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ABSTRACT: This article is devoted to establishing the existence and unicity of the coupled implicit fractional
Langevin differential equation with initial conditions, using Laplace transform method. At first, we obtained
the existence and uniqueness results using the Banach contraction principle. Second, the existence result was
obtained by applying Schaefer’s fixed point theorem. To support our main results, we present an example.
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1. Introduction

The origins of fractional calculus trace back to the challenge of extending the concept of a derivative
to a non-integer approximation, a question first raised by L’Hopital on September 30th, 1695.

Fractional calculus finds application in various engineering and research fields, including electromag-
netics, viscoelasticity, fluid mechanics, electrochemistry, biological population models, optics, and signal
processing [28,29,30,31]. Further insights into the classical and partial differential equations describing
these real phenomena can be found in references [4,5,6,8,9,10,11,16,17,18]. It is adept at simulating
technical and physical processes best represented by fractional differential equations. Models involving
fractional derivatives are valuable for accurately representing damping in systems. Numerous analyti-
cal and numerical techniques have been developed in recent years across various disciplines, showcasing
their applicability to new problems. These contributions to science and engineering are firmly rooted in
mathematics.

The Langevin equation proposed by Paul Langevin in 1908 is among the finest illustrations of these
fractional differential equations. Its objective is to provide descriptions of certain occurrences that pro-
fessionals in medicine, engineering, economics, and other fields may utilize. Brownian motion, or the
random movement of particles suspended in a liquid, was initially described using the Langevin equation.
Brownian motion and stochastic differential equations are widely utilized in all sectors and are often used
instruments in all scientific domains. [33,34,35,36,37,38].

Solving fractional differential equations can be difficult because fractional derivatives have non-local
and non-standard characteristics. Numerous approaches, including numerical techniques, have been
devised to solve these equations between them: Laplace transform. However, there is limited discussion
on its validity when applied to such systems. This paper aims to justify the validity of applying the
Laplace transform to fractional systems. It will demonstrate that the Laplace transform can be used for
fractional systems under specific conditions. Various methods offer alternative solutions to fractional-
order differential equations, distinct from the Laplace transform. These solutions are found to be of
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exponential order, which is a requirement for the application of the Laplace transform. Ultimately, the
feasibility of the Laplace transform in solving fractional equations is demonstrated. [7,12,13,14,15].

Several researchers have used Shaefer’s fixed point theorem to demonstrate the existence of solutions
to a large number of fractional differential equations. Schaefer’s fixed point theorem is a crucial tool
since it can manage non-linearities and offer a structure for proving the existence of solutions in specific
scenarios. [19,22,23] and [25,26,27].

Wang et al. explored the HU stability of the following linear fractional differential equation in [24]
using Laplace transformation.

CD%(0) — £9DPu(o) = ¢(o).

wheren —1<a<n,m—-—1<p<mandm<mn,nmecR.
G. Jothilakshmil and B. Sundara Vadivool in [21] studied the following the fractional linear delay system
without impulse with the help of the Laplace transform method

CD(“D2 — A)Y(t) = p(t) + CU(H), L € [0,1],

Y(0) =Yy, “D2Y(1)|t=0 = po,

with ¢, 0 € (0,1] and ¢ + o > 1, ¢, €D are the Caputo fractional derivative of order ¢, o respectively,
A is a n X n real matrix, C is a n x m with m < n real matrix, Y(t) is a state vector in R™ and U(t) is a
control vector in C,([0,T],R™) which is a set of all piecewise continuous function from [0,7] — R"

Motivated by these results, we will analyze the following coupled fractional differential equations using
the Laplace transform method.

Cor(CDD — £)x(1) = w(i, “D x (1), €D%2((1)), L € A,
Corz(CD2 — &)((1) = w(t, “D%x (1), “D%((1)), L € A,

x(0) = x0, D" x(t)|t=0 = a0,

€(0) = ¢o, “D¢(1)]e=0 = fo,

where £1,& € R, ¢1,92,p1,p2 € (0,1], and p; + ¢; > 1; for i = 1,2. 0 < 81,02, 83,04 < 1. The fractional
derivative D7 is the Caputo fractional derivative of order ¢ € (0,1), xo, o, @, Bo € X, and the real
functions w: A X R? > Rand w: A x R2 - R V. € [0,1] = A,. and p1, p2, q1, g2 are the order of Caputo
fractional derivative.

