and;
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As(G)= P (9 - (BCL,(G)UCY,(G)) Kac
Cesy,

where BC’%G (@) includes the sections derived from the removal of the minimal edge via < from the
chordless 5-cycles and C’éc (@) involves the sections related to chordless 4-cycles ordered via <g.

Based on the value of ¢(G), we must now investigate the homomorphism dz : A3(G) % A4(G). Thus,
for 1 < ki < ke <ks </ if ac, ac,,ac,, € NBC%G(G), we have the following:

ds (aeklaek2 %ks) = Qe Qey, ey, (Ge, — ae,) (3.4)

dg(aeklaekzaekg):{ Oayq) hki=sand k; =t for some 1 <i<j<3

—Qe, ey, Aoy, de, ki=s<ko<ks<t</{
e ey, Ge, Aey, ki =s<ky<t<ks</
—Qc le, ey, Gy, ° ki=s<t<ky<ks</{
—Qey, Qe ey, Qe - 1<ki<ks=s<ky<t
ey, Qe Ge, ey, 1<k <ky=s<t<kz</t
—Qey, Qey, Qe Ae, 21 < k1 <ko<ks=s<t
—Qe Ae,, Aoy, Aoy, 1S < ki =t<ko<ks<t
—Qc ley Ge,, Aoy, 5 < ki <ko=t<ks</{

d3 (aekl aek2 aeks ) =

ey, Qe Ae,, Qe 1<k <s<ky=t<kz<{
—Qe ey Gey, Qe, 28 < ki <ky<ksg=t
ey, Qe ey, Qe, 1<k <s<ko<ks=t

—Qey, ey, Ge e, - 1<ki<ky<s<ky=t

—Qe, ey, Qey, Aoy, — ey, Qey, Gey, e, * S < ki <ko<ks<t

—Qe,Aey, Qey, Aoy, + Aoy Uy, Ue,Aey, 1S < ki <ko<t<ks</t
—Qc ey Gey, Aoy, — Gey, Qe, ey, Gey,  + 8 < ki <t<ky<ky</t
—Qe, Aoy, Aoy, Qey, + A, ey, Aoy, Ay, 18 << k1 < ko <ksz</{

ds (a 0 a ) _ ey, Qe Aoy, Qey, — ey, Qe Qe Qe, 1<k <s<ky<kz<t
e e e - .
ky Pery Perg Qey,, G, Aoy, ey, + ey, ey, Qe Oey, 1<k <s<ky<t<ksy</
ey, Qe Aoy, Gey, — ey, (e, ley, Qe 1<k <s<t<kyo<ky</

—Qey, ey, Qe Qey, — Qe Oey, Gey e, 21 < ki <ko<s<ksz<t
—Gey, Gy, Aoy Qey, + Ay Aoy, Te, ey, 11 < k1 <hy <s<t<ks<{
ey, ey, Gy, Ge, — Gey, Qey, Qey, Ge, 1<k <ky<ky<s<t

Per the type of graph G, we shall consider all conceivable possibilities as follows:

L. If G is a tree or ¢(G) > 5, hence NBCY_ (Mg) = SE_ (I9). According formula (3.4), if k; = s
and k; = t for some 1 < 7 < j < 3, then ds (aeklae,ﬁaeks) = 04,(c), and in all other cases,
ds (aek1 ey, aekg) forms either NBC monomial or a combination of NBCmonomials. Hence, for any
1<k </(landk # s,t,ac,ac,ae, € kerds and due theorem (2,5), dae_ ae,a, € Imds. Therefore,

kerds =Imds and from formula (3.4), dim (Imd3) = (%2) + (252).

2. If G has ¢(G) = 5, there are two possibilities:
a. If m = 5, then G is 5 -generic. Assume:

e ={e1 = [v1,v2],e2 = [v2,v3] €3 = [v1,v4], €4 = [U3,04] , €5 = [V4,05]} .

