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On Three Pairs of Lucas and Fibonacci-type Combinatorial p-entities

R. Rangarajan, C. Goutham and P. Siva Kota Reddy

ABSTRACT: This work uses a general integer parameter p to try to generalise 3-pairs of subsequences of
Fibonacci numbers and Lucas numbers. In this study, we focus on constructing 3-pairs of generalized Lucas
and Fibonacci-type combinatorial p-entities that satisfy a more general quadratic Diaphantine equation of
the kind 2 — Ny? = +k2. Separate sections present a variety of Discrete Mathematical features of the
combinatorial p-entities.

Key Words: Fibonacci sequence, Lucas sequence, generalized combinatorial entities, Discrete Math-
ematical properties.
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1. Introduction

Fibonnaci numbers F;, = 0,1,1,2,3,5,8,--- and the Lucas numbers L,, = 2,1,3,4,7,11,18,--- are
naturally occurring sequence of positive integers reminding us again and again that the basic fact of
the nature, namely what is natural mostly appear simple. Both the sequences play a central role in
many problems of Combinatorial Number Theory and Discrete Mathematics [1,3,4,10]. Motivated by
the simple and natural difference equations or 3-term recurrence relations satisfied by L,, and P,, quite
often many researchers explore for more general ones. One such generalization available in the literature
[10] is given below:

Tpp1=bax,+czp_1;20=2,21 =0

Yns1 =0 Yn +CyYn_1;%0 = 0,41 = 1,

where n € 1,2,3.... The solutions are expressed in the following Binet forms:
(b4 VP T dc "+ b— B2+ dc
2 2

1 b+ Vb2 +4c "7 b—Vb*+4c
I =R+ e 2 2
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where n =1,2,3....

n

They satisfy the following quadratic Diophantine equation: 22 — (b? + 4c) y2 = 4 (—c)". Since our
main aim of the paper is to obtain a suitable generalization which satisfy 22 — Ny? = £k2, the above
ones give no clue. The present paper demonstrates that subsequences of Lucas and Fibonacci numbers
provide sufficient clues in this regard. Interested readers may refer to standard works on quadratic Di-
aphontine equations, recurrence relations and Binet forms in general context [1,3,4,5,6,11,12]. In [2],
the D’Ocagne’s identity for the generalized Fibonacci and Lucas sequences is established in terms of log
convex identity of generalized Fibonacci and Lucas sequence by using mathematical induction. In [9],
the authors constructed the sequences of Fibonacci and Lucas in any quadratic field Q(\/&) with d > 0
square free, noting that the general properties remain valid as those given by the classical sequences of
Fibonacci and Lucas for the case d = 5, under the respective variants.

Let us consider the 3-pairs of Lucas and Fibonacci sequences:

{(L3n, F3n), (Lan+1, Fsnt+1) and (Lgnt2, F3nt2) / n=0,1,2...}. All the six sequences satisfy
Tpt1 =4z, +xp-1,mn=1,2,3, ...
with different values for xg and x1. All of them have similar Binet forms of the form
e (24+V5)" 4o (2—VE)™

Puta:2+\/5and,8:2—\/5then one can show that
LBn,:Oén‘i’ﬂna F3n:2 <Ot 7ﬂ )

2L3n+k - L3nLk + 5F3ana
2F3, 4k = L3 Fy + F3, Ly,
where k =1,2; n=0,1,2...
They satisfy
L§n+k -5 F32n+k = (71)n+k¢ 4.

The above ideas provide a strong motivation to construct 3-pairs of Lucas and Fibonacci-type p-
entities given by a generalized p-identity

wl =2 (p+1) 2l + a2,

with appropriate two initial values. All of them will fit into a general Binet form
Cl,p Ckz + CQ’p 5;;,

where a, = (p+1)++/(p+1)?+1and B, =(p+1) —/(p+1)2+1.
Note that a; = o and 81 = 5.

We choose (', and C3 , in such a way that the each pair of generalized p-entity satisfies
2 —[p+1)*+1y* == (p+1)°

So, when p = 1, 2% — 5y? = 44 is satisfied by (z,y) = (L, F,,). We further restrict p to be a positive
integer parameter such that (p+1)? +1 # m ¢?, where m and q are positive integers. Their Binet forms,
recurrence relations, matrix power identities, Cassini-type identities, generating functions, summation
identities, binomial identities and convolution identities are worked out in the coming sections.
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2. The three pairs of Combinatorial p-entities

Through out this paper p stands for a positive integer parameter such that N, = (p+ 1) + 1 is a square
free positive integer. Put o, = (p+1) + /N, and 8, = (p+1) — \/N,. Note that o, — 8, = 2,/N,, and
opfBp = —1.