We can handle initial conditions in our system (1.1) with the aid of the Laplace transform because,
upon applying the Laplace transform to a differential equation containing initial conditions, these condi-
tions are incorporated into the transformed algebraic equation, facilitating the solution of the transformed
function.

This paper is organized as follows: In Section 2, we introduce several lemmas and fundamental defini-
tions for fractional calculus and derive the solution representation of the Langevin fractional differential
equation using Laplace transform. To demonstrate the key results, we utilize the generalized Schaefer’s
and contraction mapping principles in Section 3. Finally in Section 4, an example is given to demonstrate
the validity of the theoretical results.

2. Preliminaries

This section will introduce essential concepts and definitions that form the foundation for the main
results discussed in the following sections. We proceed by setting A = [0, 1], also let X = C(A,R) a Banach
space endowed with the norm ||.|| = sup{|z(¢)|,+ € A}. Then the product space (C =& x X, ||(x,()] 5 is
also a Banach space equipped with the norm ||(x, {)|| = |Ix|| + lI<I| and ||(x, {)|| = max{||x||, |||/}

Lemma 2.1 Let X be a Banach space, C C X be closed, and K : C — C is a strict contraction,
[Kx —K¢| < x|,
for some £ € (0,1) and all x,¢ € C. Then K has a unique fized point in C.
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Lemma 2.2 (Arzela-Ascoli Theorem) [32] A subset K in C([a,b], R) is relatively compact if and
only if it is uniformly bounded and equicontinuous on [a, b].

Lemma 2.3 (Schaefer’s Fixed Point Theorem) [27] Let K : C — C be a completely continuous (c.c)
operator in the Banach space C, and let the set ¢ = {u € Clu = pKu,0 < p < 1} be bounded. Then K
has a fized point in C.

Definition 2.1 [2,3] The fractional integral of order ¢ > 0 with the lower limit 0 for a function x is

defined for ¢ > 0, ¢ > 0 as
1

Jiw () = —/ (¢ — k)1 o (k) dk. (2.1)
I'(q) Jo
Definition 2.2 [2,3] The Caputo derivative of order ¢ > 0 with the lower limit 0 for a function x is
defined for t > 0,0<n—-1<g<nas

“Diw(i) = ﬁ /OL(L — k)" gy (K)dr, (2.2)

A constant’s Caputo derivative is equal to zero. The integrals that occur in Definitions 2.1 and 2.2 are
taken in Bochner’s meaning if x is an abstract function with values in X.

Lemma 2.4 [2,5] Let ¢ > 0, and x(0) € AC™[0,00) or C™[0,00). Then

n—1
~C g _ . Wk(o) k .
(3°D%0) (1) = w(v) g R t>0, n—1<gqg<n,
k=0 ’

A function x € X is said to have exponential order if there exist constants a,b € R such that |x(:)| < ae®
for all © > 0. For every function x that has exponential order, we can define the Laplace transform of

x(1)-
LN = [ e s s e (23)

If the integral represented by (2.3) is convergent at ¢o € C, then it converges absolutely for ¢ € C such
that R(¢) > R(sp). The convolution property of the Laplace transform can be expressed as

LU W) = LWL} S), (2.4)
where x(1)*C(e) = / (e R)C(R)d,

Lemma 2.5 [2] Let p1 > 0, and o € ZT be a positive integer such that o — 1 < p; < «. Suppose that
X and its derivatives up to order o have exponential order functions, the Laplace transforms of x(¢) and
CD\ (1) exist, and lim DFx (1) =0 for k =0, ...,a — 1. Then the following relation holds:

L—> 00

a—1
L{EDPX(1)}s) = P LX) = D P @FN)(0). (2.5)
k=0

If a =1 then
L{EDP x(1)}(s) = P L{x (1) }(5) — "~ x(0).