Thus, the broken 5 -cycle monomial expressed as:
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Oy QeyUeyOes = Uey Qe ey ey — Qey QeyOeylles T Oey Qey ey les — Oey (e Gey ey
Below are four cases for values of s and ¢ :
a.l. If s =2 and t = 3, then:

ds (a€1a62a63) =d3 (a‘€2 a63a64) =dg3 (aez Qey aer)) = 0A4(G)7
ds (aelaez a’64) =d3 (a€1 a€3a€4) = Qe ey ez ey,
ds (a€1a€2 aes) =d3 (a€1 a€3a€5) = Qe Qey e Ues s
d3 (Gey Qey ey ) = Aoy ey e, Goy — QeyGeog e, ey, and ;

d3 (a62a64a65) = d3 (a€3a€4a‘€5) = d3 (aelaez a€4) - d3 (aelaez aes) + d3 (a€1a€4a€5)
a.2. If s =2 and t = 4, then:

ds (ael aeza54) =d3 (aeg a€3a€4) =ds (a62 Qey a/€5) = OA4(G)7
ds (a61a62a‘63) = —ds (a61a63a64) = Tl Aey Qe Qey
ds (aelaez aes) =ds (a€1a€4a65) = ey Qey Qey e
d3 (Gey Qegey) = QeyGey ey ey + Qey Gy ey ey, a0 ;

ds (aezaeaaes) =d3 (a€3a€4a’65) =ds (aelaez aes) —ds (aelaez aes) +d; (a’el Qe a€5>
a.3. If s =2 and t = 5, then:

ds (a61a62a65) =ds (a62 aesaes) =ds (aez a64a85> = 0A4(G)>
ds (ael QeyQeg

) = —d3 (e, QeyQey) = — e, Qey ey e
d3 (Ae; ey Qey) = —d3 (A, Ae,Qey) = —0ey Gey e, ey,
d3 (Gey Qeyle,) = QeyGeyUeyde, — ey Geyle, ey, a0 ;
d3 (QeyQeye,) = d3 (AeyQe,Gey) = d3 (A, Aoy Ge,) — d3 (A, Qeyey) — d3 (A, Aesae,)
a.4. If s =3 and t = 4, then:

d3 (G, Qeytey) = d3 (Aey ey Qey) = d3 (e e, aey) = 0a,(6),s
d3 (e, ey Qey) = d3 (Qey ey Gey) = —e, ey ey ey s
ds (G, QeyOes) = d3 (Aey QeyQey) = Gy Qeyle, ey
d3 (A, ey Ges) = —Qey Qey Qe e + Qe Qe Gey ey, aNd;
d3 (Qey Qe ey) = d3 (AeyGeyOey) = d3 (Aey AeyQey) — d3 (A, Aeyaey) + d3 (e, Acyae;)
a.b. If s =3 and t = 5, then:

d3 (Qe, ey Ges) = d3 (Aey ey Qey) = d3 (ey e, ae;) = 0a40)

d3 (a€1 aezaes) = d3 (a’el Qe,y a65) = Qe  AeyUeg ey
ds (a61a63a64) = —ds (a61a64a‘€5) = TQ¢ GezQe,Ceg,
d3 (Gey Qeyle,) = —Qey Qey ez Qe, — Gy Qey ey ey, and;
ds (a€2a€3a€4) = —ds (a€3a€4a€5) =d3 (aelaez aes) —d3 (ae1aez ae4) +ds (a€1a€3a€4)
a.6. If s =4 and t = 5, then:

ds (a61a64a‘65) =d3 (aez a’€4a’65) =ds (aes a64a85) = 0A4(G)7
ds (a61a62a64) =ds (a61 a62a65) = Tl Qey Aey Qe s
ds (a€1a€3a€4) = —ds (aelaesaes) = T0ey AezQey ey
d3 (Gey Qeyoy ) = QeyGeyQes e, — Qey oy e ey, and ;

ds (a‘62a63a64) =ds (a€2 a‘esa‘es) =ds (aelaez a€3) —ds (aelaez a€4) +ds (aela’es a64)

11

(3.5)
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Therefore, for each 1 < k < ¢ where k # s,t,Fa¢,ac,ae, € kerdds, and according to theorem
(2,5), @e e, b, € Imdy. Thus, kerds = Imds, and it is clear that dim (Imds) = (5g2) + (552) -1=3
for this case.

b. If m > 5 and ¢5(G) be the number of chordless 5 -cycles then for this case,

l
INBC2,(6)| = 8%, (1) = (). |BCL, (6)] = s and

‘NBCEG(G)) = ’Séc (HG)‘ _ ’BCéG(G)‘ = (i) —cs.