Definition:

+1 n n
(1) )\gz;) = pT (O‘p +ﬁp)

@) 0 = L (o - )
(8) (p+1) My, = AN + N, 65767
(4) (p+ 1) 057, = A0 + 05N
MW =10 =p? 4 p+ 1,67 = 1,68 =p.
k=1,2n=0,1,2....

Note that [)\,(f))}Q - N, [Gl(f)]z = (=1)*(p+1)%, k = 1,2. For the sake of convenience, here after words
we write A\, = )\Slp), 0, = Gﬁlp) and N := N,. Note that when p = 1, we get back Asnir = Lanik;
93n+k :F3n+k7 k:071727 n=0,1,2,...

The first consequence of the definition is the following six 3-term recurrence relations:

(1) /\3n+6 =2 (p + 1) /\3n+3 + /\?m : )\0 =p-+ 1,

A3 =(p+1)>
(2) O3n46 =2 (p+1) 0343+ 03,0 6p=0,

(3) A7 =2 (P+1) Asnga+Azns1: A1 =1,
M= (p+1)7+(p+1)+1.

(4) 0347 =2 (p+1) 0344 + 03,41 : 01 =1,
0y = p+2.

(5) Asn4s =2 (P+ 1) Agngs + Aang2: Ao =p>+p+1,
s = 2p° 4+ 4p? + 4p + 1.
(6) O3n+s =2 (p+1) 0315 + O3n42: b2 =p,

where n =0,1,2,.... 05 =2p° +2p + 1,



R. RANGARAJAN, C. GOUTHAM AND P. Siva KoTA REDDY

First three special cases are listed below:

p=1
MY =1, 2,1,3,4,7,11,18,29,47,76,123,199 . ..
o) = F,: 0,1,1,2,3,5,8,13,21,34,55,89 . ..
p=2
A2 =31,7,9,13,41,57,79, 253, 351,487,1559 . . .
02 =0,1,2,3,4,13,18,25,80,111, 154,493 . ..

p=3;
AB) = 4,1,13,16,21,103,132,169, 837,1072,

1373,6799. ..

0% =0,1,3,4,5,25,32,41, 203, 260, 333, 1649 . ...

Main Result-1

Mk — N 63,4, = (=)™ (p+1)?
k=0,1,2 n=0,1,2....

Proof
Case-1: k=0

(252) [+ 0" e 3007

=(=)"p+1)>%

Case-2: k=1,2

(p+1)% WP)2 — N, [0772
= ()\Bn)\k + N93n0k)2 - N()\Sngk + 03n)\k)2
= (A3, — N 05,)°(A\% — N 6;)?

=~ + 1),



Main Result-2
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(1)

(2)

(3) (P+1) Asnt2 =P Asny3 + Asn

(4) (p+1) O3p42 = p 0343 + 03y,

(5) (P+1) Asnt1 = Asnt3 — P Asn

(6) (p+1) O3p41 =343 —p 05,

(7) (p+1) Anta = (p+2) Agpngs + Asn

(8) (p+1) O3p4a = (p+2) 0343 + O30

(9) (P+1) A3p—1 = Azng3 — (P +2) A3n
(10) (p+1) O3n—1 = 3543 — (p + 2) O3y,

where n =0,1,2,...

The proof is by induction on n with the application of three term recurrence relations.

Main Result-3

(1) (P+1) Asnpz=p P+ 1) Agng1 + (P° + 1) Agn;
M=p+1, A\ =1

(2) (P +1) Asngz =p (P+1) Asng2 + (P + 1) Asnsa;
M=L X=pp+1)+1

(3) (p+1) Agnta =2 Agng3+ (0 + 1) Agngo;
A=pp+1)+1, A= (p+1)>

(4) (p+1) O3ns2=p (P+1) O3ns1 + (P° + 1) O3,
0o =0, 0, =1.

(5) 0* +1) Oanys =p (p+1) O3ni2+ (p+ 1) O3n11;
91 = 1, 92 =Dp.

(6) (p+1) O3p4a =203,13+ (p+1) O3,40;
02 =D, 03:p+17

where n =0,1,2,...

Again the proof of this result followed by using induction on n and using three term recurrence relations.
When p = 1, we get back the signature three term recurrence relation for Lg, 1 and Fs,41, K =0,1,2,..;
n =0,1,2,.... Hence we may regard {(Asp+k,03n+%) / k = 0,1,2,...;n = 0,1,2,...} as Lucas and

Fibonacci-type Combinatorial p-entities.
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3. Generating functions, Matrix power identities and Cassini determinant identities

3.1. Generating functions

o0
Ly + (Lpys —4Lg)x
1) S Loy 2" =
()nz:% 3n+k T T dr 22

- n P+ (Fiys — 4F)x
2) ZFSnJrkx - 1—4dx— 22

n=0

= Ak + [Pt = 2(p + DAl
)\(n n—
(S)T;O Sntk 1-2(p+ 1)z —2a?