Definition 2.3 [1] The Mittag—Leffler function E,, 4, is defined as:

1,91

e k
z
EPI:QI (Z) = E , 2,1 € (C, R(pl) > 0; (26)
= L(pik+q1)

when p; = g1 = 1, we can see that Eq 1(z) = €*.
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Lemma 2.6 [2] If R(s) >0, & € C, |&i67PY| < 1, then
§p17q1

SRS

L{ T By, g (€167)}(5) =

where Ep, 4, (&10P*} is the Mittag—Leffler function.

The next lemma focuses on exploring the initial version of the problem outlined previously. (1.1).

Lemma 2.7 [21] Let w be a continuous and nonlinear function. The solution of

CDP(ODT — E)x(1) = w(1),t € A,

x(0) = x0, “DIx(¢)|t=0 = o,

1S given as:

x(¢) = xo + /OL(L = ¢)1 By q(§(e — )T)aods + /UL(L —PTI B (E(e — ) (<) ds,

where £ € R, p,q € (0,1] and p+q > 1.

Proof. Applying the Laplace transform to Equation (2.7) and utilizing Lemma 2.5, we derive

L{w(1)}(<) = L{ITDP(TDT — )x (1) }(<),

= P(<IL{x(1)} () — " xo — £L{X(1)}(<)) — " (e — Exo),

then

(s = LX) = " xo + ¢ ao — ¢ Hexo + s TPL{m()}(6),

_ gq% + % - 5% + P L{w (1) }(s),

=<1L{xo} + L{ao} — EL{x0} + < "L{w(1)}(<),

which means that

L{x()}(s) = (s —&)L{xo0} +(§jof}é)+ g—Pﬁ{w(L)}(g)'

Now, by applying the inverse Laplace transform to equation (2.9), we can derive

a1 (T =9L{x0} + L{ao} +sTPL{w(1)}(s)
x(1) =L { =0 }

- 1 - ¢’
=xo+£L l{w_g)}*aoﬁ-ﬁ I{M}*W(L).

Lemma 2.6 helps to find some inverse Laplace transforms.

] ST eeip, (e
(gq — 5) - 4,9+p .

_ 1 _
- 1{ (c7—¢) } = 117 By 4(&0).
Substituting (2.11) and (2.12) in (2.10), we get

X(1) = xo + /OL(L = )T By q(€(e = )"ands + /OL(L — TP Eg g4 (€0 — ) (<)ds,

2.7)

(2.8)

(2.10)

(2.11)

(2.12)
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3. Main results

From Lemma 2.7, we have shown that the pair (x, () € C is the solution of system (1.1), where

x(t) = xo + /O (b= )P Eyy g, (610 — )™ )aods

[ 9Ty (6 (s, CDP (), D)
and
(0 =Gt [ (= By al€ale = s
[ = 9 g (ale = (s, CDPN(E), DM

In view of Lemma 2.7, We define the operator €2 : C — C associated with system (1.1) as

Qx, Q1) = (A (x, O1), 22X, ) (1))

with
2 (x. O)(1) = xo + / (b= )P By g (2t — 6)™)arods

+ / (= P, o (0 — )T Y (s, DO x(s), CDPC(e))ds,
0
and

(O = o + / (L= )= Ey, 4, (Ea(t — )%) Bods

+ /OL(L - C)qz+p271E‘(12,I;{2+p2 (€Q(L - g)qz)w(g’ CDéSX(g)a CD&4<(§))d§a

5

(3.1)

(3.4)

(3.5)

First, we will proceed by creating a series of carefully constructed hypotheses to form the basis for
demonstrating the main findings of our research. This step is vital for establishing the groundwork for

the subsequent analysis and empirical validation of the core assertions of our study.

(H1) Let w,w : A x R?> — R are continuous functions, then there exist constants L,, L., > 0 and

0 < Lg,, L,, <1such that ¢« € A and V1, x2, (1, (2 € R, the following holds

| (e, x1,C1) — @(4, X2, C2)| < Loy [x1 — X2l + Loy [C1 — G2l

and
lw(e, x1,¢1) —w(t, x2,C2)] < Ly Ix1 — x2| + Lo, |G — .