Let S = {eq,,€q,,€qs, €qs» €qs + Tepresent a chordless 5-cycle where 1 < ¢1 < g2 < g3 < g4 < g5 < /L.
Consequently, its broken cycle is C = {eq,, €q,, €q,, €4, } € BC? _(G). It has been determined that every
monomial of a broken 5 -circuit can be expressed as a combination of NBC monomials as:

Oeg, egy Geg, Geqy = Oeg, Qegy Qeg, Qegy — Geg, Geg, Geg, Gegy + Geg, Geg, Geqy Geqy —
legy Qeqy egy Qeq, (3.6)
Therefore, we have the following possible cases:
b.1. If S is a chordless 5 -cycle that does not include e; and e; at the same time, then:
b.1.1. If eg,e; ¢ S, then formula (3.4) shows that d3 (aeqiaeq]_ aeqk) is written either as an NBC monomial

or as a combination of NBC-monomials, for 1 <i < j < k <5.
b.1.2. For the second possible case assume either (e, € Sande; ¢ S)or(es ¢ Sande, €5 ). If (e; € S
and e; ¢ S ), then, ¢; = s for some 1 <7 <5and g; #t. Forall 1 <j <5. As a result to formula (3.4),

ifqgr =5 <q2<q3 <qq<gqs <t hence ds (aesaeqiaqu = d3 (aeqi Qe aet) = —0c, e, e, Ue, is an

NBC monomial and ds (aeqi ey, Oeg, | = —0e ey, Oy Oey, — Oeg, Oy Qe Oe, is written as a combination

of an NBC monomials, for 1 < i < j < k < 5. Therefore, the generators added to the Im ds ’s basis, are

exactly four elements calculated as: (552) + (5;2) =4,

Similarly, as a result of formula (2.6.1) we can deduce that there are four generators that will be
added to Imd3 ’s basis, for all the other possible choices of ¢; = s for some 2 < i <5 and if ( e; ¢ S and
et € S )

b.2. If S is a chordless 5-cycle, that including e, and e;, then we will prove that there is a SNBC monomial
image that cannot be added to Im ds ’s basis, as follows:
b.2.1. lf s=¢q and t = ¢o :

d3 (aqu aeq4 a5q5 ) = d3 (aern aeq3 a€<14 ) - d3 (aeql aEtIe, ae<15 ) + d3 (aecn aeu a€<15 )

b.2.2. if s=¢q; and t = g3 :

d3 (Cleq2 CI,eq4 ae% ) = d3 (a'eln aeQz aeq4 ) - d3 (aetZQ aet)g ae<14 ) + d3 (aetn ae% Cle% )

b.23. If s=q and t = q4 :

d3 (a'etm aqu a€45 ) = d3 (aeql a€a2 a6!13 ) - d3 (aefll aeQQ aﬁlzs ) + d3 (aeru aeQ3 a€<15 ) :

b.24. If s=q and t =g5 :

d3 (ang aeqs aem) = d3 (aern ae(m aefm ) - d3 (aern ae(u aefm ) + dS (aern aqu aeu) '

b.2.5. If s=qyand t =g3 :

d3 (a’e<12 aem ae% ) = d3 (ae% ae‘u aegs ) = d3 (ae'n aegz ae(14 ) - d3 (aefn ae(Iz aegs ) +
ds (aeq1 e, ey, ) .

b.2.6. If s=¢qy and t =q4 :
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d3 (aetm aeq3 a’eqs ) = _d3 (aeq:; aeq4 a’eqs ) = dd (aeql a’eqz a’eqs ) - d3 (aetn a’eqz a’eqz; ) +
d3 (aetn Gegy Qegy ) ’

b.2.7. If s=qand t =gs5 :

d3 (aefm a'efm ae%) = d3 (0'643 aeu ae@s ) = _d3 (a'eql ae(lz ae@s ) - d3 (a’efu aet)z aeu) +
d3 (aefn aeqs aeu )

b.2.8. If s=¢q3and t =q4 :