Ok + [Ok43 — 2(p + 1)0klz
1-2(p+ Dz —2a2

(4) Y Osnpp 2™ =
n=0

where k£ = 0,1, 2.

3.2. Matrix power identities

r n—1
1) Fanssx Fangr | | Bk Frys| |01

| Fantr Fsnystk Frys Frps) |1 4

- -1
@) Lan—stk Lanyk | | Lr Liss| |01 "

| Lsntk  Lantstk Lits Liye| |1 4

Lantt  Finyk

15F3n4k  Lantk

) [03n—316 O3tk ]
| Osnt+k Osniaik
0 Ois] Jo 1 1M
B l9k+3 9k+6‘| [1 2(p+1)
A3n—3+k  A3n+k
[ Asn-+k /\371+3+k‘|
Mo Mesl o1 1M
- L\ms )\k+6] L 2(p+1)
©) [Amk 93n+,€] _ l)\k 0] [p+1 11"
NOspir  Asn+k NO, Mg N p+1

where £k =0,1,2 and n =1,2,3,...
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3.3. Cassini determinant identities

(1) Fsn—stk Fansarr — Fapp = (—1)"*k 4

(2) Lan-s+k Lansarn — L3, = (=1)" 71+ 20

(3) Lipsn = 5F5npp = (-1)"F 4

(4) O3n—3+k Oantasr — O3npr = (1" (p+1)°

(5) Asn—3+k Asnissk — Ay = (—1)"TF N(p+1)°
(6) A

3n+k N93n+k = (_1)n+k (p+ 1)27
where £k =0,1,2and n=1,2,3,...

6

The results in the above subsections can be checked by any reader using Mathematical induction and the
results of the previous section.

4. Summation and Convolution identities

4.1. Summation identities

Fypyopn — Fr1

(1) Fp + Fsyp + -+ Fapqr = B

L3pyot+k — Li—1

(2) Ly + Laqg + -+ + Laptr = 5
(3) Fi + Fiip+ -+ Faoy

_ Fspak + Fsnq3+k — FrFr—3
- 4

(4) LE+ L3+ + L3,

_ Lanyk + Lanisrk — Lilis
4 )
where k =0,1,2and n=1,2,3,...

4.2. Generalized Summation identities

(1) Op + O34 1 + -+ + Ozp 4
_ (Osntk + O3nystr) — (O + Ok—3)
2(p+1)
(2) M+ Az + -+ A3k

_ (Asntk + Azntatr) — (A + Ag—3)
2(p+1)

O3n+k O3ny34k — Oklr_3
2(p+1)

(3) R+ 05,y +- -+ 03,4 =

A3tk A3n43+k — AkAK—3
2(p+1) 7

() XN +A+ A =

where k =0,1,2and n =1,2,3,...
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4.3. Convolution Identities

(]—) Z F3k+r F3(n—k)+r
k=0

[(n+ 1)Laptor — (1) Fsp13]

| =

(2) L3k+r L3(n—k)+7'
k=0

= [(n + 1)L3n+2T + (_1)TF3n+3]

3

(3) L3k+r FS(nfk)Jrr = Z F3k+TL3(nfk)+r
=0 k=0

= (n + 1)F3n+2r7

=

where r =0,1,2 and n=1,2,...

4.4. Generalized Convolution identities

(1) D O3k O3(n—r)sn
r=0

+1 ‘41
() o [ - o

cep+1
(n+1)

VNG

(P* +p —2)A3nt3

(2) ZA?)T-HC A3(n—r)+k

r=0
p+1 ap® +1 k
= | — | ——— | A3n —1)%03,
O —
n—+1
+ (—1)kck(7)(p3 +p—2)A3n13

2(p+1)

(3) 203r+k >\3(n7r)+k = Z)\BrJrk 93(nfr)+k

r=0 r=0
_(r+1 crp® +1
—( 5 )(n+1>|:6kp+1:|93n+2k
(n+1), 4
+ (=) * e ———L(p® 4 p — 2)0343,
( )CkQ(p+1)(P p )03n+3
where ¢, = M and k=0,1,2.

The results in the above subsections can be checked by any reader using definitions and the results of the
section-2.
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5. Conclusion

Fibonacci numbers have many generalizations such as Tribonacci numbers, Multinacci numbers and
many more. Keeping with specific purpose in aim, one can explore more general combinatorial entities
corresponding to each such generalizations. Such general combinatorial entities find applications in tiling
problems.
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