(Hz2) With the given continuous functions kw,, kwy skws Kwi skws skws € X for x,¢ € R, the nonlocal

functions w, w satisfy the following growth conditions:

(2, X, Q) < Koy (1) + Koy (1) [X] 4 Koy (4)[€]

and
(2 X O < Koy (¢) + Kooy ()X + Ky (1)[C],
with

kL, =supke, (1); kL, =supke,(t); ki, =sup ke, (1); ki, =supky, (1);
LEA LEA LEA LEA

k, = sup k., (1); Kk, = sup k., (1); are positive constants.
LEA LEA
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To improve the computational process efficiency, we introduce the following notation, simplifying
complex calculations and facilitating streamlined analysis:

kakQ1+L11+P1—51
1

W, = -
! supz T(k¢1 +q1 +p1)

LEA k=0

B2 — 61, kg +q1 +p1);

W, = sup MB(2—52 kqi +q1 + p1);
ven = T(kaqy + a1 +p1) 7 ’
Ws = sup MB@—% kg 4+ q1 + p1);
ven &= T(kaqy + a1 +p1) 7 ’
W, = sup MB(Q—CM kqi +q1 + p1).
veh = T(kqr + g1 +p1) 7

In the following theorem, we will present our initial finding, which leverages Banach’s fixed point
theorem, supporting a sole solution to equation (1.1).

Theorem 3.1 Assuming conditions (Hi) hold, there exists a unique solution to the coupled problem (1.1)
if and only if
L, 200, L,20, L, 205 L,,20,
[@2-61) T(2-02) T(2-463) T(2—64)

<1 (3.6)

Proof. Let x,X, ¢, ¢ € C, by using the condition H;:

HQI(X7 C) - Ql(%a?)“){

< | [ = B 10— (. OO x(6). OD5() = (s, DO (), OO |
<sup| [ (=9, g (60— ) 6 SO0 (). CD%(S) - (s CDPX(E), CDTO) |k
< sup /OL(L QU IR (6 (0— )T | L, [CDO X — CDOY]de

+ fg{}g /OL(L —QuARTIE (6 (L = ) T)| Lo, [CD02¢ — €% de

QM E i (§1(0— €)™ |ds]x — X

S Sup/ gl 61
2_61 LGA 0
L,
TR0 b“p/ = B, L (64— ™)
F 2— LEA 0

Lwlw LWQQB
< 1 a I X+ gy =Tl

ds|¢ = ¢|

LW L,20 -
= <F(251) + (252)> 1060 = (%Ol -

We managed to produce an identical outcome using the very same approach.

0| 5 -

HQQ(X7C) _QZ(sz)Hx é ( Lwlms Lw2w4 ) H Xs

T(2—d3)  I(2—6,)
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Consequently,

HQ(XaC) - Q(YaZ)HX < ||Ql(X7 ) Q1 Xa HX + HQQ X5 ) Q? Xa HX
Lwlml Lwa2 Lwlwfi Lw2m4
T2—6) T(2-0s) T(2-05)  T(2—04)
X H(X7C) - (YaZ)

Assuming condition (3.6), it can be deduced that the operator Q exhibits contraction characteristics.
Consequently, by applying Banach’s contraction mapping theorem, we can confirm the existence of a
unique fixed point for 2. This result unequivocally validates that system (1.1) has a unique solution.

Next, we’ll delve into the outcomes of (1.1) and put Schaefer’s fixed point theorem into action cited
n [27].

Theorem 3.2 Suppose (Hi) and (Hz) hold. Then the Coupled Implicit Fractional Langevin Systems
(1.1) has at least one solution on A.

Proof. We will apply Schaefer’s fixed point theorem to verify that Q2 : C — C has a fixed point. The proof
consists of multiple steps.

Step 1:  is continuous.