d3 (aeqz a’qu aeq5 ) = d3 (a’eqz aeq4 aeq5 ) = d3 (aern aeqz aqu ) - d3 (aeql aqu aeqs ) +
d3 (aetn aeqs aeq5 )

b.2.9. If s=¢g3 and t = g5 :

d3 (aeq2 aeqs aeq4) = _d3 (aetm aetm a’eqs ) = d3 (aetn a’eqz aeqs ) - d3 (aetn a’qu aeu ) -
d3 (aetn aef13 ae<14 ) :

b.2.10. If s=¢q4 and t = g5 :

d3 (ae<12 aefm aeu) = d3 (aefm aetla a’e% ) = d3 (G,qu ae(lz aeflz ) - d3 (aetn ae(lz ae<14 ) -
d3 (a’ern a6‘13 aeu) '

For each case of (b.2.1-10), the generators added to the Im d3 ’s basis, are: (552) + (552) —1=3. For

. 0— 0—
general case, the number of such generators is, ( 32) + ( 22) — Us.
3. If ¢(G) = 4, then,

12
INBC,(6)] = |55, (1)) - |BC2,(6)] = () - e anc

B (@)= |ss, @) - (| @)+ (@) = () - @(6) + ex6)

where ¢4 and c5; be the numbers of chordless 4 -cycles and chordless 5 -cycles, respectively. At this
point, we need to realize wither G is generic or not:
a. If G is 4-generic, then A4(G) = 0. Thus, kerds = A3(G), since d3 : Az(G) — 0 is the zero
homomorphism.
b. If G is not, 4-generic (i.e., ¢4(G) > 1), then NBC?%,_(G) will partitioned into four parts say:
NBC? _(G) = NBCLY(G)UNBCE (G) UNBCE! (G) UNBCLYY(G), where:
v N BCZ’E (GQ) be the set of all NBC bases that either (are not related to any chordless 4-cycles) or (related
to chordless 4-cycle that are not contain e, or e; ) or (related to chordless 4 cycle that contain es or e,
as minimal edge via <g ).
v N BCZ’S(G) and BC’Z’GS(G) be the sets of all NBC bases and broken cycles that related to chordless

BC%? (G)‘.
VN BC’%’Z (G) and BC’%’é (G) be the sets of all NBC bases and broken circuits that related to chordless
4-cycle that contains just e; as not minimal edge via <g, respectively and let v} = ’BC;’(Z(G)’.
v N BC%’?’:(G) and BC%’?(G) be the set of all NBC bases and broken circuits that related to chordless

4-cycles that contains each of e, and e; via <g, respectively, and ‘BCi{Z’t(G)

4-cycle that contains just eg as not minimal edge via <g, respectively and let v§ =

= Ug4.
v Let v} is the number of broken cycles B € BC’Z’Z, (G) and (B —{es}) U{es} € BCZ’; (G).
So, we will investigate the behavior of ds as follows: -

b.1. If ¢5(G) = 0, then every four edges of G, either they are in a chordless 4 -cycles or they cannot be
broken circuit for a chordless 5-cycle. For this case NBC% (G) = S, (II¢) — C2_ (@), where C4.(@)
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is the set of all chordless 4-cycles. According to the formula (2.6.1), we have the following:

b.1.1. For 1<k</{¢ and k#s,t, {es,en e} € NBCi’Z’t(G) and d3 (£ac,ac,ac,) = 04,(c)-
These monomials part of Imds ’s basis and there are ( £ — 2 — uy ) of them.

b.1.2. For every chordless 4-cycle {ex,,€r,,€ks, €k, }, there are three related NBCbase contained in
N BC’Z’Z’t(G) each one of them include the minimal edge eg,. If s = ki, we have just one NBC base

in NBC%’CS;’t(G) such that ds (aesaeki aekj) = 04, with 2 <@ < j <4 and k1, k2 # t. Assume that
the number of such NBC bases is u} and the number of other chordless 4cycles that contain each of
es and e; with es; not the minimal edge is ( ug— uj ). In case s = k2,3 < ¢ < 4 and k; # ¢, we
have, ds (aeklaesaeki) = d3 (:I:aek1 aetaeh) = 04,(q)- Similarly, if s = k3, we have, d3 (aek1 ey, aes) =
ds3 (ae,, ey, te,) = 0a,(c). Thus, there exist (uj+ 2 (us — uj)) monomials of NBCi’Z’t(G) with this
property, but Imds s basis does not contain them. B

b.1.3. If {ek,, €ky, ks )} € NBC’%’E (Mg), such that 1 < ky < ko < k3 < £ and ky, ke, k3 # s,t, as a direct
result to formula (2.6.1), ds (aek1 Qey, %ks) written as a combination of NBC monomials.