Consider sequence (Xn,(n) from a bounded set X, = {(x,¢) € C xC : |[(x,{)(¢t)]| < 7} such that
(Xn,Cn) = (x,¢) as n — oo. For proving the continuity of Q use (H;), it is enough to show that
12(Xns Gn) — QX C)|l» — 0 as n — co. First we find the continuity of Qy, i.e.,

HQI (X'ru Cn) - Ql(x»C)HX
< sup / (= Q)M E, (6 (= ™)
LEA 0

% (S, “D% xn(5), “D%Cu(s)) — w (s, D x (<), OD%2¢ (<)) ds|

L

< sup/
e Jo

L

< Sup/
e JO

L
—|—sup/
A JO

(L= )P By i (G0 — ) )| | Loy [“D% Xy — YD x| + Lo,y |“D%2¢, — “D%(] | ds

(L - g)q1+p1_1EQ1’Q1+P1 (gl(b - §)q1) Lwl |C©61X’n - CQ&IX\CK

(L - g)q1+p1_1Eq17Q1+p1 (gl(L - g)th) L‘w2 ‘CQ&ZCn - C@équg

(L= Q)PP By g (E1(0— <)) |ds|xn — X

< Lw1 sup /L §1751
- F(l _61> eA Jo

L L
+ w2 sup/ g1—52

(1 —02) cen O g)%-ﬁ-pl—lthqu}l (& —<)")

dgKn - C|

gk kqi+q1+p1—61

<su 2—901,kg1 +q1 + n—

LERZF2_51) I'(kqr + g1 +p1) B( 1 hg @+ PP — X
© w2£kaQ1+Q1+;D1—52

+ sup B(2 — 02, kq1 + q1 4+ p1)[¢n — |-

A kZ:O (2 —02)' (kg1 +q1 +p1)

We have x, — x and (,, — ¢, which implies |1 (xn, () — Q1(x, )|l — 0 as n — oco. Similarly, for Qo,
we can show that ||Q2(xn, (n) — Q2(x, ¢)[| 4 — 0 as n — co. Thus, we conclude that €2 is continuous.
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Step 2: We need to demonstrate that for any v > 0, such that for each (x,{) € X, = {(x,{) €
CxC:|0OW] <~v}. Qis bounded. First we have to show it for ;.

/L(L - g)m_lElhﬂh (gl(b - g)ql)aodg
0

1921 (x, ) (D1 < [l xoll +51€111\)

+sup / (L= Q)P By g (G0 — )™ (s, D x (<), “D*((<))ds
L 0
L—C 17€+Q1—1 X
< —|—su / «
lIxoll p E Tkt a) ——— & @

T heo, SUD / (6= QPP By g (E1(0— ) ™)ds

ko, x|l _
ERCEr / = T By gy (610 = )™
k’[*ﬂg ||C|| . ‘ 1—62 q1+p1_1E q1 d
+ T'(2—062) bg[{) S (t=5) a,a1+p (E1(0 =€) T)ds
Lkt a .
< IPxoll +sup Z mffao ko, SUp L8P gy gy (6107)
L k O L
||X|| gk kq1+q1+p1—61
+ =5 5 su =——B2 -1,k + 1 +
I'(2-461) LE/I:\) L(kq1 +q1 +p1) B vha it py)
¢ k kqi+q1+p1—02
+ le] 51 B(2 — b2, kq1 + q1 + p1)

['(2 = 62) ven {= T(kq1 + 1 + p1)
< Ixoll + sup 1M Egy g1 (60" )ao + k) sup VVPUE G qipa i (§0T)
L L

w2 Ny — 3
r2 -y M+ Tera =5
We use the same method for s, i.e.

19220, ) ()l x < [IColl + SIEIII\) 1M Eqy g1 (§00™) Bo + k7, sup VLB giipr 1 (107Y)
L

*

['(2-01)

+ 20, Il =Ty

+ W3 Xl + W= o< G = L,

k2,
['(2—0,)
then
1206 0@y T, where 11 = fg}z{ﬂhﬂz}-

Step 3: The function 2 takes bounded sets and maps them into equicontinuous sets of C x C. We show
it first for ;.

Let t1,t2 € A, t1 < 12, Step 2 assumes that h, is a bounded set of pairs of elements from C and let
(X, () € hy. Then

12006, ) (e2) = 21 (x; Oe) 2

L2 L1
< s | [ =9 By €12 =9 oods = [0 =" By (601 = )" aods
L2
L2
dsup | [ i = 1 B g (60— ") (6 OO0, OB
L2€ 0

- /OLQ(M — Q)PP B i (E1(0 — )M (s, YD x (<), “D%2¢(c))ds
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< sup |A(x; ()| + sup D(x&)‘-
LQGA LQGA
We find then
sup A(X,C)‘
12 EA
L2 L1
<sup | [ = 9" By (€l = 9™aods — [ (0= 0" By (60— " Jaods
Lo €A 0 0
1y — g)Q1k+q1*
< sup / — | apds
1sEA 251 w Tk +aq) 0
0o Lo (L2 _ g)q1k+ql—1 _ (Ll _ g)q1k+q1—1
+ sup Ek/ apds
€A ,; "Jo Lk + a1
< |03 Byy g +1(81681) + 8 Egy gy +1(§1e1Y) 4+ 2(01 — 12) " Egy gy 41 (61 (01 — Lz)ql)] ao-
and
sup D(X,C)’
Lo EA

< ) dﬁ /Lz (LZ _ g)‘11k+lI1+P1*1 _ (Ll _ g)q1k+q1+m*1
SaRLs D(gik +q1 +p1)

k —1
Yy <)q1 +q1+p1
+ sup § él
L2

LQGA QIk+q1 +p1)

L2 _ ak+taitpi—1 _ _ \a1k+ait+pi—1
ey o et [ 27 gt
PPY= e g1k + q1 +p1)

w(s, “Dx(c), “D7¢(c))|ds

@(s, 9D x(<), “D°2¢(<)) |d

e ”X” sup Zé‘]f /Lz (L2 _ §)q1k+q1+p1*1 _ (L1 _ g)q1k+ql+p171§1761d§
=2 12€A g 0 (2 —6)T(q1k+ g1 +p1)

. > L2 (Lz _ §)111k+‘h+171_1 _ (L1 _ g)q1k+q1+p1—1 1—s
+ kL su ’“/ ¢ %%
lelloup > e | T@— 0l (aik + a1 +p1)

L1 q1k+q1+p1—1
—9)
K, sup Sk / ds
L2

EA TS I(gik + g1 + p1)

(=gt
el s S [ o
s Il sup Z '), T@- 60Tk +ai + 1)

. 11 (11 — g)q1k+q1+p1—1
+ kL, [ICl sup &b /
3 ||<|\L2€gk§0€1 D2 —=682)(q1k + g1 +p1)

1-6
RS

< k;'l Slgx (L(lhﬂgl Eq1»q1+P1+1(§1Lllh) - Lglﬂgl Eq17q1+P1+1(§1[’gl) - Q(Ll - ”2)q1+p1 Eq1qq1+P1+1(€1(L1 - LQ)q1)>
L2

k —d k —6
q1k+q1+p1—91 _Lgl +aq1+p1—91 +2(

L
ko I sup 25'“ 1

k & k —&
q1k+q1+p1—952 _Lg1 +q1+p1—92 +2(

kg €] sup Zs’f =

" _L2)q1k+q1+pl—51 s
B(2 — k
(2 —01)l(q1k + @1 +p1) @=onak+a+p)

1 — L2)¢11k+l11+171*52 B 5 .
2 — .
(2 —62)(q1k + g1 +p1) ( 2@k + a1 +p1)

Observe that both sides of the preceding inequalities approach 0 in the limit case as 1o — (1, in-
dependent of (x,{) € h,. The operator ||Q(x,¢)(t2) — Q1(x,¢)(¢e1)]l,y — O is implied by this fact.
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Using the same methods, we can ascertain that ||Q2(x, ()(¢2) — Q2(x,¢)(¢1)]|x — 0 as t2 — ¢1. Finally,
1920(x, O)(e2) — Qx,¢) (1)l — O as ta — ¢1,which denote the equicontinuous nature of the operator (2.
Based on the Arzela-Ascoli theorem, () is s completely continuous.