b.1.4. If {eg,, exy,€rs } € NBC’Z’Z(G) UNBC%’;(G), such that 1 < ky < ky < k3 < ¢ and kq, ko, k3 # s, t,

hence:
b.1.4.1. If {eg,, €k,, ks | € NBC;’CS; (@), hence:

ds (aeklaek2 aekg) = £ae, ey, Uey, ey, (3.7)

either it is NBC monomial, or it contains a broken 4-cycle monomial. So, if a., ey, Gy, Qey, is an NBC
monomial, hence:

ds (aetae,c2 aeks) = *+ds (aesaeklaeb) + ds (aelaeklaek3) +ds (aeklaek2 %ks) .

The number of such monomials is less than or equal to vj.
b.1.4.2. If {ek,, €ky, ks ) € NBC%’; (G), hence:

d3 (aekl aek2 aeks) = :taesaekl aekz aekS (38)

either it is NBC monomial, or it contains a broken 4-cycle monomial. So, if ae,ae, ae,, Qey, 1S an NBC
monomial, hence:

ds (aesaek2 aeks) = +ds (aetaeklaeka) +ds (aetaeklae,w) +ds (oteklaek2 aeks) .

The number of such monomials is less than or equal to v}.

b.1.4.3. Here we will discuss whether each one of formula (3.7) and formula (3.8) contains broken 4-cycle
monomial. Since {e,, €k,, €ry} €

NBCZ’S (G) with k1 < kg < k3 and tae, e, ae,,. Ge,. contains a broken 4-cycle, hence we have five vertices

tel 1 2 3

and six edges and without loss of generality, we can assume the graph given in figure 5 below as a configura-
tion to our choice such that {es,ey,,ex,} € BC;’E(G), {et,ehy, €y} € BC%’é (@), {k,es,e:} € BC;’Q’t(G)
and the resulting three chordless 4-cycles {eg,, €s, €k,, €ks } » {€ks €1, €k s €15 } and {eg,, ek, €s, et:‘{ such that
{ek, ery,ers} € NBC’%’é (G) that given in formula (3.8) that related to {ey,,er,, e} € NBCS (G) :
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7N
N

N A4

N

Figure 5: A configuration of three chordless 4-cycles with five vertices and six edges.

Therefore, for this case we have:
ds (aekl ey, aek3) =ds (aek Qey, aek3) —ds (aek1 e, aekB) +ds (aek1 e, aekS)

For 1 < q</{and q# s,t,k, ki1, ko, k3, we have:

ds (aeqaek_2 aeks) = tae, U, ey, Aey, T e, e, ey, Aoy,

= *ae, (aek1 ey, Gey, — Gey, Ge ey, + ey, aesaekz) + ae, (aekaekz ey, — Ueyle, ey,
+ae, Qe, ey, )

=+ (aeqae,c1 ey, Qey, — Oe,Oey, e, Oey, T aeqaeklaesaekz)

+ (aeqaekaek2 Qey, — Qe Uey e, ey, + aeqaekaetaekz)

We can deduce that ds (aeq ey, aek3) is written as a linear combination of NBC monomial. Similarly,
the same result holds to all the other cases that are shown in figure 6:

\{, o - o / T
5 / 5 4\.\\
N / N
\ / P e g B - . A
N, o \\ //, g AN “
AN Vo % ’t - ﬁ\ S
Ny N A N\, A
N » ’\\ .
o g N / e
/ S // \\ .
N Va . h
\1: «/~ \" 5 &
«\ h o \
N // N