Furthermore, we aim to show that the set
K ={(x,0) €CxC:(x,¢) = A2(x,() for some A € (0,1)}
is bounded. For any ¢ € A, we have

To complete this stage, we consider the estimation in Step 2, and we confirm that the set K is indeed
bounded. As a result, by applying Schaefer’s fixed point theorem, we can conclude that a fixed point
exists, which provides the solution to problem (1.1).

4. Example

In this section, we illustrate our main results with an example by considering the following problem:
CDOT(CD0® —0.5)x (1) = 159DPx (1) + 159D%0C(1), e 0,1],
CDO6(CDOS —0.5)¢(1) = HDOTX () + £CDOBC(e), € 0,1,

x(0) =0, CQO'SX(L)L&:Q = 0.5,

C(0)=0, “D°5¢(1)]e=0 =1,

where pP1 = 07, P2 = 06, q1 = 08, q2 = 0.5, {1 = fg = 0.5, 51 = 0.5, 52 = 06, 53 = 07, 54 =0.8.

We observe that @ and w satisfy (H1) and (Hz) with Lo, = Lo, = Ly, = Luw, = 75. Additionaly,

we need to ensure if the inequality 1’3 (‘”21_2?11) + 15(32_9535 + FL(?_ Qéﬂsz) I 15(32—261}44) < 1 holds true.

Given the structure of each

0 g{cbkq1+q1+.¢71*5i
20, = sup = B2 —-6;,kq1 +q1 +p where ¢=1,2,3,4.
wen = T(kqr + g1+ p1) ( t+ate)

The function (F91+@+P1=% achieves its maximum value in [0,1] at + = 1.
Therefore, for each 20;

> ff,/kq1+q1+p1—57: > 5{6
20, = su = B(2—-6;,kq1 +q1 + = —— B(2—-6;,kq1 +q1 +
LeAka:O I'(kqr +q1 +p1) ( atatp) kZ:O I'(kqi +q1 +p1) ( atatp)

Now, we can compute each 2J; by evaluating this series up to a reasonable number of terms, typically
up to k = 5.
Compute 20, :

0.5%

W =2 Tosk+15)

B(1.5,0.8k + 1.5)
k=0

Let’s compute each term for k=0to k=5 :

e k=0:
0.59

1
B(15,15)~ ———— ~ 1.131
I(1.5) (15,1.5) 5

0.886 - 0.443
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o k=1 1
F(Eé§3>B(1.5,2.3) ~ % ~0.118
o k=2 i
F(z';l)B(l.B,?).l) ~ % ~ 0.024
e k=3 .
F?é§9)3(1.5,3.9) ~ % ~ 0.004
o k=14
F(245.47)B(1.5,4.7) ~ % ~ 0.00035
e k=5
F(255-55)B(1'5’ 5.5) ~ % ~ 0.00007.

Summing these values for 277 :
Wy ~ 1.131 + 0.118 + 0.024 4 0.004 + 0.00035 4 0.00007 ~ 1.27742.

We'll proceed with computing 205, 203, and 24 using the same approach, we’ll find 2, ~ 1.26238,
N3 ~ 1.37429, and W, ~ 1.36931.

Therefore

Lwlwl + LmeQ + LwlmS _'_Lomegazgn

4
[(2—6) T(2—-6) T(2—465)  T(2—64) 058887 < 1.

So, the hypothesis of theorem 3.1 is satisfied. Thus, there exists a unique solution for the problem
(4.1).

5. Conclusion

In conclusion, this study has established the existence and uniqueness of solutions to the coupled
implicit fractional Langevin differential equation with initial conditions, employing the Laplace transform
method. Initially, the Banach contraction principle was utilized to prove both existence and uniqueness.
Subsequently, Schaefer’s fixed point theorem was applied to further support the existence of solutions.
An illustrative example was also provided to validate and demonstrate the applicability of the theoretical
results. As a future research direction for this paper, we aim to extend these results to investigate the
generalized case of the Hilfer and v-Hilfer fractional derivative.
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