Figure 6: configurations of three chordless 4-cycles with five vertices and six edges with choices of s and
t such that each one of formula (3.7) and formula (3.8) contains a broken 4-cycle monomial.
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For this case, we have three chordless 4 -cycles and there are seventeen NBC bases related to them
calculated by ((652) - 3). The number of non-zero images are ((652) — 1) + ((6;2) -3+ 2)) - 3). The
number of such monomials is v}

b.1.5. If B = {es, ek, €k, } € NBCZ’;’t(G),l < ky < ky <L and ki, ks #t, then for all 1 < k < £ with
k # k1, ko, s,t and {eg,, ex,, er} not a broken 3-creuits;

ds (aekl Qey, aek) = *£d; (afesaek2 aek) Fds (aesaekl aek)

The number of such monomials is ( ug(f — 4) — by ), where by is the number of broken circuits that
contains B — {es} = {ex,, €k, }-
For this case, dim ( kerd 3) = dim ( Imd 2) + (u§ + 2 (ug — u$)) and:

(-2 -2
dim (Imds) = <( 5 ) + ( 9 )> — ((ua(€ —4) = ba) + (v + v} — ") + (uj+
2 (ug —uy) + cq)
b.2. The discussion of the case that ¢5(G) # 0 is a mixture among all the cases that we analyzed
in item 2(¢(G) = 5) and item b. 1(c(G) =4 and ¢5(G) = 0) above. Thus, dim ( kerd 3) = dim ( Imd
2) + (uj + 2 (ug —uj)) and:
-2 -2 ,
dim (Imds) = (( 3 ) + ( ) )) — ((ua(€ —4) = by) + (v§ + v —v3") + (uj+

2 (ug — uj) + (ca + us))

Theorem 3.5 If a = a., — a.,, for 2 < s <t </, then:

1. The Orlik-Solomon algebra A.(G) has vanished first cohomological group, i.e., H* (A.(G);a) = 0.

2. The structure of H? (A.(G);a) depending on the value of c¢(G), as follows:

i. If G is tree or ¢(G) > 5, then A.(G) has vanished H? (A.(G);a).

ii. If ¢(G) = 4, then the Orlik-Solomon algebra A.(G) has non vanished second cohomological
group with dim (H? (A.(G);a)) = uj + 2 (uq — uj), where uy be the number of chordless 4-
cycles that includes es and e; and uj be the number of chordless 4-cycles that include each of
es and e; with eg is the minimal edge via <g.

Proof: This is a direct result of proposition (2.5) and theorem (2.6). O

4. Tllustrations:

We will illustrate our results as follows:

4.1 Trees:

Each tree in figure (7) contains ten vertices and nine edges; also, all of them have a hypersolvable partition
with an exponent vector (1,1,...,1). As a result of the theorem (2.7), the first and second cohomological
groups of the Orlik-Solomon algebra have vanished:
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Figure 7: Trees with ten vertices and nine edges.

4.2 Hypercubes:

Figure (8) illustrates hypercubes of dimensions 2, 3, and 4, each of which has a hypersolvable partition
with an exponent vector of (1,1,...,1), as demonstrated in construction (2.1). The first cohomology of
the Orlik-Solomon algebra has vanished because of the application of the theorem (2.7). The vanishing

of the second cohomology of the Orlik-Solomon algebra is contingent upon the selection of 2 < ¢t < ¢,
where ¢ = 4,6, 24 related to the dimension of the hypercube 2, 3, 4, as follows:

According to construction (2.1), hypercubes with 2, 3, and 4 dimensions each have a hypersolvable
partition with an exponent vector of (1,1

,1), as shown in Figure 8. Due to the application of theorem
(2.7), the first cohomology of the Orlik-Solomon algebra has vanished. Selecting a value of 2 < s <t < ¢,

where ¢ = 4,6 and 24 , related to the dimension of the hypercube 2, 3, and 4 respectively, is necessary
for the second cohomology of the OrlikSolomon algebra to vanish as follows:

Figure 8: Hypercubes of dimension 2, 3 and 4, respectively.

1. The hypercube G of dimensions two has four edges and just one chordless 4-cycle, {e1, eq, e3,e4} via
the hypersolvable order. Thus, G is generic and dim (H? (A.(G); ae, — ac,)) =1, for2 <s <t < 4.

2. If the dimension of the hypercube G is three, it has twelve edges and six chordless 4-cycles, say

{e1,e2,e4,e5}), {e1,e3,e6,e7},{ea,e3,e8,e0}, {eq, €6, €10, €11}, {€5, €8, €10, €12} and {er, eg, €11, €12}
via the hypersolvable order. For the following selecting values of s and ¢, (s = 2
3,4,5,8,9)

and t =
(s=3 and t=6,7,89) (s=4 and t¢=25,6,10,11),(s=5 and ¢t =
8,10,12), (s =6 and ¢t ="7,10,11), (s =7
9,10,12), (s=9

and t=9,11,12), (s =8 and ¢ =
and ¢t=11,12), (s=10 and ¢=11,12) and,

(s=11and t = 12 ), there is just one chordless 4-cycle that can contain es and e;, hence we have
non-vanishing H? (A.(G);a., — a.,) for these selections.

17
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3. The four-dimensional hypercube G has thirty-two edges and twenty-four chordless 4-cycles, say
{e1,e2,e5,e6},{e1,e3,e7,es},{e1,eq,e9,e10} , {€2,e3, €11, e12},{e2, €4, €13, €14} , {e3, €4, €15, €16},
{es,er,e17, €18}, {es, €9, €20, €21}, {€6, €11, €17, €19}, {€6, €13, €20, €22}, {€7, €9, €23, €24},

{es, e12, €18, €19}, {€s, €15, €23, €25} , {€10, €11, €21, €22} , { €10, €16, €24, €25}, {€11, €13, €26, €27},
{612761576267628}a {6147616,627,628}, {617,620,629,630}7 {618762376297631}, {619,626,629,632},
{6217 €24, €30, 631} s {622, €27, €30, 632} and {625, €28, €31, 632} via the hypersolvable order Slg.
Clearly, dim (H? (A.(G);ac, — ac,)) = 1, for specific selections of 2 < s < ¢ < 32. For example, if
s=2and t=3,4,506,11,12,13,14, we have non vanished H? (A,(G);a., — a.,) with dimension
one and H? (A.(G);a., — ae,) is vanished for the other selections of t.

4.3 Customized Graph:

Assume we have a graph G as shown in figure 9:

>
N =
N4

Figure 9: A free tringles graph G with seven vertices and eleven edges via the order <g.

G has 11 chordless 4-cycles, {e1,ea,e3,e4},{e1,€2,€5,6e6},{e1,e3,e7,es},{e1,ea,e9,e10},

{61, €7, €9, 611}7 {627 €4, 67788} ) {627 €7, €10, 611} ) {637 €4, €5, 66} ) {637 €4, €9, 610} 5 {63, €3, €9, 611}7
{es, €6, €9, €10} via the hypersolvable order <g. If @ = a., — ae,, then:

\/NBC’%’S;(G) = {{e1,e3,e7},{e1,e3,es},{e1,e7,e5}}, and BC’%’i(G) = {{es,er,es}} ,} be the sets of
all NBC bases and broken circuits that related to chordless 4 cycle that contains es as not minimal edge
via dg, respectively, and v3(G) = ’BC’%’E(G)’ =1.

/NBC%’é(G) = {{ea,e4,e7},{e2,€4,es5},{e2,e7,e5} and BC’%’g(G) = {{e4,e7,es}}, be the sets of all
NBC bases and broken circuits that related to chordless 4-cycle that contains e4 as not minimal edge via
g, respectively, and let v}(G) = ‘BCE’?;(G)‘ =1

\/NBC%’:’;A(G) = {{e1,ea,e3},{e1,e2e4},{e1,€3,e4},{e3,€4,e5},{€3,€4,€6},{€3,€5,€6},

{63, 64,69} ) {637 €4, e10} , {6’3, €9, 610}}

and 302’2’4(67) = {{ea,€3,e4},{eq,e5,¢6},{€a,e9,€10}} be the set of all NBC bases and broken
circuits that related to chordless 4-cycles that contains each of e3 and e4 via <g, respectively, and

NG = B @) = 3
According to theorem (2.7), G has nonvanishing second cohomology of the Orlik-Solomon algebra
such that u§ = 2,us = 3 and dim (H? (A.(G);ac, — ac,)) = uj + 2 (ug — uj) = 2+ 2(3 - 2) = 4.
5. Conclusion:

This work aims to investigate the first non-vanishing cohomological group H* (A.(G);a), of the Orlik-
Solomon algebra A.(G) for a free-tringles graph G such that a = a., — ae,, 2 < s < t < ¢, specifically
that has chordless 4 -cycles. The conclusion was based on the following results:

1. The vanishing of H' (A.(G);a), is attributed to the absence of triangles in G.

2. H? (A.(G);a) vanishined in certain cases as follows:
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i. If G is tree.
ii. If G has no chordless 4 -cycles.

iii. If G has no chordless 4-cycles that includes es and e;.

3. H? (A.(G);a) not vanished, if G has chordless 4 -cycles that includes es and e; and:

dim (H2 (A*(G);a)) =u; +2 (U4 - Uf)

where w4 is the number of chordless 4-cycles that includes e; and e; and uj is the number of chordless

4-cycles that include each of e; and e; with ey is the minimal edge via <g.

Our strategy generally reconstructs the Orlik-Solomon algebra by combining techniques from graph

theory and arrangement theory. These findings not only improve our understanding of the underlying
algebraic and combinatorial structures but also open opportunities for investigating the potential uses of
these concepts in a variety of networks and associated mathematical fields.

10.

11.

12.

References

A. G. Fadhil and A. Hana’M, ” On the hypersolvable graphic arrangements,” A M. Sc. thesis submitted to College of
Science/University of Basrah (2012).

E. Fadell and L. Neuwirth, ” CONFIGURATION SPACES,” Mathematica Scandinavica J., pp. 111-118, 1962, Accessed:
Jan. 03, (2025). [Online]. Available: https://www.jstor.org/stable/24489273

R. Fox, L. N.-M. Scandinavica, and undefined 1962, ” The braid groups,” JSTORR Fox, L NeuwirthMathematica
Scandinavica, 19626JSTOR, Accessed: Jan. 03, (2025). [Online]. Available: https://www.jstor.org/stable/24489274

Y. Kawahara, ” The non-vanishing cohomology of orlik-solomon algebras,” Tokyo Journal of Mathematics, vol. 30, no.
1, (2007), pp. 223-238, doi: 10.3836/TJM/1184963658.

P. Orlik and H. Terao, Arrangements of hyperplanes, vol. 300. Springer Science & Business Media, (2013).

P. Orlik and L. Solomon, ”Combinatories and Topology of Complements of Hyperplanes,” Inventiones math, vol. 56,
(1980), pp. 167-189, .

P. Orlik and H. Terao, ” Arrangements of Hyperplanes,” vol. 300, (1992), doi: 10.1007/978-3-662-02772-1.

S. Papadima and A. 1. Suciu, ” Higher Homotopy Groups of Complements of Complex Hyperplane Arrangements,” Adv
Math (N Y), vol. 165, no. 1, (2002), pp. 71-100, Jan. doi: 10.1006/AIMA.2001.2023.

S. Papadima and A. 1. Suciu, ” Higher Homotopy Groups of Complements of Complex Hyperplane Arrangements,” Adv
Math (N Y), vol. 165, no. 1, (2002) pp. 71-100, Jan. doi: 10.1006/AIMA.2001.2023.

K. J. Pearson, ” Cohomology of Orlik-Solomon algebras for quadratic arrangements.,” Lect. Mat., vol. 22, no. 2, (2001),
pp. 103-134.

R. P. Stanley, ”Supersolvable lattices,” Algebra Universalis, vol. 2, no. 1, (1972) pp. 197-217, Dec. doi:
10.1007/BF02945028.

S. Yuzvinsky, ” Cohomology of the Brieskorn-Orlik-Solomon algebras,” 2006.

Numan Y. Neamah,

Department of Mathematics,

College of Science, University of Basrahr, Basrahr,

Iraq.

E-mail address: nomanzied@gmail.com

and

Hana’ M. Ali,
Department of Mathematics,

College of Science, University of Basrahr, Basrahr,

Iraq.

E-mail address: hana.ali@uobasrah.edu.iq


https://www.jstor.org/stable/24489273
https://www.jstor.org/stable/24489274

	Introduction
	Basic Facts:
	The First Non-Vanishing Cohomology of Orlik-Solomon algebra of Free Triangle Graphs:
	Illustrations:
	Conclusion:

